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Fractional Reaction-Diffusion Problems

Abstract

This thesis deals with two different problems: in the first one, we study the large-time
behavior of solutions of one-dimensional fractional Fisher-KPP reaction diffusion equations,
when the initial condition is asymptotically front-like and it decays at infinity more slowly than
a power z°, where b < 2a and o € (0, 1) is the order of the fractional Laplacian (Chapter 2);
in the second problem, we study the time asymptotic propagation of solutions to the fractional
reaction diffusion cooperative systems (Chapter 3).

For the first problem, we prove that the level sets of the solutions move exponentially fast as
time goes to infinity. Moreover, a quantitative estimate of motion of the level sets is obtained in
terms of the decay of the initial condition.

In the second problem, we prove that the propagation speed is exponential in time, and we
find a precise exponent depending on the smallest index of the fractional laplacians and of the
nonlinearity, also we note that it does not depend on the space direction.

Keywords: reaction-diffusion problems, KPP, cooperative systems, fast propagation.

Résumé

Cette these porte sur deux problemes différents : dans le premier, nous étudions le com-
portement en temps long des solutions des équations de réaction diffusion 1d-fractionnaire de
type Fisher-KPP lorsque la condition initiale est asymptotiquement de type front et décroit a
I‘infini plus lentement que 2°, ou b < 2 et a € (0, 1) est I‘indice du laplacien fractionnaire
(Chapitre 2). Dans le second probléeme, nous étudions la propagation asymptotique en temps
des solutions de systemes coopératifs de réaction-diffusion (Chapitre 3).

Dans le premier probleme, nous démontrons que les ensembles de niveau des solutions se
déplacent exponentiellement vite en temps quand ¢ tend vers I‘infini. De plus, une estimation
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quantitative du mouvement de ces ensembles est obtenue en fonction de la décroissance a 1 ‘infini
de la condition initiale.

Dans le second probleme, nous montrons que la vitesse de propagation est exponentielle
en temps et nous trouvons un exposant précis qui dépend du plus petit ordre des laplaciens
fractionnaires considérés et de la non-linéarité. Nous notons aussi que cet indice ne dépend pas
de la direction spatiale de propagation.

Mots-clés: problemes de réaction-diffusion, KPP, systeémes coopératifs, propagation rapide.

Resumen

Esta tesis trata sobre dos problemas diferentes: en el primero, se estudia el comportamiento
en tiempos grandes de las soluciones de la ecuacion de reaccion diffusion 1d-fraccionaria del
tipo Fisher-KPP cuando la condicion inicial es asintéticamente como un frente y decae al infinito
mas lento que z°, donde b < 2y a € (0, 1) es el indice del laplaciano fraccionario (Capitulo
2). En el segundo problema, se estudia la propagacion asintética en tiempo de las soluciones de
sistemas cooperativos de reaccion difusion (Capitulo 3).

En el primer problema, se demuestra que los conjuntos de nivel de las soluciones se des-
plazan exponencialmente rapido cuando el tiempo ¢ tiende a infinito. Mds auin, una estimacion
cuantitativa sobre el movimiento es obtenida en funcién del decrecimiento al infinito de la condi-
cién inicial.

En el segundo problema, se demuestra que la velocidad de propagacion es exponencial
en tiempo y se encuentra un exponente preciso que depende del orden més pequefio de los
laplacianos fraccionarios considerados y de la nolinearidad. Se hace notar que este indice no
depende de la direccion espacial de la propagacion.

Palabras Clave: Problemas de reaccion-difusion, KPP, sistemas cooperativos, propagacion
rapida.

11



v

a mis padres Yolanda y Julio

y a mi esposa Carolina.






Acknowledgements

First and foremost I want to thank my advisors Patricio Felmer and Jean Michel Roquejoffre.
I appreciate all their contributions of time, ideas and support to make my Ph.D. experience
productive and stimulating. Also, I am grateful for his trust, his encouragement, and his good
disposition. Their joy and enthusiasm for the mathematics was contagious and motivational for
me.

The group of students of Patricio Felmer, Ying, Huyuan, César and Erwin has contributed
immensely to my personal and professional time at Santiago. The group has been a source of
friendships as well as good advice and collaboration. In Toulouse, I am especially grateful with
Anne-Charline for the help that she gave me when I arrived for first time to France and for the
time and effort spent to complete our paper. My experience as Ph.D student was made enjoyable
in large part due to the many friends that became a part of my life. Clara, Natalia, Maximiliano,
Luis and Juan Carlos, I am grateful for time spent with you and for all good moments that we
lived together.

For this dissertation I would like to thank my reading and oral committee members: Marta
Garcia-Huidobro and Yannick Sire for their time, interest, helpful comments and insightful
questions.

I gratefully acknowledge the funding sources that made my Ph.D. work possible. My stu-
dies in Chile were funded by CONICYT (Comisién Nacional de Investigacion Cientifica y
Tecnoldgica de Chile) and during my stay in France I was founded by SENESCYT (Secretaria
Nacional de Educacién Superior, Ciencia, Tecnologia e Innovacién del Ecuador). Also I am
grateful with Escuela Politécnica Nacional del Ecuador and Center of Mathematical Modeling-
Chile for the support that gave me to study my Ph.D.

Lastly, I would like to thank my family for all their love and encouragement during these
four years that [ was abroad. To my parents who are with me at each moment, for their advices
and support in all my pursuits. To my grandmother for all the love and happiness that gives me.
And most of all to my wife Carolina, for the love, support, encouragement, and patience during
all the stages of my Ph.D. Thank you.

vi



Vil



Table of Contents

Abstract-Résumé ii
Acknowledgements vi
Introduction 3
1. Preliminaries and background 7
1.1. Fractional Laplacian . . . . . . ... ... ... ... ... ... ....... 7
1.2. Background on reaction-diffusion front propagation . . . . . . . ... ... .. 8
1.3. Background on fractional reaction-diffusion front propagation . . . .. .. .. 14
1.4. Background on reaction-diffusion systems. Spreading speeds . . . . . . . . .. 17
1.5. Presentation of mainresults . . . . . . . . .. ... L L oL 21

2. Fast propagation for fractional KPP equations with slowly decaying initial condi-

tions. 27
2.1. Introduction . . . . . . . . L e 27
2.2, BasiCproperties . . . . . . ... e e e e e e 28
2.3. Mainresult: Theorem 2.4 . . . . . . . . ... ..o 32
2.4. Thelowerestimate . . . . . . . . . . ... ... 34
2.5. The upper estimate and proof of Theorem2.4 . . . . . . ... ... ... ... 41
3. Exponential propagation for fractional reaction-diffusion cooperative systems 45
3.1. Introduction . . . . . . . . . ... 45



Table of Contents

3.2. Mild solutions and comparison principle . . . . . . . ... ... ... ..... 48
3.3. Finite time estimates . . . . . . . . . . . ... 54
33.1. Upperbound . .. .. .. .. .. ... ... 54

3.3.2.  Comparison principle for classical solutions . . . . . . ... ... ... 65

333. Lowerbound . . . .. .. ... ... 68

3.4. Proof of Theorem 3.1 . . . . . . . . . . ... . 72
3.5. Proofof Theorem 3.2 . . . . . . . .. . ... ... 79
Bibliography 87



Introduction

Reaction-diffusion models have found widespread applicability in a surprising number of
real-world models, including areas as, chemistry, biology, physics and engineering. But not
only physical phenomena can be the result of a diffusive models. Stochastic processes in ma-
thematical finance are often modeled by a Wiener process or Brownian motion, which lead to
diffusive models. The simplest reaction-diffusion models are of the form

ur — Au = f(u) (1)

where f is a nonlinear function representing the reaction kinetics. One of the most important
examples of particular interest for us include the Fisher-KPP equation for which f(u) = u(1 —
u). The nontrivial dynamics of these systems arises from the competition between the reaction
kinetics and diffusion.

At a microscopic level, diffusion is the result of the random motion of individual particles,
and the use of Laplacian operators in the model rests on the key assumption that this random
motion is an stochastic Gaussian process. However, a growing number of works have shown
the presence of anomalous diffusion processes, as for example Lévy processes, thus, reaction-
diffusion equations with fractional Laplacian instead of standard Laplacian appear in physical
models when the diffusive phenomena are better described by Lévy processes allowing long
jumps, than by Brownian processes, see for example [39] for a description of some of these
models. The Lévy processes occur widely in physics, chemistry and biology and recently these
models that give rise to equations with the fractional Laplacians have attracted much interest.

Our particular aim on this type of anomalous diffusion problems is focussed to the study
of large-time behavior of the solution of the Cauchy problem for fractional reaction-diffusion
equations

w+ (=A% = f(u) (2)
uw(0,2) = wup(z) 3)

with o € (0, 1) in one spatial dimension, where (—A)* denote the fractional Laplacian. The
nonlinearity f is assumed to be in the Fisher-KPP class. More precisely, the nonlinearity is
assumed to have two zeros, an unstable one at « = 0 and a stable one at u = 1.

The reaction diffusion equation (1) with Fisher-KPP nonlinearity has been the subject of
intense research since the seminal work by Kolmogorov, Petrovskii, and Piskunov [33]. Of
particular interest are the results of Aronson and Weinberger [2] which describe the evolution of
the compactly supported data. They showed that for a compactly supported initial value u, the
movement of the fronts are linear in time. In addition, there exists a critical speed ¢* = 24/ f(0)



for which the problem (2)-(3) admits planar traveling wave solutions connecting 0 and 1, that
is, solutions of the form u(t, z) = ¢(x — ct), which move with speeds ¢ > ¢*.

Many papers have been concerned with the large-time behavior of solutions of equation
(1) or more general reaction diffusion equations with exponentially decaying initial conditions,
leading to finite propagation speeds, see for example [11], [32], [35], [41] and references in
[29].

In contrast with the results just mentioned, where finite speed of propagation is obtained
whenever the initial value decays faster that an exponential, it is shown by Hamel and Roques
[29] that when the initial condition is globally front-like, and it decays slower than any exponen-
tial then the asymptotic behavior of the front exhibits infinite speed and a very precise estimate
can be obtained for the propagation of the level sets of the front in terms of the initial value,
giving a precise superlinear behavior.

Moreover, Berestycki, Hamel and Roques [7] prove existence and uniqueness results for the
stationary solution associated to (2) and they then analyze the behavior of the solutions of the
evolution equation for large times. These results are expressed by a condition on the sign of the
first eigenvalue of the associated linearized problem with periodicity condition.

Regarding (2)-(3) with a € (0, 1) and Fisher-KPP nonlinearity, in connection with the dis-
cussion given above for the case o = 1, in the recent papers [14] and [15], Cabré and Ro-
quejoffre show that for compactly supported initial value, or more generally for initial values
decaying like |z|~¢72%, where d is the dimension of the spatial variable, the speed of propa-
gation becomes exponential in time with a critical exponent ¢, = f'(0)(d + 2a)~!, they also
show that no traveling waves exists for this equation, all results in great contrast with the case
a = 1. Moreover, if the initial data u, € [0, 1] is nonincreasing and for > 0 decay faster than
2722, then the mass at +o0o makes the front travel faster to the left, in this case with a speed
Cex = [(0)/2c. All these results will be formally established in Chapter 1. Additionally we
recall the earlier work in the case « € (0, 1) by Berestycki, Roquejoffre and Rossi [10], where
it is proved that there is invasion of the unstable state by the stable one, also in [10], the authors
derive a class of integro-differential reaction-diffusion equations from simple principles. They
then prove an approximation result for the first eigenvalue of linear integro-differential opera-
tors of the fractional diffusion type, they also prove the convergence of solutions of fractional
evolution problem to the steady state solution when the time tends to infinity. For a large class of
nonlinearities, Engler [25] has proved that the invasion has unbounded speed. For another type
of integro-differential equations Garnier [27] also establishes that the position of the level sets
moves exponentially in time for algebraically decaying dispersal kernels. And in a recent paper
Stan and Vazquez [42] study the propagation properties of nonnegative and bounded solutions
of the class of reaction-diffusion equations with nonlinear fractional diffusion.

Chapter 2 is concerned with the study of the phenomena described by Hamel and Roques in
[29] in the case of nonlocal diffusion, that is, when « € (0, 1) in equation (2)-(3). In particular,



we study the asymptotic behavior of solutions with slowly decaying, globally front-like initial
value. We state that, for b < 2q, the central part of the solution moves to the right at exponential
speed f’(0)/b, which is faster than c,., the exponential speed for solutions with initial values
decaying faster than x 2. Thus we show that the exponent 2« is critical regarding the speed of
propagation of the solution. Furthermore, we prove that the initial condition 1, can be chosen
so that the location of the solution u be asymptotically larger than any prescribed real-valued
function.

The study of propagation fronts was also done in reaction diffusion systems, in this line,
Lewis, Li and Weinberger in [37], studied spreading speeds and planar traveling waves for a
particular class of cooperative reaction diffusion systems with standard diffusion by analyzing
traveling waves and the convergence of initial data to wave solutions. It is shown that, for a
large class of such cooperative systems, the spreading speed of the system is characterized as
the slowest speed for which the system admits traveling wave solutions. Moreover, the same
authors in [44] establish the existence of a explicit spreading speed ¢* for which the solution of
the cooperative system spread linearly in time, when the time tends to +-oo.

Follow the line, it is our aim to study the spread speeds of solutions of reaction diffusion
cooperative system when the standard Laplacians are replaced for instance by the fractional
Laplacian with different indexes. Chapter 3 is devoted to study the time asymptotic propagation
of solutions to the fractional reaction diffusion cooperative systems. We prove that the propa-
gation speed is exponential in time, and we find a precise exponent depending on the smallest
index of the fractional Laplacians and of the principal eigenvalue of the matrix D F'(0) where
F' is the nonlinearity associated to the fractional system. Also we establish the existence of
a constant steady state solution for the system and we prove the convergence of the solution
towards the steady solution for large times.






Chapter 1

Preliminaries and background

In this chapter, we provide some elementary properties of fractional Laplacian operators, also
we introduce the main results concerning to the large time behavior of solutions of reaction-
diffusion problems with Fisher-KPP nonlinearities. Our principal goal in this chapter is to
note the differences between the speed propagation obtained when the problem has standard
diffusion or fractional diffusion. Moreover, we present some results related with the behavior
of solutions of weakly coupled reaction-diffusion equation systems.

1.1. Fractional Laplacian

Let consider the Schwartz space S of rapidly decaying C* functions in R, hence, for any u € S
and « € (0, 1), the fractional Laplacian denoted by (—A\ ) is defined as

(=A)*u(z) = C(d, ) P.V. Mdy

Rd|1‘_y ’d+2a

where the principal value is taken as the limit of the integral over R? \ B.(z) as ¢ — 0 and
C'(d, o) is a constant that depends on «, given by

C(d,o) =g Cot) 2 T~

Let note that the principal value is not necessary in the definition if o € (0,1/2). Indeed,
for any u € S, we have

u(z) — u(y) / [z — y 1
T dy < C = dy + ||| oo (ra - dy
/Rd |z — y |d+2e Ba(e) |z — y|dt2e Leoo(RY) Br(a)e |z — y|d+2e
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1 1
S p—
Br(x) [T — yltT2et Br(x)e [T —y|iT2
R 1 —+00 1
:C(/O @dT—F/R mdr><+oo

where (' is a positive constant.

Now, by two changes of variables, 2 = y — x and 2’ = = — y, we can rewrite (—/A\)%u as:

(—A)u = %c (P.V. /IR uz) |;|;‘+(j;+ Dy py, [ W8 —ulz = Z/)dz/)

Rd |Z/|d+2a

1 u(z +y) + ulx —y) — 2u(x)
=—-C-PV. d
D) /Rd |y|d+20 Yy

Using a second order Taylor expansion, we have

u(z +y) +ulx —y) — 2u(x) < | D?ul| oo
|y|d+2e = |y[¢r2a-2

which is integrable near 0, thus we can write the singular integral in (1.1) as a weighted second
order differential quotient

(=AY — _%C/Rd u(z +y) +‘Z,(f+;y) - 2u(:c)dy

To end this part, we state a result which show that the fractional Laplacian (—A)® can be
viewed as a pseudo-differential operator of symbol |¢]2*.

Theorem 1.1 Leta € (0,1) andlet (—N)* : S — L*(RY) be the fractional Laplacian operator
defined by (1.1). Then, for any u € S,

(=A)%u = CF (P (Fu), VEER!

for a suitable positive constant C depending only on s and n.

1.2. Background on reaction-diffusion front propagation

Let f be a function satisfying

feci((0.1]), f(0)=f(1)=0 and 0< f(s) < f(0)s (1.1
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We are interested in the large time behavior of solutions u = u(t, =) to the Cauchy problem

ou—NAu = f(u), t>0,z €R? (1.2)
u(0,2) = wup(z) reR (1.3)
the following result of Aronson and Weinberger [2] implies that there is a critical speed ¢* such

that for fairly general initial data v that are non-negative and compactly supported, the invasion
rate in which the stable state 1 invades the unstable state O is linear in time.

Theorem 1.2 Let ¢* = 2./ f'(0) and let u the solution of (1.2)-(1.3) with uq % 0 compactly
supported in R? and satisfying 0 < ug(x) < 1. Then:

-if ¢ < ¢, then limy_ 4 o inf < u(t, ) = 1,

-if ¢ > ¢, then limy 4o SUp |, 5 u(t, 7) = 0.
Freidlin and Girtner [28] extended the spreading properties to space periodic media and to
some classes of random media using probabilistic tools, proofs using dynamical systems or
PDE arguments are given in [6], [24], [46]. Hence, starting from a positive compactly supported

initial data, in [28] is stated that there exists an asymptotic directional spreading speed w*(e) >
0 in each direction e, in the sense that

- if 0 < ¢ < w*(e), then lim inf, ., o u(t,x + cte) > 0

- if ¢ > w*(e), then limy . o u(t, x + cte) =0

locally uniformly in z € R¢, where w*(e) is characterized by:

* /
w*(e) =  min ()
e'eSi—1ele>0 € - e

where ¢*(¢) is the minimal speed of pulsating traveling fronts in the direction ¢’.

Moreover, if we consider the case d = 1, it is indeed well-known that the equation u, =
Uz + f(u) admits a family of planar traveling waves u(t,x) = ¢.(x — ct) for all speeds
c > c¢*:=24/f'(0), where, for each speed ¢ € [¢*, +00), the function ¢, : R — (0, 1) satisfies

—@c e =f(dc) in R, ¢e(—00) =1, ¢c(+00) =0,

Furthermore, the function ¢, is decreasing in R and unique up to shifts. Now, suppose that
up : R — [0, 1] is uniformly continuous and satisfy

u >0 inR, lm wuy(z) >0 and lim uy(z) =0 (1.4)

Tr——00 Tr—00
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If uo(x) is equivalent as * — +oo to a multiple of e #* with 0 < p < p* = 1/ f(0), then
u(t, z) converges to a finite shift of the front ¢.(x — ct) as t — +o00, where ¢ = ;1 + @ > c*.
On the other hand, if ug(z) = O(e™#'®) as &+ — +oo, then u(t, ) behaves as t — +oo like
e (x + m(t) — ¢*t), where the shift m satisfies m(t) = O(In(t)) as ¢ — +oo (the limit case
when ug = 0 on [0, +00) was first treated in the seminal paper of Kolmogorov, Petrovski and
Piskunov [17]). In these two situations, the location of the solution w at large time moves at
a finite speed, in the sense that, for any A € (0, 1) and any family of real numbers z (%) such
that u(t, z\(t)) = A, then ,(¢)/t converges as t — o0 to a positive constant. This constant
f(0)

asymptotic speed is equal to ¢ = p + — in the first case, it is equal to c* in the second case.

Furthermore if we suppose that there exist § > 0, so € (0,1) and M > 0 such that
f(s) > f'(0)s — Ms*™ for all s € [0, 5] (1.5)

and the function wu is assumed to decay more slowly than any exponentially decaying function
as * — +00, in the sense that

Ve >0, dz. € R, up(z) > e = forx € [z, 00) (1.6)

Hamel and Roques [29] prove that all level sets of the solutions move infinitely fast as time goes
to infinity and the locations of the level sets are expressed in terms of the decay of the initial
condition. Hence, [29] contains the first systematic study of the large-time behavior of solutions
of KPP equations with slowly decaying initial conditions. These results are in sharp contrast
with the well-studied case of exponentially bounded initial conditions, where the solution u
converge in some sense to some traveling fronts with finite speed as t — +-o0.

Before to state the results, we need to introduce a few notations. For any A € (0,1) and
t > 0, denote by
E\x(t)={x e R:u(t,x) = A}

the level set of u of value A at time ¢. For any subset A C (0, 1], we set
ug ' (A) = {z € R : ug(x) C A},
the inverse image of A by uq.

Theorem 1.3 Let u be the solution of (1.2)-(1.3), where f satisfies (1.1) and the initial condition
ug : R — [0, 1] satisfies (1.4) and (1.6).

a) Then
lim wu(t,z) =0 Vt>0 and liminfu(t,z)=1 ast— oo

Tr—-+00 r——00
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b) For any given A\ € (0,1), there is a real number t, > 0 such that E\(t) is compact and

non-empty for all t > t,, and

in F)(t

i BB _ (1.7)
t——+o0 t

Part b) of Theorem 1.3 simply says that the level sets £ (t) of all level values A € (0,1)
move infinitely fast as ¢ — +o0, in the average sense (1.7). As already announced above, this
property is in big contrast with the finiteness of the propagation speeds of solutions which are

exponentially bounded as x — 4-o0 at initial time.

Now, we state the main result which show a relation between the initial condition and the
large-time behavior of the level sets of the solution w.

Theorem 1.4 Let u be the solution of (1.2)-(1.3), where f satisfies (1.1), (1.5) and the initial
condition ug : R — [0, 1] satisfies (1.4) and (1.6). Assume that there exists & € R such that u
is of class C* and nonincreasing on [y, ), and uj(x) = o(ug(z)) as x — oo.

Then, for any X € (0,1), § € (0, f(0)), v > 0and I > 0, there exists T = Ty 51 > t) such
that

Vit > 1, E\(t) C ugl{[’ye_(f/(o)Jr‘s)t, Fe_(f/(o)_‘s)t]} (1.8)

Observe first that the real numbers ye™ /(09 and T'e~(/'(©=9) belong to (0, supg ug) for
large t. Now, if there is a @ € R such that uy is strictly decreasing on [a, +00), then the inclusion
of Theorem 1.4 means that

ug <Fe_(f/(0)_5)t> < min E)(t) < max E)\(t) < uy! (”ye_(f/m”‘;)t) (1.9)

for large ¢, where, uy"' : (0,ug(a)] — [a,+0c) denotes the reciprocal of the restriction of the
function ug on the interval [a, +00). Furthermore, if u is nonincreasing over the whole real line
R, then the derivative u, (¢, x) is negative for all t > 0 and = € R, from the parabolic maximum
principle. Therefore, F) () is either empty or a singleton as soon as ¢ > 0. In particular,
E\(t) = {xx(t)} for all t > t,, where x,(t) satisfies u(t,z,(t)) = A. The inequalities (1.9)
then provide lower and upper bounds of z)(¢) for large t. However, it is worth pointing out that
Theorem 1.4 is valid for general initial conditions which decay slowly to 0 at +-co but which
may not be globally nonincreasing.

Furthermore, for any A € (0, 1), formula (1.8) with v = T" = \ can be rewritten as

uo(2A(£))ed O < X < gy (£))eld OO

11



Chapter 1. Preliminaries and background

for ¢ large enough. Roughly speaking, this means that the real numbers z)(¢) are then asympto-
tically given, in the above approximate sense, by the solution of the family of decoupled ODE’s

atU(t’x) = f/(O)U(t,l‘)
U(O,.T) = UO(I)

parameterized by x € R, and then, say, by solving U (¢, x,(t)) = A. In other words, the behavior
of u(t, x) at large time is dominated by the reaction term, that is to say that the diffusion term
plays in some sense a negligible role as compared to the growth by reaction.

Moreover, Theorem 1.4 actually yields the following corollary, which states that the level
sets F)\(t) can be located as far to the right as wanted, provided that the initial condition is well
chosen.

Corolary 1.5 Under the assumptions and notations of Theorem 1.4, the following holds: given
any function x : [0, 00) — R which is locally bounded, there are initial conditions ugy such that,
for any given X € (0,1)

min By (1) > x(¢)

for all t large enough.

To end this section, we present the principal results stated by Berestycki, Hamel and Roques
in [7]. The authors prove existence and uniqueness results for the stationary equation and also
they analyze the behavior of the solutions of the evolution equation for large times. These results
are expressed by a condition on the sign of the first eigenvalue of the associated linearized
problem with periodicity condition.

Thus, we are concerned with the equation
Ou—V - (A(x)Vu) = f(x,u), t>0,zecR? (1.10)
and its stationary solutions given by
~V - (A(x)Vu) = f(z,u), z €R? (1.11)

Let Ly, ..., Lqy > 0 be d given real numbers. In the following, saying that a function g : R? — R
is periodic means that g(z1, ...,z + Lg,...,2q) = g(1,...,24) for all £ = 1,...,d. Let us
now describe the precise assumptions. Throughout the paper, the diffusion matrix field A(x) =
(aij())1<ij<a is assumed to be periodic, of class C* (with a > 0), and uniformly elliptic, in
the sense that

ElOéo > O, Vo € Rd, V{ S Rd7 Z aij(x)figj Z Oéolf|2

1<i,j<d

The function f : RY x R — R is of class C*® in x locally in u, locally Lipschitz continuous
with respect to u, periodic with respect to 2. Moreover, assume that f(x,0) = 0 for all z € R?,
that f is of class C' in R? x [0, 8] (with 3 > 0), and set f,(z,0) := lim,_o+ f(z,5)/s.

12
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In several results below, the function f is furthermore assumed to satisfy
Vo € RY, s+ f(x,s)/sis decreasing in s > 0 (1.12)
and
IM >0, s> M, Yo € R f(x,5) <0 (1.13)
Examples of functions f satisfying (1.12 and (1.13) are functions of the type f(z, u) = u(u(x)—
v(x)u) or simply f(x,u) = u(u(x) — u), where p and v are periodic.
Namely, we define \; as the unique real number such that there exists a function ¢ > 0
which satisfies
—V - (A(2)V¢) — fu(x,0)p = \1¢  inR?
¢ > 0is periodic, ¢ > 0, ||[¢™]| =1

We are now ready to state the existence and uniqueness result on problem (1.11). Let us start
with the criterion for existence.

Theorem 1.6 1) Assume that f satisfies (1.13) and \y < 0. Then, there exists a positive and
periodic solution p of (1.11).

2) Assume that f satisfies (1.12) and that A\ > 0. Then there is no positive bounded solution
of (1.11) (i.e. O is the only nonnegative and bounded solution of (1.11)).

Next we state our uniqueness result.

Theorem 1.7 Assume that f satisfies (1.12) and A1 < 0. Then, there exists at most one positive
and bounded solution of (1.11). Furthermore, such a solution, if any, is periodic with respect
tox. If \y > 0 and f satisfies (1.12), then there is no nonnegative bounded solution of (1.11)
other than 0.

The core part in the proof of the above theorem consists in proving that any positive solution
of (1.11) is actually bounded from below by a positive constant, which does not seem to be a
straightforward property.

Let us now consider the parabolic equation (1.10), and let u(¢, z) be a solution of (1.10),
with initial condition u(0, z) = ug(x) in R%. The asymptotic behavior of u(t,z) as t — +o0 is
described in the following theorem:

Theorem 1.8 Assume that f satisfies (1.11) and (1.12). Let ugy be an arbitrary bounded and
continuous function in R? such that uy > 0, ug % 0. Let u(t,x) be the solution of (1.10) with
initial datum u(0, z) = ug(z).

13
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1) If \1 <O, then u(t,z) — p(x) in C?

2 (RY) as t — —+oo, where p is the unique positive
solution of (1.11).

2) If \y >0, then u(t, z) — O uniformly in R¢ as t — +o0.

1.3. Background on fractional reaction-diffusion front pro-
pagation

We are interested in the time asymptotic location of the level sets of solutions to the equation

o+ (=A)*u = f(u), t>0,rcR? (1.14)

u(0,2) = wup(z) r € R? (1.15)

with 0 < o < 1 and f a concave function satisfying (1.1). Given A € (0, 1), we want to describe
how the level sets {x € R¢ : u(t,x) = \} spread as time goes to +oc.

The results established by Cabré and Roquejoffre in [15] and announced in [14], show that
there exist drastic changes in the behavior of solutions as soon as the Laplacian is replaced for
instance by the fractional Laplacian (—A)* with o € (0, 1). They prove that the front position
will be exponential in time, in contrast with the classical case where it is linear in time by
Theorem 1.2.

For a € (0, 1), the fractional Laplacian is the generator for a stable Lévy process. It is rea-
sonable to expect that the existence of jumps (or flights) in the diffusion process will accelerate
the invasion of the unstable state © = 0 by the stable one, u = 1.

The first result concerns a class of initial data in R?, possibly discontinuous, which includes
compactly supported functions. The following theorem shows that the position of all level sets
moves exponentially fast in time.

Theorem 1.9 Let d > 1, o € (0,1) and f satisfy (1.1). Let define ¢, = ﬁ%. Let u be a
solution of (1.14)-(1.15), where ug Z 0, 0 < ug < 1 is measurable, and

up(r) < Clz|~%72* Vo € R?

for some constant C. Then:
-if ¢ < ¢y, then limy o0 Inf gy <eer u(t, x) =1,

-if ¢ > ¢, then limy_ oo SUP |5 cer u(t, 7) = 0.

A delicate step to prove the previous theorem is the following lemma.

14
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Lemma 1.10 Under the assumptions of Theorem 1.9, for every ¢ < c, there exists ¢ € (0, 1)
and t > 0 such that
u(t,z) >  forallt >t and |x| < e

Even if this lemma concerns initial data decaying at infinity, from it we can deduce the non-
existence of planar traveling waves, under no assumption of their behavior at infinity, as in the
following statement.

Proposition 1.11 Ler d > 1, o € (0,1), f satisfy (1.1). Then, there exists no nonconstant
planar traveling wave solution of (1.14)-(1.15). That is, all solutions of (1.14)-(1.15) taking
values in [0, 1] and of the form u(t, z) = ¢(x + te), for some vector e € RY, are identically 0 or
1. Equivalently, the only solutions ¢ : R? — [0,1] of

(=N +e-Vo=f(p) inR? (1.16)
are p = 0and ¢ = 1.

The last statement on the elliptic equation (1.16) has an analogue for the Laplacian. As shown
in [2], if |e] < 24/f'(0) then equation (1.16) with & = 1 admits the constants 0 and 1 as only
solutions taking values in [0, 1].

In one space dimension, it is of interest to understand the dynamics of nonincreasing initial
data. As mentioned before, for the standard Laplacian the level sets of u travel with the speed
c*, provided that u, decays sufficiently fast at +oc. In the fractional case, the mass at +oo
has an effect and what happens is not a mere copy of the result of Theorem 1.9 for compactly
supported data. The mass at +-0o makes the front travel faster to the left, indeed with a larger
exponent than c,.

Theorem 1.12 Letd = 1, a € (0,1) and f satisfy (1.1). Let define the quantity ¢, = L) Let

200
u be a solution of (1.14)-(1.15) and suppose that 0 < uy < 1 is measurable and nonincreasing,

ug #Z 0 and
up(z) < Cx™2* Vo >0

for some constant C'. Then:
-if ¢ < Cp, then limy oo Inf et u(t, ) = 1,

-If € > Cyuy then limy_ oo SUP,5 et u(t, 7) = 0.

Remark 1.13 Note that ) )
_LO) 1o

Cox =

2 1—|—2a:C*

where c, is the exponent in Theorem 1.9 for d = 1 and compactly supported data.

15
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Notice also the slower power decay assumed in the initial condition with respect to Theorem 1.9.
One could wonder whether a model with such features is physically, or biologically relevant. In
fact, this behavior is consubstantial to fast diffusion, and the model may be relevant to explain
fast recolonization events in ecology.

To end this subsection, we consider the function f periodic in each z;-variable and satisfies
f(x,0) = 0 for all z € R, moreover

Vo € RY, s +— f(x,s)/sis decreasing in s > 0 (1.17)
and
IM >0, s> M, Vo € R, f(x,5) <0 (1.18)

Examples of functions f satisfying (1.17 and (1.18) are functions of the type f(x,u) = u(pu(z)—
u), where p is periodic, note that if © = 1 (homogeneous media) the function f satisfies (1.1).
The nonlinearity z(x)u — u? is often referred to as a Fisher-KPP type nonlinearity.

Let A; be the principal periodic eigenvalue of the operator (—A)* — f,(z,0). From [10]
we know that if A\; > 0, every solution to (1.14)-(1.15) starting with a bounded nonnegative
initial condition tends to 0 as ¢ — +o00. Thus we assume A\; < 0. Then, by [10], the solution to
(1.14)-(1.15) tends, as t — o0, to the unique bounded positive steady solution to (1.14)-(1.15),
denoted by u... By uniqueness, u is periodic and the convergence holds on every compact set.

Moreover, if we consider the problem (1.14)-(1.15) with the nonlinearity f(u) = pu(z)u—u?

with p periodic. Cabré, Coulon and Roquejoffre proved in [16] that the speed of propagation is
exponential in time, with a precise exponent depending on a periodic principal eigenvalue, and
that it does not depend on the space direction. This result is in contrast with the Freidlin-Gértner
formula for the standard Laplacian.

Theorem 1.14 Assume that \y < 0. Let u be the solution to (1.14)-(1.15) with uy piecewise
continuous, nonnegative, ug % 0, and ug(x) = O(|z|™2*) as |z| — +oo. Then, for every
A € (0, min p), there exist ¢y > 0 and a time t\ > 0 (all depending on \ and ) such that, for
allt > t,,

[A1]

Ml
{z e R u(t,z) = A\} C {x € RY| crersn < |z| < ¢;ledrsa}

Note that if 4 = 1 then A = —1 and f’(0) = 1, therefore, the estimate obtained is much sharper
than that in Theorem 1.9.
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1.4. Background on reaction-diffusion systems. Spreading
speeds

In the first part of this subsection, we are interested in the large time behavior of the solution
u = (u;), with m € N*, to the one-dimensional weakly coupled reaction-diffusion system of
the form:

Owu;(t,x) — didui(t,x) = fi(u(t,z)), V(t,z)eRL xR (1.19)
w;(0,2) = wugi(x), Ve e R (1.20)

forall i € {1,...,m}, where each d; is a nonnegative constant and f = (f;)!", is independent
of x and t. If a = (a;)", is a constant positive vector, we define the set of functions

C, = {u(z) : u(x) continuous and 0 < u(z) < a}

As general assumptions, we suppose that f € C([0, a|) and the only zeros of f in C, are 0 and «,
also, the system (1.19)-(1.20) is cooperative; i.e., each f;(u) is nondecreasing in all components
of u with the possible exception of the ith one.

In what follow, we present the results of Lewis, Li and Weinberger [37]. They showed the
existence of a single spreading speed o, for which the system (1.19)-(1.20) admit a traveling
wave solution W (z — ot) for all speeds o > o,.

Before to state this result, we need some additional hypothesis.

H1. f has uniformly bounded piecewise continuous first partial derivatives for 0 < u < a,
and it is differentiable at 0.

H2. The Jacobian matrix f’(0), whose off-diagonal entries are nonnegative, has a positive
eigenvalue whose eigenvector has positive components.

Theorem 1.15 Suppose that the function f in the system (1.19)-(1.20) satisfies the additional
hypothesis (H1), (H2) and the initial condition uy = (ug;)", is 0 for all sufficiently large x, and
that there are positive constants 0 < p < o < 1 such that 0 < ug < oa for all x and ug > pa
for all sufficiently negative x.

Then there exist o, such that for every o > o, the system (1.19)-(1.20) has a nonincreasing
traveling wave solution W (x — ot) of speed o with W (—o0) = a and W (+o00) = 0.

Moreover, if there is a traveling wave W (x — ot) with W (—o0) = a such that for at least
one component i

liminf W;(z) =0

Tr—-+00

then o > o,.

17
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Note that the last statement has an analogue when we consider a single equation with standard
Laplacian, in that case the limit speed is given by 24/ f/(0).

The next result is stated by Lewis, Li and Weinberger in [44]. They establish the existence of
a explicit spreading speed o* for which the solution of the system (1.19)-(1.20) spread linearly
in time, when the time tends to +oo.

As in the previous result, we need some additional hypothesis.

H3. f(u) is piecewise continuously differentiable in u for 0 < u < a and differentiable at 0.

H4. The Jacobian matrix f’(0) is in Frobenius form. The principal eigenvalue ~;(0) of its
upper left diagonal block is positive and strictly larger than the principal eigenvalues
v6(0) of its other diagonal blocks, and there is at least one nonzero entry to the left of
each diagonal block other than the first one.

Before to continue, we introduce some notations. We define the matrix
C, = diag(dipi®) + f'(0)

where y is a positive number and f/(0) is the Jacobian matrix with entries f;,,(0). The off-
diagonal entries of C), are nonnegative because the system is cooperative. We also define, the
matrix 53, given by the formula

B, = exp(C,)

hence, we have that the eigenvalues )\ of B, are given by A, = 7% (#) where ~;, is the principal
eigenvalue of the kth diagonal block of the matrix C,,. Moreover, we define

o = infly (u)/ 1] (1.21)

Let i € (0, +o0] the value of p at which this infimum in (1.21) is attained, and let {(x) be the
eigenvector of B, which corresponds to the eigenvalue \;(11).

Theorem 1.16 Suppose that the function f in the system (1.19)-(1.20) satisfies the additional
hypothesis (H3), (H4). Assume that i is finite,

M) > v (r)  forallo>1

and
f(pC(m) < pf'(0)C(7) forall p>0

Then there exist o* defined by (1.21) such that for any initial condition uy(x) in C, which
vanishes outside a bounded set, the solution of (1.19)-(1.20) has the properties that for each
positive €

lim [ max |u(g;)|] =0

t=+00 | fe|>t(o"+¢)

18
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and for any strictly positive constant vector w there is a positive R, with the property that if
ug > w on an interval of length 2R, then

lim max |a—u(z)|| =0
t—+o0 ||z|<t(c*—¢)

It is easy to see that if a function f satisfies (H1),(H3) and (H4) then o, in Theorem 1.14 is
equal to o* defined by (1.21).

Following the line, Barles, Evans and Sougandis [4] present another approach to the study
of the limiting behavior of the solution of certain scaled reaction-diffusion systems. Hence, they
considered the system

oS = ed;AuS + 1 fi(u), inR: x R (1.22)
u; (0,2) = gi(z), on z € R? (1.23)
forall 7 € {1,...,m}. Here the constants d; (1 < k < m), and the functions
g:R{—R™ and f:R™—R™

are given, where we write ¢ = (¢;),, f = (f;),. The unknown is u® = (uf),. We will
assume that
d; >0 VZE{l,,m}

and that the functions g, f are smooth, bounded and Lipschitz. In addition we suppose
g; >0 Vie{l,..,m}

and
Go = {z: gi(z) > 0} Vie{l, ..,m}

is a bounded, smooth subset of R?. Our essential assumptions all concern the reaction term f.
First of all we suppose

(H1) £(0)=0
and also

(H2) fi(ug, ooy i1, 0,81y ooy Upy) > 03 @y, ooy w1, Uing, oovy Uy, > 0 and w; > 0 for some
index [ # ¢
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Consequently, the vector field f points strictly inward along the boundary of the positivity set
M={ueR":u; >0,..,u, >0}

except at the point 0, which is an equilibrium point for the system (1.22)-(1.23). To ensure that
our solutions u° do not become unbounded as ¢ — 0, we further hypothesize

(H3) there exists a constant A such that f;(u) < Oforalli € {1,...,m},ifu € [T and u; > A.

Next we set forth additional hypotheses which imply that the rest point 0 is unstable. Let us
define the m x m matrix

C:=Df(0)
D f denoting the gradient of f. Thus
Clk:fl,uk(0)7 V1 Szakém
We assume
(H4)
and also
(H4)
fi(u) < ey, vell, V1<ik<m

where we employ the standard summation convention.

The main result stated in Theorem 1 [4], asserts that under hypotheses (F1)-(F5), u®(z, )
converges as ¢ — 0 to zero or not depending on whether J(¢t,z) > 0 or J(t,z) < O, the
function J satisfying a Hamilton-Jacobi problem, whose structure we now describe. Given
p € RY, define the m x m matrix

B(p) = diag(..., dip|*, .-.)

and then set
A(p)=B(p) +C

Now the matrix A(p) has positive entries, and so Perron-Frobenius theory asserts that A(p)
possesses a simple, real eigenvalue \; = \;(A)(p) satisfying

R@()\) <M\
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for all other eigenvalues A of A(p). Let us define then the Hamiltonian

H(p) = M(A(p))

We additionally set
L(q) = sup(p-q— H(p))

pERA

L is the Lagrangian associated with H. Finally we define for each point (¢,7) € R, x R the
action function

J(t,) = inf {/OtL(z(s))ds | 2(0) € Go, 2(t) = x}

the infimum taken over all absolutely continuous functions z : [0,1] — R?, satisfying the stated
initial and terminal conditions. As we will see, J turns out to be the unique solution of the
Hamilton-Jacobi equation

J,+H(DJ) =0, in R% x R?
J =0, on Gy x {0}
J =400 on int(R? — Gy) x {0}

in the viscosity sense.

Theorem 1.17 Under hypotheses (F1)-(F5) we have
-lim,_gu® =0 uniformly on compact subset of {.J > 0}
-liminf. ouf >0 uniformly on compact subset of {J < 0}, Vi € {1,...m}
We interpret this theorem as describing how the Hamiltonian H, which depends upon both

C' = Df(0) and the diffusion constants d, ..., d,,, controls the instability of the equilibrium
point 0.

1.5. Presentation of main results

This section is devoted to present the principal results that we will present is the following
chapters. Hence, in Chapter 2, we consider the problem

u + (—A)%u = f(u) (1.24)
u(0,x) = up(x) (1.25)

with o € (0, 1) in one spatial dimension. We assume that the nonlinearity in (1.24) is of Fisher-
KPP type, that is, f : [0,1] — R is of class C, concave and it satisfies

f0)=f(1) =0, f(1) <0< f(0). (1.26)
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Also, we assume that the initial condition uo : R — [0, 1] is continuous and it satisfies

up >0 inR, lim wug(xz) >0 and lim u(z) =0, (1.27)
furthermore
There exists & € R, such that ug is non-increasing in [£y, 00). (1.28)

In view of the result stated in the Subsection 1.2 obtained by Hamel and Roques for slowly
decaying front-like initial values in the case o« = 1, a natural question is what kind of asymptotic
behavior does a solution of (1.24)-(1.25) with initial value decaying slower than a power |z|~°
have?. The purpose of Chapter 2 is to answer this question for the case of fractional laplacian,
with @ € (0,1) in the one dimensional case. The main result states that, for b < 2a, the
central part of the solution moves to the right at exponential speed f’(0)/b, which is faster than
c++ (Theorem 1.12), the exponential speed for solutions with initial values decaying faster than
272, Furthermore, it is proved that the initial condition uo can be chosen so that the location
of the solution u be asymptotically larger than any prescribed real-valued function.

The first result provides basic properties of the solutions of (1.24)-(1.25) and says that the
level sets £, () move at least exponentially fast as ¢ — oc.

Theorem 1.18 Ler a € (0,1) and ¢, = £\ and let u be the solution of (1.24)-(1.25), where
f satisfies (1.26) and the initial condition uy : R — |0, 1] satisfies (1.27) and (1.28). Then u
satisfies:

a)0 <u(t,z) <1forall (t,x) € (0,00) x R. and

lim w(t,z) =0Vt>0 and lim inf u(t,z) =1 Ve <ec.
Tr— 400 t——+o0 CESECt
b) For any given \ € (0, 1), there is a real number t) > 1 such that E\(t) is compact and
non-empty for all t > t,.

As in Subsection 1.2, we denote by E () the level sets of u of value A € (0, 1) attime ¢ > 0.
Hence, the following result is the main theorem which states a more accurate understanding of
the behavior of E),(t), actually we express the motion of F () in terms of the behavior of the
initial value uy. For doing this we need some additional hypothesis that expresses the slow
decay of the initial values:

(H1) There exists b < 2a, such that ug(z) > x~° for all z > &.
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(H2) There exist p > 1 and k£ > 0 such that

>k, for x> &.

Now we are in a position to state our main theorem.

Theorem 1.19 Let o € (0,1), A € (0,1) and let u be the solution of (1.24)-(1.25), where f
satisfies (1.26) and the initial condition uy : R — [0, 1] satisfies (1.27), (1.28) and hypothesis
(H1) and (H2).

Then, foranyI' > 0, v > 0and ¢ € (0, f'(0)), there exist T = T(\,I',7,0,b) > t\ such that
E\(t) C ugl{[ve‘(f'(o)”)t, pe—(f/(ﬁ)—é)t]h Vit > T,
where t) was given in Theorem 1.1.

As a corollary of this theorem, we see that by choosing the initial condition appropriately, we
are able to obtain any fast fast behavior of the set F,(¢). In precise terms we have,

Corolary 1.20 Under the assumptions of Theorem 1.19, given any function x : [0,00) — R
which is locally bounded, there are initial conditions g such that, for any given A € (0,1)

min By(t) > x(¢)
for all t large enough.

The proof of Theorem 1.19 is inspired in the work by Hamel and Roques [29]. But in this
case, the non-local character of the differential operator introduces a series of difficulties that
were not present in the local case, also, the non-existence of traveling waves for the fractional
problem, as proved in [15], implies to change various other arguments given in [29]. Theorem
1.19 and Corollary 1.20 complement the results by Cabré and Roquejoffre, where they estimate
the asymptotic behavior of solutions with front-like initial values which decays faster than z 2%
as © — oo. In our case we assume the initial value decays slower than a power x°, with
b < 2a, the complementary exponents. In a sense we generalize to the case o € (0, 1) results
proved by Hamel and Roques in [29], replacing the Laplacian by the fractional Laplacian.

In Chapter 3, we study the large time behavior of solution to the fractional cooperative
system:

Opu; + (=0)%u; = f;(u), in R x R? (1.29)

u; (0, x) ui (), on R? (1.30)
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where o; € (0,1] for all @ € {1,...,m} with at least one o; # 1 and u = (u;)", with m €
N*. For what follows and without loss of generality, we suppose that ;11 < «; for all ¢ €
{1,...,m — 1} and we set « := a,,, < 1.

As general assumptions, we impose the initial conditions wug; # 0 to be nonnegative, conti-
nuous and bounded by constants a; > 0 and satisfy

ugs(x) = O(|z|~14+29)) a5 |z| — oo,Vi € {1,...,m} (1.31)
The functions f; satisfy

f; € CY(R™) and %ﬁ“) >0 Vi#j (1.32)
J

i.e., the system (1.29)-(1.30) is cooperative. Moreover, we assume f;(0) = 0 and some addi-
tional hypothesis, which are compatible with strongly coupled systems.

(H1) The principal eigenvalue \; of the matrix DF'(0) is strictly positive, where F' = (f;)I™ .

There exist positive constants 9; and d, such that

(H2) Df;(0)u — f;(u) > culto

(H3) Dfi(0)u — fi(u) < cllul[**=.

(H4) F is concave, DF'(0) is a symmetric matrix and 8?;2'—759) >0 foralli € {1,...,m}.

where 01,0, > %= and || - || in (H3) is any norm on R™.

The purpose of this work is to understand the time asymptotic behavior of solutions to (1.29)-
(1.30). We show that the speed of propagation is exponential in time, with a precise exponent
depending on the smallest index « and of the principal eigenvalue \; of the matrix D F'(0). Also
we note that it does not depend on the space direction. Moreover, we prove that the solution of
the system (1.29)-(1.30), tends to unique positive steady state solution as ¢ — +-00.

Moreover, we consider the Banach space
Co(R?) := {w is continuous in R? and w(x) — 0 as |z| — oo}
with the L°°(R%) norm and we set Dy(A;) the domain of the operator A; = (—A)% in Cy(R?).
In what follows we assume that ug; € Dy(A;) foralli € {1,...,m}.
Now we are in a position to state our main theorems, which show that the functions move

exponentially fast for large times.
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Theorem 1.21 Let d > 1 and assume that F' satisfies (1.32), (HI), (H2) and (H3). Let u be the
solution to (1.29)-(1.30) with uq satisfying (1.31). Then:

a) for every p; > 0, there exists a constant ¢ > 0 such that,

wi(t,x) < p;, forallt>T1and|x| > ceTiiat
b) there exist constants ; > 0 and C' > 0 such that,

wi(t,x) >¢e;, forallt>T1and|x| < C’ediiéat

foralli € {1,...m} and T > 0 large enough.

To state the following result, we consider ¢ the positive constant eigenvector of DF'(0)
associated to the first eigenvalue \;, where F' = (f;)!",. Thus A\; > 0 and ¢ > 0 satisfy

(L = DF(0))¢ = —Mo
¢>0, [ol =1
where L = diag((—A)*, ..., (—A)*). Now, let consider the problem
Xs(t) = F(Xa(t))
Xs(()) = €¢

thus, there exists ¢ > 0 such that, for each £ € (0,¢’) we can find a constant v > 0 satisfying
Xe(t) /" ut ast — 400, also F(ul) = 0. We define

ut = inf wu

e€(0,e’)

+
g

since F is continuous, we deduce that F'(u™) = 0. Also, since the function F' is positive in a
small ball near to zero, we have that u, > 0.

Moreover we assume that the initial condition ug satisfies
uw <ut  in R (1.33)

Theorem 1.22 Let d > 1 and assume that F' satisfies (1.32), (HI), (H2), (H3) and (H4). Let u
be the solution to (1.29)-(1.30) with uq satisfying (1.31) and (1.33). Then:

a) Ifc < diaa’ then
lim inf |u;(t,2) —u|=0
ot |z|§e“| 1( Y ) (3 ’

b) Ifc> diéa’ then

lim sup w(t,z) =0
t——+o00 ] >ect

foralli e 1,....m.
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Chapter 2

Fast propagation for fractional KPP
equations with slowly decaying initial
conditions.

Work in colaboration with Patricio Felmer.

2.1. Introduction

In this chapter we study the large-time behavior of the solution of the Cauchy problem for
fractional reaction-diffusion equations

w+ (=A)u = f(u) @1
u(0,2) = wup(z) (2.2)

with o € (0,1) in one spatial dimension. Let us now provide a precise description of our
assumptions and results. We assume that the nonlinearity in (2.1) is of Fisher-KPP type, that is,
f:10,1] — Ris of class C, concave and it satisfies

f0)=f(1)=0, f(1)<0<f(0). (2.3)
This properties mean that the growth rate @ is maximal at s = 0.

We assume that the initial condition v, : R — [0, 1] is continuous and it satisfies

u >0 inR, lim wg(x) >0 and lim we(x) =0, (2.4)

T——00 r—00
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furthermore we assume that:
There exists & € R, such that ug is non-increasing in [£, 00). (2.5)

When w satisfies the earlier conditions we say that v is asymptotically front-like.

In what follows, we prove that when the initial condition is globally front-like and it decays
slowly, then the asymptotic behavior of the front exhibits an exponentially fast propagation and
a very precise estimate can be obtained for the propagation of the level sets of the front in terms
of the initial value, giving a precise superlinear behavior.

2.2. Basic properties

We first recall the notion of mild solution that suited to our problem and we state the Comparison
Principle that will be a crucial tool in our analysis. Then we present the Theorem 2.2 that follows
the line of the corresponding result in [14] and [15].

In studying the existence of solution of equation (2.1)-(2.2) we first consider the linear heat
equation for the fractional Laplacian

u + (—A)%u = f(t, ) (2.6)
w(0,z) = wup(x), 2.7

whose solution may be obtained by the formula of variation of parameters or Duhamel formula

u(t, z) = p(t,x) * up(z) + /0 p(t — s, 2) * f(s,z)ds, (2.8)

where the convolution is taken in the variable x. Here the kernel p is given by p(t,z) =

t_%pa(t_ix), where
1 € — 2a
pola) = 5 [ g
R

T o
and it satisfies the following properties:
a) p € C((0,+00),R).
b) p(t,z) > 0and [, p(t,z)dz = 1forall t > 0.
c) p(t,") *p(s,:) =p(t+s,-)forallt,s € R,
d) There exists B > 1 such that, for (t,z) € R, x R:
B! B
1 1 < z S 1 1 .
t%(l_‘_ | rt 2a |l+20¢) tﬁ(l_{_ | xt 2a |1+2a)

(2.9)
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Now we consider the Banach space

Ciim = {w e C(R) | lim w(x) and lim w(x) exist},

T——00 T—-+00

equipped with the supremum norm. Given uy € Cyy,, equation (2.1)-(2.2), with Fisher-KPP
nonlinearities f and initial condition u, has a unique solution u that exists for all z € R and
t > 0, moreover, u(t,-) € C([0,00),Cp;m). This solution u can be obtained as the limit of the
iteration scheme

"t (t, ) = p(t, ) * up(z) + / p(t —s,x) * f(s,u"(s,))ds, (2.10)
0

with u°(¢,x) = p(t, ) * up(z). The limit is uniform in z and locally in time, see [2] and [15]
for details. The solution obtained in this way is called mild solution and in this chapter this will
be the notion of solution we consider in all our statements.

To continue we recall the Comparison Principle, which will be frequently used in the follo-

wing computations.

Theorem 2.1 (Comparison Principle) Let u,v € C([0, T, Cjim) be mild solutions of the equa-
tions
u+ (=A)*u=g(u), v+ (=4L)% = h(v),

where g, h : R — R are locally Lipschitz continuous. If

9(¢) <h(C), V(eR

and
u(0,2) <wv(0,z), VzeR,
then
u(t,z) <w(t,z) V(t,z) € [0,T] x R.

For the proof of this result we refer the reader to [15] or [23].

Before to stating our results, we introduce some notation. For any A € (0,1) and ¢t > 0, we
denote by
E\(t)={x e R:u(t,z) = A},

the level set of u of value \ at time ¢. For any subset A C (0, 1], we set
ugt(A) = {r € R : up(z) C A},

the inverse image of A by ug. Our first result provides basic properties of the solutions of
(2.1)-(2.2) and says that the level sets F(t) move at least exponentially fast as t — 0.
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Theorem 2.2 Let o € (0,1) and ¢, = @ and let u be the solution of (2.1)-(2.2), where [

a

satisfies (2.3) and the initial condition ug : R — [0, 1] satisfies (2.4) and (2.5). Then u satisfies:

a)0 <wu(t,z) <1forall (t,x) € (0,00) x R and

lim u(t,z) =0Vt>0 and lim inf u(t,x) =1 Ve <e,
xr——400 t—+00 r<ect
b) For any given \ € (0, 1), there is a real number ty > 1 such that FE\(t) is compact and

non-empty for all t > t,.

Proof: Part a) We start by using the Comparison Principle, recalling that 0 < ug(z) < 1, to
obtain that the solution u of (2.1)-(2.2) satisfies

0<u(t,r) <1 V(t,z) € [0,00) x R.

Next we analyze the limit of (¢, x) as x — +o00. To do this, let us first notice that the function

ﬂ(t, .ZU) — ef’(o)t / p(t’ T — y)UO(y)dy
R

is the solution of the equation

U+ (—A)T = f(0)u
u(0,x) = wuo(x).

But, since f satisfies (2.3), it is concave and of class C"', we have that 0 < f(s) < f/(0)s for all
s > 0, therefore, we conclude that @ is a supersolution of the equation (2.1)-(2.2), and then, the
Comparison Principle implies that u (¢, x) < (¢, x) for all ¢ > 0 and x € R. To continue, let us

define
C /OO ! d (2.11)
o = ——ds, .
o T s P20

and notice that C, > 1 for all « € (0,1). We may assume without loss of generality that
C, < B, where B is given in (2.9).

We observe that the property is true for ¢ = 0 by hypothesis on wy. For ¢ > 0, we consider
e > 0 and we find M, > 0 such that, for each © > M, we have u(t,z) < e. Let us start
considering ¢ > 0 small enough such that C, Be! Otg < sandlet §; € [§,00) and { > 0 be
such that

uy(z) <o, Vz>¢& and / ——ds < o. (2.12)
13
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Then let us take )
My =& + §tea

and consider x > M;. Then we use the definition of @ and (2.9) to find that

e O I w(y) O [l

t2a - oo 14 | rt2a |1+20

u(t,x) < B

Yy
w14 | (z— )t |12 =

0o 1
— Be/'O) / tole = stx)
o 1+ ’ S |1+2a

Bel O /5 ug(r — St%)d n /Oo ug(z — Sti)d
= (& ————aSs - as | .
. 1+ | s |1+2a ¢ 1+ | s |1+2a

If s < & wehave z — sta >x — §ti > &;. Then, using (2.12) we find

13 00 1
u(t < Bef' O / S — / ——d
u(t,z) < Be Lt [ s [ 5"'5 1+ | s |2

< Bel'O (o0, +0) < g + % =c.

Hence 0 < u(t,z) < e. Thus we have proved that lim, ., u(¢,z) = 0.

Now we study u(t, z) when ¢t — oo. From (2.4), we may find a continuous non-increasing
function vy : R — [0, 1] in Cy;yy,, such that R, N supp(vp) is compact and it satisfies 0 < vy(z) <
uo(x). Denote by v the solution of the Cauchy problem (2.1)-(2.2) with initial condition vy, then
by the Comparison Principle we find v(t,z) < u(t,z) < 1forall ¢ > 0 and € R. Then we
can use Theorem 1.5 of [15] to conclude that

lim inf v(t,z) =1
t—o00 Z‘SECt

for all ¢ < ¢, and then our result follows.

Part b) From Part a) it follows that, given d € (0, ¢,) and any A € (0, 1) there exists ¢, > 1
such that
inf u(t,z) > A > 0= u(t, +00),
r<edt
for all ¢ > t,. By continuity of x — (¢, z) we conclude that £,(¢) is a non-empty compact set
forallt > t¢,. O

Remark 2.3 As a direct consequence of Theorem 2.2, we see that

E\(t
lim A1)

t—oo  eCt

=o0, forallc< c,. (2.13)
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2.3. Main result: Theorem 2.4

It is the purpose of our main theorem to obtain a more accurate understanding of the behavior
of E,(t), actually we express the motion of £,(t) in terms of the behavior of the initial value v,
and we improve the estimate for c in (2.13). For doing this we need some additional hypothesis
that expresses the slow decay of the initial values:

(H1) There exists b < 2q, such that ug(z) > x~° for all z > &.

(H2) There exist p > 1 and k£ > 0 such that

>k, for x> &.

Now we are in a position to state our main theorem.

Theorem 2.4 Leta € (0,1), A € (0,1) and let u be the solution of (2.1)-(2.2), where [ satisfies
(2.3) and the initial condition ug : R — [0, 1] satisfies (2.4), (2.5) and hypothesis (H1) and (H2).

Then, forany ' > 0, v > 0and § € (0, f'(0)), there exist T = 7(\,I',7,6,b) > ty such that
Ex(t) C ug H{[ye~ 'O+t D= (FO=DN "yt > 7
where ty was given in Theorem 2.2.

As a corollary of this theorem, we see that by choosing the initial condition appropriately, we
are able to obtain any fast fast behavior of the set £)(t). In precise terms we have,

Corolary 2.5 Under the assumptions of Theorem 2.2, given any function x : [0, 00) — R which
is locally bounded, there are initial conditions wg such that, for any given X € (0, 1)

min F)(t) > x(t)
for all t large enough.

The proof of Theorem 2.4 is inspired in the work by Hamel and Roques [29], by basically
making two estimates to capture the set uo(E\(t)), with appropriate super and sub-solutions.
However, the non-local character of the differential operator introduces a series of difficulties
that were not present in the local case. This is especially so in the proof of Proposition 3.1,
where we have to introduce a staggered sub-solution to gain a global control in time. Moreover,
the choice of w in (2.21) is not obvious and the estimates are quite more involved. It is important
to mention that the lower estimate is obtained only assuming that the initial condition w, satisfies
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only (2.4) and (2.5), see Propositions 2.6 and 2.9. Finally, we observe that the non-existence of
traveling waves for the fractional problem, as proved in [15], implies to change various other
arguments given in [29].

Now we would like to make some comments on hypothesis (H2). This condition comple-
ments hypotheses (H1) and it also expresses the slow decay of uy. Actually, we observe that
any power ug(z) = x7° satisfies also (H2). More generally, any function uy € C*([&, 0)),
decreasing and convex in [€y, 00), such that

| UO(x) |: 10) <l) as T — 00,
x

uo(x)

satisfies the hypothesis (H2).

Theorem 2.4 and Corollary 2.5 complement the results by Cabré and Roquejoffre, where
they estimate the asymptotic behavior of solutions with front-like initial values which decays
faster than 272% as x — oo. In our case we assume the initial value decays slower than a
power 2%, with b < 20, the complementary exponents. In a sense we generalize to the case
« € (0, 1) results proved by Hamel and Roques in [29], replacing the Laplacian by the fractional
Laplacian.

Let us assume that the initial value is a pure power, that is, ug(x) = x~? with b < 2q, for
large. In this case we see that Theorem 2.4 implies that for all ¢; and ¢, such that
f'(0) /'(0)

=1 <o < <o
* 20 b ’

there is 7 such that for all z(t) € E\(t) we have
et < my(t) < et forall t > 7.

These observations are in contrast with the results of Cabré and Roquejofre [15], where they
showed that all solutions with front-like initial conditions decaying slower that x~2%, spread at
an exponential speed c, independent of further properties of ug. In our case, using comparison
principle and the discussion given above, we see that solutions with front-like initial conditions
decaying slower than 2%, with b < 2q, spread at an exponential speed f’(0)/b, which is larger
than c, and depends explicitly on the exponent .

In this sense, our results show that the exponent 2« is a critical exponent. If the initial value
decays faster than 2% then the exponential speed is c, and if the initial value decays slower
than %, with b < 2aq, then the exponential speed is f/(0)/b or larger. Above the exponent 2q,
the solution’s speed of propagation starts getting influenced by the initial value, propagating
faster the slower the decay is.
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2.4. The lower estimate

In order to prove Theorem 2.4 we need to obtain an upper and a lower estimate for the set £ (t)
for ¢ large. In this section we obtain the lower estimate. It is important to notice that in getting
the lower estimate we do not require the initial condition satisfies hypothesis (H1) and (H2), but
only (2.4) and (2.5).

Proposition 2.6 Letr o € (0,1) and let u be the solution of (2.1)-(2.2), where f satisfies (2.3)
and the initial condition ug satisfies (2.4) and (2.5).

Then, forany ' > 0, A € (0,1) and 6 € (0, f'(0)), there exists a time T, = T7,(\, ", §) > t),
such that
Ex(t) Cug'{(0,Te VO v > 7, (2.14)

For proving this proposition, we first prove a lemma where we construct an appropriate sub-
solution of (2.1)-(2.2) which will enable us to prove the lower bound for small values of A\. Then
we will show that such an estimate can also be done for the remaining values of A € (0, 1).

Let us start setting up some notation. Given § € (0, f'(0)) we let d and ¢’ be such that

f/(O) I el /
de(l,m) and ¢ = f'(0) —d(f'(0) —9).

We notice that ' € (0, f’(0)), so we may choose p such that
f1(0) =& < p < f(0).

Next we let so € (0, 1) be such that f(sy) = psp and we choose 7 > 0 such that &, € R and
uo(&x) = e PTsg implies &, > & and & > 0 and

1= > 2B, (2.15)
Now we state a lemma on the existence of a small sub-solution.

Lemma 2.7 There is T > 7+ 1 and a sequence of continuous functions u,, : [(n —1)T,nT| —
[0, so|, for n > 1, such that

u, (0,2) < wo(x) forall ze€R, (2.16)

(u,)e + (=A)u, = pu, in ((n—1)7T,nT) xR, (2.17)
U, (nT,z) < w,(nT,z) forall xR, (2.18)

lim w,(nT,z) = s (2.19)

T——00

and w,,(t, x) is non-increasing in x € R forallt € [(n — 1)T,nT).
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Proof: Let € > 0 be such that ¢ < inf_, ¢ uo and let & € R be so that uy({) = ¢ and
up(z) < e for all x > £. By making ¢ smaller if necessary, we may assume that { > 0 and we
can choose T' > 7 + 1, such that ¢ = e *T's; and let us define uy(x) = inf(ug(x),c). We let u,
be the solution of the equation

(w)e + (=A) " = py
u (0,2) = uy(w).

This solution is given by

w(t,x) = e / Pt — y)uo(u)dy,

so that, by the election of ¢ and 7', we have that u,(t,x) < s for all (t,z) € [0,7] x R.
Moreover, we have

lim w,(7,z) = lim e”T/p(t, 2uy(r — 2)dz = el'e = sy.
R

T——00 r——00

Furthermore, since u,, is non-increasing, we see that for z; < x5, we have
t
u(t,xy) = € /p(t, 2)ug(r) — 2)dz
R

> o / Dt )22 — 2)dz = uy (¢, ),
R

for all t € [0,7]. Thus u,(t,z) is non-increasing in x for all ¢ € [0,7]. Now we perform a
recursive process to define u,, given u,,_,, for all n > 2. We let

Qo,nfl(@ - inf(gnfl((n - 1)T’ :L‘), 6>’

where u,,_,((n — 1)7,-) is non-increasing and u,,_,((n — 1)T’, —00) = s¢. Then we define u,,

as the solution of

(u,)e + (=A) ", = pu,
gn((n_l)TVI) = QO,n—l(x)a

for (¢,x) € [(n — 1)T,nT] x R. This solution may be written as
uy(t2) = O [yt (0= T, g (1),
R

so that, by the election of £ and 7', we have that u,, (¢, z) < s¢, forall (¢,z) € [(n—1)T,nT|xR.
Moreover, by definition

gn((”‘ o 1>T7 .T) = QO,n—1<x) < gn—l((“ o 1>T7 LU), forall z € R.
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We also have

lim wy, ;(nT,z) = lim " / pt, 2)ug, 1 (x — 2)dz = e”"e = s
R

T——00 T——00

and, since u,,_,((n — 1)T',-) is non-increasing, for x; < x5, we obtain

wyltz) = I [ gt (- DT 2y (o - )z
R
> 000 [ it (0= T2 2 = 2 = (1)
R

Thus, w,, is non-increasing in z € R for all t € [(n — 1)T,nT. O

Remark 2.8 We may define the function u : [0, +00) x R — [0, so] in such a way that, for all
integer n > 1,
u(t,z) =u,(t,x) for (t,z) € [(n—1)T,nT) xR.

Since for all integer n > 1 the function u,, satisfies

(u,)e + (—=A)u, < f(u,) in ((n—1)T,nT) xR.

—n

we may use the Comparison Principle to find that
u(t,x) <wu(t,z) forall (¢t z)€[0,00)x R. (2.20)

We finally observe that, from the monotonicity property of the functions w,,, the function u is
non-increasing in z € R for all £ > 0.

We are now in a position to prove Proposition 2.6.

Proof of Proposition 2.6: Using the notation as in the last proof, we let w be defined as

eiT [ uy(€ — s73%)

“TB Jy 1t [s|iee

(2.21)

We observe that w does not depend on A nor I and that 0 < w < s. In order to see this last fact
we recall that 7 < T, d > 1 and C, < 2B, where C,, was defined in (2.11) and B is given in
(2.9). Then

P 1 p

ed” [ uy(§ — sT2a) ed’C, Ca
— < ——5p < Sp. 222
B J, 1t |s|ite @ =Top ST 2:22)

w =
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Next, for each ¢ € [T, 00), we consider the equation for y € [£, 00)

it [* (= s 2.23
B/O 14| s [r2e 0T (2:23)

The function G : [, 00) — R given by

1
* gy — s720)
Gy) = =02 ds Yy e[ 00
(v) /0 Ea D y € [¢, 00)
is clearly continuous and non-increasing, since v, is continuous and non-increasing. Moreover,
by definition of £ we see that G is decreasing in [{, 00). Consequently, for every ¢ € |1, 00),
equation (2.23) has a unique solution that we call y,,(¢), defining a continuous function y,, :
[T,00) — [£,00). We see that y,, satisfies y,(7) = £ and it is increasing.

Now we consider the open set {2 defined by
Q= {(t,7) € (1,00) x Rz < y.(t)}

and we claim that infg « > 0. To prove the claim, we first look at OS2 that consists of two parts:
the set of all points (¢, z) for which ¢ € (7,00) and = = y,,(¢) and the set {7} x (—00, y,(7)].

i) In the first case, when t € (7,00) and © = y,(t), there exists n € N such that { €
[((n —1)T,nT). Since u,,,_,(x) in Lemma 2.7 is non-increasing we have that

Q(t7x) - Un(t7ZL’) - ep(t—(n—l)T) /p(t - (n - 1)T,ZL’ - y)go,nfl(y)dy
R

> =0T [ (0= )T, 2)ug,,_y (¢ — 2)dz
0
Caeﬂ(t*(nfl)T)
> Tﬂo,n—1(x)-

In case that u,,, ,(z) = €, we conclude that

Caep(t_(n_l)T) Ca€
t > > .
uft,z) 2 9B~ 2B

Otherwise, we have that v, ,, (7) = u,_,((n — 1)T, ) and then, as before we obtain that

O, erlt—(n-1)7)
Q(t $) > Tyn—l((n - 1)T7 Jf)

Caep(t—(n—Q)T) 00
= T/ p(T, Z)Qo,n—z(f —2)dz
0

.\’
> (ﬁ) ep(t_(n_Z)T)ﬂo,n—2($)'
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Again, we have two cases. If u,,, ,(z) = ¢, then we conclude that

.\ .\
> —a p(t—(n—2)T) > o pT
uft,x) = (ZB) € £ = 2B ©*

C.e=drr\ (O e C.e
> > .
= ( 2B )(23)-23’ (2.24)

where we have used (2.15). Otherwise, we have that v ,, (7) = u,,_5((n — 2)T, x) and then
as before we have

C.,\?
u(t,z) > (ﬁ) DDy ()T, ).

Repeating this procedure, we will either reach

(t ) > Cag
U x
7 - 2B

as in (2.24), or we would have that = satisfies uy () # ¢ forallm € {1,2,3,...,n — 1}. In
the later case we have that u, ; (z) = u, (7', x) and then

C n—1
ute) = (g55) T

n—1 pt 0o . i
> (S 1/‘%Q;£Jm
2B B Jo 14 |s|-2e

n—1 Ly 0o L
(Ca> o= Hp(n-1)7 7 / U (Yo (t) — 57'2“)0[8
0

2B B 1+ | s [1+20

Ce-2rr)\ "
= T w > w.

Summarizing, we have obtained that

Ca
u(t,y,(t)) > min(Q—BE,w) forall ¢t>r.

i) In the second case, that is when ¢ = 7 and # € (—o0, y,(7)], we have that z — sT2a <
Yo (T) — s72a = £ — s72a, hence

p’T o0 _ %
uh@:%ﬁw)zf_/ Up(2 — 8T30)

B J_ 14| s |t

P 1

ed” [ uy(§ — s72)
> — - ds=w > 0.
— B /0 1+ | S |1+2a § w
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This completes the analysis on the boundary of €2. To complete the proof we consider (¢, z) € €2,
thatis, ¢ > 7 and « < y,,(t). Since u(t, -) is non-increasing for each ¢t > 7, from i) we deduce

that
u(t, ) > ult yo()) > min( 22 )
= ) —_— = ) yw - 2B Y *
Thus, we have found 8 > 0 such that
u(t,z) >u(t,z) >0, V(t,z)eN (2.25)

Now we can get the upper estimate for A € (0,6). Let z € E,(¢) for t > max(7,t,), then we
have

> y(t) > €. (2.26)

In fact, let us assume that < y,,(t) then (¢, z) € € and, by our estimate above, we have that
u(t,z) > 6. On the other hand, by definition of E(¢) we have u(t,z) = A. Since A < 0, we
obtain a contradiction.

Thus, from (2.26) we have that, for all ¢ > max(7,t,) and x € E\(t)

Bue = / Lolwult) —575) ;. / uy(w — s75)
0 0

I+ [ s 720 Lt s [
- QD(LU) Ca Ca
= /0 1+ | s [T+ ds = 720(@ = 7“0(1’)7 (2.27)

/

where the last equality holds since x > &. From (2.27) and since I' > 0 and p > f/(0) — ¢,
there exists 71 (A, I', ) > max(7,t,) such that for all ¢ > 7 (A, T',0) and = € E\(¢),

2B
up(z) < “Z e it < spe”dt < Te

«

/ 4
O

Here we used (2.22). But, by definition of &’ we have £ /(Uc)f‘sl = f'(0) — 0, then we conclude
that forall t > 7 (\,T',0) and x € F)(t)

up(z) < De=W'O=0)t,

In order to complete the proof of the proposition, let us now consider A € [0, 1). Let u, , be the
function defined by

0 if 2<0
ugo(z) =4 0(1—2) if0<z<1
0 if z>1
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and denote by u, the solution of the Cauchy problem (2.1)-(2.2) with initial condition u, . It
follows from (2.25) that

u(s, ) > uyo(r —yo(s) +1) forall (s,z) € [r,00) xR,
and then, using the Comparison Principle, we obtain
u(s +t,x) > uy(t,xr —y,(s)+1), forall (s,x) € [r,00) x Randt > 0.
Now we consider 0 < ¢ < ¢, = % and we use Theorem 1.5 of [15] to find T} > 0 such that

ug(Ty, z) > A forall 2z < e,

We observe that 7 may depend on 6, and thus on ¢, but does not depend on s. Directly from
the last two inequalities we get

u(s +Ty,x) > A, forall s¢€[r,00)andz < e +y,(s) — 1

As a consequence we have that for all t > max(7 +T),t)) and x € F)(t) we obtain x — y,,(t —
Ty) + 1 > e In fact, if v — y,(t — Th) + 1 < e, using that 7 < t — T, we see that
A =u(t,x) = u((t — T\) + Th,x) > A, which is a contradiction. Thus, for such ¢ and z, we
have z — y,,(t — Ty) > e¢“™> — 1 > 0 and hence = > y,,(t — T)). As a consequence,

0 1+ | s [1H2e o 14 |s |t
00 U, ([E) (ON C,
> [ s = () = S,

Here, the last equality is satisfied because x > £. Now we conclude as in the other case,
since I' > 0 and p > f’(0) — &', there exist 7o(A, [',d) > max(7 + T),t,), such that for all
t > 1o(\T,0)and z € E\(t)

2B L(t=Ty)

up(x) < —we™d
«

<Te” PO Le(F(0)-9),

We complete the proof of the proposition, choosing
Tu(A, T, 0) = max(m (A, T, 0), (A, T, 6)). O

The proof of Corollary 2.5 follows from Proposition 2.6, finding a suitable initial condition
that satisfies (2.4) and (2.5). This proof follow closely the ideas by Hamel and Roques in [29].

Proof of Corollary 2.5: Let x : [0,00) — R be any locally bounded function, then there exists
a continuous, increasing function g : [0, 00) — R such that

g(z) > x(2z), Vz>0.
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Denoting by ¢! : [¢(0),00) — [0, 00) the inverse of g, we define uy : R — (0, 1] as
UO(I) = 6—f’(0)g_1(x) Vo > g(o>

and extended by one, to the left of g(0). We easily see that uy € Cy;,y, is decreasing and that it
satisfies (2.4) and (2.5).

Let u be the so/lution of Cauchy problem (2.1)-(2.2) with initial condition u( and let A €
(0,1) and § € (0, @) Moreover, let us consider 7, > 0 large so that

e O=m < 4(g(0)). (2.28)

It follows from Proposition 2.6 with I = 1, that there exists 75 > max(7y, t5) such that
y = uy (e VO vt > 7y Wy € Ex(1)
Therefore, from (2.28) we conclude that, for eacht >

min E5(t) > g (%t) > o(4) 2 (). 0

2.5. The upper estimate and proof of Theorem 2.4

In this section we prove the upper bound for the set £, (¢) and we complete the proof of Theorem
1.2. The proof of the upper bound is obtained by constructing an appropriate super-solution of
(2.1)-(2.2). The construction of such super-solution strongly relies on the hypotheses (H1) and
(H2). Precisely we prove

Proposition 2.9 Ler o € (0,1) and let u be the solution of (2.1)-(2.2), where f satisfies (2.3)
and the initial condition ug satisfies (2.4), (2.5), (HI) and (H2).

Then, foranyy > 0, A € (0,1) and 6 € (0, f'(0)), there exists a time T, = T4(\, 7, 0,b) > t
such that
Ex(t) C ugH{[ye O A1) vt > 7.

Proof. Let u be the solution of the problem

u+ (=AY = f(0)u
u(0,x) = wg(x),

that can be expressed as

u(t,z) = 'Ot / p(t,z — y)uo(y)dy. (2.29)

R
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By the assumptions on f we see that u is a super-solution for (2.1)-(2.2) and then, the Compa-
rison Principle implies that

0 <u(t,z) <u(t,x), V(t,z)el0,00)xR.

Since b < 2q, there exists a > 0 small enough, such that a + b < 2. Let A € (0,1) and
5 € (0, f/(0)), then there exists 77, = 71(A, d,b) > ¢, > 1, such that for all £ > 7 we have

A ’ 8B2 )
—f(0)t . —b Ly
s52° 0 < xe(l_ncxf)@){uo(:z:),fo } - <¢ (2.30)

a 1

8B2%\ 2t af’(0), 1 t o\ 2
— a — | — . 2.31
(A) o >p—1(OéB) R

Here B is the constant appearing in (2.9) and p is given in (H2). Let ¢ > 7, and let us denote by
€ > 0 the number such that

and

4B O = 2,

2
By (2.30) it is possible to find £ € [, 00), such that uy(§;) = &, we assume that &; is the
largest number with that property. Then, let us choose £ > 0 big enough, such that

R | Be
/E a8 =

and we define & = & + fti. For x > & we estimate the values of (¢, z). From (2.29) we
have that

(2.32)

o) poo y
a(t,z) < B uy) dy < Be!'O4([1 4 I2)
t2a —o0 14+ | (Q; — y)t_% |1+2a
where -
n-_L o(@)
tae Jooo 1+ | (z — y)t—2a M2
and

79— L/Oo | uo(y) — uo(2) |

t2e Jooo 1+ | (z — y)t—2a 120

Calculating the integrals separately, we have

> 1
11 = UO(.I') /;OO mdr = CQUO(CC) < BUO(.CC)
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For I2 we recall the definition of &, £, € and we notice that x — stza > & — 525% = & for all
s € (—oo, &]. With a change of variables we have then

12 = /E luo(l’—smla)—uo(ﬂﬁ)|d8+/oo|uo($—5t21“)—uo(l‘)|d8
I+ | 5 |tH2e ¢ 1+ | s |H2e

— 00

< 2/g ! d—i—?/oo ! d
£ ———as ———as
— 7001_|_‘8’1+2a ¢ 1+’8‘1+2a

< 2eB+¢eB =3¢B.

Therefore,
u(t,r) < B2 O (ug(z) +3¢) Vo > &,

From here we obtain that y < & for all y € FE\(¢). In fact, if y > & and y € FE,(¢), then
y =& > & and

/ ! ! >\
A =u(t,y) < B2 O ug(y) + 3¢) < B2/ O (ug(&,) + 3¢) = B2/ O4e = 5

which is a contradiction. Since ug(&;) = €, from (H1), (2.31) and (2.32) we see that

s . [(8B2\™ uo, 1 £\
1"“ Z g 2ab — _— € 2ab Z _ .
A (p—1) \aB

From here, since £ < uo(£;) = ¢ and by the choice of 7; and £, we conclude that

& = & +&tm =6+ (é) - (Uo(ﬁl))_i

1

1 2a 1 b a b
< §1+<E) t2lpe <&+ (p—1)60E0 < péa.

Now, if &, is such that uy(&) = e~("O+3) then since e~ @+2)t < £ by (2.30) and (2.32),
we have that §; < &. Therefore, for each y € E\(t)

uo(y) > uo(&) > g (péa) > kug (&) = ke " OF2)

Finally, making 7, = 7,(,~, d,b) > 71(\, 0, b) larger if necessary, we may assume that if t > 7,
then e2! > 1 and we find that

Uo(y) S {[76_(f,(0)+6)t7 1]}a Vt Z Ty- O

Thanks to Proposition 2.6 and 2.9, we can prove Theorem 2.4 on the behavior of level sets
for large times, expressed in terms of the decay of the initial condition.

Proof of Theorem 2.4: 1t follows directly from Proposition 2.6 and 2.9, taking
T=7(\T,7,0,b) = max(r,, 7). 0
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Chapter 3

Exponential propagation for fractional
reaction-diffusion cooperative systems

Work in colaboration with Anne-Charline Coulon.

3.1. Introduction

In this chapter, we are interested in the large time behavior of solution u = (u;)!™, with m € N*,
to the fractional reaction diffusion system:

Oui(t,x) + (=) %u(t,x) = fi(u(t,z)), V(t,z)€RL xR? 3.1)
ui(0,7) = wug(w), Vr € R? (3.2)

where «; € (0,1] foralli € {1,...,m} with at least one «; # 1. As general assumptions, we
impose the initial conditions u; #Z 0 to be nonnegative, continuous and bounded by constants
a; > 0 and satisfy

ugs(x) = O(|z|~14+29)) a5 |z| — oo,Vi € {1,...,m} (3.3)
The functions f; satisfy

f; € CY(R™) and %ﬁ“) >0 Vi#j (3.4)
J

i.e., the system (3.1)-(3.2) is cooperative. Moreover, we assume f;(0) = 0.
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The aim of this chapter is to understand the time asymptotic location of the level sets of
solutions to (3.1)-(3.2). We show that the speed of propagation is exponential in time, with a
precise exponent depending on the smallest index « := min;(«;) and of the principal eigen-
value of the matrix DF'(0) where F' = (f;)7,. Also we note that it does not depend on the
space direction. Moreover, we prove that the solution u(¢, ) of (3.1)-(3.2) tends to the smallest
positive constant steady state solution, as ¢ — +00.

For what follows and without loss of generality, we suppose that o;.1 < «; for all ¢ €
{1,...,m — 1} and we set @ := «,, < 1. Before to state the main results, we need some
additional hypothesis on the nonlinearities f;, which allow us to identify precisely the propa-
gation speed of solutions, also note that this hypothesis are compatible with strongly coupled
systems.

(H1) The principal eigenvalue A; of the matrix D F'(0) is strictly positive.

There exist positive constants ¢; and d5 such that

(H2) Df;(0)u — fi(u) > cul™.

(H3) Dfi(0)u — fi(u) < cllul|'**=.

(H4) F is concave, DF'(0) is a symmetric matrix and 8?—59) >0 foralli € {1,...,m}.

where &1, 0, > 72— and | - || in (H3) is any norm on R™.

Before going further on, let us state at least one example of nonlinearity F' satisfying (3.4),
(H1), (H2), (H3) and (H4). Let consider

_ 1—u‘1§ 2 Up . o w
F(u)-( 5 1—ug>(u2> w1thu—(u2

Indeed, F satisfies (3.4), F'(0) = 0, the principal eigenvalue of DF'(0) is A; = 3 and satisfies
(H2) and (H3) with §; = 05 = 9, also F is concave and DF'(0) is symmetric.

Moreover, we consider the Banach space
Co(R?) := {w is continuous in R? and w(z) — 0 as |z| — oo}

with the L>(R%) norm and we set Dy(A;) the domain of the operator A; = (—A)% in Cy(R?).
In what follows we assume that ug; € Dy(A;) foralli € {1,...,m}.
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Now we are in a position to state our main theorems, which show that the functions move
exponentially fast for large times.

Theorem 3.1 Let d > 1 and assume that F' satisfies (3.4), (H1), (H2) and (H3). Let u be the
solution to (3.1)-(3.2) with uq satisfying (3.3). Then:

a) for every p; > 0, there exists a constant ¢ > 0 such that,

A
wi(t,x) < pi, forallt > 7 and|z| > cea’

b) there exist constants ¢; > 0 and C > 0 such that,
u;i(t,x) >¢e;, forallt>T1and|x| < Cebat
foralli € {1,....,m} and T > 0 large enough.

To state the following result, we consider ¢ the positive constant eigenvector of DF'(0)
associated to the first eigenvalue A, where F' = (f;)",. Thus A; > 0 and ¢ > 0 satisfy

(L = DF(0))¢ = —Mo
¢>0, [ol =1
where L = diag((—A)*, ..., (—=A)*). Now, let consider the problem
Xe(t) = F(x(t))
X:(0) = e¢

thus, there exists ¢ > 0 such that, for each £ € (0,¢’) we can find a constant v > 0 satisfying
Xe(t) / ut ast — +oo, also F'(ul) = 0. We define

u" = inf ul

e€(0,e’)

since F is continuous, we deduce that F'(u™) = 0. Also, since the function F' is positive in a
small ball near to zero, we have that u+ > 0.

Moreover we assume that the initial condition u satisfies
u <u"  in R? (3.5)

Theorem 3.2 Let d > 1 and assume that F satisfies (3.4), (H1), (H2), (H3) and (H4). Let u be
the solution to (3.1)-(3.2) with ug satisfying (3.3) and (3.5). Then:
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a) Ifc < diéa, then

D Pl 2) =] =0

b) Ifc> diéa’ then

lim sup w;(t,z) =0
40 g zeet

foralli e 1,....m.

The plan to set the Theorems 3.1 and 1.22 is organized as follows. First, we present some
preliminaries in which we prove the existence and uniqueness of mild solutions for cooperative
systems and also we state a comparison principle for this type of solutions, these results are
based in the proofs established by Cabré and Roquejoffre in [15]. Moreover, we set algebraically
upper and lower bounds for the solutions of (3.1)-(3.2), the computations are based on the results
stated by Cabré, Coulon and Roquejoffre in [16]. The proofs of Theorems 3.1 and 3.2 rely on
the construction of explicit classical subsolutions and supersolutions.

3.2. Mild solutions and comparison principle

In this section, we prove the existence of unique solution of the system (3.1)-(3.2). In order to
prove this, we recall the notion of mild solution for the nonhomogeneous linear problem

ﬁtui—l— (—A)aiui = hz(t), in (O,T) (36)

where T > 0, up; € X, and h; € C([0,T], X) are given, where X is a Banach space. The mild
solution of (3.6) is given explicitly by Duhamel principle:

t
ul(t) = ﬂ,inZ’ +/ E757ihi<8)d8 (37)
0

forall ¢t € [0, T, where

Tawe) = [ pltowls =iy = [ pilto = puy

n

and p; is the fundamental solution of (3.6) which satisfies

a) p; € C((0,+00), R).

b) pi(t,z) > 0and [, p;(t, x)dx = 1 forall t > 0.
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c) pz(t ) * pi<s7 ) = pl(t + s, ) forallZ,s € Ry
d) If a; < 1, then there exists B > 1 such that, for (t,z) € R, x R:
B! B

S pi(tv ZE) S 1 1
L+20;) t200 (14 | ot 2

T 1 (3.8)
1200 (14 | ot 2

1+2ai )

For more information about operators 7} ; see section 2 of [15]. So, from the equation (3.7), one
easily checks that u; € C([0,T7]; X).

Now, we consider G : [0,00) X X™ — X™, G = (G;(t,u))", be a function that satisfies
foralli € {1,...,m}

G; € CY([0,00) x X™; X) (3.9)
G(t,-) is globally Lipschitz in X™ uniformly in ¢ > 0. (3.10)

we note that X™ = [[" | X with the product norm ||u||x= = Y ", ||u;]| x is a Banach space.

Given any 7' > 0, we are interested in the nonlinear problem

du+ Lu = G(t,u), in(0,T) 3.11)
u(0) = wug

where L = diag((—A)*, ..., (=A)*) and u = (u;),. It follows from (3.7) that
t
u(t) = Tyug +/ T;—sG(s,u(s))ds (3.12)
0

where T; = diag(T}1, ..., Tt,m). Now, we will use a fixed point principle to prove that (3.12)
has an unique solution. Define the map

t
Ny, (w)(t) := Tyug +/ Ti—sG(s,u(s))ds (3.13)
0

It is easy to check that
N, : C([0, T]; X)™ — C([0,T]; X)™

where C'([0,T]; X)™ = [[;~, C([0, T]; X) is the product space. We claim that N,,, is Lipschitz
in C([0,T]; X)™. Indeed, let u,v € C([0,T]; X)™, so

[[Nug.i(u) () = Nugi(0) ()] x < /OIITt—s,i(Gz’(U(S))—Gi(v(S)))llde

IA

/O ITe—sillllGiu(s)) = Gi(v(s))l| xds
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< MLipa(Gy) / lu(s) — v(s)|| xrds

t m

= MLip(G) [ 3 (o)~ vy(s) s
0 j=1

< tMLipy(Gi)llu — vllogoryxm

where M = sup;e(o 7y MaXic{1,...m} || T3] So, from the above computations, taking the supre-

.....

mum in [0, 7] and adding in ¢ € {1, ..., m}, we have that

=1

| Nuo (1) = Nuo (V) ||l o, xym < TM lu — vl eo,r)x)m

thus N, is Lipschitz with constant M T[> | Lip,(G;)]. Recall that for any strongly conti-
nuous semigroup, we have that ||7; ;|| < C;e“* for some constants C; and w;. Now, it follows
by induction that (N, )" is Lipschitz in C([0, T']; X )™ with Lipschitz constant

where k is any positive integer. This constant is less than 1 if we take k large enough. Then, we
conclude that V,,, has a unique fixed point.

(MT)*
k!

Moreover, if we consider the sequence of functions (N,,)'(u®) € C([0,T]; X)™, it is easy to
see that there exist u € C'([0, T]; X)™ such that

= lim (N,)"(u°) (3.14)

1——+00

where uo(t) = Tiuyp, also, the limit u is the unique fixed point of N,,, and so, the unique mild
solution of (3.12) for all 7" > 0.

Given 0 < 7' < 7", the mild solution in (0, 7") must coincide in (0, 7") with the mild solution
in this interval, by uniqueness. Thus, under assumption (3.9)-(3.10), the mild solution of (3.11)
extends uniquely to all ¢ € [0, 00), i.e., it is global in time.

Moreover, let u = (u;)!", the unique solution of (3.12), if we define
Hl(t, U)) = Gl(t, ULy eeey Uj—1, W, Ujt 1y -y um)
we have that

H; € C'(]0,00) x X; X) (3.15)
H;(t,-) is globally Lipschitz in X uniformly in ¢ > 0. (3.16)
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Consider now the problem

w+ (=A)%w = H(t,w),  in(0,T) (3.17)

Following the computations in section 2.3 of [15], we conclude that this problem has a unique
mild solution in C([0, T]; X') given by w = w;. Thus, if the initial datum belongs to the domain
of A; = (—A)% denoted by D(A;), we have further regularity in ¢ of the mild solution u; =
u;(t). Under hypothesis (3.15)-(3.16) (here the continuous differentiability of H; with values in
X is important), the mild solution w; of (3.17) satisfies

u; € CH([0,T): X) and u;([0,T)) C D(A;) if ug; € D(A;) (3.18)

and it is a classical solution, i.e., a solution satisfying (3.17) pointwise for all ¢ € (0,7"). Doing
the same procedure for all i € {1,...,m} and for all " > 0, we conclude that u = (u;)!", is a
classical solution of (3.11) global in time.

Now, we set a useful fact that we need in the followings computations. If u is the solution
of the system (3.11) with ug € X and G satisfying (3.9) and (3.10), then u(t) = e u(t) is the
mild solution of the system

dii+La = G(t,1) (3.19)
ﬂ(O) = Up

with G;(t, @) = at; +e™G,(t, e=%) and @ € R. This fact is proved in the same way as in [15].

We now apply all these facts to problem (3.1)-(3.2). Recall our standing assumptions for
the nonlinearities (f;)”,, from hypothesis (H2), we deduce the existence of a positive vector
M = np with n > 0 large enough and p; = 1 forall i € {1,...,m} such that F/(M) < 0 and
uy < a < M. Now, we extend f; outside of a compact set of R™ that contains [0, M| to ensure
that:

fi € CY(R™) is globally Lipschitz, f;(u) is nondecreasing in all components of u with the
possible exception of the i one and D f; is uniformly continuous in R™.

We consider the Banach space X = Cy(R?) and taking G;(t,u)(x) := fi(u(x)) we can ve-
rify (3.9)-(3.10). We use that D f; is uniformly continuous and f;(0) = 0 to check that the
map u € Co(R)™ — fi(u) € Cy(R?) is continuously differentiable. Thus, by the previous
considerations, there is a unique mild solution v of

o+ Lu = F(u), in (0,00) x R? (3.20)
u(0,) = w
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for data ug € X. Moreover, if the initial datum w in (3.20) belongs to the domain [ )", Dy(A;),
where Dy(A;) is the domain of A; in Cy(R?). Then the mild solution u of (3.20) satisfies (3.18)
forall i € {1,...,m} and for all T" > 0, with D(A;) = Dy(A;) and it is a classical solution
global in time.

Before to state the upper bound for the solutions, we need to establish a comparison principle

for mild solutions.

Theorem 3.3 Let 12 = (f*), with f1? € C'(R™) functions that satisfy (3.4), globally
Lipschitz. Let u'? = (ul1 ’2)?;1 mild solutions of
o' + Lu' = F*(u'), 0ow® + Lu® = F*(u?)
If foralli € {1,...m}, f} < f?inR™ and
u; (0,-) <ui(0,-), belongtoX

)

then
ug (t,r) < ui(t, ) Y(t,z) € [0,00) x R%

Proof. Taking a = max{max;{Lip(f})}, max;{ Lip(f?)}}, we define
fI(t,v) = av; + e fI (e~ ), Vie{l,..,m},j=1{1,2}
The function fz’ is nondecreasing in its second argument, indeed

of!

ov;  Of
avk +

90, " Fur (w), withw = e v and j = {1,2}

(t,v) =a
thus,

- if £ =14, then g—ﬁ(t, v) =a+ g—i(w) > 0, by the choice of a.

- if k # ¢, then %Z(t,v) = %(w) > 0, since f/ satisfy (3.4) for all i € {1,..,m} and

Jj=11,2}.

Moreover, since f1(-) < f2(-), we have f1(t,) < f2(t,).

Now, let consider the system

ot + L = FI(W) (3.21)

’11](0,') = Ué
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by the previous section, we know that @/ (t, z) = e*u/(t, z) is the solution of the system (3.21)
for each j = 1,2, where v/ is the solution of the system (3.21) with F” replaced by F7. There-
fore, it is enough to prove that @' < @?.

Consider the mapping N’ for j = {1, 2}, defined by
N (w)(t,-) = Tyu(+) +/ Ti—sF7 (s, w(s,-))ds (3.22)
0

Taking u®(t,-) = T,ul(-), we know that @/ = lim,_ ;. (N7)"(u%7), thus, using a standard
induction argument, we only need to show that (N1)"(u%!) < (N?)*(u*?) on [0, 00) x R? for
all n.

Since uj < ug, then u”' < u”? on [0,00) x R% Now, suppose that (N')"(u') <
(N?)"(u®?); and by previous considerations, we have

fHs (N (™) < f (s, (N (@)

and

Fi (s (N (™) < fi(s, (N)" (™).
Thus, forall i € {1,...,m}

(N @0 = NN (0] = Thdi() + /0 Ty i P2 (s, (V1) (u®))ds
< Toad()+ /0 Ty F2(s, (NVY" (u01))ds

< Toad() + / Ty J2 (s (V) (u02))ds
= NZ[(NY)(02)] = (N2 (u0?)

Hence,
(Nl)n+1(u0,1) S (J\[2>n+1(u0,2)7 \V/(t, SL’) c [0, OO) % Rd

0

Remark 3.4 If we suppose f! < f? in R and 0 < v;(0,-) < u#(0,-) forall i € {1,...,m},
we obtain the same result as in Theorem 3.3.

Since F'(0) = 0 by the previous theorem, we conclude that the solution of the system (3.1)-(3.2),
satisfies u;(¢,r) > 0 forall (¢,2) € [0,00) x R4
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3.3. Finite time estimates

3.3.1. Upper bound

Now, we are in position to establish an algebraic upper bound for the solutions of (3.1)-(3.2).
Since u = (u;)!", is the mild solution of system (3.1)-(3.2) with the extended function f; €
C(R™) which is globally Lipschitz for all i € {1, ..., m}, we have that

dfi
(9uj

(5)‘ < Lip(f;), VéeR™andi,je{l,...,m}

-----

for all w > 0. Let us consider v = (v;)!", the mild solution of the following system

ov+Lv = Bv (3.24)
v(0,-) = g

where B = (b;;)"_; is amatrix with b;; = L forall 4, j. By (3.23) and Remark 3.4, we conclude
that u < v. Moreover, since uy belongs to the domain [[;"; Do(A;), we have that u and v are
classical solutions.

Taking Fourier transforms in each term of system (3.24), we have

Oi§(v) = (A(E]) + B)§(v)
§(v)(0,) = §(uo)

where A(|€|) = diag(—[£[**1, ..., —|£]**). Thus, we have that
F(0)(t,€) = DT F o) (€)

and then
u(t,z) < v(t,z) = F H(eAIEDTB) woy(x) (3.25)

In what follows, we prove that for each time ¢ > 0, the solution of the system (3.1)-(3.2)
decay as |z|~?72* when |z| is large enough, due to the inequality and convolution in (3.25) and
since 1 satisfies (3.3), we only need to prove that each term of the matrix ' (e(A(€)+5)*) has
the desired decay. To do this, we use the technique of rotating the interval of integration by a
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small angle, in order to simplify the calculus at the moment to bound the integral that appear
in the previous Fourier transform. Hence, before to establish the upper bound, we state the
following lemma, which will help us to prove that the integral over R? is equal to the integral
over ¢“R¢ for some ¢ small enough, i.e., the bounds for the entries h; ; of eAM+B)t which
appear in Lemma 3.5, decay fast enough, hence we can prove that the integral over the arc
obtained when we rotate the integration line, converges to zero.

Lemma 3.5 Lete < ﬁ, then, there exist a constant ¢ > 0 such that

‘hi,j(t7 ei€r>| < e(c—r2&1 cos(2a1€))t7 Zf r<1 (3.26)
and

|hi,j(t7 eiETN S e(c—r%c cos(20c1€))t’ Zf r Z 1 (327)
forall t > 0, where e A+t = (h,(t, 7)1

Proof. Let consider the system

ow = (A(e“r) + B)w (3.28)

w(0,r) = e
where ¢; is the jth vector of the canonical basis of R™, thus, we have that

w(t,r) = AT o) = (hy(t, 7))

Multiplying (3.28) by the conjugate transpose w, we have that

Owaw = — Z e"2oREp20k g, |2 + Bw.w
k=1
thus .
1 2 20, 2 _ = 2
28t]w] + Zcos(Qake)r |wi|* = Re(Bw.w) < c|w|
k=1

for some ¢ > 0. By the choice of £ and using Gronwall Lemma, we get that for all j, & €

{1,...,m}

[ (£, )] < Ju(t,r)] < el et i p <

and
) 2«
|hk,j(t7 €Z€7’)| S \w(t,r)| S e(cfr cos(2a16))t’ Zf r Z 1

OJ

Now, we divide the proof of the upper bound in two cases. First, for the sake of simplicity,
we consider the one space dimension case to underline the idea of the proof. The higher space
dimension case is treated after and requires the use of Bessel functions of first and third kind.
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Lemma 3.6 Let d = 1 and let u = (u;)™, the mild solution of system (3.1)-(3.2), with initial
condition uq satisfying (3.3). Then, there exist locally bounded functions C; : (0,00) — R,
such that

ui(t,x) < i(t)

< Ty Vit>0,|z] >>1

forallie{1,..,m}

Proof. By the convolution (3.25) and since ug;(z) = O(|z|~(@*229) as |x| — oo, we only need
to prove that

Ci;(t
;5 (t, x)| < mdga Vi>0, |z >>1

foralli,j € {1,...m}, where §~* (eAUEDTBI) — ()™ and Cj; a locally bounded function.

Now, we state several facts. If we consider w(t) = e/Ze!4("), then w satisfies the problem

w'(t) = (A@r)+ Bw(t) + [P, A(r)]etA®

w(0) = Id
where [e!B] A(r)] = e!BA(r) — A(r)e!P, thus, by Duhamel formula we get
t
et(A(?“)-‘rB) _ etBetA(r) o / e(t—s)(A(r)—i—B) [GSB, A(?")]GSA(T)dS (329)
0
- O, -
Also, we remember the Wilcox Formula [48] which states
ae A(r)+B)t t
r - / (= AMNFE) () (5AC)E) g (3.30)
r 0

Let ¢t > 0, by the above formulas and integrating by parts, we have

g—l(e(A(KIHB)t) — /eiarse(A(IE)JrB)tdg:Q/oo cos(\:c]r)e(A(THB)tdr
R 0

00 1 (A(r)+B)t
_ _2/ sin(|x|r) Oe dr =1+ I+ I,
0

|| or
where
L = —2/ sin(jz|r) / C_ A'Cy(r)dsdr
o a
L = -2 /O . Smﬂc—‘f“”) /0 (=Cy JA'D,(r) — Dy JA'Cy(r) + Doy A'D,(r)) dsdr
Iy = =2 /|O|O(s % /t (—Cy_sA'Dy(r) — D;_sA'Cy(r) + Dy_yA'Dy(r)) dsdr
x 0
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with 0 € (1/2,1).

Let us begin with the computations of /;. By definition, we have that
Oy A'Cy(r) = =B et=9AM 4/ (1) esBesA)
and its entries have the form:
Z(C,Z (t, S)TQOAk—le_(t—S)TQQk )e—S’r'QOtj VZ"] c {17 o m}
k=1

where ¢f;(t, s) is some integrable function on s € [0, ¢] arising from products of the entries of
elt=9)B ande P, which have the form (m—1+e™"*) and (—1+e™"). Thus, set [y = ((I1)i;)]%=,
and take the change of variables u = r?*¢|z|?**, we obtain

t
* gin(|z a o
(1)l = : ‘:|IZ"|T / cij(t, §)r2onlem (b= Fem ™ dsdy
m z\a:|r - .
< Z Im( 7] / oy (t, s)r2orlemIr e stdr)‘
Tl Jo
k=1
“ 20% t > i 1/2a —2a [0 || 20
- Z x\1+2ak (/0 c?j(tas)/o el g (tmsyule] TR o —sut T o] Jduds)
k=1
denoting
0o o 1/20, —2ay, aj/ap) 1 —2a;
o :/ etu ef(tfs)u|x| e su || du
0
we have
m t
(20%)
|([1)i] = Z|x|1+2ak Im i cfj(t,s)akds
k=1
m - t
(204)~"
< Z 22 cij(t, s)|oklds
k=1
The integral o can be simplified by rotating the interval of integration by ¢ < min ( 5, 200, %) ,
thus, we get

oo
inl/2ay pie/2ay (4 —2ay, ie ]/ak —2a; zsaj/ak
oL :/ el e e (t—s)r|z| e o |z zadr
0
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hence

00
_p1/2a s —2ay, o0/ 20 )
|0k| < / e’ 51n(£/2ak)e (t—s)r|x| cos(a)e sri |z| Jcos(aaj/ak)d,r
0

IN

/ €_T1/2ak sin(€/2ak)d7’ = C<ak)
0

Now, since |z| > 1

(1)) = 3 2o Clow) [ ehitisgas < o)

|2 [1+20n || 120

where C'(t) is a locally bounded function on ¢ > 0.

Let continue with the computations of Iy = ((I2);){"—;, in what follows we consider the matrix
norm

D=

[A[] = maxy 1 [|Ay[|  with [jy] = [Z !%\2]
i=1

thus, forall i, j € {1,...,m}
[(12)ij] < 12|l (3.3

9 [lel™ ot
m/ / Gy A Dy || + | Dis A'C|| + | Doy A Dy||dsclr
0 0

computing each norm and since r € [0, |z|~°], we have that ||A(7)|] < 2% and ||A'(r)|| <
Cr?=1 thus

HctfsA/DsH _ He(t—s)Be(t—s)A(r)Al(r) / e(s—w)(A(r)—i—B) [QU)B, A(T)]ewA(r)de
0

< 28] A(r) | AGr) IO
< 90 seHIBIda—1

in the same way we prove that |D,_,A'C,|| < 2C(t — s)eU*IBNt4e=1 and || D, _ A'D,|| <
40(t — 5)se(HHlIBIDpGa—1,

By (3.31) and since § € (1/2,1), we conclude

2C o B sy o _CO)
[(12)i5] < W(t + g)e < z]i2a
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Now, we compute the bound for the first term of /5. Rotating the interval of integration by
e < min(r, 5-), we get

o : t 00 i|z|r t
I} = 2/ M/ Cy_sA'Dydsdr = 2Im (/ ¢ C’t_SA’DSdsdr)
| | 0

z|=9 |$| 0 z|=0 |ZL‘|

‘1—6 6

€ il e t ) )
= 2Im /e—/ Cy_eA'Dy(|z| %) x| i dsdh
0 2] 0
00 ei\xh“eia t ) )
+2Im / /CtsA/DS(re”)e”dsdr
||~ |Q?‘ 0

= 2Im(oq) + 2Im(oy)

Hence, to get a bound for oy = ((1);;);%—,, we need to state a bound for each term that appear
in (al)ij. By abuse of notation, we call o to each one of these terms. Hence, the general form

for o is
° Z‘ " 5 .= t— 28aij gi2ais6 —6(2a;—1) _i(2ct;—1)0
o= / / / t S)O(w) (t—s)|z| e |I| (205 )EZ( a;—1)

hp q(s —w, |:E]_5ei€)]:1:\_250‘1eiQO‘lee_w|x‘_%%ei2ake 2| %ie” dwdsdf

where C(t — s) and C(w) are positive and integrable functions. Now, since |z| > 1 and by
(3.26) of Lemma 3.5

—|z|* 9 sin(0 .
\Im(0)| < / / / (t—S)C('LU>€7(tis)|w‘ 2095 cos(2050) |$| 5(2a;—1)

el
plemr cos(2ane))(smw) | =20 g el T2 cos(2ak0) |0 gy s 1

1 5 t s
- - _ c(s—w)
|| 1200+ o) /0 /0 /0 C(t —s)C(w)e dwdsdf

C(t)

|x|1+2a

then, we conclude )
C(t
[Im((01)i)] < e
As in the proof of o1, we continue calling by o each term that appears in (02);;, thus, the general

form for o is

o _/ / / o C(t — 5)C(w)eCo)r 77, 2051 (205 1)
jaf =3 2]

hyq(s —w re'e)ri®etce ke
s )

—wrZ®ke

e dwdsdr
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then

7|x|1 d sin(e) ]
\Im(0)| / / / C t— S ) —(t—s)r?®i Cos(2a]~€)r2a]~71

_ 2ap,
|hpq(s — w, re™)|r2ote= v cosCare) gy d s dy

now, breaking the first integral in two terms and bounding, we have by (3.26) in Lemma 3.5 that

1 t s
/ / / C(t _ S)C(w) —(t—s)r>J cos(2aje )TQaj—1
o Jo Jo

_ 2a,
|hpq(s — w, re’)|r2ete=wr ™ cosQare) gy d sy

/ / / t . 8 ) (ozj—i-al)—le—(t—s)rzaj cos(2a€)

(c—72%1 cos(2a1€))(s— w)e—WTzak cos(2age) dwdsdr
1

/ / (t —s5)C(w) Cs“’)dwds/ plegte) =L gy
0

and applying (3.27) of Lemma 3.5, we have

[oe] t s
1 0 0

_ 2
— w,re)|rieTvr R cos(2ake) dapdsdr

/ / / t o S ) (aj—i-al)—le—(t—s)r %I cos(2aje)

Cos(?ala))(s w)e—wr Yk cos(2ae) dwdsdr

/ / (t —s) )ec(s_w)dwds/ pAlagtan) =l —tri® cos(201e) g
1

Hence, s
C(t —|z|1~9 sin(e)
(o) < S0
]
then, since § € (1/2,1) and |z| >> 1, we get that
c()
|Im((02)23)| < |l’|1+20
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To conclude, we can do a similar proof for the others two terms of /3. O

Now, we state the proof of Lemma 3.6 in the higher space dimension case, i.e. when d > 1
and o := a,,, < ... < ay < 1. Let note that this case requires the use of Bessel functions of first
and third kind.

Proof. As in the previous proof, we only need to prove that
2|2y (8 @) < Cy(8), V>0, |2 > 1

foralli,j € {1,...m}, where §~*(elAIDTB)1) = ()™ | and Cj; a locally bounded function.

Let¢ > 0 and |x| > 1, using the spherical coordinates system in dimension d > 1 and the
definition of Bessel Function of first kind [1], we have

5L (Al +B)) / i€ (AQED+B) g
= Cd/ / AMEBY cog(|z|rs)rd (1 — s2) T dsdr
-1
= / A+ Jd 1(|£L’|7")7”2d7'
0

2!

setting p = |z|, doing a change of variables and integrating by parts
|$|d+2a%v—1(€(A(\§|)+B)t> _ Cdp%—i-ZoH-l / e(A(T)+B)tJ%71(pT)T%dT
0

= Cdﬂg/ e(A(%)+B)th_1(T)ngT
0

DelA)+B)t

_ _¢ 31/“’ i
apP ; r g(’f’) Os

oo ) (A(s)+B)t
— Re —Cdpilf rs HO (r)
0 2 0s

where ngl) = J, + 1Y, is the Bessel Function of third kind [1]. Now, using (3.29) and the
notation given in (3.30), we have

|2 T2y (¢, 2)| < Cal|(In)s] + [(L)ig] + 1(Is)g| + |(1a)35]]
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foralli,j € {1,...,m}, where

for all n € {1,2,3,4}, with J;, = —C,_ A'C, Jo = C,_A'Ds, J3 = D;_sA'Cs and Jy =
-D,_ A'D,.

Let us begin with the computations of /;. The general term has the form

where cj;(t, s) is some integrable function on s € [0, ] formed by the product of the terms of
(t—s)
€

B and e*B. The integral term oy, can be estimated by rotating the interval of integration by
€ < min(F, ﬁ), thus, we get

oL = pQ(a_ak) / (Teis)%+2ak_1Hg)(Teia)e_(t_s)(r/p)mkemakse_s(r/")mjemjseisdr
0

since p = || > 1l and o < o,

Oo 44 20y,—1
ol < r2
0
X dyoaet | ) e
< P2tk ‘H% (re')
0

the last integral is finite since H S)(z) ~ —iI'(d/2)(z/2)~%? on the interval [0, R] and also
2

]H(%l)(reieﬂ < \/%e_rsm(a) in (R, 4+00) for some R > 0 large enough [30]. Then,

H S) (reig)

ef(tfs)(r/p)%‘k cos(2ak€)€fs(r/p)2aj COS(QajE)dT

dr = C(ay)

(1)l <3 Clon) / ¢ (t,5)ds = Oy (1)

t
k=1 0

where C;;(t) is a positive positive locally bounded function on ¢ > 0.
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Now, let continue with the bound for /;. Hence, by rotating the interval of integration by

e < min(3, 54-), we get

o0 t
L= ,020‘_1/ (re’ )gHél)(reiE)/ Cy_sA'Dy(rp~ e )e*dsdr
0 0

Hence, to get a bound for I = ((I2);){"—,, we need to state a bound for each term that appear
in (13);;, by abuse of notation, we call o to each one of these terms. Hence, the general form of
o1is

o0 t s
/ / / (re) 2 (re ) Ot = )0 (w)e I e
o Jo Jo
i(2a;—1)e o -1 zs 20y 120416 —w(r/p)2%ke’2%%E ie
e TV by, (s —w,rp )(r/p) e e“dwdsdr

then

|o|<p“’“”/ // g ()

2= p, ( —w, rp e )[R e T Pk cosRane) gy s iy

Ot — )0 (w)et=0/™ stz

now, doing a similar procedure as in the last part of the previous proof, by (3.26), (3.27) of
Lemma 3.5 and since p = |z| > 1, we have

t s [e%s)
lo] < 2/ / C(t — S)C(w)ec(s_w)dwds/ pat2egtan-1 H;)(reze) dr
0o Jo 0 2
= Ol] (t)
Hence, we get
|(12)i5] < Cy(t)
To conclude, we can do a similar proof for /3 and /. U

Now, we present an alternative simple proof of Lemma 3.6, for the particular case in which
a:=qa; < 1foralli € {1,...,m}, this proof is done for d > 1. In this case, since we are
working with a unique index «, we can bound directly in the iteration process (3.32), to prove
that the solution of the system (3.1)-(3.2) decay as |z|~¢~2% when |z| is large enough for all
t>0.

Proof. As in the previous cases, we have that

m

Z /0 au)do

=1

()] = ‘ / ' Df(ouydo -u

<LZ‘“J‘
7j=1
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where L = max;cq1,...my{Lip(f;)}. Following (3.14), we have that u = lim; ., u’ where
u' =N, (u) = Ny (™),  with u’(t) = (Tyue;)2, (3.32)

Using the iterative process (3.32) and the semigroup properties of the operator 7;, we have that
foralli € {1,...,m}andn € N

i (t,2)| < (1 +(mLt) + (mQﬂ +o M) > Tyug;(x) (3.33)

! n!
=1

where u" = (u}'

mym .. Also, we know that

|u™ — UHC([O,oo),X)m — 0, when n — +o0
where X = Cy(R?). Then, we deduce that
lul(t, )| — |ui(t,z)| = w;i(t,z) when n — 400

for all (t,z) € [0,00) x R®and i € {1,...,m}. Taking the limit when n — +o0 in (3.33), we
conclude that

ui(t, ) < emLtZTtuoj(x), (t,r) € [0,00) x R? (3.34)
j=1

Now, by hypothesis (3.3), we have that there exists 7; > 0 large enough, such that
ugs () < Cil| =472, if x| >

also we know that 0 < ug; < a;. Thus, if |x| > 2r; and ¢ > 0

_d
Eu01<x) S / t 2014 BUOi (y)
e L+ (3 [z — y|)He

/ t_%BUOi(y) dy
1
{lyl<lal/2y 1+ (720 |z — y|)dH2e

d
t~2a Buy;
+/ _: n (y)d _dy
{yl>lal/2y 1+ (1720 |z — y|)d+2e

If [y| < [2]/2, we have [« — y| > |z| — |y| > 2., then

IN

= Il +IQ

\
2

d
t~2a Buyg; 2d+2 B
I S/ 21u|(;<z)2 dy < 20 / uOZ(y)dy
(pl<lel/zy 1+ (¢ 2a l)d+2a |z (lvl<lel/2)
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moreover, [+ uoi(y)dy < a;w(0,7;) and

c, C,
/ toily)dy < / e S 50
(ri<lyl<|zl/2} (ri<lyl<lzl/2y Y] ar;

then,
2d+2atB Cz
Il S W (aiw(O,n) + 2(1/7‘120‘)
Now, if |y| > |z|/2, we have that ug;(y) < ‘y|dc+iza < ﬁi\*jfgi, hence
I < 2d+2aOiB ds - 2d+2aCiB
27 ]t Jpa 14 [s[dt2e T |gldt2e T

Therefore, we conclude that, if |z| > 2r;

9d+204 B Cz 9d+2a OzB
Trugi < W <aiw(0,n~) + QQTEQ) || d+2 Ca

Otherwise if |z| < 2r;

Tt’LLOi (27)

IN

ze 1+ (5% |z — y)+e

aZCaB
GiCaB<27“i)d+2a
|x’d+2a

IN

IN

Thus, we conclude that there exist a constant C; such that
Tiugi(z) < Ci(1 +t)|z| 42
Using (3.34), we have that

Ui(t,l') < C(t)

< [ Y(t,z) € (0,00) x R?

where C'(t) = (1 +t)e™ 3" Ci. O
3.3.2. Comparison principle for classical solutions

Now, we state the following comparison principle for classical solutions. This result will be
useful to deal with sub and super solutions. Indeed, we have not devised a mild representation
for them, so we can not apply Theorem 3.3 directly.
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Theorem 3.7 Let u = (u;)™, and v = (v;), functions in C1([0,T]; Co(R))™, f; satisfies
(3.4) and
Ou; + (=L)%u; < fi(uw), i + (=L)%v; > fi(v)

If, foralli € {1,...,m}
uz(07$) S Ui(ovl')a Vo € Rd

also
wi(t, x) = O(|z| 7929 and v;(t,z) = O(Jz|7 42 as |z| — oo

forallt € [0,T]. Then

u(t,z) < o(t,x) Y(t,r) € [0,T] x R

Proof. Let us take w; = u; — v;, then w; satisfy w;(0,z) < 0 and
dw; + (=A)%w; < fi(u) — fi(v)
1
= / Vfilou+ (1 —o)v)do.(u —v) (3.35)

0
= 1 V fi(()dow
0

where (, = ou + (1 — o)v. By hypothesis, we have that
w; € C1([0,T]; Co(RY)) (3.36)
then there exist positive constants C(7") and C(7T’) such that
lw;(t,z)| < CL(T) and |Opw;(t,x)| < Co(T) (3.37)

for all (t,z) € [0,T] x R%. Moreover, by the decay assumptions on the functions u and v, we
have that

wi(t, ) = O(|z|~ ) Vit e0,T]as |z| — oo (3.38)
Thus, it is easy to see that

/ |w; (t, x)||w;(t, z)|dx < Cy(T) Vitel0,T] (3.39)
Rd

where C;;(T') are constants that depend of T". Now, let w;" be the positive part of w;, we want
to prove that

O { /]R ) (wj)Qda;} = /]R ) Oy [(wi)?] da (3.40)
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which is quite simple, because, from (3.36), we deduce that (w;")? and 9, [(w;")?] are conti-
nuous in (0,7) x R? and

|0y [(w;")?] | =2 |wf6tw,~} < 205(T) |w;| < Cyg(x) (3.41)

the last inequality and the existence of the integrable function g follows from (3.37) and (3.38),
thus we conclude (3.40). Now, multiplying each term of the equation (3.35) by the positive part
of w; and integrating over R, we have that

1
0< / w; (—A) ¥ wdr < / w;r/ V fi(¢,)do.wdz — / w;t Opw;dx (3.42)
R4 R4 0 R4
by (3.39) and (3.41), we get

w (=A% widr < oo

R4
Now, since all the above integral exist and having in mind that f; € C'(R™) for all i €
{1,...,m}, from (3.42), we deduce

/ wj@twidx—i-/ w (=) wdz
R4 R4

< /Rd w;” /01 V fi((y)do.wdz

:/Rdw;r /01 0; fi((y)dow;dx + Zm: /Rdw:r/olajfi(@)dawjdx

J=1,i#j

- [ [ oscranturraes 35 [ [ oniimuas

=Lt

m 1
- Z / / 95 fi(Co)dow;fwy dx
j=Liy VR0

Since w;" dyw; = $0,(w;")? and 9; f;(¢,) > 0, by (3.40) and (3.42), we get

1 ! . !
5@ [/Rd(w;“)de] < /]Rd/O Oi fi(C)do (w2 dx + Z -/]Rd/O 9 fi((o)dow] w} dx

J=1i]
1 1 m )
< /]Rd/o 8ifi(<g)dg(wi+)2dx+ij%j/ﬂxd/o 8jfi(ga)dg<w;r>2dx
1 3 1 f. +)2
+2j§;¢j /Rd/o 01i(Co)do (wy) dx
3 +)2
< 0; /R (wf)?dz
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Doing this procedure for each i € {1,...,m} and adding

Oy [27:; /Rd(w;-r)Qd:B

By the Gronwall inequality

Z/Rd(w;f)de < el s Z/Rd(w;r(o,x))%x =0
=1 =1

m

<y / (wi)ds

j=1 /R

S0,
/ (wj)2d$ =0, Vie{l,..,m}
Rd
then, we conclude
w;(t,x) <0, Y(t,x) € [0,T] x R Vj
O

Remark 3.8 Note that as a consequence of Lemma 3.6 (in the case d = 1 and d > 1), we have
the enough regularity to apply Theorem 3.7 to the solution of the problem (3.1)-(3.2).

3.3.3. Lower bound

The following is an important result needed to prove the Theorem 3.1, which sets an algebrai-
cally lower bound for the solutions of the cooperative system (3.1)-(3.2). This result is valid for
any dimension d and for any index «;.

Lemma 3.9 Let u = (u;)!, the solution of the system (3.1)-(3.2), with initial condition u
satisfying (3.3) and f; satisfying (3.4). Then, there exist constants o; > 0 and 7, > 0 such that

Citefait
el 4 ‘x|d+2a7

wi(t + to, x) >

Vie{l,...,m}

forallty > 0, z € R and t > 11, with C; positive constants that depend of .

Proof. Step 1. From hypothesis (H2), we deduce the existence of a positive vector M = mp
with m > 0 large enough and p; = 1 for all i € {1,...,m} such that (M) < 0, thus taking m
large if necessary we have vy < a < M, furthermore, M is a supersolution of (3.1)-(3.2), then
by Theorem 3.7, we conclude that 0 < u(t,z) < M.
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Now, since f;(0) = 0, we have that

1 m Laf
fl('LL) = /0 Dfl(OU)dO' U = ZU,]/O 8—5(Cg)da

where ¢, = ou € [0,u(t,x)] C [0,M] and 2L : [0, M] — R is continuous for all i,j €

8Uj
{1, ..., m}, using the fact that the system is cooperative, there exist constants 7;; > 0 such that
df; df; S,
851- (Co)| <7 and 7 < a—lj;(ca) forall i # j
So, taking t, > 0 fixed, we have that
a Y O fm
atum + (_A) U, = fm<u> Z 8_(<U)daum Z —YmmUm
0o YUm

for all x € R% and t > t,, by the maximum principle of reaction diffusion equations, we have
that
U (t + to, ) > e (p(t, ) * um (to, -))(x), forallt >0

Since u,(tg,) # 0 is continuous and nonnegative, we can find ¢ € R? fixed such that
Um(to,y) > C forall y € Bg(&) for some R > 0 and C' > 0.

Taking || > R, ¢ > 1 and using that « := a,,, < 1
(Pt $ tnlto, D @) = [ pultsz = p)umto.g)dy
R
> [ Cpaltr— vy
ly—¢I<R

> 0/ Bt
> y
yel<k t3a ! 4 |z — yl|d+2e

Bt
= C’/ y dz
2l<r t2a ! 4 |1 — € — |dt2
also, |[x — & — z| < |z| 4+ |&] + |2| < |z| + cR+ R < (2+ ¢)|z|, with the constant ¢ = |{|/ R, so
t%-{-l + |:L‘ o € . Z|d+2a S (2 +C)d+2at%+1 + (2 + C)d+2a|$|d+2a

then

(pm(ta')*um(to,-))(x) > CL/ t

(2+ )2 J<r tiat! + |z|d+2e
Ct
t2atl 4 |g|d+2e
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Now, if |z| < Rand ¢ > 1, taking p > 0 such that supp(u.,(to, -)) N B,(0) # 0

B~ tup,(to, y)
t3atl 4 |z — y|d+2e
B! /
U (to, y)dy
155 4 (R + p)i+2e 0 "
> Ce™t

(Dot ) (o, ) () > / )

for some small constant C' > 0. Moreover, since ¢ > 1

Cte~t

mt mt ' >67t>
(Pt ) mllo, D)) 2 €6 =

Then, there exist C,,, = C,,,(to) > 0 such that

C,te omt

y , VreRYLtE>1
tietl 4 |g|dt2a

U (t + to, ) >

with 0,,, = Yy + 1.

Step 2. To finish the proof is necessary to find a lower bound of the convolution between

pi(1,-) and W forall ¢ > 1, Thus, by the same computations as above, it is possible
t2a —+ =y «

to find a constant C' > 0 such that

_lwl?

te” a Ctet
/ i dy > — . WreRii>1
and
1 t Cte~t
/ ! : dy > — . VreRLt>1
R 1+ |y| +2a; t%H + |1‘ . y|d+20‘ t%—kl 4 |$|d+2a

Step 3. Now, we seti € {1, ..., — 1}, we have that

L ofi L af;
f) = [ G, + [ S,

> YimUm — 0

Orui + (— D)%,
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forall z € R% and t > t,, where §; > max (i, om + 2). Then, by the maximum principle of
reaction diffusion equation and Duhamel formula, we have that

wi(t + to, ) = e (Hy(t, ) * ui(to, -)) (x)

t
—I—%me_‘sit/ H(t — 8,9)tm(s + to, x — y)e’*dyds
0 JRrd

forall (¢,7) € R, x R?, where

||

L e~ i f o =1
H;(t,x) = { (47rt)%€ ) if e
pi(t, x) if a; €(0,1).

So, taking t > 7 for any 7y > 3

t
ui(t + to, ) > %-me_‘sit/ Hi(t = s,9)um(s + to, x — y)e’*dyds
0 R4

Se(éifo'm)s

t—1
> Cm’Yim€5it/ Hi(t —s,y) dyds
1 Rd

d
372044»1 + ‘.Z' _ y‘d+2a
Now, we have two cases. The first one, if o; = 1, then

yl?

ConYim €0t (71 se” 4
Ul(t + to,ﬂf) > Vd / €(5Z—O'm)s/ . dde
2 1 Re s2ath 4 |1 — y|dt2e

Cm%m 6—51'75 /‘t—l 1 s
wit + to, ) > — e(‘”“’m)s/ dyds
( 0 ) B t%“i L ra 1+ ‘y’d+20¢i S%H + |x _ y|d+2a J

in any cases, thanks to the Step 2, we can bound as follows
Wit to ) > Cii;slt /t 1 35(5170'771 —1)s s
tza J1 szatl g |g|dt2e
6—51'15(675—1 o 6)
it%(t%“ + |z|t+2e)
C'Z-te_ait
t2atl 4 |g|d+20

Ve eRYLt> 1
with 7y larger if necessary and taking o; := ;.
Then, we proved that there exist constants C; > 0 and o; > 0 such that

Cﬂleigit
el 4 ‘x|d+2a’

Uz(t + to, .Z’) >

Vie{l,...m}

forall z € R*and t > 7. O
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3.4. Proof of Theorem 3.1

In order to prove Theorem 3.1, we need to construct explicit sub and super solution, which will
have the form of the following vector field

o(t, ) = a (1 4+ b(t)]a]"@2) 75 ¢ (3.43)

where b(t) is a time continuous function and ¢ € R™ is the normalized principal eigenvector of
DF(0) associated to the principal eigenvalue \; and 0 € R is taken as in the hypothesis (H2)

and (H3). Note that, since the system is cooperative, 3 s 2(0) > Oforalli # j € {1,...,m}, by
Perron-Frobenius Theorem, we can take ¢ > 0.

The following result allow us to understand the behavior of the fractional laplacian (—A)%
on the function v defined by (3.43). The proof of this result is based in a result proved by
Bonforte and vazquez in [13], also a similar result was announced in [16].

Lemma 3.10 Let v be defined as in (3.43). Then, there exist a constant D > 0 such that
| (=A% w; |[< Db(t )mv-, in R?
with o; € (0,1], foralli € {1,...,m}.
Proof. In the case o; € (0,1) with § > d+2 ,
| (=A)%w(z) |< Dw(x) (3.44)

we only need to prove

where w(z) = (1+ | z [0@+20))=3 Indeed, note that v(t, z) = aw(b(t)7@ z)¢, also, since
w € C?(RY) N L>(R?) we have that (—A)%w € L>°(R?) and it is 2a;-homogeneous, thus

(=A)%w(t,x) = aqﬁi(—A)%w(b(t)m;p) = a(bib(t)%(_ﬁ)aiw(w

where y = b(t)fs(di?a)x. Moreover w(z) < |z|7@2%) and |D?*w(z)| < c|z|~(@F29%2) for |z|
large enough.

Since (—A\)%w € L*(RY), taking D large enough, it is sufficient to prove the result for

large values of |z|. We have to estimate
o B w(z) —w(y)
(Al |= Cld.a) PV, [ Ty

hence

w(e) (), w(@) — ly) w(x) —w(y)
/]Rd [ — gz /|;/>3:v|/2 [z — y[rzac i /{w|<2|y<3|x|}\3x/2 [ — gl
wle) —uly) w(@) ~ uly)
+/B +/ Y

o1/2(®) |$ - |d+2az y|<|xz] /2 |I B y|d+2ai
= [1+[2+[3+[4
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In the first integral, since |y| > 3|z|/2 we have w(y) < w(z) and then |w(z) — w(y)| < w(z),
hence

w(x) —w(y) /°° 1 c,
hi= i, W <O —dr < ——
. ’/y|>3|x/2 |z — y|d+2e y| < Culx) 3[a]/2 rl+2a; r= || d+20+2as

since w(z) < |2|~(4*2%) for |z| large enough.

Following a similar idea as in the above computation, since |y| > 3|z|/2 we have w(y) <
w(x/2) and then |w(z) — w(y)| < w(z/2), also note that w(zx/2) < |z/2|~@*+2%) for |z| large
enough, hence

— C 2 3Jzl/2 C
1Ll = / uta) d?j;(g)d < w<$d/+2)a' / réldr < d+22+2a-
{e|<2yI<3lalP\Bpayale) [T — Y142 (lzl/2)25 Jyay || ’
since |z — y| > |z|/2.
Before to continue, note that
\V4 A —
P.V./ w(z) (fm Y gy —
moreover, if |z — y| < |z|/2 then |z|/2 < |y| < 3|z|/2, therefore
) c C2d+2a+2
\8Z-jw(y)| < |y’d+2a+2 — |x‘d+2a+2
for all y € By,/2(x). Now we can estimate /5 as follows:
w(z) —w(y)
[Is] = / )—d+2a-dy
By /2(@) |z =y ’
_ Vu) (2 —y) (o =y Dw@ @ —y)
= ir2a; YT d+2a, Yy
By /2() |:U B y| ’ Bz 2(z) |$ - ?J| ¢

< sup Haijw“L‘x’(B\z\/z(m))
1<i,5<d

C 2l/2
— ——dr
|x’d+2a+2 /(; TZai—l

- ‘.CL' ’ d+2a+2 2

Cs

|x|d+2ai+2a

1
TS T L
/Bz/g(z) |x — y| 22

IN
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It only remains to estimate the fourth integral. Note that |y| < |z|/2 implies w(z) < w(y)
which gives |w(z) — w(y)| < w(y), thus

[w(z) — w(y)] e / Cy
L] < ey < gy < 1
= /|ys:c|/z o — |tz Y= gz Rdw(y) Y= e

since |z — y| > |z|/2 and |x| is large enough. Therefore, we conclude that

Cs
|[d+2a < Dw(z)

| (=8)%w(z) |<
since |z| is large enough and for some constant D.

Now, for the case in which «; = 1 for some 7 and § > ﬁ,

previous case, we only need to prove

by a similar analysis as in the

| —Aw(z) [< Dw(x) (3.45)

where w(z) = (1+ | 2 [5@29)=5 In what follows, we prove (3.45)

’ B AU| < 1 Cl|x’2(6(d+2a)—1) . 02’x|6(d+2a)—2
T (1 [gfplr20)5 [ (14 [x[0d+200)2 0] 4 |p|d(d+2a)
1 B ,
(1 4 |z]d(@+20))5 (Gl ™ + Cala| ™)
< Du(x)
since |z| is large and for some constant D. 0

In what follows, we will use the results of previous sections to obtain appropriate classical
sub and super solutions of the system (3.1)-(3.2) with the form of the vector field (3.43), then
we use the comparison principle to obtain the desired results.

We divide the proof of Theorem 3.1 in two lemmas.

Lemma 3.11 Let d > 1 and assume that F' satisfies (3.4), (HI) and (H2). Let u be the solution
to (3.1)-(3.2) with ug satisfying (3.3). Then, for every u = (u;)™, > 0, there exist ¢ > 0 such
that, forallt > T

{x cRY| |z| > cediﬁt} C{z eRY| u(t,z) < pu}

with T > 0 large enough.
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Proof: We consider the function
_ _ 1
u(t,z) =a(1+b(t) |« [M@H2) o g

where ¢ € R™ is the normalized principal eigenvector of DF' (0) associated to the principal
eigenvalue \;. The idea is adjust @ > 0 and b(¢) asymptotically proportional to e~*1** 5o that
the function w serves as supersolution of the problem (3.1)-(3.2).

. R _ 61 (d+2a) . . .
Before to continue, we choose a constant B < (1 + DA;!)~ 2= where D > 0 is given in

Lemma 3.10. Now, we consider the problem

d1(d+2a)
- 2

B (t) — 6, DB(t) @ _ 6 0b(t) = 0, B(0) = (—DA]} + B A

2a) _ 61 (d+2a

_ . 2a
which has a solution given by b(t) = (=DA' + B 100 edizat) =" 5 ), note that, 0 <
b(t) < b(0) < 1.

Using Lemma 3.10, note that for all i € {1, ..., m}
ou; + (=), — fi(u) = o + (—A)%w; — Dfi(0)u+ [Df;(0)u — f;(w)]
5¢i5,(t) |ac‘51 (d+2a) C¢g+6151+61
B (L4 B(0)]alr(@2) s (14 B(0)]a](0+2) 5+
T L F) — 5, DBO T B } [
01 (1 + b(1)[[or(d+2e0) o
ag;

(14 B(0)Jal 420y i+

_ 20
— DB(t) W m, — AT +

IV

+

{—Dé(t)imiim M+ c¢f155} (3.46)

in the last inequality we use that o < «; and E(t) < 1. Thus, taking

1
D+ X\)o
7> ( : + A1)
the right hand side of inequality (3.46) is bigger than or equal to O for all £ > 0.

To end the proof, for any ¢, > 0 fixed, we can take @ satisfying the above condition and ¢; > ¢,
such that
Ui(t, ©) > ui(to,x), Vo eRLVie{1,...,m}
note that, this is possible due to Lemma 3.6 (in the case d = 1 and d > 1). Therefore, we
conclude that w is a supersolution to (3.1)-(3.2) for all ¢ > ¢;. Thus, using Theorem 3.7, we get
for all t > ¢,
Uit 4+t —to,x) > ui(t,r), VrxeRYLVie{l, .. ,m} (3.47)
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Now, given any (u;), > 0, we define

= 4 A1 (t1—to)
d+2a . agpe
G = —1
wi B

and since Be 0 M(H1—10) < p(t 4+ ¢, — t), we have that, if

A
|| > ciedraat foralli € {1,..,m}
then 5
’I|51(d+2a) > a 1gbil 651)\1(t+t1—t0)
4i'B
Therefore
—51 10
a 121'1 < Ee—él)\l(t-‘y—tl—to) |$|51(d+2a)
Ky
< b(t by — to) ||
< 14Dt +ty — to)|z] @+
Thus, using (3.47)
Ul(t,l’) Sﬂz(t+t1 —tU,ZE) = a’qsi <

(14 B(t+ 1 — to)|a]or(d+20))ar
By the above computations, and taking ¢ = max;{¢; }, we conclude that
A
{x cR*| |z| > ceﬁt} C{z e RY| wt,z) < p;}
for all t > 7, with 7 := ¢,.

U

Lemma 3.12 Let d > 1 and assume that F satisfies 3.4, (Hl) and (H3). Let u be the solution
to (3.1)-(3.2) with g satisfying (3.3). Then, for all i € {1,...,m}, there exist constants ¢; > 0
and C' > 0 such that,

wi(t,x) >¢e;, forallt>7and|z| < Cebat

with T > 0 large enough.
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Proof: As in the previous proof, we consider the function

Q(t,l’) —a (1 _‘_Q(t)’x|62(d+2a))7@ ¢

where ¢ € R™ is the normalized principal eigenvector of DF'(0) associated to the principal
eigenvalue \;, a > 0 and b(t) asymptotically proportional to e~%2**, In the following we
choose a and b such that the function u serves as subsolution of the problem (3.1)-(3.2).

. 1\ S2(di2a) .
Taking for the moment B < (LA]")” 2«  with any constant L > max{D, A }. We consider

. -1 __2a_ Mt _ 93(d+2a) . .
the function b(¢) = (L]~ + B %20+ e¢at2a")" " 22 which a solution of the problem

do(d+2a)

() + S Lb(t) B T SN b(1) = 0, b(0) = (LAT! + B wwra )~ 5

also, note that b(t) < b(0) < 1, since L > A;.

Using Lemma 3.10, we have that for all i € {1, ..., m}
O, + (L)%, — filw) < Oy + (=A)"w; — Dfi(O)ut | Dfi(0)u — fi(w) |
ag;t/ (t) |x|62(d+2a) 1462

8>(1 + (_,(t)|x|52(d+2a))$+1

20
+ Db(t) T, — M, + = ,
(14 b(pafitaran) &7

- ag; - {_Q’(t) 4 S, Lb(t)Fm 52A1b(t)} ]2 20)
52(1 + b(t) |x’52(d+20¢)) 5o
, 20 02
+ T {Ll_a(t)ww - } (3.48)
(1 _}_b(t)|x|52(d+2a))g+ ¢z

in the last inequality we use that & < «; and b(¢) < 1. Thus, taking

a < (mml{@})\l)%
- 2c
the right hand side of inequality (3.48) is less than or equal to O for all £ > 0.

Since, u,(0, -) < ug; may nothold foralli € {1,...,m}, we look for a time t; > max{7y,2LA; '},
where 7; was defined in Lemma 3.9. Moreover, for any ¢, > 0 fixed, we know that

Citle_aitl

+

ui(tl +t0,l‘) 2 a
2

n , Vi {l,..,m}, Vo € R?
+ |x|d+2a
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Consequently, we choose

min; {¢;}e miloidh < 2 > ECE

a= =z B =
Zmaxi{@}tfa

taking ¢, large if necessary, such that, the requirements

. 1
0 < (mlﬂi;@})‘l)éz’ and B < (LAfl)JLiZ“)
C

are satisfied.

By the election of ¢ and B, we deduce that

= since
cie” % L4l G, oy
7 then Q(ﬁﬂffa < —t1e” %

203 2

a<

= By the election of ¢;, we deduce that t; > QLAfl, thus

gt = 2> L .
= t1 ot — LA}
therefore, )
1 _ 20 w 52 d+2a
b(O) L <L)\1_1 +B 62(d+2a)> < t12a
and 20 )
aop; 1
—— < e < 0(0)%

Then, we deduce

. d
%tle—aih o Q¢Zt12a +1 > 0 > [Q¢z _ %b([))%e_aitltl] |x|d+20¢
SO,
Ci 1 4
Eztle—mh(l + b(O) 55 |£L‘|d+2a) Z Qﬁbi(tfaJrl + |$|d+2a)
but

- 1+b(0>£|x’d+2a

(1+ b(O)] ] 220) % > 2
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Therefore,

citye” i S ap;

=+l dt2e 53(d+20)\ 55
2o 4 fzldt2e (14 0(0)|z| )52

and then we get
ui(ty, +to,x) > u;(0,2), VexeRY ic{l, .., m}
By Theorem 3.7, we have forall i € {1,...,m}
ui(t,z) > u;(t —t; —to,x), Vo €RLt>1t +1 (3.49)

Let us define

agp; _ _1
g = I’L and Cd+2a —e Al(t1+t0)§ o5
D)

Then, if t > t; + to and |z| < C’ediﬁt, we get that u; (¢, z) > ¢; foralli € {1,...,m}.

A
Indeed, taking t > ¢; + ¢ and |z| < C’eﬁt, we have that

|$|52(d+2a) S C52(d+20¢)652)\1t — B71652>\1(t—t1—t0)

Since b(t) < Be %M, then
bt —t1 — to) |z < 1

Using (3.49), we conclude
ap;

Q¢z‘ a
T 2
(1+b(t — t, — to)|x|2(d+2e0)5z — 25

ui(t,x) > u,(t —t1 —to, ) = =g

forall ¢ > 7, with 7 := t; 4+ t;. O

To conclude this section, the proof of Theorem 3.1 follows directly from Lemmas 3.11 and 3.12.

3.5. Proof of Theorem 3.2

In this subsection, we prove that under some appropriate assumptions on the nonlinearity and
the initial datum, it is possible to state that the solution u(¢, x) to (3.1)-(3.2) tends, as t — +o0,
to the smallest constant positive steady solution of (3.1)-(3.2). In order to prove this result, let
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define by ¢ the positive constant eigenvector of DF'(0) associated to the first eigenvalue Ay,
where F' = (f;)i™,. Thus A\; and ¢ > 0 satisfy
(L = DF(0))¢ = =Mo
¢ >0, ol =1

where L = diag((—A)*, ..., (—A)*). Now, let consider the problem

Xe(t) = F(xe(t)) (3.50)
x:(0) = €¢

thus, there exists ¢ > 0 such that, for each £ € (0,¢’) we can find a constant v > 0 satisfying
X:(t) / uf ast — +oo, also F'(ul) = 0. We define

ut = inf wu

e€(0,e’)

+
£

since F' is continuous, we deduce that F'(u™) = 0. Also, since the function F is positive in a
small ball near to zero, we deduce that v, > 0.

Moreover we assume that the initial condition u satisfies

up <ut  in R?

We prove Theorem 3.2 through a succession of lemmas. Let Br(0) be the open ball of R,
with center 0 and radius R. Let us call up the unique solution of the elliptic system

(=AY ul = fi(u®), Va e Bg(0) (3.51)
u® = 0 on R\ Bg(0)
u® > 0 on Bgr(0)

Lemma 3.13 Let d > 1, € > 0 and assume that F satisfies (3.4), (HI1), (H2), (H3) and (H4).
There exists R > 0 such that the solution v of the system

ol 4+ (=)l = f;(v®), Vt > 0,z € Bg(0) (3.52)
vfi(t,z) = 0 ont >0,z € R\ Br(0)
0 <vf(0,7) < min(e,u®), on x € Bg(0)
satisfies
tliin vfi(t, x) = u(x) Ve B(0)
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Proof: Let ¢ be the positive eigenvalue associated to Ap in the ball Bx(0), thus ¢ and \p
satisfy

(L —DF(0))¢" = Ar¢™  in Br(0)
o™ >0 in Bg(0), ¢" =0 in R*\ Bg(0), ||¢%| =1

Now, following the same computations as in [10], we can deduce that A\ given by the minimum
of

50 e (o 2550880 5 ay ) di — [y, o [DF(0)6(2)] - () da
i fBR(o) ¢i(x)* d

taken over all functions ¢ € C*(Br(0))NC(Bg(0)), ¢ # 0, vanishing on 9B (0) and extended
by 0 outside Br(0), converges to —\; when R goes to infinite, moreover, by hypothesis (H1)
we have that \; > 0. Thus, we can find R > 0 large enough such that Az < 0.

Since u® and v¥ satisfy (3.51) and (3.52) in the ball Br(0), and u® = v% = 0 in R? \
Bg(0), then both functions satisfy the system (3.1)-(3.2) with initial conditions v(0, -) and
u®l(+) respectively, moreover v7(0,-) < w®f(-) in R?. Thus, by Theorem 3.7 we have that
vR(t,z) < uf(x) forall R > 0,¢ > 0and z € R%

Let w’ be the solution of

Opwft + (=A) % wl = fi(w"), YVt > 0,2 € Bg(0) (3.53)
wh(t,r) = 0 ont >0,z € R\ Bg(0)
wh(0,2) = k¢™(x) on x € Bg(0)

Taking k£ > 0, we deduce

fi(k¢™) > kDf;(0)¢" — ck' 02| gf|| 2

= kDF(0)6" — okt
Therefore, it follows from the above inequality and by the definition of ¢’ that
k(=0) ol — [ (k™) = k (Ard)* +ck™) <0,  in Bg(0)

forall i € {1,...,m}, taking k small enough and since Ar < 0. Then k¢" is a subsolution of
(3.51) in the ball Bz(0). Thus w® is nondecreasing in time ¢. Moreover, taking & > 0 small if
necessary, w’(0, z) < vf(0, z) in R?, thus by Theorem 3.7

wh(t, z) < vi(t,x), Vt> 0,2 € Bg(0)
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Finally, one has

wh(t, z) < vt 2) < ufi(z), Vt >0,z € Bg(0)
Since w* is nondecreasing in time ¢, standard elliptic estimates imply that w’ converges locally
to a stationary solution w (< uR) of (3.53). But since u* is the unique solution of (3.51), we

conclude that w™ = u’ in B;(0). O

Remark 3.14 Let note that for each y € RY, if z € B;(y) then z — y € B;(0). Thus taking
o = (o)™, > 0, as a consequence of Lemma 3.13, there exist R > 0 and 7, > 0 that not
depend of y, such that, for all ¢ > T,

Witz —y) —ui'(z —y)| < oy V€ Bi(y)

foreachi € {1,...,m}.

The proof of Theorem 3.2 essentially relies on the following property in which we prove
that any steady state solution of (3.1)-(3.2) is bounded from below away from zero.

Lemma 3.15 Let d > 1 and assume that F' satisfies (3.4), (HI), (H2), (H3) and (H4). Let v be
a positive bounded solution of

(=)%Y, = fi(v), Vie{l,..,m} (3.54)
Then, there exists € > 0 small enough such that v > ¢ in R%.
Proof: In what follows we prove that there exists a constant vector £ > 0 such that v > k in
R?. Let y € RY be any arbitrary fixed vector, we note that v(- + y) continue satisfying (3.54),

moreover, for each R > 0, there exists a constant k, z > 0 such that v(z + y) > k, p for all
reB R(O)

Now, let consider the system

owl + (=Nl = fi(wh), vt > 0,2 € Bg(0) (3.55)
whi(t,z) = 0 ont >0,z € R\ Bg(0)
0 <wf(0,z) < min(k, g, u"), on x € Bg(0)

Since v(- + y) > w¥(0, z) in R¢, by Theorem 3.7, we have that
v(z +y) > wh(t, z) V(t,z) € [0,00) x R? (3.56)

Now, by Lemma 3.13, there exists R > 0 large enough such that w'i(¢, z) converges to u'i(z),
as t — oo for all z € B;(0). Hence, taking the limit when ¢ tends to +oc in (3.56), we have
that

v(r +y) > ufi(z) VvV € B(0)
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Furthermore, taking « = 0 and since y € R? is arbitrary, we conclude
v(y) > uf(0) ==k Vy €¢R?
Finally, we take £ > 0 small enough such that k > ¢. 0J

Now, we establish the following result in which we state that u™ is the smaller stationary
solution of (3.1)-(3.2).

Lemma 3.16 Let d > 1 and assume that F satisfies (3.4), (H1), (H2), (H3) and (H4). If v is a
positive continuous solution of (3.54) such that v < u* in RY, then v = u™.

Proof: First, since F'(u') = 0, then u™ satisfies the system (3.54). Now, by Lemma 3.15, there
exists € > 0 such thatv > ¢ in R, By Theorem 3.3, we deduce that

v(x) > xe(t) Vt>0, zeR? (3.57)
where the function Y. satisfies

X=(t) = F(x:(t))
XE(O) = 5¢

Thus, taking ¢ — +o0, from (3.57) and the definition of u™, we deduce that
v(z) >ul >ut

Since v < u™, we conclude that v = u™t. O

In the following result we state a relation between the stationary solution in the ball Bg(0)
and the stationary solution in the whole space.

Lemma 3.17 Let d > 1 and assume that F satisfies (3.4), (HI), (H2), (H3) and (H4). Let u®
be the unique solution of the system

(=&)%uf = fi(u®), Ve Br(0) (3.58)
u® = 0 on R\ Bg(0)
uf? > 0 on Bgr(0)
then, u'* converges to u™ as R — +oo, locally on compact sets.

Proof: Let R < R and x* € Br \ Bg, thus u(x) = 0, f;(u®) = 0 and (—=A)*ufi(z) <
0, then we have that «” is a subsolution of (3.58) on B, hence, we conclude vt < '
and therefore the sequence {u®} is nondecreasing in R. Moreover, since u™ is a superso-
lution of (3.58) for all R > 0, we have that v® < wu* for all radius R. Hence, the se-
quence {uf} is nondecreasing, bounded and by elliptic estimates converges in compact sets
to a positive solution © < u*t of (3.54). Thus, by Lemma 3.16 we conclude that o = u™.

g
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Remark 3.18 As a consequence of Lemma 3.17, for each o = ()™, > 0 and y € RY, there
exists R, > 0 that not depend of y, such that, for all R > R,

uii(z —y) —wf| <ov V€ Bily)
foreachi € {1,...,m}.
Now, we can prove our main result.

Theorem 3.19 Let d > 1 and assume that F satisfies (3.4), (H1), (H2), (H3) and (H4). Let u
be the solution to (3.1)-(3.2) with ug satisfying (3.3) and (3.5). Then:

a) Ifc < diaa, then

. . ) . + _
A e Pl ) e =0

b) If c > 2%, then

lim sup w(t,z) =0

t——+o0 |:c|>eCt
foralli e 1,....m.

Proof: First, since ug(z) < u and u™ satisfies the equation (3.1), by Theorem 3.3, we deduce

that u(t,x) < u'. Now, let ¢ < diéa, wetakec < ¢ < ¢y < dj:;a fixed, thus by Theorem 3.1,

there exists 7 > 0 and € = (&;), such that

ui(s,x) >¢;, forall s > 7 and |z| < e®* (3.59)
where u = (u;), is the solution of (3.1)-(3.2).

Let 0 > 0, by the Remarks 3.14 and 3.18, we can find R, > 0 and 7, > 0 large enough
such that for R > R, and s > T, we have

e —y) —uf < T and (s, —y) —uflw—y)| < T (3.60)
forally € RY, x € By(y)andi € {1,...,m}.
In what follows, taking R > R, and 7 large if necessary such that

R < 2™ — 417 ecng < e(cl—c)T

Y

we consider y € {z : 2|+ R < e®*} with s > 7. Then by (3.59), v'*(0, - — y) defined on Br(y)
as in the Lemma 3.13 is a subsolution of the system (3.1)-(3.2) for times larger than s and for
all z € R?. Thus, by Theorem 3.7 and (3.60), we have that

i

ui(w + s,7) > ul(x —y) — %, forallw > T, and z € B;(y)
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Moreover, since R > R, and taking w = T,
ui(s+T,,x) > u —o;, forallz € By(y) (3.61)

Furthermore, since {z : |z| < e“®} is a compact set, we can find a finite number of vectors
Y1, ..., Y. such that | J¥_, By (y;) cover {z : |z| < e“*}. Thus, we have

ui(s +T,,7) > u —o; forall|z| <e™*
Then, takingt = s+ 1, > 7+ 7,
ui(t,z) > uf —o; forall|z| < e e
thus, we conclude the proof of part a), taking 7, := 7 + 7}, and by election of 7, we have that
ui(t,r) > ui —o; forall |z] < e

To prove part b), we use directly Lemma 3.11. U
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TITRE ET RESUME DE LA THESE EN FRANCAIS :
Problémes de réaction-diffusion fractionnaires

Cette thése porte sur deux problémes différents : dans le premier, nous étudions le
comportement en temps long des solutions des équations de réaction diffusion 1d-
fractionnaire de type Fisher-KPP lorsque la condition initiale est asymptotiquement de
type front et décroit a I'infini plus lentement que x®, ou b<2a et «<(01) est I‘indice du
laplacien fractionnaire (Chapitre 2). Dans le second probléme, nous étudions la
propagation asymptotique en temps des solutions de systéemes coopératifs de réaction-
diffusion (Chapitre 3).

Dans le premier probléme, nous demontrons que les ensembles de niveau des solutions
se déplacent exponentiellement vite en temps quand t tend vers I*infini. De plus, une
estimation quantitative du mouvement de ces ensembles est obtenue en fonction de la
décroissance a I‘infini de la condition initiale.

Dans le second probleme, nous montrons que la vitesse de propagation est exponentielle
en temps et nous trouvons un exposant précis qui dépend du plus petit ordre des
laplaciens fractionnaires considérés et de la non-linéarité. Nous notons aussi que cet
indice ne dépend pas de la direction spatiale de propagation.

Mots-clés: problemes de réaction-diffusion, KPP, systémes coopératifs, propagation
rapide.

TITRE ET RESUME DE LA THESE EN ANGLAIS :
Fractional Reaction-Diffusion Problems

This thesis deals with two different problems: in the first one, we study the large-time
behavior of solutions of one-dimensional fractional Fisher-KPP reaction diffusion
equations, when the initial condition is asymptotically front-like and it decays at infinity
more slowly than a power x°, where b<2«and «<(01) is the order of the fractional
Laplacian (Chapter 2); in the second problem, we study the time asymptotic propagation
of solutions to the fractional reaction diffusion cooperative systems (Chapter 3).

For the first problem, we prove that the level sets of the solutions move exponentially
fast as time goes to infinity. Moreover, a quantitative estimate of motion of the level
sets is obtained in terms of the decay of the initial condition.

In the second problem, we prove that the propagation speed is exponential in time, and
we find a precise exponent depending on the smallest index of the fractional laplacians
and of the nonlinearity, also we note that it does not depend on the space direction.

Keywords: reaction-diffusion problems, KPP, cooperative systems, fast propagation.
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