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Abstract

In Part I of this paper we introduced and studied the notion of
reducibility and primitivity of subsets of F,: a set A C F, is said
to reducible if it can be represented in the form A = B + C with
B,C C Fp, |B|,|C| > 2; if there are no such sets B,C then A is said to
be primitive. Here we introduce and study strong form of primitivity
and reducibility: a set A C IF), is said to be k-primitive if changing at
most k elements of it we always get a primitive set, and it is said to be
k-reducible if it has a representation in the form A = By +By+-- -+ By,
with By, Ba, ..., By CFp, |Bi|,|Bal,...,|Bk| > 2.

1 Introduction

In this paper we will use the following notations and definitions: The set
of positive integers is denoted by N, the finite field of p elements is denoted
by Fp, and we write I3\ {0}. If A B C [, then their distance D(A,B)
is defined as the cardinality of their symmetric difference (in other words,
D(A, B) is the Hamming distance between A and B). If G is an additive
semigroup and A = {ay, as, ...} is a subset of G such that the sums a; + a;
with 1 <14 < j are distinct, then A is called a Sidon set. In some proofs we
will identify [F, with the field modulo p residue classes, and a residue class
and its representant element will be denoted in the same way.

We will also need

Definition 1 Let G be a semigroup with the group operation called and de-
noted as addition and A, By, ..., By subsets of G with

|B;| >2 fori=1,2,... k. (1.1)

If
A=Bi+Bs++ By,



then this is called an (additive) k-decomposition of A, while if the group

operation in G is called and denoted as multiplication and (1.1) and
A=8By-By----- By, (1.2)

hold, then (1.2) is called a multiplicative k-decomposition of A. (A decom-
position will always mean a non-trivial one, i.e., a decomposition satisfying
(1.1).)

In 1948 H. Ostmann [12], [13] introduced some definitions on additive
properties of sequences of non-negative integers and studied some related

problems. The most interesting definitons are:

Definition 2 A finite or infinite set C is said to be reducible if it has an
(additive) 2-decomposition

C=A+B with |A] >2, |B| >2.

If there are no sets A, B with these properties then C is said to be primitive

(or irreducible).

Definition 3 Two sets A, B of non-negative integers are said to be asymp-
totically equal if there is a number K such that AN [K,00) = BN [K, o)

and then we write A ~ B.

Definition 4 An infinite set C of non-negative integers is said to be totally

primitive if every C' with C' ~ C is primitive.

Since 1948 many papers have been published on related problems; a short
survey of some of these papers was presented in Part T of this paper [9]. In
almost all of these papers written before 2000 infinite sequences of non-
negative integers are studied. The intensive study of finite problems of this
type, in particular, of analogues problems in F, has started only in the last

decade (again, see [9] for details). In [9] we wrote: “the notions of additive and



multiplicative decompositions, reducibility and primitivity can be extended
from integers to any semigroup, in particular, to the additive group of F,
and multiplicative group of [} for any prime p; in the rest of this paper we
will use these definitions in this extended sense... In this paper our goal
is continue the study of the reducible and primitive subsets of [F,, and the
connection between them.” We recall a couple of results in [9] which we will
also need here:

Theorem A.If A= {ay,as,...,a;} CTF, is a Sidon set, then it is primitive.
Theorem B.Let A CF), and for d € F, denote the number of solutions of
a—d=d acA decA

by f(A,d). If
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