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Abstract. We generalize F. E. Browder’s results concerning pseudomonotone elliptic
partial differential operators defined on unbounded domains. Browder treated equa-
tions for quasilinear operators of divergence form

) Dyag(x,u(x),..., DPu(x)) = f(x),

|o| <k

on an arbitrary unbounded domain ), where || < k for some k > 1. We show
that under suitable assumptions, Browder’s result holds true if the functions a, are
functionals of u.
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1 Introduction

The theory of pseudomonotone operators proved to be highly useful for establishing existence
and uniqueness theorems for divergence-form elliptic problems with standard growth condi-
tions (see [10] too, for general growth conditions). The concept of pseudomonotonicity was
introduced by H. Brezis [2] in 1968.

Definition 1.1. Let X be a Banach space. A bounded operator A: X — X* is said to be
pseudomonotone if for any sequence {u;} C X, such that

uj—u (in X) and limsup (A(uj),u; —u) <0,

]—00
then
(PM1) (A(uj),uj —u) — 0asj— oo and

(PM2) A(u;) — A(u) in X* as j — co.
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As usual, the symbol — denotes weak convergence.
The following abstract surjectivity result [9, Theorem 2.12] is widely used in the literature
for proving the existence of a weak solution to a nonlinear elliptic partial differential equation.

Theorem 1.2. Let X be a reflexive separable Banach space and A: X — X* a bounded, coercive and
pseudomonotone operator. Then for arbitrary F € X*, there exists u € X, such that A(u) = F in X*.

In this context, coercivity is defined as follows:

Definition 1.3. An operator A: X — X* is called coercive if

W — +oo  (as |[u]] = o).

Guaranteeing boundedness and coercivity is usually a trivial matter. The proof of pseu-
domonotonicity usually involves the Rellich-Kondrachov compactness theorem as a crucial
step. On unbounded domains however, a compact embedding result seems to require more
complicated conditions on the domain, see e.g. [1, Theorem 6.52]. F. E. Browder managed to
avoid the use of such compactness results in [3]. To establish pseudomonotonicity, it turns out
that the main task is to prove the a.e. convergence of the sequences {D"‘u]-}]?‘il. Browder’s idea
is a natural one: let the unbounded domain Q) be exhausted by an increasing sequence {(;}
of bounded domains with smooth boundary — such that on each (); the Rellich-Kondrachov
theorem holds. Combining this with a diagonal argument, we extract a subsequence of the
lower-order derivatives { D*u;} converging a.e. to D*u (|«| < k — 1). Proving a.e. convergence
of the highest-order derivatives D*u; — D*u (|a| = k) is more involved.

The results of F. E. Browder on nonlinear elliptic equations on unbounded domains have
been extended in [10], [4] and [6] to strongly nonlinear elliptic equations, i.e. equations con-
taining a term which is arbitrarily quickly increasing with respect to the values of unknown
function u. Further, there are some results in [7] and [8] on elliptic problems where the lower
order terms or the boundary condition contains nonlocal (e.g. integral type) dependence on u.

The aim of this paper is to extend Browder’s theorem to elliptic operators with nonlocal
dependence in the main (highest order) terms, too: we shall modify the assumptions and
the proof of the original theorem for 2k-order divergence-type nonlinear functional elliptic
equations. After formulating sufficient conditions for such a nonlocal operator to be bounded,
coercive and pseudomonotone, we prove our main result. Finally, we give concrete examples
that satisfy our assumptions.

2 Problem formulation

Let O C R" be a possibly unbounded domain with sufficiently smooth boundary, and let

Wg’p(Q) cV C Wk'P(Q) be a closed linear subspace with 1 < p < co and k > 1. Let
A:V — V* be defined by

(A(u),0) =) /Qaa(x,u(x),...,Dﬁu(x),...;u)D“v(x)dx (2.1)

|a| <k

for all u,v € V, where |B| < k is a multiindex. The function 4, may depend on the pointwise
values of any of the partial derivatives of 1. Furthermore, “; u” notation signifies that a, may
be a functional of u. In other words, a, may depend on the whole solution .
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The arguments of the functions a, are denoted as a,(x,#;u), and we sometimes split 7
as 7 = (Z,&) where { € RM and ¢ € RM, so that 7 € RN with N = N; + N, and write
a,(x,C,&; u), where the numbers N7 and N, denote number of multiindexes § such that || <
k —1 and |B| = k, respectively. Furthermore, the notation

1 =g+ 1Bl =0}

is used, where ¢ = 0,1, ..., k. Note that

(={n® =01, k-1} and g={y": ¢=k}.

We impose the following assumptions on the structure of A and Q.
(A0) Suppose that there exist a sequence {Q);} C R" of bounded domains such that Q3; C ;11
(i=12,...)and Q = U2, Q. Furthermore, assume that each 9(); is sufficiently smooth so
that the Rellich-Kondrachov theorem holds: W*?(Q);) cc WK-1P(Q)) (i = 1,2,...).
(A1) Let a, be Carathéodory functions for fixed u € V and all multiindex |a| < k, i.e. let
ay(-,1;u) be measurable for every fixed 7 € RN, and let a,(x, -;u) be continuous for almost
every fixed x € Q).
(A2) Suppose that there exist a bounded functional g;: V — R4 and a compact map

YV L(Q)

with k§ (1) > 0, where p’ =p/(p—1),r, =r;/(r;—1) and

np .

—  ifn>(k—-4

p<r;<py, p; = n—(k—10)p ( )P
>0, otherwise.

such that
aa (e, 10) | < g () [ Iy P~ 4 [+ [k ()] ()

for each multiindex ¢ = |a| < k, almost all x € ), all 7 € RN and all u € V. Note that for
|«| = ¢ = k, we must have ry = p. Here, we introduce the notation

1) 1)) () = max [ 0] ()
forall/=1,...,k.
(A3) Suppose that

Z (a,x(x, 0,¢u) —an(x, g, ‘:/;”» (Ca—C) >0

la|=k
for almostallx € Q,all € RM, & £ ¢ ¢ RV and allu € V.
(A4) Suppose that there exist a bounded and lower semicontinuous functional g>: V' — R
and a compact map ka: V — L1(Q) such that

Y (i u)ia > g2(u) |81 — [ka(u)] (x)

|| <k

for almost all x € O, every u € V, and all 7 = ({,&) € RM x RNz,
Note that the preceding coercivity-like assumption requires the inequality to hold for all
u € V and 5 - contrary to usual asymptotic version, which is prescribed only for large ||u||v
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and ||. The reason for this is that the proof of pseudomonotonicity employs a certain in-
equality which is needed for all # and # and is derived from this coercivity estimate. We now
state a significant strengthening of (A4) that ensures coercivity in the sense of Definition 1.3.

(A4’) Suppose that there exist a bounded functional g: V — R4 and a compact map kp: V —
L'(Q) such that

Y an(x, g u)e >

|a| <k

$2(u)[¢|P — [k2(u)](x), foreveryucV
2(u) [!é\v + L (O + |,7<e>|n)} — [ka2()](x), for large ||ulv

for almost all x € Q and all 7 = ({,¢) € RYN. Here, the functional g2 satisfies the estimate

g2(u) > c*||ully”

for all u € V with sufficiently large ||u||y, with some ¢* > 0 and 0 < ¢* < p — 1. Also, the
map kj satisfies

k2 ()11 (0) < e*[lully,

for all u € V with sufficiently large ||u||y and some 0 < o < p — ™.
(A5) Whenever 1; — u in V and {5;} C RN with 7; — 7, then a,(x, 17j;1;) — aa(x, ;1) for
a.e. x € Q up to a subsequence.

3 Pseudomonotonicity

Theorem 3.1. Assume (A0), (A1), (A2), (A3) and (A4). Then the operator A: V. — V* defined in
(2.1) is pseudomonotone.

Proof. Let {u;} C V be a sequence that satisfies #; — u in V and

limsup (A(u;), u; —u) < 0. (3.1)

j—oo

Assumption (A0) implies that there exists a sequence {();} C R" of bounded domains
such that (); C Q;11, QO = U2 ) and the Rellich-Kondrachov theorem holds on each ();:

WkP(Q);) cC WF1P(Q);). Foreveryi € N there is a subsequence {u }°° 1 C {u]} (indexed
by the same j for simplicity) such that {u }°°1 D {u (i+1) }°° , and u() — u in WELP(Q)) as

j — oo. The diagonal sequence {u]}j:1 = {uj }j"’zl satisfies uj — u in WK=17(Q);) for any
i € N. Then

D"u; = D"u ae.in Qforall [y| <k -1 (3.2)

up to a subsequence. Further, by (A2) and (A4) we may assume that the sequences {}qg)w i)} c
L1 (Q) (for every £ = 1,...,k) and {ka(u;)} C L}(Q) are convergent. Note however, that we
do not have uj — u in W=17(Q).



On pseudomonotone elliptic operators 5

The following notations are used throughout the proof:

(3.3)

:0=1,...,k},

Using these, we may write

where

pi(x) = ) [au(x, Zj(x), &(x);u;) — an(x,{(x), £ (x);u) | (D*u; — D*u),

la| <k

Also, (3.2) may be written as 5]- — f a.e.or 17]@ — ;7(@ ae. forall/=0,1,...,k—1.
First we derive conclusion (PM1) of pseudomonotonicity. The following trivial lemma is
well-known.

Lemma 3.2. Relation (3.1) implies

limsup (A(u;) — A(u),uj—u) <0.

]—00
Proof. We have

limsup (A(uj) — A(u),u; —u) <limsup (A(u;j), u; —u) — liminf (A(u), u — u;).

j—ro0 j—o0 j—roo

By (3.1), the first term is nonpositive. For the second term, note that the functional v —
(A(u),u —v) is weakly lower semicontinuous, so liminf (A(u),u —u;) > 0. O

The conclusion of Lemma 3.2 can be written briefly as
limsup/ pj < 0. (3.4)
j—o0 Q

Using the positive-negative decomposition p;(x) = p;“(x) —p; (x), we have 0 < p;“(x) =
pj(x) + p; (x) hence (3.4) immediately implies

/Q pr 0 (3.5)

as j — oo. Hence, the convergence fQ pi — 0 (j — o) needs to be established, so that

Japj — 0 (j = o) holds, which implies (PM1). This will be done via Vitali’s convergence
theorem (see Theorem A.6) applied to the sequence {p]_ }.
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Lemma 3.3. The sequence {p]_} is equiintegrable and tight over Q). Furthermore, there exist C; > 0
and an a.e. bounded function B: Q) — Ry such that for a.a. x € (),

pi(x) = G1[g;(x) [P — p(x) (36)
Proof. Expand p;(x) as
= Y au(x,gj, Cjiu))Duj+ Y au(x, ;&5 up) D uj — wi(x),

|| =k | <k—1

where

wi(x) =Y {aa(x, Z,&u) (Duj — D*u) + a,(x,{j, &j; u]-)D"‘u}

la|<k

We prove that {w;} is equiintegrable and tight. Assumption (A2) implies that

[l ()] < Co(g1.00) [Ip O~ + IOt + (7 @] ) (171 + 1))

(3.7)
+Co () 11771+ O] 1 @) ) ) )|

< G (IOl + IO + IO gL+ 1O
+ Mj(f)|p—l|,7(€)| + |17](€)|rz—1|,7(€)| (3.8)

+ ) @) (11 + 1 O1) + 8 )] ()l )

where Cy,C3 > 0 are constants. We shall apply Proposition A.3 to prove that the function
dominating w](@ (x) is equiintegrable and tight. The weak convergence u; — uin V. C W*?(Q)

implies that the sequence {17]@} C Wk=4P(Q)) is bounded, hence by the Sobolev embedding
Wk=tP(Q)) C LI(Q) (where p < q < p}) we have that {17]@} C L1(Q) is bounded. In

particular, {|17](£)]”}, {\17]@)]?’} C L'(Q) are bounded.

The second and fourth terms in (3.8) are equiintegrable and tight by part (1) of Propo-
sition A.3. Further, the first term is equiintegrable and tight by part (3) of Proposition A.3
applied to the constant sequence |79 [P~1 € LV (Q) (with |#(D)|P € L'(Q) being equiintegrable
and tight by part (1) of the said Proposition) and to the bounded sequence {\17].(6)|} C LP(Q)).
The third term is similar. The fifth term is also equiintegrable and tight by part (3) of Propo-

sition A.3 applied to the bounded {\17 ]P 1 C LP(Q) and the constant 7| e LP(Q)

sequences. The sixth term is handled in a similar way. Finally, {IC )( )} € LY(Q) is con-

vergent by construction. Therefore the last two terms are equiintegrable and tight, too.
Moreover, assumption (A4) implies that

pi(x) = ga(u;) |GV — ka(uj) (x) — [wj(x)| = —ka(u;)(x) — [w;(x)]. (39)
It follows that
0 < pj (x) < [ka(u)] (x) + |wj(x)],
hence {p;"} is equiintegrable and tight, where we have used the fact that {k(u;)} is equiinte-
grable and tight, since it is convergent in L(Q)).
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Finally, we turn to the proof of inequality (3.6). Young’s inequality applied to the products
on the right side of (3.7) implies that

f _ / Y4 / Z
o) ()| < Kae) (1P 4 O 163 ()] ey ) + Cae (g1 4 I 1)
14 1) O\, l ! /
+ Cae( 10707 4+ T ()] (1)) + Kale) IO
By summing over j =0,1,...,k, and noting that r, = p, we get

k ' k / =
i ()] < Coelgyl” + Ksfe) (2217 + 1 )] 1)” + 10 () 07) + L o ")
=0

/

§CM@V+M@@EV+WWWW@V+WWWMWV

k-1

7 —1)7 )7y 0 (p—1)7,

+ 1 (I O1 Iy @10 e 00
(=0
)+ [ ) 7]
=: Cse|gj|7
At 0 01 (-1 4 1 (0((p-1)r!
+K(e) <2|§’P+ y [|,7( e + 1+ (O (=1 7, |(P= )Q} + [ICg,(u,uj)](x)),

(=0

where {K3(u,u;)} C L'(Q) is convergent, hence it is convergent a.e. up to a subsequence,
thus it is a.e. bounded. Therefore, using the a.e. convergence 7() — 5 (¢ =0,...,k —1) we
have that the function

k—1
7 r —1)r O (p-1)7,
ﬁq(x) = 2|§'|P + Z [‘Tl(ﬁ)’ ¢4 ‘;7](5)’ ‘4 M(f)’(l” Dry + ’17]( )|(P 1) l} + [IC3(u, u])]<x)
(=0

is bounded a.e.

The first inequality of (3.9) combined with the preceding estimate and assumption (A4)
leads to

pi(x) > g2(uj)[Gi|7 — [ka(uj)](x) — [w;(x)]
> &2(u) 1617 — Cse[¢j|P — [ka(u;)](x) — K(e)B1(x)
> [¢j|P (A — Cse) — B(x)

where ¢>(u;) > A > 0 (due to the weak lower semicontinuity of ¢>: V' — R, and the
weak convergence u; — u) and B(x) = K(e)B1(x) + [ka(u;)](x) is still bounded a.e., because
{ka(u;)} € L*(QQ) is bounded and therefore convergent a.e. up to a subsequence. The desired
inequality follows by choosing ¢ = A/(2Cs). O

Claim 3.4. The convergence pj = Oae holds.
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Proof. Split p;(x) as
pj(x) = Y [aa(x,gj, &jiuj) — au(x,j, &uj)] (D*uj — D*u)

|a|=k
+ Z [lla(x, gj/ & “]’) —aq(x, ¢, C;u)] (Dauj — D"u)

=k (3.10)
+ Z [aa(x, 8, Cjiuj) — au(x,C, & u)] (D*uj — D*u)

| <k—1

=:gj(x) +rj(x) +5j(x)

Let x; be the characteristic function of the level set {x € O : 2 (x) > 0} and write

—P; = Xj4j T X XSy

First, note that x;q; > 0 a.e. due to the monotonicity assumption (A3), so it is enough to prove
Xjtj — 0 a.e. and x;s; — 0 a.e. Lemma 3.3 ensures that there exists f: (3 — R a.e. bounded
such that

5i(0)[P < B(x),

for all x € Q such that p;(x) < 0. Therefore {x;(x){;(x)} is bounded for a.e. x € Q. By (A2),
(A5) and {; — ( a.e. (from (3.2)), we find that x;r; — 0 a.e. and x;s; — 0 a.e. for a subsequence,
from which pj —0ae. follows. O

In summary, we have that {p]’} is equiintegrable and tight, and p; — 0 a.e. A corollary of
the Vitali convergence theorem (Theorem A.6 below) yields that these conditions are actually
necessary and sufficient to ensure the convergence

/ij’—>0,

as j — 0. Recalling (3.5), we have in summary

i — 0 3.11
/Q Pj (3.11)
as j — oo. Then conclusion (PM1) of pseudomonotonicity is established:
(A(u;),uj —u) = (A(uj) — A(u),uj —u) + (A(u), u; —u)
= /ij + (A(u),uj —u) — 0.
Turning to the proof of (PM2), first note that (3.11) implies that p; — 0 a.e. up to a
subsequence.

Claim 3.5. The convergence ¢; — ¢ a.e. holds.

Proof. It follows from estimate (3.6) that {¢;} is bounded a.e. Fix an xo € Q) such that {;(x0)}
is bounded and p;(xo) — 0. Assume for contradiction that ¢;(xo) — ¢’ for a subsequence and
some &’ such that ¢’ # {(xo). Since we have {; —  a.e., by using decomposition (3.10) and
(A1), it follows that r; — 0 and s; — 0 a.e. But then the continuity assumption (A5) implies

pi(x0) = 0=")_ [au(x0,¢, & 1) — an(x0,, & u)] (G — D*u(x0))

|a|=k

Thus (A3) yields ¢, = D*u(xp), which is a contradiction. O
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Finally, we prove A(u;) — A(u) in V*. By the Vitali convergence theorem

(A(uj),v) = Z /Qa,x(x,iyj;uj)D“v(x)dx

lae| <k

- ) /Q aq(x,m;u)D"0(x) dx,

| <k

because the integrand is equiintegrable and tight by Proposition A.3 (3) and the a.e. conver-
gence a,(x, 1i; u]-) — a,(x,n;u) follows from (A5). O

Proposition 3.6. If (A4’) holds then A: V — V* is coercive.

Proof. We have for u € V with sufficiently large ||u||v,

k-1
(Aw),u) = ga(w) [ 12l + L (D1 + 1) dx = [ lra)](x) d
(=0
> Clully lull}, = llul
> Clully”

for some C,C’ > 0. Therefore (A(u),u)/||ully — +ooif ||u|ly — oo, because p —c* > 1. [

4 Examples

Here we formulate examples satisfying (A1)-(A5) and (A4’). Forall |«| = ¢, with¢ =0,1,...,k
consider

a0 (3, 7710) = ¥o(Ho() (e xe(Ge ) (17O 2 + 11O 2+ bo (1) Ma 1),

where p <7y < p; and m < ay(x) < M for some constants m, M > 0. (We remind the reader
that 7®) = # and Px = P, so that the highest order a, reads

aq (x,17;1) = ¥ (Hy(u)) [a () X (Gr (1)) |17~ + bu (x) Ma (11)],

where |a| = k, which is reminiscent of the p-Laplacian.) We propose the following two
possibilities for the choice of ¥, and H,.

1. Let Hy: WF1P(Q)) — L®(Q) be a bounded linear map (with Q' C Q a bounded do-
main) and let ¥,: R — R, be continuous with ¥,(v) > Cy¢/(1+ |v|)™7 for some
Cy > 0 and large |v|.

2. Let Hy: V — R be a bounded linear functional and let ¥,;: R — IR be continuous with
Y, (v) > Cy/(1+ |v|7") for some Cy > 0.

Again, we may choose x, and Gy as follows.

1. Let Gy: W1P(QY) — LV (Q) be a bounded linear map and let y;: R — R be contin-
uous with m < x,(v) < M for some constants m, M > 0.

2. Let Gy: V — R be a bounded linear functional and let x;: R — R be continuous with
m < x¢(v) < M for some constants m, M > 0.
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Finally, for fixed any |a| =/, let2 < p; < p,m=1,...,k and let
My: V. — W™ (Q) (or R)
be a bounded map such that

[ Ma (1) [[wmn () < constul]y7, (4.1)
[ Ma (1) — Mvc(v)HW’"'Pl(Q) < const||u — o[}, (4.2)

where 0 < 7, < %; also, let Ay = gu /7y and b, € Lré)‘i(()) where

np .
P1<qu <oy A om <ok
qu >0 otherwise
(or, if M,: V = R, then

| M, (u)] < const||ul|7*, (4.3)
|My (1) — My (0)| < const|ju —o||7¢, (4.4)

with v, = 0/7), by € L't (Q)).
Under these hypotheses, (A1) and (A3) are satisfied. Note that the continuous embeddings
WmPL(Q)) C L9 () hold, so

[ Ma (1) || (c2) < const|| Ma () [[wmn (o) < comstuf| .

Therefore, by Holder’s inequality and (4.1)

[ M) < ]y [ IMa ]

%//\
= [|bal|"” itk e M () i (4.5)
< const||b, n o I
< c*lully,

where 0 = quYa/Aa = 1)ya < p for the case My: V. — W™P1(Q)). The case M,: V — R is
treated similarly.

Claim 4.1. Assumption (A2) holds.

Proof. The growth condition reads

Jaa (7, & )| < Fo(He(u))lae(x) | xe(Ge(w)) (In O + 159771
+ Yo (Hy(u))[ba(x) My (1)

Then g¢1(u) = ¥,(H;(u))M? is a bounded functional by assumption. Letting

(kY ()] (x) =¥ o(He (1)) ba(x) Ma(u)],
we find by (4.5) that k%: V — L"t(Q) is bounded.



On pseudomonotone elliptic operators 11

Proving the compactness of k{ requires more effort (except when M, : V — RR). To this end,
suppose that {u;} C V is a bounded sequence. Let {();} be the sequence guaranteed to exist
by assumption (A0). Then ||b, ||L A 0. Using the compact embedding W"*1(();) CC
L9+(€);) we can choose subsequences of {u;} as follows. Let {u3;} C {u;} be a subsequence
such that

| Ma(u1j) — Ma(tiim) ||y <1 forjm=1,2,3,...

Let {uy;} C {uy;} be a subsequence such that

forj,m=2,3,...

N —

[[Ma (u25) = Ma(ti2m) || 3w (025) <
Continuing this way, for fixed i let {u;;} C {u;_1;} be a subsequence such that
| Ma(at) ~ Mty < 3 forjom = i,i+1,..
It follows that the diagonal sequence {u;;} satisfies
| Ma(115) — Mty |50 1) < % for jym = i,i+1,...
Using Holder’s inequality, we find for j,m > i
/ [ () " M (1157) — Mg (1) "l

= </Q\Qi+/0i>|b“(x)|r2’|Ma(ujj) — M (thmm)

1/A
< const|| by H Loy [/Q\Q‘ | M (1) — Ma(thmm) | dx]

e dx

1/ Ag
+C0nStHbaHLr2,\g @) [/Q | Mo (1) — Mo (tm)| ™ dx} )

Here, ||b, HL oy 0 and Hb“HL’W @) is bounded. By assumption (4.2), the first integral

is bounded and for the second integral we have
1
/(;- |M1X(ujj) - sz(umm”qa dx < ﬁ —0

if j,m>iand i — oo. O

We now show that (A4’) holds. It is enough to estimate the terms of

Y an (x5 u) 14

|ac|=¢

= Yo (Hy(u))ar(x)xe (Ge()) (IO + 1 O1P) + 32 ¥e(He(u))bu(x) Ma (1) 17
la|=¢

forall £ =0,1,..., k. The first term may be estimated from below by

(o) (I + 1017
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for some constant C > 0. Here, the quantity ¥,(H,(u)) satisfies

Cy Cl{f Cy > Cy

‘Ijg Hg u ) Z m Z = - *
) 2 Tl 41 % TH 0 5oy 1 Tl Gapey +1 - Tl 1

Wk— lp Q/)

The terms of the sum may be bounded from above by Young’s inequality,

¥ (He (1)) |bo (%) Ma (u)17a] < €¥0(Hy () 7] + C* (&) ba ()"t | Ma (1)
< €¥(Hy(u)) O] + C* (&) bw (%)t | Ma ()| 7.

Choosing a sufficiently small ¢ > 0, it turns out that it is enough to estimate the L!(Q)-norm
of the expression

[k ()] (x) = |ba(x) [ | M ()|,
which, using (4.5), satisfies
k21 Ly < c*[lullv-
The proof of compactness of k3 is analogous to that of k{. The required k, in Assumption
(A4’) is given by the pointwise maximum of k5 over all |a| < k.
To finish the argument, note that assumption (A5) is satisfied since the functions ®,, x,
and Y, are continuous and the operators Hy, G; and M, are continuous in the respective

Sobolev and Lebesgue spaces. Thus if u; — u in V, then for a subsequence Hy(u;), G¢(u;),
M, (u;) are convergent a.e. in Q).

Example 4.2. For a more concrete example to M,, consider the following. In the case M,: V —
W™P1(Q)), let My (1) = Hy(u) where Hy: V. — W™P1(Q)) is a continuous linear operator. For
a more concrete example, consider

Z/G (x,y)D*u(y) dy,

| <k

where the functions G,: () x () — R satisfy
/ 1/P
X [/ |DPGy(x,y)|P dy} e LM (Q) for |B| < m.
Q

In the case M,: V — R, let M,(u) = q)a(ﬁa(u)), where Hy: V — R, is a bounded linear
functional and ®,: R, — Ry is continuous with |®, (1) — @, (12)| < Co|v1 — 12|7/"". Note
that @, (v) < Co|v|”/" follows automatically.

The operators Hy: Ws=1P((Y) — L®(Q) and G,: W17 (Q)) — LV (Q) can be defined by

the formula
= ) / (x,y)D*u(u)dy,
|4x|<k 1

where the measurable functions G,: Q x Q' — R satisfy

’ 1/P/ ’
X [/Q 1Ga(x, )P dy] € L®(Q) and L”(Q),

respectively.
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Example 4.3. Now suppose that () C Q) is a bounded domain with sufficiently smooth bound-
ary. Let V = H}(Q), Vi = H}(QY) € W(QY), m = 1, py = 2 and let B,: V; — Vi be an
elliptic operator given by

<B,X(v),w>:/0 LkZi:laf‘k(x)Dijkw—i—ca(x)vw dax,

where v,w € V; and aj € L*(Q)) form a uniformly elliptic coefficient matrix and c,(x) >
co > 0. The strong form of this operator is “—divA"Dv + ¢,v”, where A" = (a). Then we
may take M,(u) = H,(u) = v, where v € V is a unique solution to By(v) = u|,, € V.
Then H, = B;': V — V; € W'2(Q) is a continuous linear operator. (A function v € H}(QY')
belongs to W'2(Q)) if it is extended by 0 in O\ ()'.)

Example 4.4. More generally, let Vi C W"?1(Q)) be a closed subspace (which may depend
on «) and let N : Vi — V;* be a bounded, strictly monotone and coercive operator that satisfies

(Nu(01) = No(v2),01 = 02) > eaf|or — va|{,

and
(Nu(0),0) > esloll-
Then for every w € V;' there exists a unique element v € V; such that N,(v) = w and the
mapping N, 1: Vi — V; is Hélder continuous:
NG 1) = Ny (o) g™ < constwn — wally.
Now let
M, (u) == Ny Y (hau),

for all u € V, where h, € LW(Q) is some fixed function that makes h,u € LF’Q(Q) c Viif
p > 2, and we may take h, = 1 if p = 2. We have that M, (1) € V; and M,: V — W™P1(Q) is
bounded map:

HMQ(U)me,Pl(Q) = ||Na_1(h06u)‘|wm’}]1(0) S ||hau’|%/:*(pl_l)

1/(p—1 A
< const||hul| 1) COHSt[/ |hau|p1}
L1(Q) Q
T p/p] P
< const“/ |ha|P17] [/ MP} ]
0 0

1/(p1—1 1—1
< const|]ha||Lp£(r”?Q) )||u||r‘],1 ,

where r = p/(p — p}). The exponent v, = p} — 1 satisfies v, < p/r;if 2 < p1 < p.

A Equiintegrability and tightness

This appendix collects some results used in the paper; see e.g. [5] for proofs.

Definition A.1. A sequence {f;} of measurable functions f;: () — R is said to be equiintegrable
over () if for all € > 0 there exists § > 0 such that

/ |fil <e forallj € Nandall EC Q measurable with |E| < 4.
E
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Definition A.2. A sequence {f;} is said to be tight over () if for all ¢ > 0 there exists Eg C ()
measurable with |Ey| < oo such that

i< f 11jeIN.
/Q\E()]f]] e forallj

Clearly, a dominated sequence inherits equiintegrability (tightness). More precisely, if
gil < |fjl and {f;} is equiintegrable (tight), then {g;} is equiintegrable (tight). Similarly,
equiintegrability (tightness) is inherited to a smaller domain (O’ C Q. The following useful
properties are easily established.

Proposition A.3. The following statements hold.
1. If {f;} c LY(Q), f € LY(QY) and f; — f in L'(QY), then {f;} is equiintegrable and tight.

2. If{f;} and {g;} are equiintegrable and tight, then {af; + Bg;} is equiintegrable and tight for all
a,peR.

3. If {f;} € LY(Q) is bounded and {g;} C L7 (Q) (where ¢’ = q/(q9 — 1) and 1 < q < o) with
{] g]-|‘7/} equiintegrable and tight, then {f;g;} is equiintegrable and tight.

Theorem A.4 (Vitali convergence theorem). Suppose that |Q)| < co and let {f;} be equiintegrable
over Q. If fj — f a.e.on Q, then f € L'(Q)) and

/fj—>/f as j — oo.

Theorem A.5 (Vitali convergence theorem). Let {f;} be equiintegrable and tight over Q. If f; — f
a.e.on Q, then f € LY(Q) and

/f]—>/f as j — oo.

Theorem A.6 (Sharp Vitali convergence theorem). Suppose that hj > 0 a.e. on Q). Then
/ hi =0 asj— oo

if and only if h; — 0 a.e. on QY and {h;} is equiintegrable and tight over Q.
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