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Introduction

Cette thése présente I'étude d’intégrales en lien avec la Théorie Conforme des
Champs (CFT) d’une part, et les représentations de groupes de Lie réels, complexes et
p-adiques (ainsi que leurs déformations quantiques) et les formes automorphes d’autre
part. Le sujet de la CFT, traduit en langage mathématique, et la théorie de représen-
tation de certaines algébres de Lie de dimension infinie, comme les algébres de Virasoro
ou de Kac-Moody @, g est une algébre de Lie semi-simple (ou réductive) complexe
ou réelle. Plus précisément, on étudie les structures tensorielles sur les catégories de
représentations appropriées de g (ou sur les groupes de Kac-Moody G correspondant);
les éléments de ces représentations sont appelés champs et leur produit tensoriel est
appelé fusion par les physiciens.

La structure de base que l'on obtient, une algebre d’opérateur, est un analogue
en dimension infinie de I'algébre de Frobenius - une algébre commutative munie d’un
produit scalaire invariant. Les constantes structurelles d’une telle algébre peuvent étre
exprimées par des intégrales multiples. Les physiciens ont découvert que dans certains
cas (en lien avec G = SU(2) par exemple), ces intégrales sont explicitement calculables
en termes de quotients de produits de la fonction Gamma d’Euler. Il se trouve que
certains de ces intégrales ont déja été calculées par A. Selberg en 1944; elles généralisent
la formule d’Euler classique pour la fonction Beta. La raison de cette calculabilité est
discuté plus loin.

Dans le présent ouvrage, nous étudions des intégrales triples en lien avec les con-
stantes structurelles du "modéle de Liouville” de la CF'T; ce modéle se réduit a la
théorie de représentation du groupe de Kac-Moody correspondant au groupe de Lie
Gc = SLy(C), et de certains groupes semblables. En général, comme il a été dé-
couvert par les fréres Zamolodchikovs (cf. [ZZ]), les constantes structurelles pour ce
modéle admettent une forme compliquée (bien qu’explicite) dont 1’expression en ter-
mes d’intégrales n’est pas connue (et est un probléme intéressant). Cependant, dans
certains cas limite, la partie de Kac-Moody disparait et les constantes strucutrelles
peuvent étre décrites par une intégrale triple sur G¢ lui-méme, cf. [ZZ]. Aprés quelques
transformations, elle prend la forme

[Py (o ) 201 )
C3

‘Il — $2|7272y3’l’2 - $3‘7272V1|LL’3 - I1’7272y2d$1d$2d1’3 =

_ 7r3F(01 + 09+ 03 — 1)I(—n)T(—1)T(—v3) 1)
['(201)'(202)(203)

Ici
=01 —032 =03, Vp =02 —03 =01, V3 =03 — 01 — 02
Il est & remarquer que des intégrales semblables, liées au groupe Gg = SLy(R), ap-

paraissent dans un développement par Bernstein et Reznikov, apparemment sans lien
avec ceci, cherchant a estimer les coeflicients de Fourier de formes de Maass, cf. [BR].
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Ceci laisse a penser qu’il est raisonnable de considérer aussi les intégrales p-adiques
correspondantes (relices au groupe G, = SLy(Q,)).

Ces remarques sont un point de départ pour cette thése. Décrivons maintenant ses
principaux résultats. Dans le deuxiéme Chapitre, nous définissons et calculons des ana-
logues p-adiques et ¢-déformés aux intégrales de Zamolodchikovs-Bernstein-Reznikov
(ZZBR). Nous fournissons aussi deux preuves de (1) (cette formule est donnée sans
preuve dans [ZZ]). La forme que prend nécessairement 'intégrale ZZBR p-adique peut
étre extraite de la version p-adique de la formule de Gindikin-Karpelevich par Lang-
lands, cf. [La].

Ensuite, on remarque que dans le cas d’exposants réels, 'intégrale ZZBR devient
(aprés un changement de variables) une identité de Dyson-Macdonald & terme constant,
(mais pas réductible a une identité de Macdonald standard). La g¢-déformation des
identités de Macdonald est connue. Ceci permet de supposer une version g-déformée
de l'intégrale ZZBR comme suit.

Supposons que ¢ soit un nombre réel, 0 < ¢ < 1. Pour tout z,a € C on définit

@)
(#34)e = (4% q)oo

On définit aussi de fagon usuelle la fonction ¢-Gamma
—o (49)
[ (z) = (1 —q) "2
o) =1~q) (¢%; q)oo
Théoréme. Pour R(a;) >0, 1 <i<3

1 dy dys dy
W/T% T @il @, (awi/vss Doy — —— =

1<i<j<3 Y Y2 Y3

y(ar+as + a3+ D TT, (20 + 1)
3
[Tici Tolai + D I Ticicjes Tolai +a; + 1)
Ici, T3 désigne le tore

T3 = {(y1,y2,y3) € C*| Jys| =1, 1 <i <3}

Pour une preuve de ceci, voir Chap 2, Thm. 2.1.6

Toutes ces intérgales fournissent des exemples de cas expressibles en termes de
quotients de produitsde valeurs de différentes fonctions Gamma (usuelle, p-adique ou
encore g déformée). On remarque empiriquement qu’une telle calculabilité est liée & un
phénoméne de multiplicité 1. A savoir, nous avons un espace de dimension 1 (un group
de cohomologie) muni de deux bases naturelles, et notre intégrale (une période) est leur
coefficient de proportionnalité.

Un exemple archetype d'un tel espace de dimension 1 est Homgy(V,,V, ® V.) ot
g = sl(2) et V,,V}, V. sont des g-modules irreductibles de dimension finie. Dans le
troisitme Chapitre de la thése, nous définissons les représentations de séries principales
du groupe quantique U,g := U,sl3(R) et prouvons un théoréme de multiplicité 1 pour
celles-ci sous la forme suivante:
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Théoréme. V;, 1 <1 < 3 étant des représentations de séries principales, il existe
une unique fonctionnelle, a une constante multiplicative pres, U,g-invariante.

V1oV Vy; — C

Pour une preuve, voir Chap 3, Thm 3.2.5.

On peut remarquer qu'une interprétation de U'intégrale (2) en tant que période liée
au groupe quantique U,g reste un probléme ouvert intéressant.

Le premier Chapitre de la thése est de nature introductive. On y rappelle cer-
taines formules et résultats connus en lien avec I'intégrale de Selberg, les identités de
Macdonald, ainsi que la preuve de certaines formules moins standard pour les versions
complexes et p-adiques de la fonction Beta d’Euler.

Les résultats principaux de cette thése ont été publiés dans [BS1] - [BS3].






Introduction

The thesis is devoted to the study of some integrals related to the two-dimensional
Conformal Field Theory (CFT) on the one hand, and to the representations of real,
complex and p-adic Lie groups (and their quantum deformations) and automorphic
forms on the other. The subject of CFT, translated into the mathematical language
is the representation theory of certain infinite dimensional Lie algebras, like Virasoro
algebra and Kac-Moody algebras g, g being a semisimple (or reductive) complex or
real Lie algebra. More specifically, one studies the tensor structures on the categories
of suitable representations of g (or the corresponding Kac-Moody Lie groups é’), the
elements of these representations are called fields, and their tensor product is called
fusion by physicists.

The basic structure which one obtains, an operator algebra, is an infinite-dimensional
analogue of a Frobenius algebra — a commutative algebra equipped with an invariant
scalar product. The structure constants of such an algebra may be expressed by cer-
tain multiple integrals. The physicists have discovered that in some cases (related to
G = SU(2) for example) these integrals are explicitly computable in terms of ratios
of products of the Euler Gamma function. In fact, some of the integrals of this kind
have been computed already in 1944 by A.Selberg; they generalize the classical Euler
formula for the Beta function. The reason of this computability is discussed later.

In the present work we study triple integrals related to the structure constants of
the "Liouville model" of the CFT; this model boils down to the representation theory of
the Kac-Moody group corresponding to the Lie group G¢ = SLy(C), and its relatives.
In general, as was discovered by brothers Zamolodchikovs (cf. [ZZ]), the structure con-
stants for this model admit a complicated (though explicit) form whose expression in
terms of integrals is not known (and is an interesting problem). However, in some lim-
iting cases the Kac-Moody part disappears and the structure constants can be written
down as triple integrals over the group G itself, cf. [ZZ]. After some transformations
it takes the form

[Py (ot ) 201 )
C3

|Z’1 — ZL‘2|_2_2V3|ZL‘2 — ZL’3|_2_2V1|ZE3 — x1|_2_2”2dx1dx2dx3 =
3L(o1 + 03+ 03 — D)I(—vy) [ (—12)[(—vs3)
F(QO’l)F(20'2)F(20'3)

(1)

Here

V=01 —02 =03, Vo =02 — 03— 01, V3 =03 — 01— 02
It is remarkable that similar integrals connected with the group Gg = SLo(R) appeared
in a seemingly unrelated development by Bernstein and Reznikov devoted to the esti-
mation of Fourier coefficients of Maass forms, cf. [BR]. This suggests we should consider
the corresponding p-adic integrals (related to the group G, = SLy(Q,)) as well. My
thesis develops these ideas.
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Let us pass to the description of its main results. In the Second Chapter we define
and compute p-adic and g-deformed analogs of Zamolodchikovs-Bernstein-Reznikov’s
(ZZBR) integrals. We also provide two proofs of (1) (this formula was given in |ZZ]
without proof). The necessary form of the p-adic ZZBR integrals may be extracted
from the Langland’s p-adic version of the Gindikin - Karpelevich formula, cf. [La].

Next, one notes that in the case of integer exponents the real ZZBR integral be-
comes (after a change of variables) a constant term Dyson-Macdonald identity (but
not reducible to a standard Macdonald identity). The g-deformation of the Macdonald
identities is known. This allowed me to correctly guess a g-deformed version of ZZBR
integral as follows.

Suppose that ¢ is a real number, 0 < ¢ < 1. For any z,a € C we define

(%3 9)os
Tiq)a =
(#i4) (743 @)
Define the ¢-Gamma function as usually by

2 (690
L (z) = (1—¢q)l7 72222
o) =1=9) (4% q) oo
Theorem. For R(a;) >0, 1 <i<3

- oy Gy dyadys
271'2 /1; H yl/y]’ q)aij (qyj /yﬂ Q)aij =

1<i<j<3 Y Y2 Ys

Fq<a1 + Qo + as + ].) H?:l Fq(2ai + 1)

3
Hi:1 [y(a; +1) H1§i<j§3 Ly(ai +a; +1)
Here T° denotes the torus

T3 = {(y1,y2,y3) € C*| Jys| =1, 1 <i <3}

For a proof, see Chapter 2, Thm. 2.1.6

All these integrals provide the examples of a wide class expressible in terms of quo-
tients of products of the values of various Gamma functions (the usual ones, or p-adic,
or ¢-Gamma functions). An empirical fact is that such computability is connected with
multiplicity one phenomenon. Namely, we have a one dimensional space (a cohomology
group) with two natural bases in it, and our integral (a period) is their proportionality
coefficient.

An archetypical example of such one-dimensional space is Homy(V,, V, ® V..) where
g = sl(2) and V,,V}, V. are finite-dimensional irreducible g-modules. In the Third
Chapter of the thesis we define the principal series representations of the quantum
group U,g := U,sly(R) and prove a multiplicity one theorem for them in the following
form:

Theorem. V;, 1 < i < 3, being principal series representations, there exists one,
up to a multiplicative constant, U,g-invariant functional

VeVl — C

For a proof see Chapter 3, Thm. 3.2.5
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Note that an intepretation of the integral (2) as a period related to the quantum
group U,g remains an interesting open problem.

The First Chapter of the dissertation is of introductory nature. We recall there some
known formulas and results related to the Selberg integrals and Macdonald identities,
and prove some less standard formulas for complex and p-adic versions of the Euler
Beta function.

The main results of the thesis have been published in [BS1| - [BS3|.
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CHAPTER 1

Generalities, elementary calculations

1.1. Selberg’s integral

1.1.1 The Euler functions. Let us recall the definitions
1. Gamma function
I'(s) :/ e "5 1dt,  Re(s) >0
0

2. Beta function

1
B(s,t) = / 7511 —2)"'dr, Re(s),Re(t) >0
0
The following relation between these functions

Theorem.

1.1.2. Real and complex Selberg integrals. Let us mention two important
generalizations of the theorem :

Real Selberg integral

Ir(n;a, B, p / Ha: 1—:UQ5H]xl—xj|pdx1 dx, =
[0,1]™ 5=

1<j

n

HF +JP/2 (a+1+ 0 =Dp/ATB+14 (G = Dp/2)
Fl+p/2)T(a+B+2+(n+7—2)p/2)

Jj=1
where

Re(a + f) < —1 < Re(a),Re(B)
(n —1)Re(p) + Re(a + B) < —
The proof can be found in chapter 17, [M].
15
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The complex case ,

Ze(n; a, B, p) / H|zj| |1—z]|ﬁH|zk—z| i/2)"dzdz...dz,dz,

k<j

Wnﬁv 1+ jp/2)v(a+1+ (7 —1)p/2)y(B+1+ ( — 1)p/2)
Y1+ p/2)v(a+B+2+(n+7—2)p/2)

= S(n;a, B,p) Ir(n; o, B, p)*
where vy(z) = '(z)/I'(1 — ),
-y sin(ipm/2)sin(r(a + (j — 1)p/2))sin(n(8 + (j — 1)p/2)

S(n; . B,p) = H sin(pr/2)sin(m(a+ S+ (n+j —2)p/2))

j=1
We refer the reader to [Ao| or [DF]| for details.

Example. n =1
s in(rb) (T(a+ )b+ 1)\?
2ap, _1120% gugs — sin(ma)sin (7
/C|Z| F gz = e ) \ Tasbrl)

One has an elementary proof for this in Appendix.

1.2. The p-adic case

1.2.1. Definition. We set

Co,(5) 1= [ 1zl e

P

where d,x is the Haar measure on Q,.
Similarly, the Beta function on Q, is defined by :

Bg,(s,t) = /@X |m|;_1|1 — x|z_1dpx

P

The following is a p-adic analogue of Theorem in 1.1.1

1.2.2. Theorem.
S t
Bo,(5,1) 0, ()70, ()
Yo, (s +1)

where g, (s) = I'g, (s)/T'q,(1 — 5)
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Proof. Straighforward calculations show that
1—p!
T =
@ (8) = 7 e
1 — s—1 1 — t—1 1 — —s—t
Bo, (s.t) = ( P~ ) v ) p+t,1)
(1=p)A—p )1 —ptT)
This proves the theorem. 0

For the genaral case (i.e. n > 2), a p-adic version of 1.1.2. on Q, is no longer true.
One of the possible reasons is the definition of Gamma, Beta is not as good as the real
case. So, let us introduce other versions of these functions (see details in Chapter 2,
2.1.7).

Write

¢p(w) = max{|z|,, 1}
Here are some results

1.2.3. Theorem.

. “ 1—p°
W= /@ o@)lhdpr = T

(@i = [ lowlow)lle ~ e,y

_ (A —p) (1 —p)(A - p°)(A — prirer?)
(1= pHt)(1 = prtett)(1 — prer)(1 — pethiet?)

(i) 15 = /Q S@IeW o) ok — ulily — 211z — ol dyadyudy e

(o + 02+ 03— 1)'(01 + 02 — 03)[ (09 + 05 — 01)'(03 + 01 — 02)
' T'(201)T(202)T (205)
where c=14+pta=—-20,b=—20yc= —203,
a=—-1—o014+0y+03,8=—-1—09+01+03,7=—1—03+09+ 07 and I'(s) stands
for Tg,(s) .

Proof. (i) By definition

-1
[1:/ 1dpx+/ |[z[pdpr =1+ Z / x| dp
Zp QP/ZP X"l

where X, = {z € Q)lz = ap" + ... + ag + a1p + ..., a; € {0,1,....,p — 1}Vi,a, # 0}.
Since dp(X,) =p(1 —p~') and |z,| =p™™ on X,
-1

-1
Li=1+ ) p™d(X,) =1+ Y (1—p etV

n=—o00 n=—00
paJrl 1 — pa
1_pa+1 - 1_pa+1'

=1+ (1—p
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i1) See Thm. 2.2.4 in Chapter 2.

i1i) The detailed calculations are included in the Appendix. In fact, we obtain

—(ot 1
p
Iy = Z —(a+1) pf(a+ﬁ+’y+2)
_ _ 1
1 pc+5+a+l
—1\2
+(1—=p7) Z 1 — p(atD) | — pethtatl
b+cta+B+vy+2
p
+(1—p™ Z phetatpiyt?

b+a+y+1 pc+,3+a+1 ) pb+c+o¢+ﬁ+’y+2

—1\2 p
+(1 -P ) Z (1 _ b+a+7+1 + 1 — pc—l—ﬁ—f—a—i—l 1— pb+c+a+ﬂ+'y+2

(a+1) b+c+a+L+v+2

VY .
—(atl) 1 — pb+c+a+ﬁ+’y+2

L p- (at1) pa+b+c+a+,3+’y+3
+(1—p ) (p—2)p § : —(a+1) 1 — patbtetatBty+3
b+0+a+,8+v+2 pa+b+c+a+ﬁ+7+3

+(1—pY Py b
pbretatBy+2 ] — patbtetatfty+3
pb+a+’7+1 patbtetatftyts

-1 —
+H(1=p7) (= 2)p 1 — pbtotytl | — patbtetatfiyt3
pa+b+c+a+ﬁ+v+3

1 2
+A=p ) p—2)(p—-3)p 1 — patbreratBin+s

1o . p—(a+ﬁ+w+2) pa+b+c+a+ﬁ+7+3
+H1=p7 ) (p—2)p 1 — p(@tB+7+2) 1 — patbretatfty+3
+<1 B _1)3 Z pb+a+7+1 N pc+,3+a+1 pb+c+a+6+w+2 y
p 1 — pb+a+’y+1 1— pc+ﬂ+a+1 1 — pb+c+a+6+’y+2
a+b+c+a+pL+y+3

p
1 — patbretatfy+3

p- (a+1) pb+c+a+5+’y+2 pa+b+c+a+5+7+3
Z —p- (a+1 pb+c+a+6+'y+2 1 — pa+b+c+a+5+7+3
1=ty p~OFD petBtatl pathretat B3
p 1 — p_( ~v+1) 1 — pC+,B+Of+1 1 _ pa+b+0+a’+ﬁ+'y+3
Z —lat1) 1 — p(atfir+2) | — patbretatft+3
Let
a = —201,b= —20y,c= —203,

a=—-1—-0o1+oy+o03,8=—-1—0y+03+01,y=—-1—03+01+0
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then
a+b+cta+f+y+3=—(o1+02403),—(a+B+7+2)=1— (014 02+ 03)
a+l=—-01+03+03,0+1=—-02+03+01,7+1=—035+01+0,
atf+y+l=btat+ty+l=cta+f+1=-1

a+b+a+pf+v+2=-1—-01—03+03
bt+ct+a+fB+y+2=—-1—-09—03+04
ctat+a+pB+y+2=—-1—-03—01+0,

We deduce that

—1—09—03+4+01

(4) + (5) + (6) =Y (1 —p )2

1 _ p—1—02—0'3+0'1

B pal —09—03 P
1 12
+Y (1=p )

p0'1—0’2—0'3 1 _ p—1—0'2—0'3+0'1

—1—09—03+01

01—02—03

p

1— p01—02—03

=(1—-p !

p—(cn +o02+03)

) +10) =1 =p )P =207 1 oo

e p7(01+02+03) p0'1*0'2*03
(7) + (8) + (12) + (13) + (14) = (1 —-D ) 1— p—(01+02+03) 1 — por—o2-03
Thus we get
B 19 p0'1—0'2—0'3 1
[3 - (1 -D ) 1 _pol—og—og ) 1 _pl—(01+0'2+0'3)
1
—1 —1
A =p )P =2 T e
B _ 1 +pUl*U2*03
1 1
H1=p Y T oo
—(o1+02+03)
—1 —1 p
+(1 —-Pp )(p - 2)]9 1 — p17(01+02+03)
7(0’14»0‘24»0‘3) 01—02—03
1— pl—(01+02+03) 1— p01—02—03
01—02—03 1 —(o1+02+03)
—a-pp Yt e
1 —por—o2=0s ] — p17(01+02+03)
o 1+ por—o2703
1 1
+(1 -p >p Z 1 — pa1—02—03
- 1 +p—(01+02+03)
1 1
+(1 -p )(p o 2)]7 1 — pl—(a1+02+a3)
Set
r =01 —02—03,Yy=02—01—03,2=03— 02 —01
then

TH+y=—2039y+z2=—-201,r+ 2= —209
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1+px+y+z p
1 -1 |
A | (s ey Sr

L1+ pf’f+y+z RS
1 1 2:
+p = 2)p 1 — potytatl TP 1—p*

We have

B 1 +px+y+z px B 1 +p$+y+z B 1 +px
1 1 1
(1 -p )1 _ px+y+z+1 1 — pm + (p o 2)]7 1 — pm+y+z+1 Z 1— px
1— pr-i-y + Zpr-i-y—i-z _ p2x+2y+2z+

(1 _ p:c+y+z+1) H(l _ pa:)
-1 pr—i-y—l + Zp2x+y+z—1 o p2x+2y+2z—1

(1 _ pz+y+z+1) H(l _ p:p)

_ (A+p HIIA —p=)
(1= prto =) I —p*)

Therefore
(I+p HA—=p HA —p )1 —p?7)1 —p>7)
(1 — pm—az—ag)(l — paz—m—ag)(l — p03—02—01)(1 _ pl—(01+02+03))
=1 +p)x
FP(O'l + 09 — Ug)Fp(O'Q + 03 — O'1>Fp<0'3 =+ g1 — UQ)FP(O'l -+ 02 + 03 — 1)
Ip(201)0'y(202)0p(2073)
and the proof is complete. O

Is =

1.3. Dyson-Macdonald identities

1.3.1. Dyson identity(or Dyson’s conjecture) for the root system A, looks
as follows :
I'(na+1)

Cr I (= wifa)' (= as/w)" =

1<i<j<n

where "CT” means constant term.
The conjecture above is given by F. Dyson in 1962, [Dy] .
If a € N then it becomes

CT H —x;/x;)" (1 —x;/z;)"

|
1<i<j<n (CL)

(na)!

This identity was proved by J.Gunson and K.Wilson, who showed in more generally
that
(a1 + ... + a,)!

ai!l...ay!

CT (1 = wifa;) =
i£]
where ay, ..., a, are nonnegative integers.
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Andrews (1975) found a g-analog of Dyson’s conjecture, stating that the constant

term of
ZT; qx;
IT (5a) (S
1<i<j<n N7 ai ‘ a;

J

is
(U r——
(¢ Dar * (¢ D,

where (a;¢), = [[1—y(1 —ag*) = (1—q)(1 —aq)...(1 — ag"~'). This conjecture becomes
Dyson’s conjecture when ¢ = 1, and was proved by Zeilberger and Bressoud (1985).

Moreover, Macdonald (1982,|Ma|) proved the following generalization. If R is a
reduced root system, e denotes the formal exponential corresponding to a € R, then
for any nonnegative integer k, we have:

1.3.2. Macdonald identity

crJJa-e =]] (’“g)

l
a€ER i=1

He also extended the same formula with ”g-analogues” in the following theorem

1.3.3. Theorem.(Macdonald’s conjecture) . Let k be a positive integer, R, be
set of positive roots in a reduced root system R then

et T1 T10 oy —gen =TT [ ']

acRy =1 =1
n| . I 4 L
where | the ” q-binomical coefficient

(1-¢"A—=q¢"")..01=q""")
1-q)(1—-¢*..1—-q")

O

In 1.3.2 and 1.3.3 one can replace k by k., which is a multiplicity function such
that kyo = ka, for all w € W(i.e. Weyl group). With this assumption, the first proof
for 1.3.2 was found by E. Opdam [O]. And there are so many interesting results we will
not mention here. Finally, Mlacdonald’s conjectures were proved in full generality
by (Cherednik 1995, [CI]) using doubly affine Hecke algebras. In Chapter 2, we shall
prove a conjecture for gq-analogues in the case n = 3 (correspond to the root system
Ay) and k, are distinct different.

The Dyson-Macdonald identities concern with some problems in the theory of Jacobi
polynomial and Hecke algebra.






CHAPTER 2

Zamolodchikov’s integral

2.1. Introduction

2.1.1. The following remarkable integral
Ic(o1,00,03) = / (L4 |1 ) 727 (1 + [af?) 7272 (1 + |as]?) 7>
Cc3
‘1'1 - 1'2’7272%'1'2 - 233|7272V1 |Q?3 — I1‘7272V2dl'1d$2d$3 (2111)

has appeared in |ZZ] in connection with the Liouville model of the conformal field
theory. Here o; € C,

Vi) =01 — 09 —03, V9 =092 —03 — 01, V3 =03 — 01 — 02

et dz denotes the standard Haar measure on C.
Set

Ic(01,09,03) = / (14 |21 [3) 727 (1 + |22*) 722 |2y — 25|72 23 dw diry (2.1.1.2)
Cc2

To compute (2.1.1.1) the authors of |ZZ] first note that
Ic(o1,09,03) = (01, 02, 03) (2.1.1.3)

This may be proven using an SU(2)-symmetry (cf. 2.5.1 below). So (2.1.1.1) and
(2.1.1.2) converge for Roy, Roq, Rry sufficiently large. )
Then the authors give (without proof) the value of I¢ and hence that of I¢:

3D(o1 + 09+ 035 — DI (=) (—2)[(—vs)
['(201)I'(209)(203)

A proof (somewhat artificial) of (2.1.1.4) may be found in [HMW]. We propose another
proof in 2.5.3 below.

Ic(o1,02,03) =7 (2.1.1.4)

2.1.2. In this note we take the study of the real, q-deformed and p-adic versions of
(2.1.1.1).

23
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A real version of (2.1.1.1) is the integral (2.1.2.1) below, cf. 2.6. It has appeared in
[BR] in connection with a study of periods of automorphic triple products:

(VZ+2 /2 d91 deg d93

[R(017027‘73 +1

—T —T —T i=1

_ D+ 1)/90((re + 1) /)T ((rs + 1) /O vi + 1) /4)
- . (2.1.2.1)
I'(1/2)*T((1 = 01)/2)T((1 = 02)/2)T((1 — 03)/2)
The index i under the integral is understood modulo 3. The authors of [BR] provide
an elegant proof of (2.1.2.1) using Gaussian integrals.
In this note we propose and calculate a g-deformation of this integral (see Thm.
2.1.6 and 2.4 below); in the limit ¢ — 1 this gives (2.1.2.1).
Set

Vi—l
4

a; =

Then (2.1.2.1) rewrites as

H—l |2a1+2 df,dbs d93

<]<a1) ag, (l3 :
—T —T -7 =1

C(ay +1/2)T(ag + 1/2)T(ag + 1/2)T(> " a; + 1)
F(1/2)3F(6L1 + as + 1)F(a2 + asz + 1)F(a3 + a1 + 1)
42% HZF(CLz—Fl) HKJ.I‘(ai—Faj—i-l) T
where we have used the duplication formula

I'(2a 4 1) = 22772 (a + 1/2)T(a + 1)

Let us suppose that a; are positive integers. After a change of variables y; = €% it is
easy to see that (2.1.2.2) is equivalent to

CT H = Yi/y;)" (L= y; /y:) ™

1<i<3<3

(et az+ ax)! T (2a))!

- (2.1.2.3)
[Tio; ai! H1§i<j§3(ai + a;)!
Here a;; := a;, where {k} = {1,2,3}\ {4,/} and CT means ”constant term”.
If a; = as = a3z = a, this gets into
- T'(Ba+1)
cT i = 2.1.24
[T (- = oy (2124)

1<i#5<3

which is the classical Dyson formula for the root system As, cf. [Dy], (142).
In 2.3 below we give an independent proof of (2.1.2.3).
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2.1.3. The reformulation (2.1.2.3) allows us to write down a g-deformation of it. It
looks as follows. For a natural a denote as usual

a—1

i _ (@)

3q)a = | |(1 —2¢") = ——~—
a) ,»11( ) (26% @)oo

where .

(259)0 = [ (1 = 2¢") (2.1.3.1)
i=0
Here ¢ is a formal variable.
Denote
(o], = (43 9)a
T (=g

2.1.4. Theorem. Let ay,as,as be positive integers. Then

CT [ wi/vsi Qe (ayi/vi; e,y

1<i<j<3

a1 + as + as]’ [T, [2a:]
- [31 2 + agly 11y 2ai, (2.1.4.1)

Hz‘:1[az’]£1 H1§i<j§3[ai + aj]i;

For a proof see 2.4 below.
If a; = as = ag this becomes the (proven) Macdonald’s g-constant term conjecture
for the root system A,.
In fact, (2.1.4.1) is in turn a particular case of the following beautiful formula due
to W.Morris.
Theorem (W.Morris). Let ay,ay, a3 be natural and o € X3 be an arbitrary per-
mutation. Then
CT [ @i/vsi @as, (a¥3/955 Darionis
1<i<j<3
a1 + a + as] [T, [ai + ao@)!
-l —— oy Lzl (,)]q (2.1.4.2)
Hz‘:1[ai]'q H1§i<j§3[ai + aj]'q
This is the case of the Ag-isolated labeling of Morris’ conjecture, cf. [Mo|, 4.3. The
proof of (2.1.4.2) is contained in op. cit. 5.12. The formula (2.1.4.1) is the case o = the

identity permutation of (2.1.4.2). Our proof of (2.1.4.1) is less involved than Morris’s
proof of the general case.

2.1.5. Let us generalize Thm. 2.1.4 to the case of complex a;. To this end we
suppose that ¢ is a real number, 0 < ¢ < 1.
For any z,a € C we define

(73 @)oo
Tq)a = 77—~
(#i4) (743 @)
Define as usually
(45 9)oo
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We denote by 7% the torus
T3 = {(y17y27y3) € C3| |y2| = 17 1 S i S 3}
2.1.6. Theorem. For R(a;) >0, 1 <i<3

1 dy, dys dy
(27T—z')3/T3 H (yi/yj;Q)aij(qyj/yi;Q)aij—l—z—?’ =

1<i<j<3 Y1 Y2 Y3

Lya1 +as + as + 1) [T, Ty (2a; + 1)
3
[Timi Pylai +1) H1§i<j§3 Lg(a; +a; +1)

For a proof see 2.4.6 below. Passing to the limit ¢ — 1 gives (2.1.2.1).

(2.1.6.1)

2.1.7. Let us describe a p-adic version of (2.1.1.1).
Let p be a prime number; consider the field Q, of rational p-adic numbers. Let d,x
denote the Haar measure on @, normalized by the condition

/ dyx =1
Zyp

lp s Qp — R,
be the standard p adic norm, |p|, = p~*; we set |0, = 0.
We have d,(ax) = |a|,d,z, so |al, is a p-adic analog of |z|?, z € C.
Define a function ¢,(x),z € Q,, by

Let

Up(x) = max{|z[,, 1} (2.1.7.1)
This is an analog of |z]? + 1,2 € C, see 2.5 below.
Set 1
1—p~
r = C
QP(O-) 1_p_0.7 O-e

2.1.8. The following integrals are p-adic analogs of (2.1.1.1):

Iy, (01,02,03) = V(1) 727 (20) 72720y (w3) T2
Q3

|z — :U2|;1"’3]952 — 333\;1”’1 |xg — xllljl’”dpxldpmgdpxg (2.1.8.1)
and of (2.1.1.2):
pr(al, 09,03) = . V(1) 72, (29) 727 |1y — x2|g1_”3dpx1dpa:2 (2.1.8.2)
2.1.9. Theorem. (i)
Iy, (01,02,03) = LI~Qp(01,02,03) (2.1.9.1)

[p(2)
(i)
FQI,(UI + 092 + 03 — 1)FQP(—l/l)r(@p(—l/g)r@p(—l/g)
Lq,(201)T'q,(202)T'g, (203)

(2.1.9.2)

jQp(U1,U27U3) =
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For a proof, see 2.2. below.
2.1.10. Let G = PGL(2). The integral Ic (resp. Igr,Ig,) is related to invariant
functionals on triple products V; @ Vo®V3 where V; are irreducible G(K)-representations
of the principal series, with K = C (resp. R or Q,), cf. [BR] for the real case and [BS2]

for the complex case. So its g-deformation (2.1.6.1) should be related to the same
objects connected with the quantum group U,g(R) where g = Lie G.

2.2. The p-adic case

2.2.1. Notation. Let
vyt Q — Z U {oo}

denote the usual p-adic valuation, i.e. vy(x) =n if x € p"Z, \ p"Z,, v,(0) = co.
For n,m € Z we denote

Acp ={z € Q| vp(x) < n}, Asp = {z € Q)| vy(2) = n},
A[n,m] = AZn N A§m7 An = A[n,n}

We also set,

Ig,(00) := lim Iy (a) =1—p~"

a—r 00

2.2.2. A p-adic hypergeometric function. Define
Fo,(a,cy) = [ dp(@)*e —ylpdpr,
Qp
a,ce€ Cy € Q,.

2.2.3. Lemma. (i) If v,(y) > 0 then
Fo,(a,¢;y) =Tg,(c+1) =Tg,(a+c+1)

(ii) If vp(y) =n < 0 then
Fy,(a, ciy) = p™"" T, (e + 1) = p7"**** g, (a + ¢ + 1)

p T, (o0) p~"T'g,(00)lg,(a+1)

Fg,(n(a+1)+1) P, (n(a +1))
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Proof. Let us denote for brevity
fla,ciw.y) = ()"l — ui;
(i) Let v,(y) = n > 0. Decompose Q, into the following areas:
Qy=Ac0UApn11UA, UAS,
Then

fdyt = —Tg (a+c+1),
Aco

/ Jdye = (1—p )T (4 1),
A[O,nfl]

fdpl’ — p—n(c+1)—1
A>n

To evaluate fAn f(z,y)d,x, we decompose A, into two areas depending on y € A,:
A, = A (y) UA”(y) where

A (y) ={z € Ay vp(z —y) = n}, Al(y) = {z € A,| v,(x —y) > n} (2.2.3.1)
Then
/ fdy = (p— 2)p D
n()

n

and
/A;;(y) fdyr = p~ DTG (e 4 1),
so that
/ fdpr = (p—2)p~ "I 4 pm (DTG (04 1).
Adding up, we getAzi).
(ii) is proved in a similar manner. Let v,(y) = n < 0. We decompose
Qy=A,, UA, UA 111U Aso,

and for y € A,
Ap = A, (y) U AL (y)
as in (2.2.3.1). Then

fdpr = —p~" g, (a + ¢ + 1),

-1

/ fdpr =1 —p)pe > pmeth,
Alnt1,-1]

m=n+1

fdpz =p™™,

/ fdpl‘ — (p . 2)p—n(a+c+1)—1
AL (y)
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and
/ fdpQI — pf(n+1)(c+1)FQp (C + 1)
All(y)

Adding up, we get (ii). O

2.2.4. Theorem.
J(a,b,c) = //@2 Up(2) Uy ()| — ylSdprdyy =

~ Tg,(c+1)lg,(—=a—c—1)Tg,(=b—c—1)g,(-a—b—c—2)

2.2.4.1
FQP(—G)FQP(—b)FQP(—CL —b—2c— 2) ( )
Proof. By definition
J(a,bye) = | p(y)"Fo,(a. c;y)dpy
Qv
Using Lemma 2.2.3 we readily compute this integral and arrive at (2.2.4.1). O

This theorem is equivalent to (2.1.9.2).

2.2.5. Proof of (2.1.9.1). We shall use the same method as in the complex case,
cf. 2.5 below.
Let
K = SLQ(ZP) C G — SLQ(QP)
vaE@f,andgEKthen

o], = lgol, (2:25.1)
where
|(a,b)], = max{]aly, [b],}
For
a b
g= (c d) €lG, z€Q,
set
_az+ b
g 2= cz+d
It follows: ()
(T
=0 K 2.2.52
wp(g ) |Cx+d‘p7 g E ( )
We have also for g € G
r—=y
R T 2.2.5.3
I 9= ¥ d) ey + d) ( )
and p
d(g-2) = —2° 2.2.5.4
P(g Z) |CZ + d|27 ( 5 )

of. [GGPS], Ch. 1I, §3, no. 1.
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We have

Ig,(01,09,03) = ¢p(x3>203< wp(afl)i%lwp(x?)i?@
Qp Q2

’.f(fl - I2|;17U3|LL’2 - IL’3|717V1 |I3 — I1|1V2de1dpl’2> dpl'g (2255)

Given y € Q,, set a(y) =y ify € Z, and a(y) =y~ if y & Z,; so a(y) € Z, in any case.
Define a matrix k(y) € K by:
(i) if y € Z,, then

(ii) if y € Q, \ Z,, then
_ (aly) 1
k(y) = ( L0 )
In the internal integral in (2.2.5.5) let us make a change of variables
T, = ]C(.Z’3>_1 *Yiy 1= ]., 2
Using (2.2.5.2) - (2.2.5.4) we get

d T3
Ig (01,09,0 :/ P
(91,02, 73) 0, Yn(73)?

° I(,@p (017 09, 0-3)

where

](/@p (017 09, US) -

Y1 |;1_V2 |y2|;1_yl¢p(yl)_2gl ¢p(y2)_202 Y1 — y2|;1_l/3dpyldp92
2
Q3

After one more substitution y; — y; ', i = 1,2,
I@p(01702703) = f@p(01702703)

(note that d,(y~!) = dyy/y[})-
Finally we conclude by the following easily proved p-adic version of (2.5.1.6):

2.2.6. Lemma.

dyx 1
=1+p
/@p wp(x)Q
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2.3. The real case

2.3.1. Theorem. If a,b,c € N then
CT(l - yl/yz)c(l - yz/yl)c(l - yl/ys)b(l - y3/’yl)b(1 - yz/y:a)a(l - ys/yz)a

~(2a)1(20)!(2¢)!(a + b+ ¢)!
~alblel(a+b)!(a+c)(b+c)!

2.3.2. Lemma. (A.C.Dixon’s identity).

i (—1)" a+b\(b+c\(fa+tc\ (a+b+c)
a+n)\b+n)\c+n) alble!

n=—oo

(We set (3) =0for b<0.)
See [K]|, 1.2.6, Exercice 62 and Answer to Ex. 62, p. 490 (one finds also interesting
references there). O

2.3.3. Proof of 2.3.1. The Laurent polynomial on the left hand side is
1, y2,93) =
- 2c\ [(2a\ (2D
— -1 a+b+c—i—j—k b—c+i—k c—a+j—i a—b+k—j
> (=1 P 1 L O e T
1,5,k
whence the constant term corresponds to the values
b—c+i1—k=c—a+j—i=a—-b+k—7=0

Set n=c—1i;thenn=5b—k=a— 7 as well, so

CT f(y1, y2,3) = i(_1>_3n (aiiln> <b ibn) (c icn) B

n=0

e ()G ()

n=0

and the application of 2.3.2 finishes the proof. U
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2.4. The real g-deformed case
2.4.1. Notation:
Ifa,beZ,a>0,b<0 we set

Set
u=y/T1, V=13/T2, W= 1T1/qT3;
a=uas, b=ay, c=as.
We are interested in the constant term of

Fy(u,v,w) = (qu; @)a(u™ @)alqu; 0)o (™5 @)u(qu; q)s(w ™5 q)s

where vow = ¢ 1.

2.4.2. Lemma . (K.Kadell).

b
_ i(i a+b i
(qz;)(e™ 5 q)a = Y ¢TI {GHL(—@

it=—a

See [Kal, (3.31).

2.4.3. Lemma. (¢g-Dixon identity). On has two equivalent formulas:

®)
3 oo ] B[] -
_la+b+ sy
[alg[bl; e
(i1)

E o] (2] 1]
_ [2ag2b]g[2c)yla+ b+ o,
* [alypllclyla + b [b + cla +

Cf. |K|, answer to Exercice 1.2.6, |C].

(2.4.1.1)

(2.4.3.1)

(2.4.3.2)
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2.4.4. Now we can prove (2.1.4.1). Replace in the product (2.4.1.1) the double
products like (qu; q)a(u™1; ), using 2.4.2. In the resulting expression the constant term
will be the sum of coefficients at u‘viv® divided by ¢*. Thus

- 2a 2b 2¢
o _1\n,—n 3n(n+1)/2
CTFq(U,U,w)— Z ( 1) “1 |:a+n:|q|:b+n:|q|:c+n:|q

n=—oo

o) (2] ),
_ a2 [2clyla+ b+ o,
[} Bl clbfa + o[+ clifa +

q
by (2.4.3.2). This finishes the proof of (2.1.4.1). O

Let us prove Thm. 2.1.6. We shall use an idea going back to Hardy, cf. [B]|, 5.5;
[S]; [M], 17.2.

First (2.1.6.1) is true if all a; € N — this is Thm. 2.1.4. Now we shall use

2.4.5. Lemma. Let f(z) be a function holomorphic and bounded for Rz > 0 such

that f(2) =0 for z € N. Then f(z) =
This is a particular case of Carlsson’s theorem, cf. [B], 5.3; [T], 5.8.1. O

2.4.6. Set

r H?;(l ~q')
[y(a) = Hio(l )

[y(a) = (1 - Q)l_afq(a);

so that

Recall that 0 < ¢ < 1.

We have
L—[blg™ < |1 —bg"| <1+ [blg"™, Rs >0,
and
1+t<e, t>0.
It follows: ~ 0
I - el < T+ a™) <
i=0 i=0
e = eSmod™ = ea™/0-0) < (1/0-0)
i=0
for Ra > 0.
On the other hand
TIa =g =Ta-a" = JJa - ")
i=0 i=0 =0

for Ra > ag > 0.
Fix ag > 0. It follows that there exist constants C7, Cy > 0 such that

Cy <Tyla) <Oy (2.4.6.1)
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for all a, Ra > ag.
Consider the right hand side of (2.1.6.1)

Fq(a1 + (05} + as + 1) H?:l Fq(2ai + 1)
f(a17a27a/3) = 3 =
[T Pylai + 1) H1§i<j§3 Ly(a; +a; +1)

fq(al + a9 + as + 1) H?:l fq(QGi + 1)
H?:1 Ly(a; +1) H1§i<j§3 [y(ai +a; +1)
It follows from (2.4.6.1) that there a constant C3 > 0 such that
|fa,az,a3)] < Cs

for all aq, as, ag with the real part > aqg.
In the same manner we prove that if g(ay, as, ag; x1, 2, x3) is the expression under
the integral from the left hand side of (2.1.6.1), there exist a constant Cy > 0 such that

l9(ar, az, a3)| < Cy
for all ay, ay, as with the real part > ag and (zy, 29, x3) € T?; thus
1
(27%)
is also bounded by a constant not depending on a;.
By Thm. 2.1.4 we know that h(ay, as,a3) = f(a1,as,a3) if all a; € N. Now applying

(3 times) 2.4.5 we conclude that this is true for all a; with a; > ag. This proves Thm.
2.1.6. 0

h(ala as, a’3) =

/g(aba2>a3§371a3727333)d371d$2dx3
T3

2.5. The complex case

2.5.1. Proof of . (2.1.1.3). We give some details because we use exactly the same

argument in the p-adic case, cf. 2.5.
Let

K:SU(2):{(_GE 2) la,beC, |a>+ b2 =1} C

C G = SLy(C) (2.5.1.1)
If v € C? and g € K then
[v| = |gv| (2.5.1.2)
where
[(a,0)]* = |af® + [b]”
For

a b
g:(c d)eG,zE(C
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set
_az+ b
ez +d
It follows: ,
1+ |z
1+ |g-x’2 |C:L=_+_d|27 e K (2513)
We have also for g € G
T —y
R 2.5.1.4
I 9=z ¥ d) ey + d) ( )
and p
z

(recall that in real coordinates z = x + iy we have dz = dzdy).
Using this, let us evaluate

I(C(Uh(fz,as) =

2 3
/ dl’g(l + ‘1’3’ —203 (/ H 1 + ‘.TZ —204 H |.1'Z - l'i+1‘22yi+2dl'1d$2)
C i=1

i=1
In the internal integral let us make a change of variables x; = k=!-y;, i = 1,2 with
k € K as in (2.5.1.1) with

1 b Z3
qQg = —F- —_— -
(1 + |zaf2)1/2 (L + |za]2)1/2
Soygzl{?'l’gzo.
We get
d$3
I = — .
C(0170'270'3) /(1+’$3| ) (01702,03)
where

](E:(O-la 09, U3> -
/2 ] 72722 e 2P+ i P) 72 (L (2l TPy — el TP dyndys
C

After one more substitution y; — y; ', i = 1,2,

It (01, 09,03) = Ic(01, 02, 03)

(note that d(y=1) = dy/|y|*).
Passing to polar coordinates we get

/c(ljﬁ = (2.5.1.6)

cf. Lemma 2.2.6.
Thus

Ic(0y,09,03) = 71'1:@(01, 09,03) (2.5.1.7)
which establishes (2.1.1.3). O
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2.5.2. To establish (2.1.1.4) it remains to compute the integral (2.1.1.2). Introduce
new parameters a; = —1 — v, i = 1,2, 3. In terms of them (2.1.1.2) becomes

](C;Q(Gl, Ao, ag) = / (1 + ‘Zl|2)—2—a2—a3(1 + |22|2)—2—a1—a3’21 - ZQ|2a3d21dZQ.
(CQ
In view of 2.5.1, (2.1.1.4) is equivalent to
2.5.3. Theorem. For Rai, Ras, Ras sufficiently large
16;2(6117@27@3) =
2F<CL1 +ax + a3+ 2)F(a1 + 1)F(a2 + 1)F(CL3 + 1)

= 2.5.3.1
m F(al + as + 2)F<CL1 + as + Q)F(CLQ + as + 2) ( )

Proof. Let us make a change of variables 2z, = rpe’®. If 2, = x, + iy, then
dzy = dzpdy, = ridoy.
So we get:

[(C;S(al,GQ,a;g) = / (1 + 7,%)727@7(13(1 + r%)foal—ag,rlTZ

2
R+

(/ |T1€i¢1 — T2€i¢2 |2a3 d¢1d¢2> d?"ld?"g.
[0,27]2
We have

P e — 19ei?2|2 = (11" — 1yei®2)(r1e Tt — rye T2 =

(ry — 19" (92791)) () — 1y (@2701))
Suppose that az € N. Note that
1 L — a —1 - a
(2m)? /[02 P““l — el PN (1) — e 02N Ay =

CTZ(T‘l — T’QZl/ZQ)a<T1 — T’QZQ/Zl)a

Let us introduce a polynomial

a 2

a o

Ga(r1,19) := CT,(r1 — 1921/ 22)%(1r1 — roze/21)* = (z) rfzrga 2i
0

ot = (%)

(this is the simplest case of the Dyson identity).
We get

Note that

LC;2(CL17@27G3) =

as 2
— () / (]_‘I—T%) 2—as a3(1+rg) 2—aq a3,’,,%+21,r%+2a3 2Zd7’1d7’2
. R

2
+

I(a,b) := / (1 +r?)orit2agr =
0
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(w=r?)
1 [~ b
= (14 u)’udu =
2.Jo
(u=v/(1—=v))
1 [t Coao 1
— | (1—=v)"7 %% v=-Bla+1l,—a—b—-1) =
2 Jo 2
1 a4+ )I(—a—-b—1)
-2 ['(—b)
It follows:
/ (1 + r%)—?—az—ag(l + T%)_Q_al_a37%+2iré+2a3_2id7"1d7"z —
R
1 TE+ 1P —i+az+ag)l(ag —i+ D01 +i+ar)
4 D(ag + a3 +2)'(ay + asz + 2)
S0

7T (az + 1)?
F(CLQ + as + 2)F(a1 + as + 2)

I(C;2<CL17 as, Clg) =

as

Nl—i4as+a3)l'(1+i+ay)
Z L+ D (ag —i+ 1)

i=0
Note that if as, a3 € N,

F(l—z+a2+a3)F(1+z+a1) .
T(i+ )(as —i+1)

— D(ay + 1)l(ay + 1) (al N Z) (a2 as - )

aq a9
Thus
72T (az + 1)*T(a; + 1)T'(ag + 1)
F(CLQ + as + 2)F(a1 + as + 2)

as . .
a; +1 as +as — 1

2.5.3.2

- Z ( ax ) ( a2 ) ( )

=0

[((3;2(a17 a2, a3) =

Next we shall use an elementary

2.5.4. Lemma. For positive integers ay, as, as,

X CL1+’i a2+a3—z’ . a1+a2+a3—|—1
=0 ai ) as
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Proof. The case a; = 0 is a consequence of the identity

()= (0)

Suppose that as > 1 and make the induction on az. The case ag = 0 is clear. Suppose
we have proven the assertion for az < n. We have:

n+1 . .
(n 1) : Z (a1 1 Z) <6L2 n 2 Z)

i=0
“far+i\ fas+n+1—i a+n+1
S () 5
- ai a2 a
1=0
az+n+1l—12\ fax+n—1 n as+n—1

(05} B Q9 a2—1

Inserting this into (*) and using the induction hypothesis one finishes the proof. O

Combining (2.5.3.2) with the above lemma we get the assertion of Thm. 2.5.3 for
natural a;.

On the other hand, one can verify that both sides of (2.5.3.1) are bounded when for
one i Ra; — oo and the other two a;’s are fixed. So by Carlsson’s theorem (cf. Lemma
2.5.4), the identity (2.5.3.1) holds true for all a; with Ra; sufficiently large (so that the
integral converges). 0

Another proof of (2.1.1.4), along the lines of [BR], the interested reader may find in
[BS2].

2.6. Why the real integral is analogous to the complex one

2.6.1. Consider a change of variables
r=tana, y=tanf, z =tanvy

We have

sin(a — ) = (tana — tan 3) cos v cos 3,
l+22=cos?a
and
dx

do —
“ 1+ 22
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2.6.2. Consider the integral (2.1.2.1)

Z(a,b,c) ///]sm B)*|sin(a — ) |[®|sin(B — v)[**dadBdy.

The function under the integral is m-periodic with respect to each argument. It follows
that

Z(a,b,c) =

w/2 /2 w/2
= 8/ / / |sin(a — B)[*] sin(a — 7)|*| sin(B — ) [**dadBdy
—n/2J—7m/2J—7/2
_ 8/ / / 1—|—ZL‘ b+c+1)(1 +y ) (a+c+1)<1 + 2 ) (a+b+1)

=yl — 2|y — 2**dadyd=
We see that this mtegral is snmlar to (2.1.1.1). O

2.7. Invariant functionals and Zamolodchikov’s integral

2.7.1. Recall. Consider a triple complex integral
(01,09, 03) = / (14 [2a) 727 (14 o) 7272 (1 + |2)?) 7>
C3

‘Zl - 2’2|2V3_2‘22 - 23’2V1_2|Zg — 21‘2V2_2d21d2’2d2’3. (2711)

It has appeared in a remarkable paper |ZZ] in connection with the Liouville model of
the Conformal field theory. Here o; € C,

Vi = 0441 + Oi+2 — 0y, 7 mod 3, (2712)

dz := dxdy, z = x + 1y, stands for the standard Lebesgue measure on C. The integral
converges if fo; > 1/2, Ry; > 0, ¢ = 1,2,3. The aim of this section is to prove the
following assertion.

2.7.2. Theorem.
F(l/l + 1] + V3 — 1)F(V1)F(I/2>F(l/3)

I(01,09,03) = 7° 2.7.2.1
(01,02,05) = T(201)T(20%)T (203) ( )
This formula is given without proof in |[ZZ]. A proof of Theorem 2.7.2 has appeared
in [HMW]; it uses some complicated change of variables. A different proof which uses
Macdonald type constant term identities may be found in [BS2|. In this section we
provide still another proof of (2.7.2.1) which uses an elegant method of Bernstein and
Reznikov who computed a similar real integral, cf. [BR|. Their procedure is based
on some multiplicity one considerations which allow one to reduce the computation of
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(2.7.1.1) to a computation of a Gaussian integral, ¢f. Thm 2.7.8 below; this last integral
is of independent interest.

Notation. For a smooth variety Y we denote by C(Y) the space of C'* functions
f:Yy—=«C

Principal series. Let G := SLy(C) D K := SU(2); X = C?\ {0}. Let C(X) denote
the space of smooth functions f : X — C; for A € C let C\(X) C C(X) be the
subspace of f such that f(ax) = |a|**f(z) for all @ € C*. The group G is acting on
Cy(X) by the rule (gf)(z) = f(zg), g € G; we denote this representation by V).

Line realization, cf. |GGPS|. The map f — f(z,1) induces an isomorphism ¢ :
Vy — V{ where V/ is a subspace of C'(C) depending on \.

The induced action of G on V] is given by

(@) = bz + AP f((ax + 0+, 9= (0 1)

2.7.3. Lemma. The dimension of the space Homy(Vy,C) of continuous K-
wmwvariant maps Vy — C is equal to 1.

Proof. Let ¢ € Homg(V),C). Choose a Haar measure on K such that [, dk = 1.
Since ¢ is continuous and K invariant, for all f € Vi £(f) = {(f) where f(x) =
[y f(kz)dk. But f is homogeneous and K-invariant, and such a function is unique up
to a multiplicative constant. O

2.7.4. Lemma. (i) The functional ¢} : V)_y — C given by

0 = / (1422 f(2)d=

is K-invariant. The integral converges for all X € C, f € V{_,. 0\ is G-invariant iff
A=0.
(ii) The functional € : Vy_o —> C given by

1 2 2
O(f) == [ flz1,m)e P21z dzy
™ Je2
18 K-invariant. The integral converges for RA > 0. O

By Lemma 2.7.3, /) = )0, o ¢ for some ¢, € C.
2.7.5. Lemma. c,=T(\)r"" O

More generally, given n complex numbers A = (A, ..., \,) we define a G-module

Vi ={f € C(X")flarzr,. .. anza) = [ lail™ f(@r,...,20)}
i=1

with the diagonal action of G.
The map f — f((x1,1),...,(x,, 1)) induces an isomorphism of G-modules
o

Vj\ = V;( C O((Cn)
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with the action of G on Vf given by

“ . +c axr, +c a b
o) =TT by 4 a2 g 222 0€ 4 — .
(8)r,wro0) = [T o f(bx1+d, ) = (o)

We have K-invariant functionals /5 : VY _

.....

n

G = /n H(l +12?) N 21y z0)d2 . dz,
i=1

(the integral converges for all \;)
and /5 : Vy, o

.....

(the integral converges if RA; > 0 for all 7 ).

2.7.6. Corollary.
G=ma"T]TN) 6500
i=1

Indeed, the factorisable functions [] fi(z;), fi; € V), are dense in V,
apply the Fubini theorem.

For a function f : Y — C where Y C C" with the complement of measure zero
we denote

A, and we

.....

=7 / f(z1,...,2 i ‘Zi|2dz1...dzn
7TTL

(when the integral converges). The following proposition is a complex analog of prop-
erties of real Gaussian integrals from [BR].

2.7.7. Proposition. (i) Setr(z) = (31, |2i>)V/2. Then G(r®) =T'(s/24n)/T(n).
(it) If h(z) = 3 cizi then G(|h) = T(s/2 + 1)||R]|* where ||h]] = (32, leil*)2.
(iii) Consider the space C* = (C*)? and the determinant

d(wh U)Q) = Z11R22 — 12721, W; = (212‘, 221')-
Then G(|d|*) = T(s/2 + 1)T(s/2 + 2). 0

Now consider the space L = (C?)? whose elements we shall denote (wy, wy, w3), w; €
C2. Consider the following function on L:

Koy s s (W1, w9, w3) = |d(wy, wa) 22| d(wy, w3) |*2 7% |d(wg, ws) |
2.7.8. Theorem.
Q(KVW%%) = F(Vl + Ve + V3 — 1)F(V1)F(V2)F(l/3).

The proof goes along the same lines as in [BR|, where a similar real Gaussian integral
is calculated. 0J
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Now we easily deduce Theorem 2.7.2. The function K,, ,,,, belongs to the space
Voo, —2.200—2205—2 Where o; are defined from (2.7.1.2). We have

g(KVLV%VS) = 620172027203 (KV17V27V3)'
On the other hand, by Corollary 2.7.6

3
I(Ulv 02, 03) = 6/201,202,203 (Klljl,llz,ljg) = 7° H F(Qo-i)_léﬂfl,?crz,?aa(KVl,V%Vs)

i=1
where K, , . = &(Ky, 1,0;). This, together with Theorem 2.7.8, implies Theorem

2.7.2. U

The functional £ : V_ o5, _95, 245 — C,

f(f) = / sz//1,V2,l/3d’Zldz2dZ3
C3

is G-invariant. Similarly to the real case treated in [BR], the space of such G-invariant
functionals is one-dimensional, cf. [L]. This is a "methaphysical reason”, why the
integral (2.7.1.1) (the value of this functional on some spherical vector) is computable
in terms of Gamma-functions.

We are grateful to A.Reznikov for discussions and for the notes by A.Yomdin about
a p-adic analogue of the Bernstein - Reznikov method which were very useful for us.



CHAPTER 3

Invariant triple functionals over Usl,

Introduction

Before describing the content of this chapter let us discuss some motivation and
questions behind it.

The fact that an irreducible finite dimensional representation V' (A1) of highest weight
A1 of the Lie algebra g = sl,(C) occurs with multiplicity at most 1 in a tensor product
V(A2) @ V(A3) is easy and classical. Since these representations are isomorphic to their
duals, the same thing may be expressed by saying that the dimension of the space of
g-invariant functionals

The multiplicity one statements like (0.1) hold true as well if V()\;) are irreducible
infinite dimensional representations of real, complex and p-adic Lie group or Lie algebra
close to G Ly (their proof being usually more difficult).

As an example, such an statement for the group G = PG Ly(R) and the representa-
tion of the principal series is applied in [BR]. In that case a representation V() may be
realized (before Hilbert completion) in the space of smooth functions on the unit circle
f:S' — C and the tensor product V(\;) ® V(A2) ® V(A3) - in the space of functions
of three variables f : (S')> — C. An explicit linear functional

g,\17,\27)\3 : V()\l) & V()\g) & V()\g) — C

may be defined in the form of an integral

O pos (f) = f(01,02,03) 85, 2505 (01, 02, 03)d01 dO2dO (0.2)
(81)?
against some naturally defined G-invariant kernel Ry, 5, ., c¢f. [BR], 5.1.1, [Ok], (0.10),
(0.12). On the other hand our triple product contains a distinguished spherical (i.e
PO(2)3-invariant) vector vy, x,.xs, the constant function 1.
The value

£>\17/\2,)\3 (U>\17/\27)\3) = / s ‘ﬁh,)\m)\:s(elv 92’ 6)3)d91d92d93 (03)
(SH)
43
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is equal to certain quotient of products of Gamma values. Its asymptotics with respect
to A; (which follows from Stirling formula) is one of the ingredients used in [BR]| for an
estimation of Fourier coefficients of automorphic triple products.

In Chapter 2 we have calculated the integrals similar to (0.3) corresponding to
complex and p-adic groups PGLy(C), PGLy(Q,), and also an analogous g-deformed
integral which has the form

R o nssq (01, 02, 03)d01d0>d03 (0.4)
(s1)3
where ), ), ), IS @ certain g-deformation of the kernel Ry, 1, »,. These integrals are
expressed in term of the complex, p-adic and g-deformed versions of Gamma-functions
respectively. One could expect that it is possible to find representations V,(\) of the
g-deformed algebra U,gl, in the space of function on S* so that the g-deformed kernel
£y aoraig Will be a U, gl,-invariant element of the triple product V(A1) @V, (Ag) @V, (A3).
We do not pursue this direction here, but we prove some multiplicity one statement
like (0.1) over the quantum group. Our starting point was a theorem of Hung Yean
Loke [L| who proves in particular that (0.1) holds true if g = gl,(R) and V()\;) are
irreducible representations of the (infinitesimal) principal series defined by Jacquet -
Langlands, cf. [JL], Ch. I, §5. The space of such a representation is much smaller than
the spaces of smooth functions above, it is rather a ”discrete analog” of it, and the
structures that appear are quite similar.
A base {e;,q € Q} of V() is enumerated by a set () which may be identified with
coroot lattice of g (or with Z). Thus elements of V' (\) are finite linear combinations

ZG(Q)eq

which we can consider as functions a : () — C which are compactly supported, i.e. all
but finitely many a(q) are zeros. The Lie algebra g acts on these functions by difference
operators (depending on A € C) of order < 1 (to avoid the confusion, V() is not a
highest weight module). Thus, elements of a triple product V(A1) @ V/(Ay) @ V(\3) are
compactly supported functions a : Q* — C. Similarly, a trilinear functional

is uniquely determined by its action on the basis elements. If we denote

K(QlaQQa(B) = g(eth ® eg, @ 6%)7

we get a function K : Q> — C (an arbitrary, not necessarily compactly supported
one). The value of /¢ is given by

Ua)= > alg,q2.43)K(q1, ¢, 43);

(q1,92,43)€Q3

this formula is similar to (0.2).

The functional is g-invariant iff the corresponding K satisfies a simple system of
difference equations. The result of [L] says that the space of such functions K is one-
dimensional. It would be interesting to find a nice explicit formula for a solution.
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In 3.2 of the present chapter we define principal series representations over the
quantum group U,sl, which are g-deformations of the Jacquet - Langlands modules.
Then we define natural intertwining ("reflection”) operators between them (cf. 3.2.4)
and finally prove for them an analog of (0.1), ¢f. Thm. 3.2.5 for the precise formulation;
this is our main result. The proof is a g-deformation of the argument from |[L].

In 3.1 we recall the definitions from [JL| and the original argument of [L| and present
some comments on it, cf. 3.1.6, in the spirit of [.M.Gelfand’s philosophy considering
the Clebsch - Gordan coefficients as discrete orthogonal polynomials, cf. [NSUJ.

We thank F.Malikov who drew our attention to a very interesting paper [FM].

3.1. Invariant triple functionals over sl,

3.1.1. Principal series. First we recall the classical definition of the principal
series following Jacquet - Langlands. Another definition of these modules may be
found in [FM].

Let g = sl, and E, F, H be the standard base of g.

Let s € C, € € {0,1}. Following [JL], §5 and [L] 2.2 consider the following repre-
sentation M (s, ¢€) of g (for a motivation of the definition see 3.1.10 below.)

The underlying vector space of M (s, €) has a C-base {v, }neeioz . We denote M, =
C - vy, s0 M(s,€) = @pez M, where we set M, =0 if n ¢ € + 2Z.

The action of g is given by

Hv,, = nv,, (3.1.1.1)

1 1
Ev, = 5(5+n+1)vn+2,Fvn = §(s—n+ 1)vy_2 (3.1.1.2)
Thus,
[H,E]=2E, [H,F|=—2F, |[E,Fl=H
3.1.2. Lemma. Ifs—e¢2Z+ 1 then M(s,€) is an irreducible g-module.

Proof. Let W € M := M(s,¢€) be a g-submodule, W # 0. Since W is H-invariant,
W =&, WNM,. Thus there exists x € WNM,,x # 0. Due to the hypothesis F™x # 0
and E™x # 0 for all m € Z, whence W = M. O

3.1.3. The reflection operator. Cf. [JL|, between 5.11 and 5.12. Consider two
modules M (=+s,€). A linear map

f:M(s,e) — M(—s,e)

is g-equivariant iff it respects the gradings (since it commutes with H), say f(v,) = fuv),,
and the numbers f, satisfy two relations

(s+n+1)foo=(—s+n+1)fn, (3.1.3.1)



46 3. INVARIANT TRIPLE FUNCTIONALS OVER Ugsl,

(commutation with F) and
(s=—n+1)fr2=(—s—n+1)f, (3.1.3.2)

(commutation with F'). In fact these equations are equivalent: for example (3.1.3.2) is
the same as (3.1.3.1) with n replaced by n — 2, multiplied by —1.
These relations are satisfied if
['(=s+n+1)/2)

T = TG rnr2)
We shall denote the corresponding intertwining operator by
R(s): M(s,e) — M(—s,¢)
In fact, these are the only possible intertwiners between different modules of principal

series.
One has

R(—S)R(S) = [d]\/[(s).

3.1.4. Theorem, cf. [L], Thm 1.2 (1). Consider three g-modules M' = M(s;, €;),i =
1,2,3. Suppose that s; — €; ¢ 1+ 27Z. There exists a unique, up to a multiplicative con-
stant, function

fM=MoM @M —C
such that
f(Xm)=0,XegmeM (3.1.4.1)
and

flwm) = f(m) (3.1.4.2)

where w : M——M 1is an automorphism defined by

W(Vn @ Uy @ V) = Vg @ U_yyy @ U_,

3.1.5. Proof . (sketch). The condition (3.1.4.1) for X = H implies that f(v, ®
U ® vg) = 0 unless n +m + k = 0.
Let us denote
a(n,m) = f(v, @ vy @ V_p_p)
The conditions (3.1.4.1) and (3.1.4.2) are equivalent to a system of 3 equations on the
function a(n,m):
a(n,m) = a(—n, —m), (3.1.5.0)
(s1+n+1a(n+2,m)+(s2+m+1)a(n,m+2)+(ss—n—m—1)a(n,m) =0 (3.1.5.1)
and
(si—n+1Da(n—2,m)+ (so—m+1)a(n,m—2)+(s3+n+m—1)a(n,m) =0 (3.1.5.2)
One has to show that these equations admit a unique, up to scalar, solution.
By considering the "bonbon” configuration
B ={(n,m),(n—2,m),(n,m+2),(n—2,m+2),(n+2,m),(n,m-—2),

(n+2,m+2)}
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one shows that (3.1.5.1-2) imply an equation
(51 —n+ 1) (s +m+Da(n —2,m+2) — (s3 — s° — 55— 2nm + 1)a(n,m)
+(s1+n+1)(sa—m+1a(n+2,m—-2)=0 (3.1.5.3)
After that it is almost evident that a solution of (3.1.5.1-2) is uniquely defined by its
two values on a diagonal, like a(n,m),a(n — 2, m + 2). The parity condition (3.1.5.0)
implies that the space of solutions has dimension < 1.

The non-trivial part is a proof of the existence of a solution. It is a direct compu-
tation. Cf. the argument for the g-deformed case in 3.2 below. OJ

3.1.6. Difference equations on the root lattice of type As.
Let X denote the lattice {(ny,ny) € Z*| n; — ¢; € 2Z}. (Note that initially it comes
in the above proof as a lattice

{(n1,n9,n3) € Z*| n; —¢; € 2, an =0}
and resembles the root lattice of the root system of type Aj)
Consider the space of maps of sets Y = {a : X — C}; Y is a complex vector space.
Define two linear operators L. € End Y by
Lia(n,m) = (p+n)a(n+2,m)+ (s+n)a(n,m+2)+ (r—n—m)a(n,m), (3.1.6.1a)
L_a(n,m) = (p—n)a(n —2,m) + (s —n)a(n,m —2) + (r + n+m)a(n,m), (3.1.6.1b)
where p=s;+1, s=s5,+1,r =53 —1.
One can rewrite the equations (3.1.5.1-2) in the form
Lia=0,L_a=0 (3.1.6.2)
3.1.7. Lemma. [L,,L_ |=2(Ly—L_). O
It follows that L, and L_ span a 2-dimensional Lie algebra isomorphic to a Borel
subalgebra of sl,.
Following [NSU], Ch. II, §1, introduce the forward and backward difference (”discrete
derivatives”) operators acting on functions f(n) of an integer argument:
Af(n) = f(n+2) = f(n), Vf(n)=f(n)—f(n—-2)
These operators give rise to "discrete partial derivatives” acting on the space of func-
tions of two variables a(n, m) as above. We denote by subscripts ,, or ,, the operators
acting on the first (resp. second) argument, for example
Vysa(n,m) = a(n,m) —a(n — 2,m),
etc. Then the equations (3.1.6.2) rewrite as follows:
(mn+p)Vy+(m+s)Vy)a=—(p+s+r)a (3.1.6.3a)
(n—=p)Vp+(m—98)Vp)a=—(p+s+r)a (3.1.6.30)
These equations are similar to [NSU|, Ch. IV, §2, (30).

Let us fix k and consider the functions b(n) := a(n,k — n). The equation (3.1.5.3)
is a second order equation satisfied by these functions that may be written as

{(n+p)(n+s—k)VA+2(pn+ sn—pk)V —r(r —2)}b=0 (3.1.6.4)
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It is a "difference equation of hypergeometric type” in the terminology of [NSU|, Ch.
I1, §1. Their solutions can be called "Hahn functions”.

3.1.8. Analogous differential equations. It is instructive to consider the
continuous analogs of the previous operators.

Let us consider the following operators on the space ) of differentiable functions
a(z,y) : R* — C which is a continuous analog of the space Y :

Li=p+2)0:+(s+y)0y+p+s+r
L =(—p+x)0p+(—s+y)dy+p+s+r
3.1.9. Lemma. [£,, £ |=£,-¢£ . O
The analog of (3.1.6.4) is a hypergeometric equation
(x+p)(x+q— k' (z)+2((p+ s)x — pk)V/(x) — r(r — 2)b(z) =0 (3.1.9.1)
where b(z) = a(z, k — x).
3.1.10. Motivation: Jacquet-Langlands principal series over GLy(R) Cf.

|GL|, Ch. I, §5. Recall that a quasicharacter of the group R* is a continuous homomor-
phism g : R* — C*. All such homomorphisms have the form

() = prsm(x) = [z (2/|x])™
where s € C, m € {0,1}. Let p; = pis,.m; , @ = 1,2, be two such quasicharacters. Let
B'(p1, o) denote the space of C*°-functions f : G := GLy(R) — C such that

(5 1)) = m@mmian o)

for all g € G,a,b € R*,c € R. G acts on B'(uy, p2) in the obvious way.
Set s = 51 — $9 and m = |my — mgy|. For any n € Z such that n —m € 27Z define a
function ¢, € B'(p1, u2) by

on( (6 1) ®) = ml@ma(o)agply e
where

—sinf cosd

k(0) = ( cost Sine) €K :=0(2) eq

Let B(p, p2) C B'(p1, p2) be the (dense) subspace generated by all ¢,.
Let us describe explicitely the induced action of B = Lie(G)gr ® C on B(uq, pia).

‘ 1
! Z.) so that A™! = = < L 1) (cf. [Bal,
1 —i 2\—1 1

= (0 )= 0= (5

Following [L], consider a matrix A = (

(3.5)).
Let

Then
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1 .
A*YA_—C Z)—uﬂ
2\1 —1
A*@%Hyh:(glé>:k0dm
or more generally

—i6
(0 ) =ane)a”

Thus if K/ = AKA™! then Lie(K')c = C.H .
The action of G on B'(u1, pi2) induces an action of B on B(u, 2) which looks as
follows:

2X'0p = (s+n+1)pne, 2Y'¢,=(s—n+1)p, 2, (3.1.10.1)

cf. [JL], Lemma 5.6.

The space B(u, p2) is a (B, K') —module, which means that it is a B-module and a
K-module and the action of t := LieK induced from B coincides with the one induced
from K.

3.2. A ¢-deformation

3.2.1. Category C, and tensor product. Cf. [Lu|. Let ¢ be a complex number

different from 0 and not a root of unity. We fix a value of log ¢ and for any s € C define
s .__ ,slogg
q° = e®o84,

Let U, = U,sl, denote the C-algebra generated by E, F, K, K~! subject to relations

KK =1,
KE = {FEK, KF =q*FK,
K—-K1!
EFl=———,
£, F) q—q*

cf. [Lul, 3.1.1.

Introduce a comultiplication A : U, — U, ®U, as a unique algebra homomorphism
such that

AK)=K® K
AE)=FE®1+K®FE
AF)=FoK'+1®F

cf. [Lu], Lemma 3.1.4.

Let C, denote the category of Z-graded U,-modules M = @;czM; such that

Kz = q¢'z,x € M,.

The comutliplication A above makes C, a tensor category.
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In particular if M, i = 1,2,3, are objects of C, then their tensor product M =
M'® M? ® M? is defined as a vector space; it is the tensor product of vector spaces
underlying M*. The action of U, is given by

Krxyez)=Kre Ky® Kz,
Erxyez)=Fryez+KrEy®z+ Kz ® Ky® Ez,
Fay®2)=FrK 'y K 24120 Fyo K '2+20y® Fz.

3.2.2. Infinitesimal principal series. Set

[n]q = qn — q__ln
q—dq
q € Ryp, s € C. Thus

(lll_rg[n]q =n.

Let s € C, € € {0,1}. Define an object M,(s,¢) € C, as follows. As a Z-graded
vector space M,(s,e) = &M, where M; = C-v; if i € e +2Z and 0 otherwise.
An action of the operators F, F' are given by

Ev, =[(s+n+1)/2)vny2, Fv, =[(s —n+1)/2],0n-2.

One checks that . . X
—q- K—-K~
B, F] = . qf1 - 1

q—4q q—q

where
n
Kvn =g Up,

so M,(s,¢€) is an U,-module.

3.2.3. Lemma. Ifs—e¢c¢ 2Z+1 then M,(s,€) is an irreducible U,-module.
The proof is the same as in the non-deformed case (see Lemma 3.1.2). O

3.2.4. The reflection operator. As in 3.1.3, let us construct an intertwining

operator
Ry(s) : My(s,€) — M,(—s,¢).
Suppose that
R,(s)v, = rpv,

for some r,, € C. As in loc. cit., R,(s) is Us-equivariant iff the numbers r,, satisfy the
equation
(—s+n+1)/2,
(s+n+1)/2],
Suppose we have found a function ¢(z), z € C, satisfying a functional equation

o + 1) = [z],0(x). (3.2.4.2)

- (3.2.4.1)

T'ny2 =
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Then
o((—=s+n+1)/2)

" 3((5+n+1)/2)

T'n

satisfies (3.2.4.1).
Suppose that |¢g| < 1. In that case consider the ¢-Gamma function defined by a
convergent infinite product

_ _ N\l-= (CL Q>OO
Lolz) = (1 —9) (¢"; @)oo
where .
(a:q)o0 = [ J(1 — ag™)

cf. |GRJ. It satisfies the functional equation

1
F(z+1) =

It follows that a function

satisfies (3.2.4.2) if a(z) satisfies
alr+1)—a(x)=1-uxz,

for example

Thus, if we set

(x) = ¢TI (a),
the operator Ry(s) defined by
o((—s+n+1)/2)
o((s+n+1)/2)
is an isomorphism R,(s) : My(s,e) — M,(—s,¢€) in C,.

It possesses the unitarity property
Ry(=8)Ry(s) = Ldps)-

If |g| = 1 then a solution to the functional equation (3.2.4.2) may be given in terms
of the Shintani-Kurokawa double sine function (aka Ruijsenaars hyperbolic Gamma
function), cf. [NU], Prop. 3.3, |R], Appendix A. This function is a sort of a "modular
double” of I',.

Rq(s)vn =

Un

3.2.5. Theorem. Let M' = M,(s;,e;) € C, be 3 objects as above such that
si—e€ ¢2Z+1,i=1,2,3.
There exists a unique, up to a scalar multiple, function
fiM:=M @M ®M>—C (3.2.5.1)

such that
f(Xm)=0,X e {E,F},me M, (3.2.5.2)
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f(Km) = f(m),
flwm) = f(m) (3.2.5.3)

where w : M —= M is an automorphism defined by

W(Vp @ Uy @ V) = V_py @ U_pyy @ U_

3.2.6. Proof(beginning). The argument below is a straightforward generaliza-
tion of the argument from [L], §2. The condition f(Km) = f(m) implies that f(v, ®
Um ® vg) = 0 unless n +m + k = 0. Let us denote

ag(n,m) == f(vy @ Uy, @ V_pm—2).

The condition f(wm) = f(m) gives

a,(n,m) = a,(—n, —m) (3.2.6.0)
Since
f(E(Un & Uy & U—n—m—Q)) =0,
we get
[(s1 +n+1)/2],a,(n+2,m) + ¢"[(s2 +m + 1)/2],a,(n, m + 2)+
+¢""™[(s3 —n—m —1)/2],a,(n,m) =0 (3.2.6.1)
[(s3 —n—m—1)/2],a,(n,m) = —¢ " "[(s1 + n+1)/2],a4(n + 2,m)
—q "[(s2 +m+1)/2],a4(n, m + 2) (3.2.6.1)
Similarly,
(0, ® vy @ V_pmy2)) =0
implies
" 2(s1 —n+1)/2],a,(n — 2,m) + ¢t [(sg — m + 1)/2],aq(n, m — 2)
+[(ss +n+m—1)/2],a,(n,m) =0 (3.2.6.2)

[(s3+n+m—1)/2],a,(n,m) = —¢""[(s1 — n+1)/2],a,(n — 2,m)
—q"""2[(s9 — m + 1)/2],a,(n, m — 2) (3.2.6.2)
It follows from (3.2.6.1)"
[(s3 —n—m+1)/2],a,(n —2,m) = —¢" """ 2[(s1 + n — 1)/2],a,(n, m)
—q "(s2 +m+1)/2],a,(n —2,m + 2) (3.2.6.3)
and
[(s3 —n—m+1)/2),a,(n,m —2) = —¢~ "™ "2[(s1 +n + 1)/2],a4(n + 2,m — 2)
—q "2 [(sg +m — 1)/2],a4(n, m) (3.2.6.4)
(One could write (3.2.6.3) = (3.2.6.1)/ and (3.2.6.4) = (3.2.6.1)! )

n—2,m n,m—2
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Sustitute (3.2.6.3) and (3.2.6.4) into (3.2.6.2)"

(Wﬁ-n—m+UM@wH%Hn—Uﬂh—fﬂ@ﬁﬂrﬂﬂﬂM&—n+DﬂM—

-wW@—m+DMM&+m—DMQ%mmO

=q"" (51 —n+1)/2],[(s2 + m +1)/2],a,(n — 2,m + 2)+
+[(s2 = m+1)/2],[(s1 +n+1)/2],a,(n + 2,m — 2) (3.2.6.5)
This is a g-deformed (3.1.5.3). O

Now comes the main point.

3.2.7. Lemma. N € Z be such that N = ¢, + 3 ( mod 2). Suppose we are given
aqg(n,m) forn+m = N and they satisfy (3.2.6.5). Using (3.2.6.2) let us define a,(n, m)
forn+m = N + 2k(k > 1) inductively.

Then a,(n, m) satisfies (3.2.6.1) for n+m > N.

Proof. We will prove the lemma by induction on n + m.
By induction we assume that (3.2.6.1) is satisfied for all n +m < N — 2. Hence
aq,(n,m) also satisfies (3.2.6.5) for all n +m < N — 2.
Let n+m = N — 2, we want to prove (3.2.6.1) where a,(n + 2, m) and a,(n, m +2)
are defined from (3.2.6.2) :
tag(n+2,m) =
= —q¢"[(s1 —n—1)/2],a,(n,m) — ¢""™[(s2 —m +1)/2],a,(n +2,m —2) (3.2.7.1)
tag(n,m+2) =
= —¢"?[(s1 —n+1)/2),a,(n — 2,m +2) — ¢"T"[(sg — m — 1)/2],a4(n,m) (3.2.7.2)
where t = [(s3 +n +m+1)/2], # 0 by assumption.
We put (3.2.7.1) and (3.2.7.2) into the right hand side of (3.2.6.1)’

_q_n_m[(sl +n+ 1)/2]qaq(n + 2, m) — q—m[(82 +m—+ 1)/2]qaq[n7 m -+ 2] =
= —¢ ""[(s1+n+1)/2),t " x
( —¢"[(s1 = n—1)/2],a,(n,m) — ¢"T"[(sa — m +1)/2],a4(n + 2,m — 2)) -
—q "[(sg +m +1)/2],t ' x

(—d%ma—n+UﬂMMn—lm+%—@”W@rﬂn—wﬂwwmmo

=7 (7l o /2451 = = 1)/ 2y )

+[(s1 +n+1)/2],[(s2 —m +1)/2],a4(n +2,m — 2)+
+q" " 2[(s2 +m 4+ 1)/2),[(s1 — n + 1) /2],a,(n — 2,m + 2)+

HW@+m+DMM&—m—UMwNwm>
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(we substitute (3.2.6.5) for the second and third terms)
=t (q_m[(sl +n+1)/2],[(s1—n—1)/2],+[(ss—n—m+1)/2],[(ss+n+m—1)/2],—
—¢ "[(s1 +n = 1)/2[(s1 = +1)/2lg = ¢"[(s2 = m +1)/2][(s2 +m — 1)/2]¢+

(52 4 m 1)/l (s0 — m 1)/21q)aq<n, m)

— tfl (q33 4 qfsg - qurnfl . qufnJrl . qu+n+1 . qufnfl 4 quJrnfl 4 qufnJrl_
_qm+n+1 . q—m+n—1 + qm+n—1 4 q—m—i-n—l—l)aq(n’m)

— t_l <q53 + q—sg _ q—m—n—l _ qm—i-n—f—l)aq(n’ m)

=t (ss+n+m+ 1)/2]4[(s3 —n —m —1)/2]4aq(n, m)
= [(s3 = n —m —1)/2],a4(n, m)
But this is exactly (3.2.6.1)" ! This proves the lemma. O

3.2.8. End of the proof of Thm. 3.2.5. By (3.2.6.5) and equality a,(2, —2) =
a,(—2,2) we have

([<53 1)/l (5 — 1)/2),—

51+ 1)/2], (51 — 1)/20, — [(52 + 1)/2g[(s2 — 1)/2Jq)aq<o, 0) =

= 2[(s1 + 1)/2]4[(s2 + 1)/2]4a4(2, —2) (3.2.8.1)
Let us construct a solution a, of equations (3.2.6.0) - (3.2.6.2) as follows.

(i) If ¢, = 0, we start from an arbitrary value of a,(0,0) and define a,(2,—2) by
(3.2.8.1).

(i) If ¢, = 1, we start from an arbitrary value of a,(1,—1) and set a,(—1,1) =
aq,(1,—1).

Using (3.2.6.5), repeatedly, we determine a,(n, —n) for all positive n. Using (3.2.6.0),
we determine a,(n, —n) for all n = 0. Applying (3.2.4.2) inductively one defines a,(n, m)
for all n +m > 0. Finally (3.2.6.0) gives a,(n,m) for n +m < 0.

From the construction, a,(n,m) satisfies (3.2.6.0) and (3.2.6.2) if n +m > 0 and
(3.2.4.1) if n + m < 0. Lemma 3.2.7 shows that (3.2.6.1) is satisfied when n +m = 0.
This proves the existence of a,.

Since a,(n,m) is completely determined by its value at a,(0,0) or a,(1,—1), the
dimension of the space of solutions of the system (3.2.6.0) - (3.2.6.2) is equal to 1. This
completes the proof of Thm. 3.2.5. 0
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Appendix

1. Proof of Example. at page 16
Lemma 1. Feynman’s integral for n=1

1
/ tal_l(l . t)ag—l(alt + a2(1 _ t))—(oq—i—tm)dt = B(Oél, Oé2>a1_a1a2_a2.
0

Proof.
It is sufficient to show that

alag/o (a1 t)* Hao(1 —t))** ast + ax(1 — t))’(m*a?)dt = B(ai, a2)(1)

Set ;
aq G109
X = = dX = dt
a1t+a2(1 —t) (a1t+a2(1 —t))2

then the left hand sight of (1) is

1
/ X (1 — X)) lgx
0

and the lemma is proved.
Lemma 2.

11
/<y2+a))\dy:a>\+%B(_)‘__7_)7 (GZO)
- 279

Proof .
We have
/(y2—|—a))‘dy — a/\/((i)2+1>A :aH%/(Yz—l—l)’\dY
R R Va R

1 b
— g M2 / (s+ 1))‘3_%ds — g3 / t_’\_g(l — t)_%dt
R 0

where

Now, we turn to the example.
By definition z = x + iy,

I= / |2|%*|z — 1|2b3dzd2 = / (2% + v*)*((x — 1)* + 3*) dxdy
C 2 R2
1
Setting T = x + 2 one has

L1 a 1. 1 N
I= [ @4 2+ gP1 (6 = 5+ yPbdidy
R2
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1
= o [l 7 21 (20— 1+ 47 iy
4a R2
Let us denote X = 22,Y = 2y, it follows that
1
T Jatbtl

1
= e [ 07— 1 gy

[ Q17 Y = 17+ v axay

_ 1 2 2 a/, 2 2 b
—W/RQ(:U +x +1+21’) (y +x +1—21’) dIdy
1
= vV

By Lemma 1 with
041:—CL,CYQ:—b,al:y2+$2+1+2$,a2:y2+$2+1—2$a

we obtain

1 1 ') ')
= t“ll—tbldt/ / 2422+ 1422t — Da]*bdxdy.
T= gy a0 [ [ s gty

By Lemma 2

= 11
/ [y? + 2% + 1+ 2(2t — D)a]*Pdy = (2® + 1+ 2(2t — 1)2)* 2 B(—a — b — 53)
We thus get
B(—a—b—11) 1 1
J = 22 / t‘“‘ll—t‘b‘ldt/ 2?4+ 14202t — 1)z)* ™ ada.
B(—a,—b) ; (1—1) R( ( )z)
Consider

1
Jy = / t=e N1 — t)—b—ldzf/(x2 + 14202t — 1)a)*Hrady
0 R

1
— / t7o 1 — t)—b—ldt/ (42t — 1)+ 4¢(1 — 1)]* T 2 da.
0 R
Set X =x+2t—1,

1
i :/ o1 —t)_b_ldt/[X2—|—4t(1 — t)]*trredX.
0 R

Using Lemma 2 again we have

1 1
/[X2 11— )7 X = (410~ O B(ma— b1, ),
R

Since

1
I = / 9 — )P (1 — )] P B(—a — b— 1, %)dt
0

1 1
=4 B(—a—b—1,) / (1 — t)adt
0



we deduce that

Sy
n
IS
|
S
|

=
|
\_/
Se)
—
IS
|
S
o=

1,3)

-Bla+1,b+1)

I(—a—b—2)I(3)  T(—a—b—1T(3)

_ e M0 Blat1,b+1)

_ml(-a=-b-1) "
= Car Blat o+

On the other hand
I(—a)T(~b) = = il

sin(ra)l'(a + 1) % sin(mb)['(b+ 1)

7T2

sin(ma)sin(rb)I'(a + 1)T'(b+ 1)

sin((—a—b—1)m)I'(a+ b+ 2)

~ sin((a+b)m)(a+b+2)

N(—a—-b-1)=

Finally

sin(ma)sin(rb)I'(a + 1)['(b+
sin((a+b)m)I'(a+ b+ 2)

C(a+1DT(b+1)

I'(a+b+2)

+1
I = )B(a+1,b+1)

sin(ma)sin(mb)

~ sin((a + b)m) (

)%

The proof is complete.

2. Calculations of Thm. 1.2.3. We can rewrite J as

J:/ |z—y|a|z—x|ﬁdz—|—/ \z|§|z—y|a|z—x|ﬁdz
Zp z

Qp\Zp

= Jl + J27
We first compute

+o0
= [ lemyllemaPdi =Y [ eyl - ol
ZP m=0 m

Set f=|z —y\g‘|z — JJ|§
Case 1. x € A,ye B, k,1<0

57
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Ifz€CCn={2€Zyz=cnp™+Crp™™+..},m>0then z—x € Ay,z—y € B,
. Therefore
Jl _ / p—lap—kﬁdz _ p—(la-i-kﬂ)lu(zp) _ p—(la-i-k,é’)
z

P
Case 2. r € A,y € B,k >0,1<0
Hence z —y € By, |z —y|, =p ',

+o00
J1 = Z/ p 2 —2|fdz =
m=0"C

m

k—1
=p ((1 —p )Y T g (p - 2)p Tl

m=0
—(B+1)
1y — p _ _
1= p ey 1>
1
_ ol -1
R R ey

Case 3. r € A,y e B,k < 0,1 >0
then z —z € Ay, |z — x|, =p~*

—+00
_ N _ _ 1
T
m=0 m

Case 4. x € A,y € B,k 1 >0
* Suppose that &k > [.

+o00
Jy = ZO . fdz

::i/cmfdqu/leder ki/cmfdz+/0kfdz+ f ) fdz

m=I[+1 m=k+1 m
*tm <l <kthen z—y e C,,,z—x € C,, thus
-1

-1
S| fdz=> pmp T p T (1—p ) =
m=0 Cm m=0

1 — pHetBstn)
=(1-p 1)m
-D
*If m = [ then
fdz=p 7 [ |z —ylpdz
o] o)

—(a+1)

— (o _ 9\l —l(a+B+1) =1y, —l(atB+1)_P
=(p-2p p +(@=p )p =
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*Ml<m<kthen z—2€C,,,z2—y € B

k—1 k—1
Z de _ Z pflapfm,ﬁpfm<1 o pfl)
C

m=l+1 m m=Il+1

—(B+1) —k(8+1)
_ (1 _ =1\, —l(atp+1) P 1 =1y, —la P
=(1=p )p T pem -

it m =k,z —y € By then
/ fdz = p_lo‘/ |z — x|£dz
Ci Cy

— (p — D)y Ly lap KB (1 _ 1y, —leg,—k(B+1) p~
=(p-2)p p p +(1=p )p

1—p‘(5+1)
tm >k z—ye€ B,z—x € A then

+00 +00
2 / fdz= Y pp (1 —p ) = plp Y
Cm

m=k+1 m=k+1
* In the case k <,

le;tzz/cmfdz
:jg)/cmfdz+/0kfdz+ l_zl /Cmfdz—l—/ledz—l— Jio ; fdz

m=k+1 m=Il+1 m

Similarly, we obtain
%

k(a+B+1)

k—1 s
— 1 —
Z—O/C fdz=(1=p~) 1— p-(@tB+D)

~(a+1)
— (p— 2)ptpR@tBHD) 4 (1 _ prlyy ket P
/Cfdz(p 2)p~p +(1—pHp —
k
*
3 -1y, —k(a+B+1) pf(aﬂ) 1y kB p*l(aH)
m%;l/omfdzz(l_p » e Rl G e s e
b3
fdz=(p—2)p~'p~p~1H + (1~ p*l)p*kﬂp%w)ﬂ
“ 1 — p—(@+D)

—+00
S| fdz=(1—p plep Y
m=[+1 Cm
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* Now, let us consider k = [
+0o0

Jy = Z fdz
_Z/ fdz+/ fdz + Z fdz

=k+17/Cm
where
x
1 — pklotB+1)

Z fdz— L=p™) 1 — p-(@+8+D)

*
Z / fdz = Z pRep kB (1 ey = (1 = pLl)ph(atB) (D)
m=k+1 m=k+1

*If m = k then

/ fdz:/ |z —ylo|z — z|dz
Ck Ch,z,ycCl

Assume that © = app* + ap " + ...

and y = bpp® + by p"t 4+

and 2= cppt + e p® 4 L ag, b, e £ 0
o If ap = bk then

fdz = / |z—y|§|z—x|£dz+/ |2 —y|2|z — z|d=
Ck Ck cr=ar=by Ck cr#ar=by

It is easily seen that

/ |2 — gl — afPdz = prep 8 (p — 2)p (D
Ck,crFar=by
It remains to calculate

K = |z —ylo|z — z|Vdz

Crrcp=ag=by,
Let s denote the first index such that ag,s # bris, s > 1, we thus get
Apyi = bpyis 1 <10 <5 -1
This implies that
K= fdz =

Ci,cp=ar=by

s—1
_ (Zp—(k+i)ap—(k+i)ﬂp—(k+i)(1 _ p_1>>+
i=1

—(k4s4+1)(8+1)
—(k+s)a -1 p
P (1=p 1 —p=(B+1)

pf(k+s+1)(a+l)

+

_i_pf(kJrs)ﬁ(l . p71> +p7(k+s)(a+5+1)(p i 2)p71

1— p_(a+1)
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o If ag 7é bk then

fdz :/ fdz+/ fdz—l—/ fdz
Ck Cr,cr=ax7#by Cr e =br#ag Cr,cx#{ag,br}

i B pf(k+1)(6+1) s . pf(k+1)(a+1)
=p “(1-p )m‘f‘]? (I-p m+
_|_(p - 3)p71p7k(a+5+1)

Similar calculations apply to .Jo

Case 1.

Case 2 .

JF/ |||z—y||z—x|ﬁdz—2/ e p

r €A, y€e Bk 1>0

a+B+c+1

fmc 7ma m,B —m p -1
2/ Q=) = e (- p7)

m=—0oQ

xEAk,yGBl,k’ZOZ<O

Z / —m(c+3) |z—y|o‘dz+/ l(c+ﬂ)|z_y|gdz+
+ Z / —m{cth) |z =yl dz

m=Il+1

Z pmetd) m“pm(l—p1)+/ p Dz —y[oda+
o

m=—0o0

+ Z p Mt (1L —p)

m=I[+1
_ (1 B 71)p(1—l)(a+,3+c+1)
p 1— pa+6+c+1
(41 (a+1)
—u(c — —l(a — p
+p ! +ﬁ){(ﬁ—2)p et 4 (1-p 1)m +

1 — pl-l-D(e+a+1)
1 — pc‘i‘ﬂ‘i‘l

+(1 . p71>pflapc+ﬁ+1
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Case3.x€ A,,ye B,k<0,0>0

—1
Jy = Z / Pz — wldz =

. p(l—k)(a-i-,@-i-c—i-l)
=(1-=p") 1 — pothtetl +

—(k+1)(B+1)
_i_pfk(cha) |:(p . 2)p71p7k(6+1) + (1 . pfl)p :|+

1— p—(3+1)
(—k—1)(c+a+1)

iy - l-p
+(1—p T — —perati

Case 4.2 € A,y € B,k 1<0

* k>1
-1 k-1
h= 3 pregds [ pttae Y [ s
Cm

m=—o00 G m=Il+1

-1
+/ p—kadz+ Z / p " fdz
Ck m

m=k+1
where

-1 B . p(lfl)(a+6+c+1)
> p = = p ) T

m=—0oQ

—(at1)
—le — (p — 2\~ Ly latBtctl) _ =1y, —latBtet1) P
/Cp fdz=(p—2)p~p +(1=pYp =y
!
*
k-1
> [ wress-
m=I[+1 m
—(c+B+1) —k(c+B+1)

(1 _ =1y, —l(a+B+ct1) P (1 — pLyyla_P _

p_(6+1)

—kc _ . -1, —la, —k(c+B+1) =1\, —la, —k(c+B+1)
/Ckp fdz=(p—=2)p~p~p +(@=p ) 1,00

(—k—1)(c+1)

-1

_ 1y 1—p
> / p " fdz = (1= ppT MRt 1
m=k+1 Cm 1 P

*x k<l we have

k-1 -1
Jo = Z p_mcfdz+/ p e fdz + Z

m——oo Cr m=k-+1

/ p " fdz + / plfdz+
m Cl
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+ 21: /mp—Wfdz

m=I[+1

Gt _ pmRettety)
Z p de:(l—p ) 1_pa+ﬂ+c+1

m=—0o0

ke —1, —k(a+B+ct+1) —1y, —k(a+B+c+1) p~ )
/cp fdz=(p—2)p~p +(1=p)p T—p D
k
*
-1
> [ rresas -
m=k-+1 m
—(cta+1) cta+l)

—I(
(1 —pW\p—RatBterry P o kg P
(1 p >p 1— pf(chaJrl) (1 p >p 1— pf(c+oz+1)

—(a+1)

—lc e —1, —kB, —l(c+a+1) =1y, —kB, —l(cta+1) P
/Clp fdz=(p=2)p~p~p +(@=p ) p [Ep=rey

—1-1)(c+1)

-1
1 — pl
Z / p—medZ _ (1 . p—1>p—(k5+la)pc+l. p
Cm

o 1_pc+1
* k=1
-1
h= 3 [ e
k—1 -1
=y / p " fdz + / prfdz+ > / p"fdz
m=—00 m Ck m=k+1 m

1 — pi-Rlatftetl)

k—1
—mc _ —1
Z / pfdz = (1=p7) 1 — pothtetl

m=—0o0

-1 -1
Z / p—medZ — Z p—mcp—kap—kﬁp—m<1 o p—l) —
m=k+17Cm m=k+1
B ke . 1 — p(fkfl)(chl)
= (1 -Pp l)p i +6)p +1‘ 1 _pc+l

* Let us compute

/ pfkt:fdz
Ck
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In the same manner we can see that

oay, = by
/ Pz = ylplz — alpde = prpTpT (p — 2)p7EHY
Cr,crF#ar=by
/ pelz = y[ofe — olds =
Cr,cr=ar=by
(Zp (k+1) a —(k+1)B p—(k—i-z)(l _ p—l))+
—(k+s+1)(B+1)
—ke, —(k+s)ar1 _ ,—1 p
+p = )5y
—(k+s+1)(a+1)
—ke, —(k+s)B(1 _ -1 p
+p I=r )T @m *
+p—kcp—(k+s)(a+ﬁ+1)(p o 2)p—1
eay, 7# by,

/ prefdz = / p e fdz + / p e fdz
Ck Cr,cr=ar7#bg Ck e =bpF#ay

+/ p e fdz
Cr.cr#{ar,bi}

—(k+1)(8+1)
_ o—kc, —ka o1 p
=p P (1 p ) 1— p_(5+1)
—(k+1)(a+1)
—ke, kB (1 _ —1\P _ —1, —k(a+B+c+l)
) e =3

Now,we shall calculate I3

I = / SNk — yly — o1l — alPdsdyds

/|¢ )elo(y ||-r—y|”/fd2+/|¢ )elo(y ||x—y|7/ 2[o fdz

=X,

e [@p\zpdy/@p\zp DbloWlle ~ylpde / fde+
n /Z Ay / [B@lowle - vlds /Z fas
/p - (@)low)lz - mx/ fdos
/Zpdy/ [p()]elo ()5 |z — y’vdx/ td-

=X+ X+ X+ X

In fact
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e [t is easily to check that

Xu= 3 [y 3 [ gl - slast)
l k

l=—00 k=—o00

1 ~1
=) / !y\Zp’ady( > / pk“p’“ﬁ\:v—y\zdm)
l=—00 /B k=—o0 ¥ Ak

Since
1-0)(a+B+vy+1)

(
- BN
A=) / p~*p kﬂlx—y|2d$=(1—pl)w+

l T . p—(l+1)(“f+1)
+pHeHP) [(p —2)p 'p O 4 (1 —p” )m] +

. l p‘”ﬂﬂ ) l p—l(a—i-ﬂ—i-l)
=1y~ — (1 —p Yy
+H1—=p)p 1 — pothtl (L=p)p 1 — potB+l

it follows that

X = Z / |y|§3~p’la.Ady: E plrat(] )4
By

=00 I=—o0
. pa+B+w+1 pa+b+a+6+7+2
=({1-p7) 1 — potBirtl | — petbratii+e
. . pa+b+a+6+7+2
+H(1=p )P —2)p 1 — patbratpin+2
—(v+1) a-+b+a+p+y+2
+1=p7) 1 fp—(w-&-l) 1 fpa+b+a+ﬁ+7+2
pb+a+'y+l pa+b+a+ﬁ+w+2

—1\2
+1-p7) 1 — pbtatytl | — patbratityt2

e We also have
X = / 1dy/ lz[plr —y[}dz | fdz (see Case3.)
ZP p\Zp Zp

a+B+y+1

(1 =132 p
={1-p7) (1 — p~(etD))(1 — pathtrtl)

e Similarly,

sz/\ dy [ 1o(@)lo) ) — yldz [ fdz
QP ZP

Zp Zp
b+a+vy+1
p Y

(1 =132
=d-p7) (1 — p=(B+D)(1 — pbratr+l)
e For computing X4, let us rewrite

X4 = Z /Akdﬂf Bl‘x_y‘zdy/z fdz

k,Lk>1>0
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+ /d:c/ x—y”dy/ fdz
Z Ay Bz’ ’p Ly

k,LI>k>0

+oo
+ / dx/ x—y”dy/ fdz
% A B, | |p Zyp

= Xia1 + Xigo + Xias

X = /dx/ a:—y”dy/ fdz
141 Z 4 Bl‘ ‘p z,

k,Lk>1>0

:jz:.;/&dy(f /Ak|x—y|;dx)/zpfdz

k=l+1
+o0 +00
=[S [ o o)
1=0 7 Bi = Ak

—l(a+B+1)

We get

where

1—p —1, —l(a+B+1)

e T2

—(a+1) (B +1)
-1y, —l(a+p+1) P

(A =p)p 1T—p D

H=(1-p™)

“1y —l(a p
H(1—pYp I JDBH)W

I i 1l —k(B+1)
~=p Ty 2
pf(ﬁ‘i’l)

1, —lo, —kB, —k
G PP PP

+(1—p T )plp T -

Clearly,

+00 +oo
> [ e st = >yt pH
A

k=l+1 k=l+1

=(1—p p!

—l(y+1) —l(a+B+v+2)

D B T R B
1 — p-(atf+D) (L=p"")p 1— p-(a+f+])
—(a+1
+(p — 2)p~2p~HatBtr+2) (1 — phyplpTllatitt) p _( o
1— p—(a""l)
—(B+1)
Nyl latBy2) P T
+(1=p )pp 1— p-(6+1)
—(8+2)
1 =12 p
1=p7) (1 —p~ D) (1 _p—(,8+2))p
p_(18+2)
1— p_(/3+2)
pf(/B‘i“l) p7(5+2)

1— p_(ﬂ+1) 1— p—(5+2)

—latB+y+2) 4

+(1 o p—l)Qp—l(a—i-ﬂ—i-"/—f—Q)

+<1 . p71>2p7l(a+,3+'y+2)
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Therefore

“+o0o +0o0
X1 = Z/ dy( Z / |z —y|) Hdz)
1=0 “ Bi Ak

k=I+1

+00 “+oo
ziﬁﬂﬂ—p”x§:14m—MNM@
=0

k=l+1" 4k
-(v+2)
(1 -1\2 -1 p
= (1 b ) p (1 _p—('y+2))(1 _ p—(a+5+’y+3))
1

“1y, -2
pf(aJrl) 1
1— p_(a""l) 1— p—(a+5+7+3)
—(B+1) 1
~1y2, -1 P

By the same method as above, we have

Xy = /dx/ x—y”dy/ fdz
=y N Bl\ K .

+(1—p P!

k,,l>k>0
-(v+2)
1 —1\2 -1 p
=A=p7)p (1 — p=0+2) (1 — p—(a+B+7+3))
1

-1\, —2
pf(aJrl) 1
1— p_(a""l) 1— p_(a+/3+7+3)
pf(/B+1) ]_
1— p—(ﬁ+1) 1 — p—(a+ﬁ+7+3)

+oo
Xz = / dx |2 _?dey/ fdz
; Ag, By, g Zp

To compute this, we set

+o0 k—1
X143:Z/ da:/ va—y|Zdy(Z/ fdz)
k=0 v Ak By m=0+ Cm
+oo
+ /<M/'M—MWM/QN@
kzg Ap By, 8 Cr

+(1—p )t

+(1—p)pt

Consider

+00 +oo
Y / dz / eyl Y [ )
k=0 Ak By, m=k+1" Cm

= Xz + Xiazo + Xiass
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400 k—1
X431 :Z/A df/B |f6—y|3dy(2/c fdz)
k=0 v 4k k m=0"*~m
a+p+1)

+o00 ) 1— p_k(
= dy/ |z —y|2(1—p~ dx
kz—o /Bk Ag |p( ) 1— p_(OH—ﬁ—H)

— 1 1, —k(y41) 1y kg PTOTY
:kzzop (I—p )((p—Q)p p +(1=p)p m)x

1 — pkletB+l)
-1
x(1=p7) 1 — p—(atp+1)
~+00 —(v+1) 1 — p—klatp+1)
_ P —k(y+2) p
+ kz_o(l p ) 1 — p—(w+1)p 1— p—(a+6+1)
-(v+2)
(1 a—1N2f -1 P
o (1 p ) <p 2)}7 (1 — p—(7+2))(1 _ p—(a+6+7+3)) -

-(v+2)

(1 _ p—(a+[3+7+3) )

p7(7+1)
1— p_(’Y+1) (1 — p—(7+2)

“+o0 —+o0
Xuw=Y [ dy [ fo-yhan( > [ sa) -
o B Ap Cm

m=k-+1

=

+(1—p 1)’

~—

+o0
=St (-2t
k=0

=1y, —k(y+1) p—(7+1) —k(a+pB+1), —1
+H(1—p)p 1_thOp p
Foo —(v+1)
o —1y2, —1 p —k(a+pB+a+3)
+§J1 p )P =l

1 o 1 p*(wl) 1

— 1 o -2 - -1
=(1=p)p—2p p—(a+6+a+3)+(1 p)p 1 — p~O+D) p—(a+B+a+3)

—+00
X432 = Z/ dl"/ |z — ?J|Z;dy(/ fdz)
k=0 Ag By Ch
+o0o
> [ ey ga
k=0 Bk Ak:ak:bk Ck

+o0
—1—2/ dy/ |z —yldx( [ fdz)
k—0 v Bk Ag,ax7#bg Ck
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+oo
Z/ dy(/ |x—y|gd:r/ fdz> =
k=0 By Ag,ar=by, Cr

+o00o _
=Y pF-p) M(l —p Hp e (p—2)p7 )+
— 1— p_(7+1)

iy —(v+1) —(atp+y+2)
—k(1 _ -1 _—1\2, —k(atB4+y+2) P p
£t |- AR B
k=0
p_(a"’l) p_(a+ﬂ+"/+2)

12 k(e B442)
H1—=p7)7p 1 — p-(@tD) 1 — p-(@+B+1+2)

BHY e (atBit2)

_ 12 —k(atBty+2) P
+(1 p ) p 1 —p—(ﬁ‘f'l) 1— p—(a+5+"/+2)

p—(a+ﬂ+7+2)

+(1 = p™)(p = 2)p T = P )

—1)2 -1 1 p~OtY
={1=p)(p—2p 1 — p-@tftrt3) 1 — p-(+D) +
+(1 B 71)3 1 p—(w—&-l) p—(a+,8+’y+2) N

p 1 — p—(a+ﬁ+w+3) 1 — p—('y—i-l) 1 — p—(a+,8+v+2)
+(1 B _1)3 1 p—(a—i-l) p—(a+5+’7+2) N
P @ B9 1 — p(at]) 1 — p-(attr+2)
1 —(B+1)  p—(atBr+2)
+(1 . p71)3 p p 4

1 — p(@tB+7+3) 1 — p=(B+1) 1 — p—(atBf+t7+2)

1 pf(a+5+’7+2)

—1\2 -1
H1=p7 ) (p = 2)p 1 — p-(@rB+1+3) | — p—(a+Btr+2)

o0
S [y el sa) -
k=0 v Bk Ap,ar7#by C

S 1 1, —k(y+1 —k N R
=D " =p (- 2p7 0" ))(p U i e (T
k=0

—(k+1)(a+1)

p

N Gt I e e

+(p— 3)p1p’“(a+5”’)

1 p_(ﬁ'i‘l)

(1 — = 1N2(0 9\
=L =p7) (=2 p @i A8 1 — 5 (i) |
1 p—(a—H)
—1)2 —1
H1=p ) (p—2)p 1 — p—(atB+743) 1 — p—(a+1) +

1
-1 -2
+(1_p )(p_2)<p_3>p 1_p—(a+5+’7+3)
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Thus we get
X1 =X+ Xio+ Xz + X + Xigo + Xyagr + Xiage + Xiass

B pa+,8+v+1 pa+b+a+6+7+2
=({1-p7) 1 — potBirtl | — petbratii+e
. . pa+b+a+ﬁ+w+2
H(1=p)(p—2)p 1 — potbrathit2
p*(’7+1) pa+b+a+5+'y+2

+(1-p7) 1 — p-(+D) | — patbratfryt2

b+a+y+1 a+b+a+B+v+2

p p

+(1 - p71)2 1 — phtotrFl] — pa+b+a+ﬂ+v+2+
1 pa+ﬁ+'y+1
+1-p7) (1 — p(atD)(1 — petBtrtl)
1o pb+a+7+1
+d=p7) (1 —p=B+D)(1 — pb+a+'y+1)+
—(a+1)
+(1 - Vl)Q(Z 1 fp—(a—l-l) ) 1 — p—(a1+3+*y+3)
a+l) 1 pf(a+5+’y+2)

—(
_—133 p
+(1 p ) (Z 1 — p—(oc-‘rl) ) 1— p—(oe+,3+7+3) 1— p—(a+,3+7+2)
1o . 1 p—(a+ﬂ+7+2)
+(1=p7) (= 2)p 1 — p-@+B+143) | — p-(a+Br1+D)

1
-1 —1
+H1=p7 ) - 2)p 1 — p(a+htr+3)

It is easily seen that

. p—(oﬁ-ﬂ-‘r’y-i-?) 1 — p—(a+6+’y+3)
I+ (1 =p )= = -
1 — P (a+B+v+2) 1 — P (a+B+~+2)
we obtain
pa+,@+’y+1 pa+b+a+/3+’y+2
Xp=(1=p7) r b 2
1 — patftrtl’] — patbtatftyt
» | potbratBy+2
+H(1=p7 )P —2)p 1 — potbtatBty+2
—(v+1) a+b+a+pB+y+2
_ p p
+(1=p7") 1 —(v+1) a+bta+Bt+y+2
—p 1—p i
btaty+1 atbtotBty+2
_ D p
+(1—p ) 1 — pbtoty+l atbratpiat2
—p L—=p !
e pa-i-ﬁ-i-’y-‘rl
+1-p7) (1 — p—(@+D)(1 — pather+l)
prratr+l
L —p) +

(1 _ p—([3+1))(1 _ pb+a+v+1)
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P e
a+1) — p(athty+2)

1

+(1=p H(p— 2)p*1

Our next goal is to evalute the integral

X, — a b P cfd
= [ @it~y [ s

P

XQ:/dx/dy/ dz—i—/dx/ dy/ dz

ZP ZF QP\ZP ZP QP\ZP QP\ZP

+/ d:c/dy/ dz+/ d:l:/ dy/ dz
QP\ZP ZP QP\ZZ’ QP\ZP QP\ZP QP\ZP

= Xo1 + Xoo + Xog + Xoy

X21:/ dx/ |x—y|;jdy/ 2|5 fdz
Zp Zp \Z

P

a—i—ﬁ—i—c—‘rl .
= [ [ s )
g

a+B+c+1

Set

Apply to this case

12 p

=0 -p 1—p (v+1) 1 — pothtetl

. p(lfl)(a+ﬁ+c+1)
X22=/ dx Z lylyle — \;dy{(l—p )WJF

l=—0

D (+1)(a+1)
+p D) ((p = 2)plp Y (1 - p”)m) *

1
1= ey
+(L = pp T — —erAn

b b . . p(lfl)(a+5+c+1)
= plppt(i-p )[(1—29 )WJF

p(+D e+ .
1— p—(a""l)

1 — p(—l—l)(c+5+1) :|

+p D) ((p —2)p et (1 p7)

o la, c+B+1
+(1—p p e

a+B+c+1 b+cta+pB+y+2

p p

(1 _ —1\2
- <1 p ) 1— pa+ﬁ+c+1 1— pb+c+a+ﬁ+’y+2

. . pb+c+a+ﬁ+'y+2
HL=p ) —2)p 1 — phreta+Bir+2

71
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p—(a—H) pb+c+a+,3+7+2

—1)2
+(1-p7) 1 — p(at]) T — pbtetatfiy+2

b+a+y+1 b+cta+p+y+2
+(1 _ p—1)2 p p

1— pb+a+'y+1 1 — pb+c+a+ﬁ+’y+2
e By the same method

—1 (1—k)(a+B+ctl)

J— a -1 p
Xo3 = /Z dy kz |x|p’x - y’ldx [(1 —r) 1 — potBtetl *
P =—0
—(k+1)(8+1)
~k(eta) [ () _ 9\y-lp—RB+) 4 (] _ P
+p <(p 2)p~p A=) p D) >+
— — CTQ 1 - p(—k—l)(c+a+1)
+(1 = p T — —erar
1 pa+/3+c+1 pa+c+a+ﬂ+v+2
= (1 -D ) 1 — pa+ﬂ+c+1 1— pa+c+a+,3+"/+2
71 L, petetathiye2
+(1 -Pp )(p - 2)17 1 — patctatftyt2
p=(B+D) patetatfty+2
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