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Abstract

We study limiting eigenvalue distributions related to Vinberg matrices,
which are matrix spaces corresponding to daizy graphs. This is a first
step toward studying eigenvalue distributions of Wigner and Wishart
Ensembles on matrix spaces related to growing graphical models. Since
the space of Vinberg matrices is endowed with transitive group actions,
covariance matrices are defined naturally. This is a joint work with Piotr
Graczyk (Université d’Angers).

Paper: Eigenvalue Distributions of Wigner and Wishart Ensembles of sparse
Vinberg models, to appear in AISM

Theorem 1 (Wigner Ensembles)

Limiting eigenvalue distributions µ of rescaledWigner matrices 1√
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Note that the diagonal part in the right bottom does not affect the result.

Assumptions: • uij is i.i.d., 0 mean and 1 variance whenever uij ̸= 0,

• lim
n→+∞

an
n

= c.

Notation: • δ0(t) is the Dirac delta function at t = 0,
• [ a ]+ := max(a, 0) for a ∈ R,
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Theorem 2 (Wishart Ensembles)

Stieltjes transforms with respect to rescaled Wishart matrices 1
nXn of

Un is given as, by using a generalized Lambert function Wκ,γ,

S(z) = −1− c
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(
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z
(z ∈ C+).

Assumptions: • lim
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= α and lim
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= β,

• κ =
1

1− α
(α ̸= 1), κ = +∞ (α = 1) and γ = 1− β.

Terminologies:

• A Wishart matrix is a Vinberg matrix Xn ∈ Un of the form Xn = ξnξ
⊤
n ,

where ξn = (ξij) is a matrix in E defined by

E =

ξn =


Each entries ξij is i.i.d., centered and variance 1 whenever ξij ̸= 0.
The space E appears naturally in the theory of homogeneous cones.

• A generalized Lambert function Wκ,γ is the main branch of the inverse func-
tion of a function fκ,γ defined by

fκ,γ(z) =
z

1 + γz

(
1 +

z

κ

)κ

where 1 +
z

κ
∈ C is not negative reals.

Here, κ and γ are real numbers such that 1
κ − γ > 0.

Daisy graphs and Vinberg Matrices

We want to know eigenvalue distributions related to
the daizy graph (the double circle indicates the com-
plete graph). The corresponding matrix spaces Un is
the space of Vinberg matrices.

Un =

Un =


x11 ··· x1an y11 ··· ··· y1bn... . . . ... ... ...
x1an ··· xanan yan1 ··· ··· yanbn
y11 ··· yan1 d1 0 ··· 0
... ... 0 d2 . . . ...
... ... ... . . . . . . 0

y1bn ··· yanbn 0 ··· 0 dbn

 ;
xij ∈ R,
yij ∈ R,
dj ∈ R


Simulations

• Simulations for Wigner Ensembles

• c = 0.2 • c = 0.4 • c = 0.6 • c = 0.8

• Simulations for Wishart Ensembles

• α = 0 • α = 0.5 • α = 1 • α = 2

Red lines in these figures indicate the limiting eigenvalue distributions
obtained theoretically.

Main tool for results

• For the proofs, we use the variance profile method (cf. Bordenave).

•Roughly speaking, if we know a “variance profile” of random matri-
ces, then we obtain an integral. The corresponding Stieltjes transform
can be given by using its solution.

• A variance profile for Wigner case. • A variance profile for Wishart case.

σ =


 σ =




Solve a cubic equation. Solve a differential equation.

Remarks

•Our results include the classical cases; the Wigner’s semicircle law
for Wigner cases and the Marchenko-Pastur law for Wishart cases.

• If γ = 0, then the generalized Lambert function Wκ,0 converges to
the original Lambert function as κ → ∞.

•Quadratic construction includes the following matrix spaces.

• Spaces of rectangular matrices (Wishart), i.e. E =
• Spaces of upper triangular matrices, i.e. E =


