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Abstract. Consider the following v-th order nabla and delta fractional difference equa-

tions
Vowx(t) = c(t)x(t), €Ny,
(%)
x(a) > 0.
and
Au—i—v—lx(t) = C(t)x(t +v - 1)/ t € INg, (%)

x(a+v—1)>0.

We establish comparison theorems by which we compare the solutions x(t) of (x)
and (x*) with the solutions of the equations V;(a)x(t) = bx(t) and A} x(t) =
bx(t +v — 1), respectively, where b is a constant. We obtain four asymptotic results,
one of them extends the recent result [F. M. Atici, P. W. Eloe, Rocky Mountain |. Math.
41(2011), 353-370].

These results show that the solutions of two fractional difference equations VZ (ﬂ)x(t) =
cx(t), 0 <v<1,and A}, x(t) = cx(t+v —1), 0 < v <1, have similar asymptotic
behavior with the solutions of the first order difference equations Vx(t) = cx(t), |c| <1
and Ax(t) = cx(t), |c| < 1, respectively.

Keywords: nabla and delta fractional difference, discrete Mittag-Leffler function, rising
and falling function.

2010 Mathematics Subject Classification: 39A12, 39A70.

1 Introduction

Discrete fractional calculus has generated much interest in recent years. Some of the work
has employed the fractional forward and delta difference operators. We refer the readers to
[1,4], for example, and more recently [6,8]. Probably more work has been developed for the
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backward or nabla difference operator and we refer the readers to [5,7]. There has been some
work to develop relations between the forward and backward fractional operators, A} and V},
(see [2]) and fractional calculus on time scales (see [4]).

This work is motivated by F. Atici and P. Eloe [3] who obtained asymptotic results for the
fractional difference equation Vz(a)x(t) =bx(t),05<v<1,teN,with0<b<1,x(a)>0.
We shall consider the following v-th order nabla and delta fractional difference equations

Vowx(t) =c(t)x(t),  t€Ngyq,

1.1
x(a) > 0. 4D

V

and

Ay, qx(t) =c(t)x(t+v—1), t € N,

x(a+v—1)>0. 12

We establish comparison theorems by which we compare the solutions x(t) of (1.1) and
(1.2) with the solutions of the equations Vz(a)x(t) = bx(t) and A} _x(t) = bx(t+v—1),
respectively, where b is a constant. We obtain the following asymptotic results in which
Theorem A extends the recent result of Atici and Eloe [3].

Theorem A. Assume 0 < v < 1 and there exists a constant b such that 0 < b < ¢(t) < 1. Then the
solutions of the equation (1.1) satisfy

tlgrolo x(t) = oo.

Theorem B. Assume 0 < v < 1and c(t) < 0. Then the solutions of the equation (1.1) satisfy

}Lrglo x(t) = 0.
Theorem C. Assume 0 < v < 1 and there exists a constant b such that c(t) > b > 0. Then the
solutions of the equation (1.2) satisfy

lim x(t) = oo.

t—o00

Theorem D. Assume 0 < v < 1and —v < c(t) < 0. Then the solutions of the equation (1.2) satisfy

lim x(t) = 0.

t—o0

This shows that the solutions of two fractional difference equations VZ( a)x(t) = cx(t),

a

the solutions of the first order difference equations Vx(t) = cx(¢), |c| < 1 and Ax(t) = cx(t),
lc| < 1, respectively.

0<v<land A} , _x(t) =cx(t+v—1), 0 <v <1, have similar asymptotic behavior with

2 Asymptotic behavior, nabla case, 0 < b < ¢(t) < 1

Let I'(x) denote the gamma function. Then we define the rising function (see [10]) by

o L(t+r)
YO

for those values of t and r such that the right-hand side of this equation is well defined. We
also use the standard extensions of their domains to define these functions to be zero when
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the numerator is well defined, but the denominator is not defined. We will be interested in
functions defined on sets of the form

Ny,:={a,a+1,a+2,...},

where a € R. The delta and the nabla integral of a function f : IN, — IR are defined by the
following
b b—1 b b
[ rwar=Y s, [ rovi= Y 1),
a t=a a t=a+1

where b € IN,. We will use elementary properties of these integrals throughout this paper
(see Goodrich and Peterson [8] for these properties). The nabla fractional Taylor monomial of
degree v based at p(a) := a — 1 (see [8]) is defined by

(t—a+1)”

HV(t/P(a)> = F(l/—i—l)

The following definition of the discrete Mittag-Leffler function is given in Atici and Eloe [3]
(see also [8]).

Definition 2.1. For |p| < 1,0 < « < 1, we define the discrete Mittag-Leffler function by

Epuu—1(t,p(a)) := Z pkH,,(kM,l(t,p(a)), t € IN,.
k=0

To study the asymptotic behavior of the solutions of (2.3) for the case 0.5 < v < 1, the
authors in [3] used the Laplace transformation, the convolution theorem and the properties of
a hypergeometric function. They proved that the solutions of the fractional difference equation
Vg(a)x(t) =bx(t), 05<v <1, t€ N, where 0 < b < 1tend to co as t — oo.

A natural question arises: if 0 < v < 0.5 and |b| < 1, then how about the asymptotic behav-
ior of the solutions of equation (2.3)? In this paper we will answer this question and related
questions. First we will establish a useful comparison theorem. We will use the following
lemma which appears in [8].

Lemma 2.2. Assume that f : IN,_1 = R, v > 0, v & INy, and choose N € INq such that N —1 <
v < N. Then

Vo f(t) = /p ;) H_,1(tp(1)f(1)VT,
fort € IN,.

Lemma 2.3. Assume that 0 < v <1, |b| < 1. Then

VZ(Q)Eb,V,v—l(t/ p(a)) = Epy,1(t, p(a))
fort € IN,.

Proof. From Lemma 2.2, we have

t

Vo Evvu-1(t,p(a)) = H_y_1(t,0(5))Epvv-1(s,p(a)) Vs

-t

W Hoy1(t,0(5)) 3 b Huesv1(s,p(a)) Vs.
a k=0

/p(ﬂ)
J
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In the following, we first prove that the infinite series
H_y- 1 t P Zb Hzkarzx 1(5 P( )) (2.2)
k=0

for each fixed t is uniformly convergent for s € [p(a),t].
We will first show that

|H7v l(t P( ))| ’r(f(_ SV_:_lt);(S) )

for p(a) <s < t. For s = t we have that
Hoya(tp(s)] = 1.

Now assume that p(a) < s < t, then

<1

r(— v+t—s |t =s—v-1)(t=s—v—=2)---(—V)

[(t—s+1)T _' (t—s)!
|t=s—=(w+1)||t=s—-1—(v+1) —v
_' t—s H t—s—1 ’ ’1
<1

Also consider

_ T(vk+v+s—a)

Hvk+y—1(5/p(a)) - F(S —a-+ 1)F(Vk + V)

(vk+v+s—a—1)--- (vk+v)
(s—a)l '

Note that for large k it follows that

Hyrva(5,0(a)) < (k4 45 —a— 1)

<
< (k+v+t—a-1)"

for p(a) <s < t. Since

lim {/[b[F(vk + v+t —a—1)i-e = [b] <1,
k—o0

we get by the Root Test that for each fixed f the infinite series (2.2) is uniformly convergent for
s € [p(a),t]. So from (2.1), integrating term by term, we get, (using Vg(a)Hkarv_l(s,p(a))) =

Hkal (S/ p(a))),

v o(a )Ebvv 1 tP Ebk/ va 1(t P( )) vk+v— 1(5 P( ))VS
k=0
- Zbk Hykv-1(t 0(a))
= Zkakal(trP(”))
k=0

= Epy,-1(t p(a)).
This completes the proof. O
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Atici and Eloe [3] gave a formal proof of the following result using Laplace transforms.
With the aid of Lemma 2.3 we now give a rigorous proof of this result.

Lemma 2.4. Assume that 0 < v < 1, |b| < 1. Then Ey,, ,_1(t,p(a)) is the unique solution of the
initial value problem

1 (2.3)

Proof. 1f b = 0, then
Eovu-1(t,0(a)) = Hy—1(t, p(a)).

So from [8, Chapter 3], we have
Vg(a)HV—l <t' p(a)) =H_ (t, p(ﬂ)) =0,

using out convention H_1(t,p(a)) = 0. Now assume b # 0. From Lemma 2.3, we have (using

H_1(t,p(a)) = 0)
VZ(a)Eb,v,v—l(tlp(a)) = Eb,v,—l(t/p(a))

= i kavk—l (t,p(a))

k=0
=0 Y V" 'Hy 1 (tp(a))
k=1
=b Z ijvj-i-v—l (tr p(a))
j=0

= bEb,v,v—l (t/ P(a))

This completes the proof. O

The following comparison theorem plays an important role in proving our main results.

Theorem 2.5. Assume cx(t) < c1(t) < 1,0 < v < 1. Then if x(t),y(t) are the solutions of the
equations

VZ(a)x(t) = C1<t)x(t)/ (24)

and
Vowy(t) = c2(t)y(t), (2.5)

respectively, for t € N1 satisfying x(a) > y(a) > 0, then
x(#) > y(t),

fort € IN,.



6 B. Jia, L. Erbe and A. Peterson

Proof. For simplicity, we let 2 = 0. From Lemma 2.2, we have for t = k

/pt H_ 1 (1,p(5))x(5) Vs

Y Hooalks — 1)x(s)

=0

[7)

— (k) —vx(k—1) — V(_V;rl)x(k _9)
v(—v+1)---(—v+k—1
U ) k!( )x(O).
Using (2.4) and (2.5), we have that
(1— ey (k))x(k) = vx(k —1) + ”(_me(k—z) (2.6)
o MO Cr k) )
and
(1 - ea0)y(k) = vy(k— 1) + "Dy ) @7)
o V(_V+1)..];!(_V+k_1)y(0)-

We will prove x(k) > y(k) > 0 for k € INp by using the principle of strong induction. When i =
0, from the assumption, the result holds. Suppose that x(i) > y(i) > 0, fori =0,1,...,k—1.

Since
v(—v+1)---(—v+i—1)
il
fori =2,3,...,k—1, from (2.6), (2.7) we have

(1 —c1(k))x(k) = (1 = ca(k))y (k) = 0.

Using cz(t) < c1(t) < 1, we get

>0

H0) 2 {2 k) = y(6) 2o

This completes the proof. O
Theorem 2.6. Assume 0 < b < c(t) <1,0 < v < 1. Then for any solution x(t) of

Vo@x(t) = c(t)x(t), t € Ny (2.8)
satisfying x(a) > 0 we have that

x(t) > (1 — b)x(a)

> Epyy-1(t,p(a)), t e N,.

Proof. From Lemma 2.4, we have

VZ(a)Eb,V,vfl (t/ P(a)) - bEb,V,vfl (t/ P(a))
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and Ey,,—1(a,p(a)) = t55. Let c2(t) = b, then x(t) satisfies

Vz(u)x(t) = c(t)x(t), t € Ngiq

and
3N%=“_?“”qumm@)
satisfies
Viy(t) =by(t),  t€ N
and

w(a) > LD g (0 pa) = yla).

From the comparison theorem (Theorem 2.5), we get that

aaz“_?“”gwq@mwy f € N,.
This completes the proof.

The following lemma is from [11, page 4].

Lemma 2.7. Assume R(z) > 0. Then

nln®
I'z) =1 .
(2) n1—r>I<}oz(z+1)---(z+n)

(2.9)

(2.10)

The following lemma gives an asymptotic property concerning the nabla fractional Taylor

monomial.

Lemma 2.8. Assume that 0 < v < 1. Then we have

. 1—v

}L%Hvkw_l(t,p(a)):oo, for k > .

lim oy, (£ p(a)) = ork =1V

im Hyy—1 (8 0(a)) = o fork = o
1—v

tl:m Hygiv1(t,p(a)) =0, fork<
Proof. Taking t =a+1+n,n > 0, we have

tlgglo Hvk+v—1 (t/ p(&l))

(n+2)vk+v—l
= lim ~——————
n—eo  T(vk+v)
im IFvk+v+n+1)
n—eo I'(n 4+ 2)I'(vk +v)

= lim

(vk+v+n)(vk+v+n—1)--- (vk+v) n'kv

n—00 1’1!nd+1/ n+1 .

Using Lemma 2.7, we have

lim (vk+v4+n)(vk+v4+n—1)---(vk+v) 1

n—o0 ninvk+l - Twk+v)

(2.11)
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and

vk+v

n 1—v

lim =00, fork >

n—oo 11 +
vk+v 1—
lim " =1, fork= V,
n—oo 11+ 1 v
nvk+v
lim =0, fork<
n—oo 1+ 1

1—v

Using (2.11), we complete the proof. ]

Since there are only a finite number of k which satisfy k < 1=, from Lemma 2.8 and the
definition of Ey, ,_1(t, p(a)), we obtain the following theorem.

Theorem 2.9. For 0 < b < 1, we have
tlgg Eb,v,v—l(tlp(a)> = +oo.

From Theorem 2.6 and Theorem 2.9, we have the following.

Theorem A. Assume 0 < v < 1 and there exists a constant b such that 0 < b < c(t) < 1. Then the
solutions of the equation (1.1) satisfy

tlgglo x(t) = oo.

Remark 2.10. Theorem A can be regarded as an extension of the following result which ap-
pears in Atici and Eloe [3].

Theorem 2.11. Let 0.5 <v <1,—1 < ¢ < 0. Then the solution of V;(O)x(t) +cx(t) =0,x(0) >0
diverges to infinity as t — oo.

3 Asymptotic behavior, nabla case, c¢(t) < 0

Lemma 3.1. For any v > 0 such that N —1 < v < N, where N € Ny, the following equality holds:

N-1
Vi 'VNF() = VNV F() = | Y Hoi(t,a) VYT f(a) + Hoon(t,p(a)) | f(a), (3.1)
i=1

1

fort € N,_n+1 (note by our convention on sums the second term on the right-hand side is zero when
N=1).

Proof. Using the power rule ([8])
VsHy_1(t,s) = —Hy—(t,p(s)),
and integrating by parts, we have
VoV = [ Hea(6p(6) V) s
= Ha (69N )+ [ Hua(tp(s) TV AT

— —Hy_1(t, ) VN1 f(a) + / "Hy_o(t, p(s)) VN1 £(s) Vs,
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By applying integration by parts N — 1 more times, we get

Vi V() =~ iHvi(f/ﬂ)VN_if(a) + /atHv—N—l(f/P(S))f(S)V& (3.2)

i=1

Using Leibniz’s rule N — 1 more times, we get
N —
Vv Vp(z)f(t) (3.3)

v Za) H,1(t,p(s))f(5)Vs

~ve | ;) Hya(t,p(s))f(5)Vs

t

= | Hi-n-1(tp(s))f(s)Vs
p(a)

= Hy 1 (1p(@)f(0) + [ Hona(60(6))f ()5,
and [8, Chapter 3]
Hy_n(t,a) + Hy-n-1(t,p(a)) = Hy—n(t, p(a)). (34)
From (3.2), (3.3), (3.4), we get that (3.1) holds. This completes the proof. O
Taking N = 1 in Lemma 3.1, we get that the following corollary holds.
Corollary 3.2. Forany 0 < v < 1, the following equality holds:
VUV = VY () — Hya (£ p(a)) f(a),
fort € IN,.
Theorem B. Assume c(t) < 0,0 < v < 1. Then for all solutions x(t) of the fractional equation
Vz(a)y(t) = c(H)y(t), t € Ny (3.5)
satisfying y(a) > 0 we have
lim y(t) = 0.

to0
Proof. Applying the operator V" to each side of equation (3.5) we obtain
Vo 'Vowy(t) = Vale(y(h),
which can be written in the form
Vi VY ) = Vit ey o).
Using Corollary 3.2, we get that

v w—(1-v t—a+1)1__ _y
VY, Vi )~ T 0l = Ve
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we get that

(t—a+1)"1

YV Vo Y0 = () + Y, ey (o)

pla)
Using the composition rule, ([8, Chapter 3]) V;(Z)Vp_(%_v)y(t) = V;&Z)y(t) and VV;(}l)y(t) =
y(t), we get that o
(t—a+1)v! _V
y(t) = Wy(”) + V. e(t)y(t).
That is

) = ) + [ Heape)e(ovs) Vs 66

a1yl !
:“r(fj)ﬂy(m " Hooa(tp(s))e(s)y(s)

Cag 1)t
:—<t r(—;;> y(a) +

From y(a) > 0,0 <v < 1,c(t) <0and (2.7), using the strong induction principle, it is easy to
prove y(t) > 0 for t € IN,. Since

(t—s+1)" 1 T(wtt—s)
) Ti—str@ ~°

for t > s and ¢(s) <0, from (3.6) we get that (taking t = a + k)

0<y(a+k) (3.7)
(k+1)v1
STv)y(a)
I'(v+k)
~T(k+1)T'(v)
W+ k-Dw+Ek=2)---(v+1)v
B I(k+1)
v+k-1)(wv+k—=2)---(v+1)v
k! '

From Lemma 2.7, we have

— lim v+k—-1)(v+k—-2)---(v+1)v
T(v) k5o (k—=1)v(k—1)! ’

so also using 0 < v < 1, we have that

(v+k-1)(v+k—=2)---(v+1)v

lim

k—o0 k!
. k=D +E=2)- - (v+1Dv (k-1)
=g k= 1)i(k—1)" PR

Therefore from (3.7) we have
klim y(k+a)=0.
—00
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From Lemma 2.4 and Theorem B, we can obtain the following corollary.

Corollary 3.3. Assume that 0 < b < 1,0 <v < 1. Then

thi?o Efb,v,vfl (t/ P(a)) =0

where E_y,.,, 1(t,0(a)) = L o(—b)k % is the discrete Mittag-Leffler function.

Remark 3.4. The above corollary is not obvious, since E_j,,_1(t,p(a)) is an infinite series
whose terms change sign.

Note that if we let x(#) be a solution of the v-th order fractional nabla equation
VoX(t) = c(t)x(t), (3.8)
satisfying x(a) < 0 and if we set y(t) = —x(t), then using Theorem A and Theorem B, we can
get the following theorems.

Theorem A. Assume 0 < v < 1 and there exists a constant b such that 0 < b < c(t) < 1. Then the
solutions of the equation (3.8) satisfy

tlgﬁlo x(t) = —oo.

Theorem B. Assume 0 < v < 1and c(t) < 0. Then the solutions of the equation (5.5) satisfy

lim x(t) = 0.

t—o0

4 Asymptotic behavior, delta case, c(t) > b > 0

In this section we will be concerned with the asymptotic behavior of solutions of the v-th
order delta fractional difference equation

Ay, x(t) =c(t)x(t+v—1), t € N,. (4.1)
Let I'(x) denote the gamma function. Then we define the falling function (see [10]) by
. _ T+

TT(t+1-7)

respectively, for those values of t and r such that the right-hand sides of these equations are
well defined. We also use the standard extensions of their domains to define these functions
to be zero when the numerators are well defined, but the denominator is not defined. The
delta fractional Taylor monomial of degree v based at a (see [8]) is defined by
(t—a)¥

hy(t,a) = NOESE

(4.2)

First we will establish a useful comparison theorem. The following lemma is from [8].

Lemma 4.1. Assume that f : N, — R, and v > 0 be given, with N —1 < v < N. Then

t+v+1
BfO= [ hae@)f(ar,

fort € Ngin_y.
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The following comparison theorem plays an important role in proving our main result.

Theorem 4.2. Assume c¢1(t) > co(t) > —v, 0 < v < 1, and x(t), y(t) are solutions of the equations

AZ—i—v—lx(t) = Cl(t)x(t +v— 1)/ (4.3)
and
Appvy(t) =2yt +v—1), (4.4)

respectively, for t € IN, satisfying x(a +v —1) > y(a+v —1) > 0. Then
x(#) > y(t),
fOT’ t e Na+y_1.

Proof. For simplicity, we let 2 = 0. From Lemma 4.1, we have fort = (v —1)+1—v+k =k,
k>0

t+v+1
AV x(f) = / (b o(s)x(s)as

vtk
= E h,V,1(k,S+1)x(S)
s=v—1
=x(v+k)—vx(v+k—1)— Wx(v—kk—Z)

I Gl +(1k)-.|-.1‘)(!_v + k)x<v 1),

Using (4.3) and (4.4), we get that

1/(—1/—|—1)x

x(v+k)=[v+eak)]x(v+k—1)+ 5 (v+k—2)
1) (4.5)
44 ( +(1k)+1)(! +k)x(v—l),
and
y(v+k) = [v+cz(k)]y(v+k—1)+1/(_1/2—1_1)y(1/+k—2) o
+.“+v(—v +(1k)—.|—.1.)(!—1/+k)y(v_1). .

We will prove x(v+k—1) > y(v+k—1) > 0 for k € Ny by using the principle of strong
induction. When i = 0, from the assumption, the result holds. Suppose that x(v+i—1) >
y(v+i—1)>0,fori=1,2,...,k— 1. Since

v(=v+1)---(—v+i—-1)

- >0
1!

fori =2,3,...,k—1, from (4.5), (4.6) and cy(t) > ¢1(f) > —v we have
x(v+k) >y(v+k)>0.

This completes the proof. O
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The following theorem appears in [6] and [1, equation (3.7)].
Theorem 4.3. Assume 0 < v < 1, b is a constant and ag € R. Then the IVP
Dpryay(t) = by(t+v—1),  teN,
yla+v=1)= A7 1y (1) = ao,

has a unique solution given by

= bi ; iv4v—
y(t) :aggm(t—a+z(v—l))+71, (4.9)

fort € Ngiy_1.

Note that if we let v = 1 in Theorem 4.3 we get the known result that y(f) = ape,(t,a) is
the unique solution of the IVP

Ay(t) = by(t), t € IN,
y(a) = ay.
Remark 4.4. In [1], page 987, the “i — 1” in equation (3.7) should be replaced by “i"”.

In the following corollary (see [6]) we give a simplification of the formula for the solution
given in Theorem 4.3.

Corollary 4.5. Assume 0 < v < 1, b is a constant and ag € R. Then the solution of the IVP (4.7),
(4.8) is given by

t—a—v+1
y(t) =ap Z b'hiyyy—1(t,a—i(v—1)), te€ Nyy_1. (4.10)
i=0
Proof. From Theorem 4.3 we have that the solution of the IVP (4.7), (4.8) is given by
g =aod (a1,
= I'((i+1)v)
=ag Y Vhiysya(ta—i(v—1))
i=0
t—a—v+1
= a b'hiyyy_1(t,a—i(v—1))
i=0
+y@a+v—-1) Y Vhypa(ta—i(v—1))
i=t—a—v+2
t—a—v+1

=ay Y. Vhysya(ta—i(v—1)),
i=0

since
(t—a+i(v—1))t=L
L((i+1)v)
B I'(t—a+ilv—1)+1) _o
S T(t—a—i—v+2)T((i+1)v)
and since i > t —a — v + 2 implies that the integer t —a — i — v + 2 < 0 and the numerator in
this last expression is well defined. O

hiyiv1(t,a—i(v—1)) =
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Theorem C. Assume 0 < b < c(t),0 < v < 1and x(t) is the solution of the initial value problem

Ay, qx(f) =c(t)x(t+v—1), t € N,

x(@a+v—1)>0. @11)

Then

tlgg x(t) = oo.

Proof. For simplicity, we let a = 0. In (4.4), take c2(t) = b, y(v — 1) = Jx(v — 1). Using (4.6).
we have

y(v+k) = (v+b)y(v+k—1)+V(_V2+1)

v(=v+1)---(—v+k)
(k+1)! ylv=1).

y(v+k—2)
(4.12)

From the strong induction principle, it is easy to prove y(v + k) > 0. Similarly, from (4.5) we
have also x(v + k) > 0, for k € Ny. Then x(t) and

y( v+v— 1 t _Z(V_l))

satisfy

Ay _x(f) =c(t)x(t+v—1), (4.13)
and

Ay _qy(t) =by(t+v—1), (4.14)
respectively, for t € N,_; and
-1
x(v—1) > x(l/2 ) =y(v—1)>0.

From the comparison theorem (Theorem 4.2), we get that

x(v—1
x(t) > oLy
for t € IN,_1. We now show that

tlggy(t) = oo.

Letting t = k + v — 1, for fixed i, then when k > i, we have

T(v(i+1)+k—i)
T(k—i+DI((i+1)v)

hiv+v71(t/ —i(l/ — 1)) =

Wi+ ) k=i D)4 D) +k—i—2) - it1)) P
- (k—i)! '
From Lemma 2.7, we have
1 . (wi+1)+k—i-1)((w(i+1)+k—i—=2)--- (v(i+1))

I — - ’
TW(i+1) ko k—i— 1) ED(k—i—1)!
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for the real part of v(i + 1) > 0. Using this formula for v(i + 1) > 0 we have

i WA Hk—i=D)((i+1) +k—i=2) - (v(i+1))
- L
o WD k—i=1) - (v(i4 1) (k—i— 1)V

oo (k—i—1)l(k—i— 1)) (k—1)

(4.16)

Take i sufficiently large, such that v(i +1) > 1. From (4.15) and (4.16), we get that when
v(i+1)>1,
khm hiv-i—v—l(t/ —i(l/ - 1)) = . (417)
—00

Whenv(i+1) <1,
(k i 1)v(i+1)

lim O (4.18)
Whenv(i+1) =1,
_ i 1\v(+1)
fim £ == 1) 1. (4.19)

k— o0 (k — l)
Note that there are only a finite number of i which satisfy v(i +1) < 1. So from (4.17), (4.18),
(4.19), we get that

lim y(t) = tlig;y(a +v—1) Zbihivw—l(f/ —i(v—1)) = oo.

t—o0 i=0

Since x(t) > y(t) we get the desired result lim;,, x(t) = o0 and the proof is complete. O

5 Asymptotic behavior, delta case, —v < ¢(t) <0

The following lemma appears in [1,8,9].

Lemma 5.1. Assume f : N, — Rand v > 0. Then

AV BLF(E) = (1) —hya(t—1+v,a)0, T Fa+1-v), (5.1)
fort € Ngq1.
Theorem D. Assume —v < c(t) < 0and 0 < v < 1. Then for all solutions x(t) of the fractional
equation
Dpyry(H) = c(y(t+v-1),  tcN, (5.2)
satisfying y(a +v — 1) > 0, we have
tlim y(t) =0.
—00

Proof. Assume y(t) is as in the statement of this theorem. Then applying the operator

A;’r’vfl 41—y = A,V to each side of (5.2) we obtain
A DGy ay(t) = A e()y(t+v —1)

Using Lemma 5.1, we have

y(t) —hy1(t—14v,a+v— 1)A;S:{)y(a +v—14+1—-v)=A"c(t)y(t+v—1).



16 B. Jia, L. Erbe and A. Peterson

That is
y(t) = b (t=1+v,a+v—1)A 5 y(a) = A7 e(ty(t+v—1).
Then since
—(1-v) a—(1-v)+1
ALY Olma= [ b a(a,o(9)y(s)as
=h_y(a,a+v)y(a+v—1)
=yla+v-1),
we have
y(t) —hy1(t—1+v,a+v—-1yla+v—-1)=A"c()y(t+v—1).
So

y(t)=h, 1(t—14+v,a+v—1yla+v—1)+ A ec(t)yt+v—1), (5.3)

t € Nyqy—1. Using (4.6), ¢(t) +v > 0, and y(v — 1) > 0, we can apply the strong induction
principle to get
y(t+v—1) >0, t € INp.

Now consider
t—v+1
Ave(Dy(t+v—1) = / hy_1 (b7 + De(Dy(t +v — 1)AT
a

e I'(t—1)
_;ll"(t—r—v—i—l)l“(v)

c(ty(t+v—1).

SinceI'(t—7) >0, I'(t—t—v+1)>0,and c(t) < 0 we get
A c(ty(t+v—1) <0.
From this inequality and (5.3), we get
y(t) <h,1(t—=14va+v—-1yla+v—-1).
Taking t =a+v — 14k, k > 0 we have

O<yla+v—14k)<h,1(a+2v—-1+ka+v—-1yla+v—1)

AT
:(Jrf(’;))y(aw—l)

_ Tv+k+1)

_my(a+v—1)

_ (V+k)(v+(’]i11§!.”(V+1)Vy(”+v—1)‘ (5.4)

From Lemma 2.7, we have that

. R +E-1)- - (v+ 1)y
o) — A Kik ’

for the real part v > 0. Using this formula for 0 < v < 1, we have

lim (v+kv+k-1)---(v+1v _ lim v+k(v+k—1)---v+1v K

ko0 (k+1)! k—ro0 klk er1) Y
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Therefore from (5.4) we have
klimy(a+1/—1+k) =0.
—00

This completes the proof. O
From Theorem 4.3 and Theorem D, we can obtain the following corollary.

Corollary 5.2. Assume that —v < —b < 0,0 < v < 1. Then for t € N,1,_1, we have

. - (_b)i . wv+v—1 __
hmE ——(t—a+i(v—1))/——=0.
t—oo = T((i +1)v) (t +i( )

Now we consider solutions of the following v-th order fractional delta equation
Apyqx(t) =c(t)x(t+v—1), tE€N, (5.5)

satisfying y(a +v — 1) < 0. By making the transformation x(t) = —y(t) and using Theorem C
and Theorem D, we can get the following theorems.

Theorem C. Assume 0 < v < 1 and there exists a constant b such that c(t) > b > 0. Then the
solutions of the equation (5.5) satisfying x(a +v — 1) < 0, satisfy

tlgg x(t) = —oo.

Theorem D. Assume 0 < v < 1 and —v < c(t) < 0. Then the solutions of the equation (5.5)
satisfying x(a +v — 1) < 0, satisfy
lim x(t) = 0.

t—o0
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