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Abstract: A finite difference numerical method is investigated for fractional order diffusion problems in one space
dimension. The basis of the mathematical model and the numerical approximation is an appropriate extension of
the initial values, which incorporates homogeneous Dirichlet or Neumann type boundary conditions. The well-
posedness of the obtained initial value problem is proved and it is pointed out that each extension is compatible with
the original boundary conditions. Accordingly, a finite difference scheme is constructed for the Neumann problem
using the shifted Griinwald-Letnikov approximation of the fractional order derivatives, which is based on infinite
many basis points. The corresponding matrix is expressed in a closed form and the convergence of an appropriate
implicit Euler scheme is proved.
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1 Introduction

A widely accepted constitutive relation, the first Fick’s law leads to the standard diffusion model. At the same time,
more observations confirmed the presence of super- and subdiffusive dynamics in several phenomena. They range
from the plasma physics [1] through population dynamics [2] and groundwater flows [3] to the anomalous diffusion
of some chemical compounds. These observations inspired the application of the fractional calculus, which has a
long history [4]. An alternative approach for modeling superdiffusion can be given in the framework of the nonlocal
calculus, which has been recently developed, see [5] and [6] for an up-to-date overview with further references.

Many attempts were made for the numerical solution of the space-fractional PDE’s modeling these phenomena.
Most of the methods are based on finite difference discretization. It was pointed out that a non-trivial discretization
of the one-sided fractional derivatives lead to a stable method [7]. This result has been generalized in many aspects:
higher-order methods and multi-dimensional schemes [8, 12] were constructed and analyzed. The approximation
methods can also be applied to several kind of equations containing fractional diffusion operator, see, e.g., [13]
and [14].

Recently, the finite element (Galerkin) discretization was initiated [15] for the fractional diffusion equations and
a composite approach was analyzed [16]. Also, one can apply spectral methods: different kind of orthogonal bases
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can be combined with tau methods [14, 17-19] or with Gauss—Lobatto collocation methods [20]. A furher alternative
to solve fractional diffusion problems numerically is the application of fractional order Laplace transform [21], [22].
The last two approaches can also deliver higher-order spatial accuracy.

The problem which inspired the present research is the following. If a superdiffusive evolution of some density
u is observed on a physical volume then we have information on the density only on the closure of this. On the
other hand, in the mathematical model, nonlocal operators are used, which require the value of u also outside of the
domain. For an accurate finite difference approximation we also need values outside of the domain. In this way, it is
natural to look for an extension of the density u.

The majority of the authors consider homogeneous Dirichlet boundary conditions and assume zero values
outside of the domain. A similar approach is applied in the non-local calculus [6].

At the same time, the homogeneous Neumann boundary conditions have a central importance in the modeling
of real-life phenomena, since this corresponds to zero flux at the boundary. To our best knowledge, there is only
one attempt [23], dealing with the Neumann type boundary condition at the operator level and proposing a matrix
transformation technique.

The main objective of this paper is to develop a finite difference numerical solution for space-fractional diffusion
problems with Neumann boundary conditions. In details, the main steps in the articles are to
— develop a meaningful mathematical approach to model homogeneous Neumann (and Dirichlet) boundary

conditions
— analyze the well-posedness of the corresponding PDE’s
— construct a corresponding finite difference scheme with a full error analysis.

2 Mathematical preliminaries

2.1 Fractional calculus

We summarize some basic notions and properties of the fractional calculus. For more details and examples we refer
to the monographs [24-26] and the recent work [27].

To define an appropriate function space for the fractional order derivatives on the real axis we introduce for
arbitrary a, b € R the function spaces

b
C(a,b) = Cla,bl|(a.py and C’(a,b)/R:{feC(a,b):/f:O}.

With these we define
C7(R) = {b — a - periodic extension of f: f € C(a,b)/R}.

Remarks.
1. Functions in Cy (R) are bounded and they are continuous except of the possible discontinuity points {a + k(b —
a): k e}
; . L@+ 1)
2. In the points {a + k(b —a) : k € Z} we define f to be Z"CT1222,

Definition 2.1. For the exponent B € (0, 1) the fractional order integral operators _ .1 f and leo on the space
Cr (R) are defined with

b L[ S
810 =5 |

and -
! f6 o

B —
IO =1 | G




DE GRUYTER OPEN Fractional diffusion with Neumann boundary conditions =——— 583

With this, the left and right-sided Riemann-Liouville derivatives of order o € RT \ Z are given by

RL Q% f(x) = 8 _ oo I07% f(x)

X —o0' X

and
RO S () = (=)' 155 f (),
where n is the integer withn — 1 < o < n.
Accordingly, for a function f = fo+ Cyr, where fo € C;(R) and Cy is a constant function we define the Riesz
derivative with

0 f(x) = Co (BE5 folx) +3 8% fo(x)),

77{ with a glven posmve constant O.

where C; = Sooea T

Remarks.

1. For the simplicity, the constant o — which corresponds to the intensity of the superdiffusive process in the real-life
phenomena — does not appear in the notation 8| pr

2. In the original definition, the Riemann—Liouville derivatives are given on a bounded interval (a,b) C R such
that in the above definition —oo and oo are substituted with a and b, respectively. In this case, ;1 f and .1 ;73
can be defined for the exponent B € RT or even for B € C with Re B > 0, in case of complex valued functions,
see Section 2.1 in [24]. Moreover, the definition can be extended to be a bounded operator on the function space
Li(a,b), see Theorem 2.6 in [26]. For an overview of the alternating notations and definitions, we refer to the
review paper [28].

3. An advantage of the above approach is that alternative definitions on the real axis coincide. For instance,
fractional derivatives can be interpreted using the fractional power of the negative Laplacian —A, see Lemma
1 in [29]. This can be introduced via Fourier transform, see Section 2.6 in [26]. For more information and
multidimensional extension of the Riesz derivative see also Section 2.10 in [24]. Note that finite difference
discretizations for Riesz fractional derivatives has been studied also in [30] highlighting its connection with
probabilistic models.

4. We have left open the question for which functions does Definition 2.1 make sense. The general answer requires
the discussion of the Triebel-Lizorkin spaces [31], [26], which is beyond the scope of this paper. Some sufficient
conditions on a bounded interval (a,b) are also discussed in Lemma 2.2 in [24]. At the same time, we will
approximate the Riesz derivative with finite differences of the fractional integrals and verify that the fractional
integrals make sense on the function space Cy(R).

Lemma 2.2. For each function f € Cy(R) and any exponent a € (1,2) the fractional order integral operators
—ooI27% f and I125% f make sense.

Proof. We prove the statement for the right-sided approximation, the left sided can be handled in a similar way. In
concrete terms, we prove that

f(s)

Obviously, there is a k € Z such that a + (b — a)k > x and accordingly,

£6) TEOE T

N S N

f G 8= / GoxeT & / —xeT & @
X a+(b—a)k

Here, using the condition 0 < ¢ —1 < 1 we have that the first term is finite. To estimate the second one, we introduce
the function F : (¢ + (b — a)k, 00) — R with

F(s) = / f(s*)ds*

a+(b—a)k
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such that F’(s) = f(s) on (a + (b — a)k, 00). Also, since f € Cy(R), we have that 0 = F(a + (b — a)k) =
F(a+ (b —a)(k + 1)) = ... such that F is bounded.
With this the second term on the right hand side of (2) can be rewritten as

T F/(s) [ F [ Feo-(-w
/ (s —x)*! &= [(S —x)«-1 ]a+(b—a)k / (s —x) as

a+(b—a)k a+(b—a)k
o0
/ F(s)-(1—a)
= — _— dS,
(s —x)«
a+(b—a)k
which is also finite since F is bounded and 2 — B > 1. Therefore, (1) is finite, which proves the lemma. O

2.2 Fundamental solutions

For the forthcoming analysis, we analyze the Cauchy problem

dru(t,x) = Bﬁclu(t,x) teRT, xeR 3)
u(0,x) =up(x) xeR

with a given initial function ug € Cy(R) and @ € (1, 2].

Lemma 2.3. The Cauchy problem in (3) has a unique solution and can be given by

M(Z,X) = (q)Ol,l‘ * u())(x)» (4)

o

where ®y ¢ denotes the fundamental solution corresponding to the Riesz fractional differential operator 3| o

furthermore, u(t,-) € C°(R) forallt € RT.

Proof. Applying the spatial Fourier transform F to the equations in (3) we have
0 Fu(t,s) = —|s|*Fu(t.s) teRT, seR
Fu(0,s) = Fuo(s) s eR,

where we have used the identity F [8?;('

u(t,x)] (s) = —|s|%Fu(t,s), see [28], p. 38. Therefore, Fu(t,s) =
e S F uo(s) such that an inverse Fourier transform F—! implies that
u(t,x) = F 1 e 5 Fuo(s)(x) = FHe ™) x up(x).
In this way, the fundamental solution of (3) can be given as
Gai(5) = F~ e M)(s) = Fe™M)(s).

Using the fact that the function to transform is even and the Fourier transform F exp{—a| - |}(s) can be given (see,
e.g.,[32],p. 1111) we have

D1 (5) = Fle 1) (s) = Fle™ e ") (s) = Fe M )(s) + F(e™ ") (s)
J2 ®)
= YT Fe ).

T 2442

|a—1 |a—1

2

Here for any fixed ¢ the real function given by s — t;/_il > is in C°°(R) and also all of its derivatives are in L1 (R).

On the other hand, for & > 1 the real function given with e ~/¥I*™" is in L (R), therefore F(e™*!*I*"") is bounded
and continuous. Consequently, using (5) the right hand side of the equality

2

T
12 + 52

K Dy 1 (5) = 9F *« Fle ¥ (s)

makes sense, which gives statement in the lemma. O
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2.3 Discretization

The finite difference approximation of the fractional order derivatives is not straightforward. It turns out that an
obvious one-sided finite difference approximation of the one-sided Riemann-Liouville derivatives results in an
unstable method even if an implicit Euler method is applied for the time marching scheme [7]. To stabilize these
schemes, we need to use the translated Griinwald—Letnikov formula, which is given for f € C(R) with

. Ik -a)
DEL G f(x) = F( Y ha Z F(k+1)f< — (k= p)h)
(©)
e Z gk f(x = (k = p)h)
k=0
and
a.p.h 'k —a)
DL () = F( 2 mo Z F(k+1)f( x+ (k= p)h)
@

- LS e d— )

k=0
depending on the translation parameter p € N, the order of the differentiation @ € (1,2] and the discretization
parameter i € RT, where we used the coefficients

T'k—a) o
gh=—-——"—=(DF[]
r—o)'tk+1) k
The principle of the two-sided translated discretizations is depicted in Figure 1.

Fig. 1. Basis points for the the left-sided () and the right-sided (<) translated Griinwald—Letnikov formula (given in (6) and (7))
applied in x with the translation parameter p = 2.

—x X * 4 < < € o
x—4h x—-3h x—2h x—h X x+h x+2h x+3h x+4h

These coefficients satisfy the following:
(o)
Y gk=0 Yae(l.2
k=0 ®
g1 =—a, g >0 forj #1.

We use the same notation for the discrete differential (or difference) operators, i.e. for each v =
(...,v_1,v0,V1,...) € R? we write

1 o0 1 o0

ph D

[Dfopo,GLV]j == > (—1)*gkvj4 p—k and [Dgof)c;LV]j = e > (=DFgrvjyx—p. )
k=0 k=0

where the superscript j denotes the jth component.
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Remarks.
1. One can prove [7] that the integrals in (6) and (7) approximate the corresponding Riemann—Liouville derivatives
in the following sense:
RIS f(x) = DELYG, f(x) + O(h) (10)

and similarly,
FL0% f(x) = DT F) + O, (1)

provided that both of the Fourier transform of f and that offé‘o 0% f(x) and )ISL 0%, f(x) are in L1 (R). We will
point out that in the present framework no such assumption is necessary.

2. Higher-order finite difference approximations can be obtained as a linear combination of first order ones using
different translation parameters. For example, the sum defined by

CLDEPu(x) = 7225) _Z) DELM u(x) + 722(12 — Z) DXL u(x) (12)
provides a second order accurate approximation of the Riemann—Liouville derivative. Similar statement holds
if —o0 is switched to co. For the details, see [12].

3. The nonlocal effect of the differential operators result in full matrices. At the same time, one can save some
computing efforts with an appropriate decomposition of the above matrix [33].

4. An alternative approximation of fractional order elliptic operators (which can be applied in multidimensional

cases) was proposed in [34], which can be a basis also for finite element discretizations.

3 Results

3.1 Extensions

Extensions are not only necessary to have well-posed problems involving nonlocal diffusion operators, but also
essential at the discrete level. In order to have sufficient accuracy in the finite difference approximation near to the
boundary and at the boundary of a nonlocal differential operator, it is necessary to have (virtual) gridpoints outside
of the original computational domain 2 = (a, b). This is clearly shown in (6), (7) and (12).
To summarize, the sketch of our approach is the following:
— we extend the problem to R to get rid of the boundary conditions
— we solve the corresponding Cauchy problem (3) (we will approximate this with finite differences)
—  we verify that the desired homogeneous Neumann (or homogeneous Dirichlet) boundary conditions are satisfied
for the restriction of the solution.

Definition 3.1. We say that the extension
“1La(2) > Cr(R)

is compatible with the homogeneous Neumann (no-flux) or Dirichlet boundary conditions and the operator E)T’;l if
the function U is the unique solution of the following problem

dii(r.x) = 3% i(r.x) teRT, xeR

u(0,x) =up(x) x€R
and dxu(t,x) = 0oru(t,x) =0forx € 0Q andt > 0.

In rough terms, one can say that a correct extension of the solution from €2 is the function which solves the extended
problem on the whole real axis such that the boundary condition on 92 is still satisfied.
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3.2 Extension corresponding to homogeneous Dirichlet boundary condition

As a motivation, we use the idea in [35] which is generalized to the case of two absorbing walls. For the simplicity,
the definition is given for functions u : (0, 1) — R.

Definition 3.2. We call the 2-periodic extension of the function

u(x) forx e (0,1)

P l(x) =
—u(—=x) forx e (—1,0)

the Dirichlet type extension of u and we denote it with iiP.

Remarks.

1. This is sometimes called the odd extension of u and can be obtained first with reflecting the graph of u to (0, 0)
and (1,0) € R? 1o extend it to (—1,2) and reflecting this graph further to (—1,0) and (2,0) € R? to extend it
to (=2, 3) and continuing this process.

2. A natural physical interpretation of this extension is the following: To ensure zero-concentration at the end
points in the consecutive time steps, we have to force a skew-symmetric concentration profile around 0 and 1.

3. We may define uP (k) = 0 for k € Z but as we will see this is not essential.

A simple calculation shows that we have
aP(y)=—a"(=y) and a°(1+y)=-a"(1-y) yeR. (13)
We define similarly the extension ¥7 € R? of the vector v = (vo, v1,.. ., UN41) € RN 2 with vy = 41 =0

v, j=01....N+1
Pl = —vav4n—; j=N+2,N+3,....2N + 1 (14)
V42N j€{0,1,...,2N + 1}.

3.3 Extension corresponding to homogeneous Neumann boundary condition

Similarly to the previous case, the definition is given for functions u : (0, 1) — R.

Definition 3.3. We call the 2-periodic extension of the function

u(x) forx e (0,1)

NVol(x) =
u(—x) forx e (—1,0)

the Neumann type extension of u and we denote it with aN.

Remarks.
1. This is sometimes called the even extension of u and can be obtained first with reflecting the graph of u to the
vertical line given with x = 0 to extend it to (—1,0) then to the vertical line given with x = 1 to extend it to
(1, 2) and continuing this process.
2. A natural physical interpretation of this extension is the following: To ensure zero-flux, we force a symmetric

concentration profile around 0 and 1.

A simple calculation shows that

I fNU+y) = fNA—y) and 3N () =0 N(-y) yeR. (15)
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Similar notations are used for the “extended” vector ¥V € RZ of v = (vo, V1, ...,vN) € RYT! which is defined
as follows:
v, j=01,....,N

PVl =3v_j_1 j=-N—-1-N,....—1 (16)
Viton42 JE{-N-1,...,0,...,N}.

A natural physical interpretation of this extension is that particles are reflected at the boundaries to ensure zero flux.
In this way, we also reflect the concentration profile in the model. The principle of the Neumann extension for a
vector is visualized in Figure 2.

Fig. 2. Entries of the Neumann extension ¥V of the vector v = (vg,v1,v2,03).

V—4 v—3 V—2 V—1 Vo V1 1%) U3 U4 U5 V6 v7

We verify that the above extensions meet the requirements in Definition 3.1.

N

Lemma 3.4. The extensions 1N and 6P are compatible with the Dirichlet and the Newmann boundary conditions,

respectively and with the differential operator af;cl.

Proof. According to Lemma 2.3 we can express the solution of

diu = 8‘|’;C|u onRT xR
u(0,-) = N
with the convolution

N _aN

u(t,) = Ogr x 1 u * Oy g,

such that
u(t.x) = / iV (x = y)®s (v) dy .
R

Since @y ; € C°°(R), the same holds for u(z,-). Accordingly, the right and left limit of dxu(¢,-) in 1 coincide.
Using this, (15) and the fact that ® ; is even we obtain

deut, )= lim dxu(t,1—ep) = lim (00 % @)1 —€,)

€en—0— €ep—0—
= lim / 9N (1 —€n — ) Pas(y)dy =— lim / AxtN (1 + € + 1) ®a i (v) dy
€,—>0— €,—>0—
R R
=— lim [ 00N+ en + y)Pas(—y)dy
€p—>0—
R
=— lim [ 0.0V + 60— y)Pas(p)dy =— lim (050 x B )(1 + €n)
ep—>0— €p—>0—
R
=— lim Jdyu(t,14+e€;) = —0xu(t, 1),
€p—0—

which gives that the homogeneous Neumann boundary condition is satisfied in 1. With an obvious modification,
using (15), we can also verify the homogeneous Neumann boundary condition du(z,0) = 0.
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Similarly, we can express the solution of

{Btu = 8ﬁc|u onRT xR

u(0,) =P

with
u(t.0) = [ AP0~ )P dy
R
Since @y ; € C°°(R), the same holds for u(z, -). Accordingly, the right and left limit of u (¢, -) in 1 coincide. Using
this and (13) we obtain

u(t, 1) = . H_r)rg)_u(l, l—€,) = . lir)rg)_ 00 % @g (1 —€,)

= tim [P0 = 0 @ar ) dy == tim [P0+ e+ )P () dy

€n—0— —
R R
—— _tim [P0+ e )0usndy == tim [P0+ e~ )P0 (3) dy
€p—0— €p—0—
R R
=— lim 4P %Py, (14€,)=— lim u(t,1+e,)=—u(,l),
€p—0— €p—0—

which gives that the homogeneous Dirichlet boundary condition is satisfied in 1. With an obvious modification, using
(13), we can verify homogeneous Dirichlet boundary condition also in 0.
In both cases, the equality d,u = 3‘|’;|u is satisfied in (0, 1) which gives the statement in the lemma. O

Using the above extension, we will investigate the numerical solution of the problem

du(t,x) = 3w (@, ) (x) 1€(0,T), x€(0.1) an
u(0,x) =ug x € (0,1).

The following theorem is the basis of our numerical method, which again confirms the favor of the Neumann type
extension.

Theorem 3.5. For any ug € C|0, 1] the problem in (17) is well-posed, and its unique solution u € C°°[0, 1] satisfies
the boundary conditions dxu(t,0) = dyu(z,1) = 0.

Proof. We first note that the problem

{Btu(t,x) = 0% u(t.x) t€(0.7T) xeR .

u(0,x) = ﬁ{)\[(x) x €R.

is well-posed and corresponding to Lemma 3.4 its solution can be given by

u(t.x) = [ N (x — ) Par () dy .
R

This implies that

u(t,—x) = / iV (—x — )i () dy = / iV (x + )P (—y) dy = / N (x = y)Pas (v) dy = u(t. ).
R R R

and
utx+2) = [0V 4 2= 9001 @y = [V )0 dy = ute.x)
R R
Therefore, the restriction of the solution u of (18) solves the problem in (17). Here we have also used throughout
that for the Neumann extension: u”V € C; (R) such that the Riesz derivative BﬁcluN makes sense.
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To prove the uniqueness, we assume that v solves (17). According to (15) we obviously have that the Neumann
extension satisfies
30N, —x)=3,0N(t,x) xeR (19)

To compute the fractional order integral we introduce the function Cy (R) > vON = 0@, )N — fol v(t, ) such that we
have

y Ny * N (%

o vy () % vy ()
T2 =)ol %0 (—x) = Oi*ady t | e
i —_ + o

o x=yT) 0T+ )

e rowen T N(y) ) ()
/(X+y)°‘ /(y+x)°‘ /(X+y)°‘ /(y+X)°‘
=TQ2-)ool?™ O‘v(j)\f(x).

Therefore, we also have
aﬁclvN(t, —x) = aﬁclvN(t,x). (20)

Consequently, (19) and (20) imply
3, 0N (t,—x) = PR (t,x) = 8|x|v (t,x) = alxlv (t,—x)
and the periodicity obviously gives
3,1) t,2+x) = atv (t,x) = lelv (t,x) = lelv (t,2+ x)

such that the Neumann extension u”Y solves (18). This, however, has a unique solution, which gives the uniqueness
of the solution of (17). O

3.4 Numerical methods

Following the classical method of lines technique we first discretize the spatial variables in the extended problem
and choose a time stepping scheme for the full discretization.
To streamline the forthcoming computations, the interval [0, 1] will be transformed to [0, 7], where we use the

following grid points:
n(i+ e L) @
Xji=mx —|=n .
J T3 2N+ 1) N+

u ;’ denotes the numerical approximation at time 77 in the grid point x; and u(né, -) the values of the analytic solution

at time #§ in the grid points.

3.4.1 Analysis of a finite difference scheme

For the spatial discretization we use the Griinwald-Letnikov approximations in (9) introducing Ay €
RWAHD>X(N+1) with

Aa.pu= D%LA wN 4 DL N, (22)

This is combined with an implicit Euler time stepping to obtain
n ~|—l n
u; " —u'l
J J [Aa,hun—i—l] B (23)
T J

To make the consecutive formulas more accessible, we expand (22) in a concrete example.
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Example. We give the first component of Ay pV for v.= (vg, v1, v2, v3).

[Aq.nV]] = govo + g1v1 + g2v2 + g3V3 + gav3 + g5v2 + geV1 + g7v0 + g8V0 + . ..
+ govz + g1v1 + g2v0 + g3v0 + gavi + g5v2 + geV3 + g7V3 + gsv2 + ...

In the general case, using (22), (9) and (16) we obtain that

J+1 N—j+1
o
[Aanvly = 25 | 20 gkvikdr+ D0 gkvkj
k=0 k=0
oo [j+N+2 2N—j+2
+ Z Z k+21(N+1)Vk—j—2 + Z Sk+2I(N+1) V2N —k—j+2
1=0 \ k=j+2 k=N—j+2 (24)
o) J+2N+3 AN—j+3
+ Z Z 8k+21(N+DV2N+j—k+3 T+ Z 8k+21(N+1)Vk—2N+,j—-3
=0 \k=/j+N+3 k=2N—j+3

j=12..N-1

2C
[Av]o = T; (gov1 + g1vo

oo [N+2 2N+3 25)
+ Z Z 8k+2l(N+1)UN 42—k + Z Ek+21(N+1)V2N—k+3 )
=0 \ k=2 k=N+3

2C
[AVIy = —7 (gouN—1 + g1UN

hot
oo [N42 2N+3 (26)
+ Z Z 8k+421(N+1)UN—k+2 + Z 8k421(N+1)Vk—N—3
1=0 \ k=2 k=N+3

For K = 2m+1 the corresponding matrix can be given with a slight modification. Observe that all of the coefficients
gi arise once on the right hand side of (24), (25) and (26).

Proposition 3.6. The matrix Ay p has negative diagonal and non-negative off-diagonal elements.

Proof. Observe that in (24), (25) and (26) the coefficient of v;, vo and vy, respectively, is g1, and g1 appears only
here. Therefore, using also (8) we obtain that A has negative diagonals and positive off-diagonals. O

We analyze the properties of the matrix A, 5 and the corresponding differential operator.
Lemma 3.7. The eigenvectors of the matrix Ay € RN FTUXWNED gre given as
k _ T
v, = (coskxg,coskxy,...,coskxy—1,co8kxn)

foreachk =0,1,2..., N with the corresponding eigenvalues

o 2\% . o kmh o
O‘yr)(h) sin T-cos(knh+§(n—knh)>.

_COS (2

Lemma 3.8. The eigenfunctions of the operator 8T’§C| on (0, 1) with homogeneous Neumann boundary conditions are
given by {cos krx}7— with the corresponding eigenvalues {o - (k)% }g—;.

The technical proofs of these statements are postponed to the Appendix.

Proposition 3.9. The numerical approximation defined in the scheme (23) is consistent with the problem in (17) in
the maximum norm and the order of the consistency is O(t) + O(h).
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Proof. 1t is sufficient to prove that the right hand side of (23) provides a first order approximation for the Riesz
derivative of order |«|. According to the proof of Theorem 3.5 the analytic solution uN of (18) is periodic, smooth
and it satisfies the homogeneous Neumann boundary conditions in 0 and 1. Therefore, its cosine Fourier series is
pointwise convergent:

oo
u(t,x) = Z Fycosknx xe€(0,1), t e RT, 27
k=0
where we do not denote the time dependence of the cosine Fourier coefficients Fy.
Using again that u(z,-) € C°(R) we also have - using the regularity theory of Fourier series - that for any
r € N there exists a constant C, such that

Cr
|Fx| < —— VkeNT. (28)
(k)"
Using (27) componentwise for # = nd we have that
u(hs, ) = (w8, 22y ums, Ly ... u@s, Ny
bis bis bis

e’} e’} e’} oo 29)
= [Z Fy coskxg Z Frcoskxy ... Z Fy coskxN]T Z Fkvh
k=0 k=0 k=0 k=0

Using Lemma 3.8 for the expansion in (27) and the matrix Ay 5 for (29) according to (42) we obtain the following
equality:

3 u(ns, = )—[Aa nu(nd,)];

o0 >
= Z —0(km)¥ Fy coskmx; — |:Aa,h Z Fkvlh‘:|
k=0 k=0 J
o0
2C krh o (30)
a O ha oo TN el _
;0 kcosknx]( o(km) e ——=2%sin 5 "cos (knh—i— 2(71 knh)))

) kmh\ ¥

kmh + —kmh
Z o Fy coskmxj(km)® (1 - (Snllmi ) cos (ke kf::l " )))
k=0 2 2

> Ccos

To prove the proposition we first verify that for a mesh-independent constant C the following inequality is valid:

. o
‘1 — (Slsﬂ) (coss(oc—2)—sins(a—2)tan O%T) <Cs, (€18
which will be applied with s = % We first verify that
sins \* ) ar
his) :=1-— — (coss(a—2)—sms(a—2)tan 7) <Cs, (32)

where limg_, 0+ h(s) = 0. Therefore, it is sufficient to prove that 4" is bounded on [0, Z]. Obviously,

a—1 .
W) =a (sms) w (a—2) [coss(a —2) —sins(w — 2) tan %]
s s

+ (m;ls)“ ((a ~2) (sins(a —2) —coss(e —2)tan aTN)) ’

where ) )
§-COSs —sins . ssins
lim = lim =
o+ 52 o+ 2s
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Hence, all components in the expansion of /'(s) are bounded, which really verifies (32). Using (32) in (30) and
applying (28) we obtain the following estimation:

)alx,u(ns )~ [Agpu(ns, )], ‘ Z oFy cosknx; (kn)*kx

(33)
oo o0 o0
o Cs5C -0 Cs5C -0 1
——h Yy |Fl(km)*t! < h k)@t < h
> ity > §:(k 5 ) 7 2 G
which completes the proof. O

Theorem 3.10. The numerical approximation defined in the scheme (23) converges to the solution of (17) in the
maximum norm for a € (1, 2] and the order of the convergence is O(t) + O(h).

Proof. Using Proposition 3.9 we only have to verify the stability of (23). For this, we rewrite it into a linear system
(I —tAg.p)u" T = 0"

Using Proposition 3.6 we obtain that the diagonal of / —7 A 4 is strictly positive and has non-positive off-diagonals.
Moreover, using (24), a simple calculation shows that for the indices j = 1,2,..., N — 1 we have

[(1 g n)- (L1, 1)T]j

J+1 oo j+2+N oo J+2N+3
=1 + —la— Z gk— Y Y. CktAN+D— Y. D, &k+2AN+D
k# 1=0 k=j+2 I=0k=j+N+3 (34)
- N—j+1 oo 2N—j+2 oo 3N—j+3
e Z 8k — Z Z 8k+21(N+1) — Z Z 8k+21(N+1)
k;l I=0k=N—j+2 I=0k=2N—j+3

Observe that in the brackets in (34) each coefficient g;, i # 1 appears once (see the Example and the remark after

(26)).

According to (8), we obtain

(o)
o — Z gk = Z gk =0
k=0
k;él
and therefore, the sum in both brackets on the right hand side of (34) is zero such that the entire right hand side is
one. Using (25) and (26), an obvious modification of (34) gives its positivity both for the indices j =0and j = N.

Therefore,
[(1 —tAg) (L1, 1)T] =
J
is valid forall j = 0, 1,..., N.In this way, (I —tAg.5) ! elementwise positive such that | (I —7Ag.7) " oo = 1,
and consequently, the scheme in (23) is unconditionally stable. O

3.5 Construction of the matrix 4,

Whenever the coefficient in the matrix A 5 are based on an infinite number of grid points, it can be computed in
concrete terms.
For this we introduce By ;, € RV D>V +D with
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which consists of the eigenvectors of Ay 5, see Lemma 3.7. Then

(I —tAg.n)Ban = ((1 AV (L= AV (- ml)v;lv) ,

and therefore,
tAgp=1— ((1 — AV (L= AV - ml)v;lv) By}, (35)

where on the right hand side all terms can be computed.

Remark. The statement in Lemma 2.3 offers an alternative to our approach: the numerical solution of the extended
problem can be performed with an accurate approximation of the fundamental solution and taking numerical
convolution. For a two-dimensional approximation of (4) we refer to [36].

3.6 Complexity and extension to higher-order methods

Since we have explored the eigenvectors of Ay 5 we do not have to compute its components in practice as a series.
We simply obtain the matrix using (35) such that the extension does not result in extra computational costs.

Higher order methods can be obtained in the same fashion. In the semidiscretization, we should then choose a
higher order spatial approximation, e.g., the one in (12) and the accuracy of the time stepping can also be increased,
e.g., using a Crank—Nicolson scheme. For homogeneous Dirichlet boundary conditions, such a study is performed
(even for the multidimensional case) in [8].

4 Numerical experiments

4.1 A homogeneous model problem

We first investigate the model problem

dru(t,x) = 0259 2u(t,x) x € (0,1), 1 €(0,1)

u©0,x) =5 -2 xe(0,1) (36)
dxu(t,0) = dyu(r,1) =0 1€ (0,1),

which is converted to the well-posed extended problem

dru(t,x) = 0.253|1)é|22/l(l,x) x€(0,1), t €(0,1)

37
u(0,x) = %4—"72]\[ x € R.

The analytic solution of (37) on (0, 1) x (0, %) is

14 s k+1 12—t
u(t,x) = 120 + kX::l(_l) We W cos(kmrx) x €(0,1), t €(0,1),

which has been computed in the grid points with a high accuracy to verify the convergence of the implicit Euler
method. The results of the computations are summarized in Table 1. We computed the error |le; ;| of the
approximation in maximum-norm for various time steps and discretization parameters at the final time ¢t = 1. One

can clearly see the first order convergence which was predicted by the theory, see Theorem 3.10. The convergence
”le,Zh ll oo )

rate was estimated in the consecutive refinement steps using the formula log, ( Tew o
T,
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Table 1. Convergence results for the implicit Euler method in (23) applied to (37)

Grid parameter (k) | Time step () | Errorin || - ||oo-norm | Convergence rate
1/2 1/2 1.4-10~2 [/}

1/4 1/4 1.5-.10~2 0.1583

1/8 1/8 1.2.10~2 0.3342

1/16 116 7.8-103 0.6299

1/32 1/32 45103 0.8007

1/64 1/64 24-1073 0.8952

1/128 1/128 131073 0.9459

1/256 1/256 6.3-10—4 0.9725

1/512 1/512 3.2.10—4 0.9861

The model of (fractional order) diffusion predicts that in case of homogeneous Neumann boundary conditions the
total mass should be preserved. Accordingly, in the numerical simulations above, the /1 norm should be constant,
which is an easy consequence of the fact, that the sum of the elements in the columns of Ay 5.0 1S zero.

Therefore, we examine the boundary conditions in course of the simulations. For this, we use the second order
accurate approximation

Oxu(t,0) = i(3u(r,0) —4u(t, h) +u(t,2h)) (38)

and the results are shown in Figure 3. For the simplicity, we applied the same number of grid points in the spatial
and the time coordinates. This accurate approximation can be recognized as the numerical equivalent of Lemma 3.4.

Fig. 3. The approximation (38) of the derivative dxu(1, 0) in the numerical simulations vs. the number of gridpoints.

0.004

0.003

0.001

4.2 An inhomogeneous model problem

Secondly, investigate the model problem

ru(t,x) = O.S‘Bﬂx?u(t,x) +eTcosmx xe€(0,1),te(0,1)

u(0,x) =2x2—3x3 x€(0,1) (39)
dxu(t,0) = dyu(t,1) =0 1€ (0,1),

which is converted to the well-posed extended problem

dru(t,x) =0.5- Bll)é?u(t,x) +efcosmx x€(0,1),te(0,1) 40)
u(0, x) = 2x2 — %x”f x € R.
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We split the original equation in (39) into two ones as

drup(t,x) =0.5- Bll);?ul(t,x) x€(0,1), t €(0,1)
u1(0,x) = 2x2 — %x3 x €(0,1)
dxu1(t,0) =0u;(t,1) =0 ¢ €(0,1)
and
diun 1+(t,x) =0.5- Bll)é?uzgt* (t,x) xe(0,1),te(0,1)

t

uz.+(0,x) = e costx  x € (0,1)

Oxun ¢+(t,0) = dxup +(t,1) =0 ¢t € (0,1),

the analytic solution of which is given as
I 16 _igms
wi(t,x) = 3+ > We_f(k”) “((=D* =1y costknx) x€(0,1), t €(0,1),
b4
k=1

and
U+ (t,x) = Ty e (0,1), t € (0, 1).

These have been computed in the grid points with a high accuracy to verify the convergence of the implicit Euler
method. Then, according to the Duhamel’s principle (see [37], p. 49) we have

t
u(t,x) =uy(t,x) +fu2,,*(t —t*,x)dr*.
0

Accordingly, for the numerical solution at 1 = 1 we compute first the approximation of u; (¢, -) at the grid points.
Then with the same time steps and spatial accuracy we approximate

uz.0(1,),u2.(1 —7,-),u2.2¢(1 =27, x),...,u2,1(0, x),
where indeed, the last term is already given. Then a composite trapezoidal numerical integration
T T
u(l.x) ~ Suz0(l) + 12 (1= 7.) + U220 (1 = 20.0) + - +uz,1—(7.X) + 2,10, %)

gives the desired approximation in x.
The results of the computations are summarized in Table 2, where in all cases t = 1/1024 such that the
numerical integration does not harm the predicted order of convergence.

Table 2. Convergence results for the implicit Euler method in (23) applied to (39)

Grid parameter (k) | Time step () | Errorin || - ||co-norm | Convergence rate
1/2 1/2 6.2-1072 [

1/4 1/4 3.7-1072 0.7384

1/8 1/8 2.1-1072 0.8490

1116 1/16 1.1.1073 0.9142

1/32 1/32 571073 0.9535

1/64 1/64 29.1073 0.9756

1/128 1/128 1.5.1073 0.9875

1/256 1/256 73104 0.9937

1/512 1/512 3.7-10~4 0.9967
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5 Conclusion and future work

In this paper, we have developed and analyzed a finite difference scheme for the numerical solution of one-
dimensional fractional diffusion problems with Neumann type boundary conditions. The main idea is to extend
first the problem to the real line using the boundary data and analyze its numerical solution. Whenever the scheme is
given in R, owing to the periodicity of the extension, one can give the numerical solution of the original problem (on
a bounded domain) in a conventional matrix-vector form. The corresponding method exhibits optimal convergence
rate with respect to the maximum norm. In the analysis we did not need any smoothness assumption. The proposed
method was also implemented: the convergence results have been confirmed in the numerical experiments.

The most exciting questions for the continuation of this work are the multidimensional generalization of this
approach and the treatment of Robin boundary conditions.

Appendix

Proof of Lemma 3.7. We first observe that the Neumann extension is the natural one for VZ in the sense that
I:VEN] _=coskx; jeZ. “41)
J

Then according to (22), (41), (21), (6) and (7) we obtain
o C —
k _ kN kN
[A""hvh]j Z he (g][ ] SV [Vh ].i—l+1)

C
== Zgl(COSka+1_1 +coskx;_;41)

[=0
CU 1 1
= Zgl coskmh ]+ +1—1)) +cosknh —i-f—(l—l)
=0
2 skxj <
= % Z grcoskmh(l —1)
=0
2 T
= C(72+Skx]% (Z exp{—ikmh}g; exp{ikﬂhl}) (42)
=0

2Cy coskx; o
_ o J . I .
=—a R (exp{—zknh} ,E 0(—1) (1) exp{lknhl})

2Cq coskx; 0
hOC

2Cq coskx; N
hOC

2Cy coskx; 20 i
ho

2C kx; kwh

=1 ZZS 90 sin® —]21 - cos (knh + %(n - knh))

where we have used the identity

o
(1 —exp{ikmh})* = (2 sin @ . (sin ? —ic knh))

= 2%sin% Eﬂh . (cos (z — @) —1isin (Z — @))
2 2 2 2 2

kmh o ..o
-5 (cos E(n —kmh) —1isin 5(71 - knh)) .

(exp{—ikmh}(1 — exp{ikmh}))
(exp{—iknh} - 2% gin® ? . (cos %(]t —kmh) —isin %(ﬂ - knh)))

h
_— (cos kh cos %(n — kmh) —sinkmh sin %(n - knh))

= 2%sin%
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The definition of Cy gives then the statement in the lemma. O

Proof of Lemma 3.8. In the proof, we use the identities

o0
T
/x"_lcosbx dx = () cosﬂ,
b" 2

(43)

T r
/x Lsinbx dx = () sin E,
b 2
0
which can be found in [32], 3.761/9.
Observe that the even extension of the cos(k-)|(o.1) function to the real axis is the cos(k-) function itself. On
the other hand, as it was pointed out in [29], we can differentiate the integrals in the Riemann—Liouville formula to

obtain
X

o - (km)? ‘ coskms coskms

Bmcos(knx):—m - W s W
o0 o0

(44)

Using (43), the first term can be rewritten as

/ coskms / coskm(x — y)
Gone T @ T syt

T cosk T sink
:cosknx/cos my dy +smk7rx/ SmATY dy
ya—l
0
re- )

2 — 2 —
(cos k7 x cos Q + sinkm x sin M) .

" e

A similar computations gives that

coskms coskn(x + y)
(s _x)oz—l - ya— 1
X
re—ow T2—-—a) . . 1(2—a)
= ———— | coskmxcos ———= —sinkwxsin ——— | .
(km)2—« 2 2

Therefore, the equality in (44) can be rewritten as

o (km)? re—ow)
2cos (%) T2 — ) (km)>—«
o - (km)¥ 72— )

= —————-2coskmxcos

2003(0‘2”) 2

72— )

a7 cos(kmx) 2cos kmx cos

= —0 - (km)¥coskmx.

On the other hand, the system {cos k7 x}—, is complete in L>(0, 1) such that no further eigenfunctions can exist.
O
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