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F x x F

∃x
(

(x) & (x)

& ∃y ( (y) & (x, y))
)

x
∃x

∃x
(

(x) & (x)
)

& ∃y ( (y) & (x, y))

x
∃x

& ∼ ⊃ ≡
I
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166 FORMAL SEMANTICS

{∃x ( (x) & (x) & (x),
(x))} |= (x)

∀x ( (x) & (x) & (x)
& (x))⊃ (x))

∃x (x) & (x) & ∃y (y) & (x, y) &
(Iw (w), y) & ∃z (z) & (z)

& ∃v (v) & (z,w) & (Iw (w)) &
(Iw (w))

d1 d2

∃x
s1 d1

s2 d2

s1

Iw (w) s2

Iw (w)

(Ix (x)) & (x)

x
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〈∃x (x) & (x), (x),
∃y (y) & (x)〉 |=

(Iz (z))

Iz (z)

??

∼
(
(∃x ( & ( , x)) ∨ ∃y ( & ( , x))

)
& (Ix (x), )

∼ (Ix (x)) & (x)

′ ??

′ ∼ (∃x (x) & (x)) & (x)

x
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168 FORMAL SEMANTICS

∃x
(
∀y ( (y) ≡ y = x)

& (y) & (x, x)
)

∃x∀y
(

(y) ≡ y = x
)

& (y) & (x, x)

∃x∀y
(

(y) ≡ y = x
)

x
(y) (x, x) ∃x
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n
∼ , & ,∃, =, (, )

ϕ ∨ ψ ⇐⇒d ∼ (∼ ϕ & ∼ ψ)
ϕ⊃ψ ⇐⇒d ∼ (ϕ & ∼ ψ)
ϕ ≡ ψ ⇐⇒d (ϕ⊃ψ) & (ψ⊃ϕ)
∀xϕ(x) ⇐⇒d ∼ ∃x ∼ ϕ

P n t1, . . . , tn P (t1, . . . , tn)

t1 t2 t1 = t2

ϕ ψ (ϕ & ψ)
ϕ ∼ ϕ
ϕ x ∃xϕ

M = 〈U, 
〉
U 


a P n 
(a) ∈ U

(P ) ⊆ Un

V [x] =d

{
v : v′ v′ ∈ V v[x]v′

}
,
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170 FORMAL SEMANTICS

v[x]v′ ⇐⇒d y x v′(y) = v(y).

|t|
M,V

t 
(t) v(t)

[[ϕ]]
M

[[P (t1, . . . , tn)]]
M

(V ) =d

{
v ∈ V : 〈|t1|M,V , . . . , |tn|M,V 〉 ∈ 
(P )

}
[[t1 = t2)]]M(V ) =d {v ∈ V : 〈|t1|M,V = |t2|M,V 〉}
[[(ϕ & ψ)]]

M
(V ) =d [[(ψ)]]

M
◦ [[(ϕ)]]

M
(V )

[[∼ ϕ]]
M

(V ) =d

{
v ∈ V : [[ϕ]]

M
({v}) = ∅

}

[[∃xϕ]]
M

(V ) =d [[ϕ]]
M

(V [x])

〈ϕ1, . . . , ϕn〉 |= ψ

〈ϕ1, . . . , ϕn〉 |= ψ ⇐⇒d M V,

[[(ϕn)]]
M

◦ · · · ◦ [[(ϕ1)]]M(V ) �= ∅,

[[(ϕn)]]
M

◦ [[(ϕn)]]
M

◦ · · · ◦ [[(ϕ1)]]M(V ) �= ∅.

〈ϕ1, . . . , ϕn〉 |= ψ
〈ϕ1, . . . , ϕn〉

〈ϕ1, . . . , ϕn, ψ〉

I = 〈d, r, V 〉 d

0 = ∅ n = {0, . . . , n − 1}
d r

n 〈d, r〉
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V d U x
v(r(x)) v ∈ V

〈d, r〉[x] =d 〈d + 1, (r \ {〈x, i〉 : i < d}) ∪ {〈x, d〉}〉

x x
V

V [d] =d

{
v : (∃v′ ∈ V ) (∃u ∈ U) v = v′ ∪ {〈d, u〉}

}

I = 〈d, r, V 〉
I ′ = 〈d′, r′, V ′〉 I ′′ = 〈d′′, r′′, V ′′〉 M = 〈U, 
〉 M′ = 〈U ′, 
′〉

I 〈d, r〉 V

I[x] =d 〈〈d, r〉[x], V [d]〉

|t|
M,I

t 
(t) v(r(t))

[[ϕ]]
M

〈〈a, b〉, c〉 〈a, 〈b, c〉〉
〈a〉 a
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172 FORMAL SEMANTICS

[[P (t1, . . . , tn)]]
M

(I) =d〈
d, r,

{
v ∈ V : 〈|t1|M,I, . . . , |tn|M,I〉 ∈ 
(P )

}〉
[[t1 = t2)]]M(I) =d 〈d, r, {v ∈ V : 〈|t1|M,I = |t2|M,I〉}〉
[[(ϕ & ψ)]]

M
(I) =d [[(ψ)]]

M
◦ [[(ϕ)]]

M
(I)

[[∼ ϕ]]
M

(I) =d

〈
d, r,

{
v ∈ V : [[ϕ]]

M
(〈d, r, {v}〉)

}〉

[[∃xϕ]]
M

(I) =d [[ϕ]]
M

(I[x])

〈ϕ1, . . . , ϕn〉 |= ψ M I

[[ψ]]
M

◦ [[ϕn]]
M

◦ · · · ◦ [[ϕn]]
M

(I)

[[ϕn]]
M

◦ · · · ◦ [[ϕn]]
M

(I)

[[ψ]]
M

◦ [[ϕn]]
M

◦ · · · ◦ [[ϕn]]
M

(I)

〈ϕ1, . . . , ϕn〉
x ∃x
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Ix R(x, Iy P (y))
Ix R(x, y)

P x Ix Px

I = 〈d, r, S, V 〉 S

P d
〈P, d〉

P d
s = 〈P, d〉

Ix Px
〈d′, r〉 〈x, d〉

s = 〈P, d〉

〈P, d〉 x

〈d, r〉[x/d′] =d 〈max(d, d′ + 1), r \ {〈x, i〉 : i < d}) ∪ {〈x, d′〉}〉

x

Ix P (x) ∃y P (y)
x ∃y x y
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P t
d r(t) = d P (t)

S
〈P, d〉

S[P (t)] =d

〈
〈P, r(t)〉, S

〉

S(P )
P S

S(P ) P
S(P ) S

S = ∅ S(P ) = P
S =

〈
〈P, d〉, S′

〉
d S′ S(P ) = d

S =
〈
〈Q, d〉, S′

〉
Q P d S′

S(P ) = S′(P )

V

x
x

I[x/d′] =d 〈〈d, r〉[x/d′], S, V 〉

I[x] =d 〈〈d, r〉[x/d], S, V [d]〉

[[t]]
M

[[x]]
M

(I) =d

{
I[x] x /∈ dom(r);
I x ∈ dom(r);

[[a]]
M

(I) =d I

[[Ix P (x)]]
M

(I) =d

{
I[x] S(P ) = P ;
I[x/d′] S(P ) = d′.

x

x

Ix P (x)
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x Ix P (x)

|t|
M,I

t

|a|
M,I =d 
(t)

|x|
M,I =d v(r(x))

|ixP (x)|
M,I =d v(r(x))

[[ϕ]]
M

[[P (t)]]
M

(I) =d

〈
d′, r′, S′[P (t)],

{
v ∈ V ′ : |t|

M,I ∈ 
(P )
}〉

〈d′, r′, S′, V ′〉 = [[t]]
M

(I)
[[P (t1, . . . , tn)]]

M
(I) =d〈

d′, r′, S′,
{
v ∈ V ′ : 〈|t1|M,I , . . . , |tn|M,I〉 ∈ 
(P )

}〉
n > 1 〈d′, r′, S′, V ′〉 = [[tn]]

M
◦ · · · ◦ [[t1]]M(I)

[[t1 = t2)]]M(I) =d 〈d′, r′, S′, {v ∈ V ′ : 〈|t1|M,I = |t2|M,I〉}〉
〈d′, r′, S′, V ′〉 = [[t2]]M ◦ [[t1]]M(I)

[[(ϕ & ψ)]]
M

(I) =d [[(ψ)]]
M

◦ [[(ϕ)]]
M

(I)

[[∼ ϕ]]
M

(I) =d

〈
d, r, S,

{
v ∈ V : [[ϕ]]

M
(〈d, r, S, {v}〉)

}〉

[[∃xϕ]]
M

(I) =d [[ϕ]]
M

(I[x])

P Q T R S
′

′ ∃xP (x) & Q(x) & ∃y T (y) & R(x, y) & S(Iw P (w), y)

∃xP (x) x

P d1 = 1 r1 = {〈x, 0〉} S1 = 〈P, 0〉;V1 = {{〈0, u〉} : u ∈

(P )}
Q(x) d1 = d1 r2 = r1 S2 =

〈
〈Q, 0〉, <

P, 0〉
〉

V1 = {{〈0, u〉} : u ∈ 
(P ), u ∈ 
(Q)}
∃y T (y) y

d3 = 2 r3 = {〈x, 0〉, 〈y, 1〉}
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176 FORMAL SEMANTICS

S3 =
〈
〈T, 1〉, 〈Q, 0〉, 〈P, 0〉

〉
V3 = {{〈0, u〉, 〈1, u′〉} : u ∈ 
(P ), u ∈


(Q), u′ ∈ 
(T )}
R(x, y)

d4 = d3 r4 = r3 S4 = S3 V4 = {{〈0, u〉, 〈1, u′〉} : u ∈

(P ), u ∈ 
(Q), u′ ∈ 
(T ), 〈u, u′〉 ∈ 
(R)}
Iw P (w)
P S4

w r5(w) = S4(P ) = 0 d5 = d4

r5 = {〈x, 0〉, 〈y, 1〉, 〈w, 0〉} S5 = S4 V5 = V4

S(Iw P (w), y)
d6 = d5 r6 = r5 S6 = S5 V6 = {{〈0, u〉, 〈1, u′〉} :

u ∈ 
(P ), u ∈ 
(Q), u′ ∈ 
(T ), 〈u, u′〉 ∈ 
(R), 〈u, u′〉 ∈ 
(S)}
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