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Abstract

It is known that the classical unital arising from the Hermitian
curve in PG(2,9) does not have a 2-coloring without monochromatic
lines. Here we show that for ¢ > 4, the Hermitian curve in PG(2, ¢?)
does possess 2-colorings without monochromatic lines. We present
general constructions and also prove a lower bound on the size of
blocking sets in the classical unital.

1 Introduction

In any point-line geometry (or, much more generally, any hypergraph) a
blocking set is a subset B of the point set that has nonempty intersection
with each line (or each edge).

Blocking sets in the finite projective planes PG(2,¢) have been investi-
gated in great detail [17, 18]. Since in a projective plane any two lines meet,
every set containing a line is a blocking set. A blocking set of a projective
plane is called non-trivial or proper when it does not contain a line. We shall
also call blocking sets in other point-line geometries proper when they do
not contain a line. By definition the complement of a proper blocking set is
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again a proper blocking set, and every 2-coloring (vertex coloring with two
colors such that no line is monochromatic) provides a complementary pair of
proper blocking sets.

A blocking set is minimal when no proper subset is a blocking set. A
blocking set in PG(2, ¢) is small when its size is smaller than 3(q + 1)/2.

This latter definition was motivated by the important results of Sziklai
and Szényi, who proved a 1 (mod p) result for small minimal blocking sets
B in PG(2,q).

Theorem 1.1 (Sziklai and Szényi [17, 18]). Let B be a small minimal block-
ing set in PG(2,q), ¢ =p", p prime, h > 1. Then B intersects every line in
1 (mod p) points.

If e is the largest integer such that B intersects every line in 1 (mod p°)
points, then e is a diwisor of h, and every line of PG(2,q) that intersects B
in ezactly 1 + p® points intersects B in a subline PG(1,p°).

In this article, we investigate blocking sets in the classical unital ¢/ arising
from the Hermitian curve H(2, ¢?) of PG(2,¢?). The lines of the unital are
the intersections with U of projective lines that meet U in at least 2 (and
then precisely ¢ + 1) points.

This research is in part motivated by [1], where an exhaustive search for
the unitals of order 3 containing proper blocking sets was performed. That
search showed that there are 68806 distinct 2-(28, 4, 1) unital designs contain-
ing a proper blocking set. The classical unital, arising from the Hermitian
curve in PG(2,9), does not contain a proper blocking set. This poses the
question of blocking sets in the Hermitian curves #H (2, ¢?) of PG(2,¢?) for
general q.

A second motivation is given by the Shift-Blocking Set Problem discussed
in §1.1 below.

We show that for ¢ > 4, the Hermitian curves H(2,¢?) contain proper
blocking sets. We present general constructions of (proper) blocking sets and
also prove a lower bound on the size. The lower bound is obtained via the
polynomial method, and makes use of a 1 (mod p) result which arises from
the applied techniques.

1.1 Green-black colorings

Let a proper green-black coloring of the plane PG(2,n) be a coloring of the
points with the colors green and black such that every point P is on a line
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L that is completely green, with the possible exception of the point P itself.
At least how many green points must there be, or, equivalently, at most
how many black points? This question is related to the Flat-Containing and
Shift-Blocking Set Problem [5].

By definition, every black point is on a tangent, that is, a line containing
no further black point. This immediately gives the upper bound n®? + 1 for
the number of black points [12].

In order to find examples close to this bound, let n = ¢?, and let U be
the set of points (of size ¢*> + 1) of a classical unital in PG(2,n), and let B
be a blocking set in U. Then we can take U \ B as the set of black points,
while the points of B, and all the points outside of U, are green. Indeed, for
a point P of the unital, we can take for L the tangent to U at P. For a point
P outside of U, the line M = P! meets U/ in a line of I/ that is blocked by
B in a (green) point @), and we can take for L the (entirely green) tangent
line at Q).

This motivates the search for small blocking sets in ¢/. In fact what is
needed here is something slightly more general. Let us call a subset S of U
green when U \ S can be taken as the set of black points in a proper green-
black coloring. Then blocking sets of the unital are green. As we shall see,
there are also other green sets.

1.2 Small ¢

Let mingy(g), miny(g) and miny(¢) be the sizes of the smallest green set,
blocking set and proper blocking set, respectively, in the classical unital ¢ of
PG(2,4?%). Clearly, min,(¢) < min,(q) < min,(g). For small ¢, we have the
following results:

q | ming(¢) miny(g) miny(q)
2 3 ) -

3 10 13 -

4 15 25 26

That is, the classical unital does not have a proper blocking set for ¢ =
2,3, and for ¢ = 4, there are proper blocking sets, but the smallest blocking
sets contain a line. A green set that does not contain a (unital) line is a
blocking set. The smallest green sets contain lines.



We describe the green examples. Note that a subset S of U is green
precisely when for each non-tangent line L disjoint from .S, the nonisotropic
point L' lies on a non-tangent line M, where M NU C S.

For ¢ = 2, the unital is an affine plane AG(2, 3). Pick for S an affine line.
The two parallel lines have perps that lie on this line.

For ¢ = 3, let P be a point of the unital, and let K, L, M be three unital
lines on P without transversal. Then S = K U L U M has size 10 and is
green.

For ¢ =4, let P,(Q, R be an orthogonal basis: three mutually orthogonal
nonisotropic points. The three lines PQ), PR and QR meet U in 5+5+5 = 15
points, and one checks that this 15-set is green.

Let min,;,(q) be the size of the smallest blocking set of the Miquelian
inversive plane of order ¢ (the S(3,q + 1,¢* + 1) formed by the points and
circles on an elliptic quadric in PG(3, ¢)). Below, in Subsection 3.2, we shall
see that miny(¢) < ¢(min;,(q) — 1) + 1. For small ¢, we have

q 2
min,,(q) | 3

34 5 7 8
5 8 10 17 20

2 A lower bound on the size of a blocking set
of the Hermitian curve

Consider PG(2,¢*). We denote the points by (z : y : z) and the lines by
[t 2w : v], where the point (x : y : z) and the line [t : u : v] are incident when
tr +uy +vz =0.

Themap (z : y: z) — [27: y? : 29 defines a unitary polarity. Points of the
associated unital U are the points (z : y : z) satisfying (z : y : 2)[[z7 : y? : 29],
so xz29 4+ yit + 229 = 0. The tangents of U are the lines [t : u : v] satisfying
the same equation, so tv? 4+ udt! + vt? = 0.

The ‘infinite horizontal” point oo := (1: 0 : 0) belongs to U. Its pole cot,
the tangent to U in oo, is the line [0 : 0 : 1], i.e., the line ‘at infinity’ Z = 0.

We wish to block the lines of the unital, i.e., the subsets of size ¢ + 1 of
U that are of the form ¢ NU for some line ¢ of PG(2,¢*). The main result of
this section is a lower bound for the size of a blocking set.

Theorem 2.1. Let S be a blocking set of a Hermitian unital U in PG(2,¢%),
then |S| > (3¢> — 2q — 1)/2.



If a subset of U blocks all the projective lines, then also the tangents
to U, and hence the subset must be all of & (and have size ¢* + 1). Also,
UNoot = {oc}. Therefore our result follows immediately from the following
theorem.

Theorem 2.2. Let S be a minimal set of points of PG(2,q*) that blocks
all projective lines that are not tangent to U, but not all projective lines. If
SNoot = {0}, then |S| > (3¢> — 2q — 1) /2.

For example, let L be a secant line to U containing co. Let P be a non-
isotropic point of L. One may take for S the set of all points of L except P,
together with some point on each of the ¢ — ¢ — 1 other secant lines on P.
Now |S]| =2¢* —q — 1.

Proof: Since a unital point outside of S lies on ¢* unital lines, |S| > ¢,
and it is easy to see that equality cannot hold. Put B := {(a,b) | (a:b: 1) €
S}, so that |S| = |B|+1, and let |B| = ¢* — ¢+ k. Since we can assume that
the blocking set S is minimal, it is possible to assume that the horizontal
line Y = 0 is tangent to the blocking set S in the point co, hence b # 0 for
all points (a, b) of B.

Part 1: Polynomial reformulation.
The set S is a blocking set of U if and only if the polynomial H(U, V)
defined by

H(U,V)=C(UV)RU,V)=(V'+V+U™) T (V+a+bU)

(a,b)eB

(with C(U, V) = V¢ +V + U9t!) vanishes identically in F2 X F.

Indeed, a line is non-horizontal (does not pass through oco) precisely when
it is of the form [1 : u : v]. Such a line is a tangent to U when C(u,v) =0
and passes through the point (a,b) when a+bu+v = 0. So if S is a blocking
set, then H(u,v) = 0 for all w,v € Fp. Conversely, if H(u,v) = 0 for
all u,v € Fpz and [1 : u : v] is not a tangent, so that C(u,v) # 0, then
v+a+bu = 0 for some (a,b) € B, so that this line is blocked by B. We shall
use later that the number of points of S on the non-horizontal line [1 : u : v]
(plus 1 if it is a tangent) equals the multiplicity of v as a zero of H(u, V).

Since H(U, V') vanishes identically, it belongs to the ideal generated by
U —U and VZ —V, so

HU,V)=CU,V)RU, V)= (V14
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We may suppose that |S| < 2¢*> — ¢ (the lower bound we are proving is
smaller), so that H has degree smaller than 2¢*. All terms involving U in f
can be moved over to g. Then no cancellation occurs, and f and g have total
degree at most k + 1. Since H has a term UM V79t that must be from
(Vq2 —V)f, it follows that f has degree precisely k+1. Since deg,, H = ¢*+Fk,
it follows that degy f = k.

If f and g have a common factor r(U, V), then the polynomial H/r van-
ishes identically. If r is linear, this means that we can delete a point from
S and find a smaller blocking set. If  is not linear, then it must equal C
(up to a constant factor) since C' is irreducible. This would mean that S is
a blocking set of the entire plane PG(2, ¢?), contrary to our hypothesis. So
f and g are coprime.

Part 2: Let u,v € Fpa. If f(u,v) =0, then also g(u,v) = 0.
For fixed u € F e,
H(u,V) = C(w,V)R(w,V) = (V" = V) f(u,V),

since u¢° —u = 0. It follows that v is (at least) a double root of H(u,V).
Since C'(u, V) = V4 + V + u?™! has derivative 1, v is at most a single zero
of C(u,V). For each factor r(U,V) of H(U,V), if v is a zero of r(u, V),
then w is a zero of r(U,v). It follows that u is (at least) a double root of

H(U,v) = C(U,v)R(U,v) = (UY — U)g(U,v), and hence g(u,v) = 0.

Part 3:

Observe that the nonzero polynomial f(u, V) is fully reducible (factors
into linear factors) over Fpe, for any u € Fp. Indeed, (V4 — V) f(u,V) =
C(u,V)R(u,V) and both C(u, V') and R(u, V') are fully reducible.

We apply the following lemma.

Lemma 2.3. ([4, p. 145]) Let h = h(X,Y") be a polynomial of total degree d
over IFy without nontrivial common factor with Oyh. Let M be the number of
zeros of h in ]Fg, where each zero (x,y) is counted with the multiplicity that
y has as zero of h(x,Y"). Then the total number of zeros of h (each counted
once) is at least M — d(d — 1).

Let f = fo--- f.n be the factorization of f into irreducible components.

Let d; = deg(f;) and d] = degy (fi). Then d, < d;, dy + --- + d., = k and



do+---+d, = k+ 1. Hence, d; = d; — 1 for a single component f;, and
d; = dj for j # .

Suppose that f has an irreducible factor fy with 0y fy Z 0. Put m :=
deg fo so that 1 < m < deg f = k+1, then deg,,(fo) = m—e¢, with € € {0, 1},
and e =0 if m = 1.

Let N be the number of zeros of fj in 1532. On the one hand, since f
and g have no common factor, and all zeros of f are also zeros of g, Bézout’s
theorem gives N < deg fydeg g < m(k+1). On the other hand, for any fixed
u € F 2 the polynomial fo(u, V') of degree degy, fo = m — € has m — € zeros,
counted with multiplicity, altogether ¢?(m — €). Lemma 2.3 now yields the
lower bound N > ¢*(m — ¢) — m(m — 1), and combining upper and lower
bound yields

(m—e) —m(m—1) <m(k+1).

If € = 0, this gives k > 3(¢*—1). If e = 1 and m > 2, this gives k > 3(¢>—3).
If e =1 and m = 2, then no point was counted with multiplicity > 1, and
*(m —€) < m(k+ 1) gives k > 2(¢* — 2). Hence S| =¢* —q+1+k >
%(Z’)q2 —2q — 1) in these cases, as desired.

If Oy f; = 0 for all ¢, then Jy f = 0, so that f(u,V) is a p-th power, and
the multiplicity of v as a root of H(u,V) = (V¥ — V) f(u,V) is 1 (mod p).
By an earlier remark, this means that all non-horizontal lines intersect the
set S in 1 (mod p) points if they are non-tangent, and in 0 (mod p) points if
they are tangent.

For each affine point P & U, let the horizontal line on P contain ep + 1
points of S (including co). Summing the contributions of all lines on P to
|S|, we find from the tangents 0, and from the (¢> — ¢ — 1 or ¢> — 1) non-
horizontal secants —1, and from the horizontal secant ep + 1 (all mod p), so
that |S| = ep (mod p) for all P. Summing the contributions of the horizontal
lines we see |S| = 1 (mod p). It follows that ep = 1 (mod p) and the point
oo was not required to block the horizontal lines. O

3 Small blocking sets

In this section, we construct small blocking sets of Hermitian curves, not
necessarily proper. In the next section, proper examples will be constructed.



3.1 Fractional covers

For blocking sets in general we can apply a bound of Lovasz relating the
minimum size of a blocking set (cover) 7 with that of a fractional cover 7* of
a hypergraph with maximum degree D:

7 < (1+log D)r*

(see [10, Corollary 6.29]). For the unital U, taking every point with weight
1/(g+1)gives™=¢>—q+1,D=¢*so7<(¢* —q+1)(1+2logq).

3.2 Geometric construction

Let U be the classical unital in PG(2,¢?), and consider a blocking set B of
U that is the union of a number of lines on a fixed point p of 4. The line
pencil £, of the lines on p in PG(2, ¢*) has the structure of a projective line
with distinguished element L., the tangent to U at p. For each unital line
M not on p, the set M, = {L € L, | LNM # 0} is a Baer subline of £,, and
each Baer subline of £, not containing L., arises in this way for ¢ pairwise
disjoint lines M. We find |B| = 1+ gm, where m is the size of a blocking set
of the Baer sublines not on L., of the line £,.

The set £, \ {Ls} carries the structure of an affine plane AG(2,q) of
which the lines are the Baer sublines of £, on L. The remaining Baer
sublines form a system of circles. Any three noncollinear points determine a
unique circle. Here we have ¢*(q — 1) circles, each of size ¢ + 1, in a set of
size ¢?, and D = ¢* — 1, so Lovdsz’ bound gives m < ¢(1 + 2logq). We did
not lose anything (in the estimate) by taking B of special shape.

Consider a blocking set C' of this collection of circles that is the union of
a number of parallel lines. Then |C| = gn, where n is the size of a blocking
set for the collection of projections of the circles on a fixed line. We have
q(q — 1) projections, each of size more than ¢/2, in a set of size q.

In order to block N subsets of a g-set, each of size > ¢/2, one needs
not more than 1+ log, N points: if one picks the points of the blocking set
greedily, each new point blocks at least half of the sets that were not blocked
yet. So, we find a blocking set of size less than 1+ 2log, ¢ ~ 2.891og ¢ and
lost a factor 1.44 in the estimate.



4 Proper blocking sets of Hermitian curves

We now construct proper blocking sets of Hermitian curves.

4.1 Probabilistic constructions

Radhakrishnan and Srinivasan [14, Theorem 2.1] show using probabilistic
methods that any n-uniform hypergraph with at most 0.14/n/logn 2" edges
is 2-colorable, so contains a proper blocking set. (Their constant 0.1 can
be improved to 0.7 for sufficiently large n.) In our case n = ¢ + 1 and the
number of edges is ¢* — ¢* + ¢%, so a unital has a proper blocking set when
q>17.

An older bound by Erdés [7] gives the same conclusion when the number
of edges is not more than 27!, and this applies when ¢ > 16.

A result by Erdés and Lovész [8, Theorem 2] says that any n-uniform
hypergraph in which each point is in at most 2"~!/4n edges, is 2-colorable.
In our case n = ¢+ 1 and each point is in ¢? edges, so this suffices for ¢ > 13.

If we choose points for our blocking set at random with probability p =
5(logq)/q, then the expected number of monochromatic edges is roughly
1/q < 1/2, and now we can assume (just using Chebyshev’s inequality) that
in addition the size will be close to the expectation, so 5¢*log q.

We now present two different geometric constructions.

4.2 A geometric construction

In this section we construct a proper blocking set in the classical unital
H(2,¢%) in PG(2,¢?) for ¢ > 7 and for ¢ = 4.

We use the model of the unital from [3], [9], and [15]. A detailed descrip-
tion of this approach is also given in the survey paper [11].

Identify the points of the plane PG(2, ¢?) with the elements of the cyclic
group G of order ¢*+¢?+1, where the lines are given by D+a, with D a planar
difference set, chosen in such a way that D is fixed by every multiplier. Then
G = A x B, where A is the unique subgroup of G of order ¢*> —¢+1 and where
B is the unique subgroup of order ¢ + ¢+ 1. We may now write elements of
Gaspairs g= (,7), 0< g < ¢"+¢* 0<i<¢@?—q0<j< @ +qi=y
(mod ¢*—q+1),and j = g (mod ¢*>+q-+1). The subgroup A and its cosets
are arcs, while the subgroup B and its cosets are Baer subplanes. The map
g+ ug, where u = ¢3, maps the point (4, j) onto the point (—i, 7). The map



g — D — ug defines a Hermitian polarity, with absolute points given by the
Hermitian curve Y = {a+ f|a € A,28 € BN D}. So U is the union of ¢+ 1
cosets of the subgroup A.

We will show that if ¢ is odd and ¢ > 7, then it is possible to partition
this collection of ¢ + 1 cosets of A into two sets of size (¢ + 1)/2 such that
the union of each is a (proper) blocking set of the Hermitian unital I.

Let ¢ C G be a line of the plane PG(2, ¢?). Then ¢ intersects each coset
of Ain 0, 1, or 2 points, since cosets of A are (¢> — g+ 1)-arcs. The ¢* —q+1
translates of £ by an element of A all determine the same intersection pattern.
The cosets of B form a partition of the plane PG(2, ¢?) into Baer subplanes
PG(2,q), and ¢ intersects exactly one of these Baer subplanes in a Baer
subline. By taking a suitable translate of ¢, we may assume that this Baer
subplane is B itself.

Since multiplication by p sends the point (4, j) to the point (—i,j), this
map fixes cosets of A (setwise), and fixes B pointwise. It follows that also
the line ¢ is fixed (setwise) by multiplication by u. Consequently, ¢ intersects
the cosets of A containing a point of the subline B N ¢ in exactly one point,
and the other cosets in 0 or 2 points.

The unital U is of the form U = A+ $(B N D), and if ¢ is odd, then
$(BN D) is an oval in the Baer subplane B [3, p. 65]. This means that the
intersection pattern of ¢ with the ¢ + 1 cosets of A that partition the unital
U (let us call them U-cosets of A) can be of three types.

If £N B is a tangent of the oval (B N D), then ¢ is a tangent of the
unital U as well, and so of no interest from the blocking set point of view. If
(N B is a secant line of the oval $(B N D), then this means that ¢ intersects
two U-cosets of A in a single point, and the remaining ones in 0 or 2 points,
where both possibilities happen precisely (¢ — 1)/2 times. Finally if /N B
is an external line of the oval $(B N D), then ¢ intersects all U-cosets of
A in 0 or 2 points, and both possibilities happen precisely (¢ + 1)/2 times.
There are (¢> — q)/2 external lines, and hence (¢* — q)/2 partitions of the set
of U-cosets of A into two sets of size (¢ + 1)/2 that do not lead to proper
blocking sets of U. If %((qﬁ)lm) > %(q2 — @), then there is a partition of U
into two unions of (¢4 1)/2 cosets of the subgroup A, that are both blocking
sets. This happens for ¢ > 7.

If ¢ = 5, then the 10 external lines determine 10 distinct triples of U-
cosets of A, no two disjoint, so we find blocking sets (of size 63) but no
proper blocking sets in this way.
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If q is even, the situation is slightly different: in this case 2 is a multiplier
that fixes both B and D, and (BN D) = BN D is a line in B. Now for a
line ¢ in the plane PG(2, ¢%), such that £ N B is a line in the Baer subplane
B, we have three possibilities: either £ = D, with intersection pattern 1971,
or ¢ is a tangent of U, or ¢ has intersection pattern 1', 092, 29/2. We now
want to partition the unital &/ into collections of ¢/2 and ¢/2 + 1 cosets of A
to construct proper blocking sets of U, and the only thing to avoid is to take
a q/2-set corresponding to the 0’s in the intersection pattern of a line ¢, so
there are at most ¢> — 1 such ¢/2-sets, but ¢*> — 1 < (qu/rQl) for ¢ > 8.

If ¢ = 4, then multiplication by 2 has two orbits on the U-cosets of A, of
sizes 2 and 3, and their unions form a complementary pair of proper blocking
sets (of sizes 26 and 39).

So far we constructed proper blocking sets for ¢ > 3, ¢ # 5. For ¢ = 5
the above method fails, but a random greedy computer search shows that
H(2,25) does contain disjoint blocking sets of sizes 45 and 51, so that there
exist proper blocking sets of all sizes from 45 to 81.

We summarize the above discussion in the main theorem of this article.

Theorem 4.1. The Hermitian curve H(2,q?) contains a proper blocking set
iof and only iof ¢ > 3.

Remark 4.2. The above arguments can also be used to show the existence
of smaller proper blocking sets. We try to find a blocking set consisting of
r cosets of A, with 2r < ¢ as small as possible (the complement will then
automatically be a blocking set). We have ¢? intersection patterns, each with
at most (¢ + 1)/2 zero’s, implying that at most q2((q+:)/2) r-tuples are bad,

so if (q:fl) > qz((ﬁ:)/ 2) then we are fine, and this is certainly the case if

2" > ¢2. This yields proper blocking sets of size 21(1)f;g2q<q2 —q+ 1), a little

larger than the blocking sets we got from Lovasz’ bound.

4.3 Explicit examples

We now present a construction that yields explicit examples of proper block-
ing sets on the Hermitian curve.

Theorem 4.3. Let r|(q¢ — 1), where r > 1 and 4r* + 1 < q. Then, for some
value k satisfying 1 < k < ¢*> — q + 1, the Hermitian curve U in PG(2,q?)
contains a proper blocking set B of size k + q(q — 1)?/r.
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Remark 4.4. For r ~ ,/q/2, this construction leads to proper blocking
sets on the Hermitian curve U of PG(2,¢*) of size approximately 2¢,/q.
One may compare this explicit construction to the result obtained using the
probabilistic method (§4.1). As we saw, the probabilistic method leads to
blocking sets of cardinality Cq*log ¢, for some small constant C(< 5).

The setting. The Hermitian curve is ¢ : X9 + X + Y9! = ( in the
affine plane AG(2,¢?). This Hermitian curve intersects the line at infinity
Z =0 in the unique point (z :y:2)=(1:0:0).

We first consider the case that ¢ is odd. The case ¢ even is similar, but
slightly more complicated. Fix r, where r|(¢—1). Let k be a fixed non-square
in F,. Let i* = k, with i € F2 \ F,. Then ¢ = —¢, and ¢! = —k. We
describe the elements x of Fp2 by x = x1 + ixs, with x1, 2, € IF,.

Step 1. First of all we construct a blocking set B of U, defined by
B={(z,y) €U |y=u"+iv, withu,v € F,} U{(1:0:0)}.

So B contains the point (1:0:0) and the points of ¢ on the horizontal
lines Y = u" + v, u,v € F,. Afterwards in Step 2, a modification will be
made to the blocking set B to make it proper.

In order to prove that B is a blocking set, we have to show that it meets
all non-horizontal lines, since the horizontal lines are blocked by (1 : 0 : 0).
Consider the intersection of a non-horizontal line X = nY + ¢, where n =
ni + ing and ¢ = ¢ + icy where ny,ng,ci,co € Fy, with B. Substituting
X =nY +c=n(u"+ ) + c in the equation X7+ X + Y% =0 of U, and
using ¢ = —i and 9! = —k, leads to the equation

2niu” + 2knov + 2¢1 + u* — kv? = 0.

We make the equation homogeneous and denote the algebraic curve in
PG(2, q) defined by this equation by ' : 2n U™ W" + 2kno VIV 1 420, W?2" +
U — kVEW?—2 = 0.

Lemma 4.5. The point (0 : 1 :0) is a point of multiplicity 2r — 2 of the
algebraic curve I' and the algebraic curve I is absolutely irreducible of genus
r— 1.

Proof: If we put V' = 1, the minimal degree becomes 2r —2,so (0:1:0)
is a point of multiplicity 2r — 2. Next, put W = 1. The equation of I
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becomes 2n,U" + 2kn,V + 2¢; + U?" — kV? = 0. This is the hyperelliptic
curve k(V —ny)? = U* +2n,U" +2¢; +kn3. The only way for this curve to be
reducible is that the right hand side is the square (U" + n;)?, which implies
n? = 2c¢; + kn3, but this means that the line X = nY + ¢ with coordinates
[1: —n: —c] satisfies —c? + n?™! — ¢ = 0, and therefore is a tangent to the
unital. So the right hand side factors as (U” — a)(U" — ) (in F2) where o
and ( are different. Since r|(¢ — 1), it has no multiple roots, so we have a
hyperelliptic curve of genus g = r — 1 (see for instance [16, p. 113]). ]

Using the Hasse-Weil bound, we see that I' contains between ¢+ 1 — (2r —
2)\/q and ¢ + 1 + (2r — 2),/q points. For small r, the lower bound on the
cardinality of I' is larger than zero.

We need to convert these bounds on the cardinality of I into bounds on
the number of points of the set B on the non-horizontal line X = nY + c.
We first determine the number of points of I' on the line U = 0. Since I
is absolutely irreducible, we have apart from (0 : 1 : 0) at most two other
affine points since (0 : 1 : 0) is a point of multiplicity 2r — 2 of . We
decrease the lower bound on the cardinality of I" by three, which gives the
interval ¢ — 2 — (2r — 2),/g < [T\ (U =0)| < ¢+ 1+ (2r — 2)\/q. Now if
(u,v) € T, with u # 0, then also every point (uf’,v), £ a primitive r-th root
of unity, i = 0,...,7 — 1, belongs to I". But the points (u,v) and (u&’,v),
i=0,...,7 — 1, define the same affine points (z,y) = (z,u” + iv) of the set
B. Hence, a non-horizontal line X = nY + ¢ contains z points of B, where
(4-2— (2r - 2)@)/r <= < (g+1+(2r — 2)/@)/r.

This then implies for small values of r that every non-horizontal line
X =nY + ¢ contains at least one point of B, so that B is indeed a blocking
set. Of course B contains some horizontal blocks. To turn B into a proper
blocking set we proceed as follows.

Step 2. Consider a cyclic (¢*> — g+ 1)-arc A, contained in U and passing
through (1 :0:0). Then exactly g + 1 lines of PG(2, ¢*) through (1: 0 : 0)
are tangent lines to the arc A. These ¢ + 1 lines through (1 : 0 : 0) tangent
to A form a dual Baer subline at (1 : 0 : 0) [9, Theorem 3.4]. One of these
q + 1 lines through (1 : 0 : 0) tangent to the arc A is the tangent line Z = 0
toU in (1:0:0), and the remaining ¢ are secant lines to U.

We now delete from the blocking set B all points of the arc ANB, different
from (1:0:0), and all points of B lying on these ¢ lines through (1:0: 0)
secant to U and tangent to A, but different from (1 : 0 : 0). We show that for
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small values of r, the set B that remains is a proper blocking set of U. Every
horizontal line still is blocked by (1 : 0 : 0), but since we delete a point of B
on every horizontal line Y = u" 4 v, no horizontal block of ¢/ is contained in
B. Every non-horizontal line X = nY + ¢ contains at most two points of the
arc A. Similarly, every non-horizontal line X = nY + ¢ contains at most two
points of U on lines of the dual Baer subline of tangents through (1 : 0 : 0) to
A. For, suppose that such a line contains at least three points of U on lines
of this dual Baer subline. Since a Baer subline is uniquely defined by three of
its points, this would imply that the line X = nY + ¢ shares ¢+ 1 points with
U on the lines of this dual Baer subline. But this is impossible, since the line
Z = 0 is one of the lines of this dual Baer subline and this line Z = 0 is a
tangent line to U only intersecting U in (1:0:0). So we subtract four from
the lower bound on the intersection size of the non-horizontal line X = nY +¢
with B. This leads to the new lower bound (¢ — 2 — (2r — 2),/q)/r — 4.

Our assumption 472 + 1 < ¢ guarantees that this lower bound is still
positive, so that the newly obtained set B still blocks all the non-horizontal
secant lines to U.

To be sure that the non-horizontal lines do not contain a block, we look at
the upper bound on the intersection sizes of these lines with the set B. This
is (¢ + 14 (2r —2),/q)/r, which is less than ¢ + 1, so also the non-horizontal
lines do not contain a block of U.

Cardinality. Now that we are sure that the constructed set B is a proper
blocking set, we investigate its cardinality.

In the first step of the construction, B consists of the point (1 : 0 : 0) and
of the points of U on the horizontal lines Y = «” + iv, with u,v € [F,. There
are ¢ + (¢ — 1) - g/r such horizontal lines, leading to |B| =1+¢q- (¢ + @).

Now in the second step, the points of B, different from (1 : 0 : 0), lying
on a cyclic (¢* — g + 1)-arc A of U through (1 : 0 : 0) and on the g secants
through (1:0:0) to U, tangent to A, are deleted from B.

We first determine the maximal number of points that can be deleted
from the blocking set B in this way. The maximum can only occur when all
q secants of U on (1 : 0 : 0) tangent to A contain ¢ points of B, different
from (1 :0:0). This leads to the loss of ¢ - ¢ = ¢? points of B. Then still
q+ (qg—1)q/r —q = (¢ — 1)q/r horizontal lines remain which still lose one
point on the cyclic (¢*> — ¢ + 1)-arc A. So the smallest size for the blocking
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We now determine the minimal number of points that can be deleted
from the blocking set B in this way. The minimum can only occur when all
q secants of U on (1 :0:0) tangent to A contain zero points of B, different
from (1:0:0). Then the ¢+ (¢ — 1)g/r horizontal lines Y = u" + iv still
lose one point on the cyclic (¢> — ¢+ 1)-arc A. So the largest possible size
for the blocking set B, is

¢ —2¢*+¢

3 2
— 1
1+q2+qrq (g —1)q

g =1+¢ —q+
r

Even q. The preceding results are also valid for ¢ even, but the descrip-
tion of the algebraic curve I is different. Namely, for ¢ even, let k € F, with
Trr,r, (k) = 1. Let > + i+ k =0, then i+ ¢ = 1,4 =i+ k, and "' = k.
Let U : X9+ X +Y91 = (. Let r again be a divisor of ¢ — 1 and denote
every non-horizontal line by X = nY + ¢, with n = n; +ins and ¢ = ¢ +ico,
ni,Ng, c1, ¢z € Fy. Then the corresponding algebraic curve I' is

U (ni4no) VW U W4 W2 + U + UV 4 EVPIV 2 = 0.

By putting V' = 1, it is again observed that the point (0 : 1 : 0) is a
singular point of I' with multiplicity 2r — 2. Next we put W = 1 and obtain
the (hyperelliptic) curve V2 + (U” + ny + ng)V + U?" + nyU" + ¢, = 0. As
before we can show that this curve is irreducible unless the line X = nY 4+ ¢
is a tangent. The genus of this curve is again ¢ = r — 1 [2, p. 317|. This
implies that the arguments for ¢ odd also are valid for ¢ even.

This completes the proof of Theorem 4.3.
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