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ON APPROXIMATE HERMITE-HADAMARD TYPE INEQUALITIES
JUDIT MAKO AND ATTILA HAZY

ABSTRACT. The main results of this paper offer sufficient conditions in order that an approxi-
mate lower Hermite-Hadamard type inequality implies an approximate Jensen convexity prop-
erty. The key for the proof of the main result is a Korovkin type theorem.

1. INTRODUCTION

Throughout this paper R, R, , N and Z denote the sets of real, nonnegative real, natural and
integer numbers respectively. Let X be a real linear space and D C X be a convex set. Denote
by D* the set (D — D).

One can easily see that, for any constant ¢ > 0, the e-convexity of f (cf. [7]), i.e., the validity
of

fltz+ A —t)y) <tf(x)+Q—t)fy)+e  (z,ye D, tel0,1]),

implies the following lower and upper e-Hermite-Hadamard inequalities

(1) f<“"2Fy> g/olf(t:r+(1—t)y)dt+€ (z,y € D),

(2) /Olf(t:ch(l—t)y)dtgw

The above implication was discovered if ¢ = 0 by Hadamard [5] in 1893. (See also [16], [9] and
[19] for a historical account). For ¢ = 0, the converse is also known to be true (cf. [18], [19]),
i.e., if a function f: D — R which is continuous over the segments of D satisfies (1) or (2) with
e = 0, then it is also convex. Concerning the reversed implication for the case ¢ > 0, Nikodem,
Riedel, and Sahoo in [20] have recently shown that the e-Hermite-Hadamard inequalities (1)
and (2) do not imply the ce-convexity of f (with any ¢ > 0). Thus, in order to obtain results
that establish implications between the approximate Hermite-Hadamard inequalities and the
approximate Jensen inequality, one has to consider these inequalities with nonconstant error
terms.

Let oy : D* — R be an even error function. We say that a function f: D — R is a-Jensen
convex, if for all x,y € D,

+e (z,y € D).

+ay(z—y) (z,y € D).
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In order to describe the old and new results about the connection of an approximate Jensen
convexity inequality and the approximate Hermite-Hadamard inequality with variable error
terms, we need to introduce the following terminology.

For a function f: D — R, we say that f is hemi-P, if, for all x,y € D, the mapping

(4) t— f((1—t)z+ty) (t € ]0,1])

has property P. For example f is hemiintegrable, if for all x,y € D the mapping defined by (4)
is integrable. Analogously, we say that a function h : D* — R is radially-P, if for all u € D*,
the mapping

t — h(tu) (t €10,1])

has property P on [0, 1].
In [12] the authors established the connections between an upper Hermite-Hadamard type
inequality and a Jensen type inequality, which were stated in the following theorem.

Theorem A. Let ay : D* — R be even and radially upper semicontinuous, p : [0,1] — R, be
integrable with fol p =1 and there exist ¢ > 0 and p > 0 such that

p(t) < c(=Infl =26}~ (t €]0, 3[U]5, 1],

and A € [0,1]. Then every f : D — R lower hemicontinuous function satisfying the approximate
upper Hermite—Hadamard inequality

/0 f(tz+ (1 - y)p(t)dt < Mf(x) + (1— N f(y) +anlz—y)  (x.y€D),

fulfills the approximate Jensen inequality (3), provided that oy : D* — R is a radially lower
semicontinuous solution of the functional inequality

ay(u) > /0 ay (|1 = 2tlu)p(t)dt + ay(u) (u € DY)

and a;(0) > ay(0).

In [6], A. Hazy and Zs. Pales established a connection between a lower Hermite-Hadamard
type inequality and a Jensen type inequality by proving the following result.

Theorem B. Let ag : D* — R, be a nonnegative even function. Assume that f: D — R is an
upper hemicontinuous function satisfying the approximate lower Hermite—Hadamard inequality

(5) f(‘”j”) < [ ftara-nparana=y)  @yeD)

Then f is aj-Jensen convex, where ay : 2D* — R, is a nonnegative radially lower semicontin-
wous, radially increasing solution of the functional inequality

(6) ay(u) > /0 ay(2tu)dt + ay(u) (ue D).

In [13] using a Korokvkin type theorem the authors prove the following theorem.
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Theorem C. Let p be a Borel probability measure on [0, 1] with a non-singleton support. Let
e: D?* = R such that e(z,2) =0 for allz € D and £* : D* x [0,1] = R be a function such that,
forall z,y € D, e*(x,y,0) = e*(x,y,1) =0 and

[ e (z,y, Z—i)du(t) + &(z, B+ iy) s € [0, pa),
* [071]
€ ({L‘, Y S) Z s—st— —s s—
[f] e (@, y, T ) dp(t) (550 + 2y, y) s € [ 1.
0,1

Then every f : D — R upper hemi-continuous solution of the following lower Hermite—Hadamard
type functional inequality

Fnz + (1 — m)y) < / f(tz + (1— ty)du(t) + =(x.y)  (z,y € D)
[0,1]
also fulfills
f(tZL' + (1 - t)y) S tf(l’) + (1 - t)f(y) + 6*($7y7t) (l’,y € D7 te [O’ 1])

In this paper we examine the implication from an upper Hermite-Hadamard type inequality
to a Jensen type inequality. Thus in this paper, we are searching connections between the
approximate upper Hermite-Hadamard inequality

- [ Ftt 4 (@ = 0)da() < 7@ + (1= V1) +anlo v

[0,1]

and the approximate Jensen inequality (3), where f: D — R, o,y : D* — R are given even
functions, A € R and pu is a Borel probability measure on [0, 1]. First we prove a Korovkin-type
theorem (Theorem 1, Proposition 4), then in Theorem 5 below, we generalize Theorem A replac-
ing the Lebesgue—Stieltjes integral by an integral with respect to an arbitrary Borel probability
measure.

Throughout this paper, the notation ¢§; stands for the Dirac measure concentrated at the point
t €10,1].

2. KOROVKIN TYPE THEOREMS

In the sequel, denote by C([0,1]) and B([0, 1]) the space of continuous and bounded Borel
measurable real valued functions defined on the interval [0, 1] equipped with the usual supremum
norm. Denote by p; : [0, 1] — R the following polynomials:

pi(u) == u', (1=0,1,2)

Let p be a Borel probability measure on [0,1] and denote by p; the first momentum of u,
namely f[O,l] tdu(t). In this section, we will prove a Korovkin type theorem, which will play an
important role in the proof of the main result Theorem 5. To see the historical background of
these theorems, we recall the classical Korovkin theorem ([8], [1]), which play an important role
in the functional analysis.

Theorem D. Let T, : B([0,1]) — B([0,1]) be a sequence of positive operators such that for all
u € |a,b] and i € {0,1,2}
lim (T,p;)(uw) = p;i(u).

n—00
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Then, for all bounded upper semicontinuous function h : [0,1] — R
(8) lim sup T, h(u) < h(u) (u € [a,b]).

n—oo
A simple example of the sequence of this operator is the classical Bernstein-operators, namely
9) (Boh)(u) := Z " h(ﬁ)um —w)" T (we0,1)).
k )

n

It is easy to see that
Bupo =po, Bupr=p1 and Bupy = tp + “=p,.

The following theorem is the main application of Theorem D, this is Weierstrass’s first ap-
proximation theorem, which says that for all continuous function on a compact interval can be
approximated by polynomials:

Theorem E. Using the above notations, for all h € C([0,1]), lim, o B,h = h.
In [13]| Zs. Péles and the first author got the following Korovkin type theorem.

Theorem F. Let T, : B([0,1]) — B([0,1]) be a sequence of positive operators such that for all
u € [a,b] and i € {0,1}

lim (T,:) () = pilu).

n—oo

Suppose that there exists a strictly convex g € C([0,1]), such that
Tng = 9(0)po + (9(1) — g(0))p1

Then, for all bounded upper semicontinuous function h :[0,1] - R
(10) lim sup(T,,h) < h(0)po + (A(1) — h(0))p1.

n—o0

In [13], an important example has also been given, namely let

f h(t“)du() if 0<u<pu,
. ) [o1 ._
[0,1]

It can be proved that the sequence of these operators has the property (10). Using these facts
Theorem C can be also proved. (See [13] for more details.)
The first main result of this paper the following Korovkin type result.

Theorem 1. Let T, : B([0,1]) — B([0,1]) (n € N) be a sequence of positive linear operators
such that

(12) lim (T,,po) = po-

n—oo

Suppose that there exists a function g € C([0,1]) with g(3) =0 and g > 0 on [0,1] \ {3} such
that lim,, . (T.9) = Opo. Then, for all bounded lower semicontinuous function h : [0,1] —

(13) liminf T,,h > h(%)po

n—oo
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Remark 2. It can be easy to see (under the same conditions of the previous one), if h : [0,1] — R
is upper semicontinuous, then we get:

(14) limsup T,h < h(%)po

n—o0

It easily follows from the above theorem that, if f is continuous, then (13) holds with equality
and the “liminf” can be replaced by “lim”.

Proof. Let h € B([0,1]) be a lower semicontinuous function and ¢ > 0 be arbitrary.

e LR IC) .
o) = = L we DN,

Since h is lower semicontinous continuous in %, there exists 0 < § < % such that:

—e <h(u)—h(3) if |u—3|<ad.

Thus

The function ¢ is lower semicontinuous and the set [0, 5 — 2] U6 + $,1] is compact, therefore
there exists a K € R, such that:

¢>K on [0,6—3]U[d+ 1 1].
Thus, there exists L such that ¢ > L on [0,1] \ {3}. Therefore,
—e — Lg(u) < h(u) — h(3) (u € [0,1]).
Using that T, is a positive linear functional on B([0,1]) we can get that
—eTpo — LT g < T,h — h(%)‘]‘npo.
Taking the limit n — oo, we get
—e < liminf(T,h — h(3)Tmpo).

n—o0

Since € > 0 is arbitrary, this implies that
0 < lim inf(T,h — 2(5)Tupo).-

n—oo

which means that (13) holds. O

In what follows, we construct a large family of positive linear operators on B([a,b]) which
satisfies the assumptions of the previous results and will be instrumental in the investigation of
approximate convexity Let u be a Borel probability measure on [0, 1] and define a sequence of
linear operators T# : ) — B([a,b]) by the following formula:

(15) Thh = / / 12t — 1) .- (2t — 1)) dp(ty) . .. dp(ts)po-
01 (0]

Proposition 3. Assume that u is a Borel probability measure on [0,1] and define T by (15).
Then, for alln € N, T# : B([a,b]) — B([a,b]) is a bounded positive linear operator with

(16) [Tl < 1.
In addition, for all h € B(]0,1])
(17) JTnpo = po-
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Proof. If h € B([a,b]) then, for all fixed u € [0,1] and n € N,
(THR) ()] < / / (L4 2@t — 1)+ (26— D) |dp(ts) . . dya(ta)po(u)

01  [01]

sww/m/mwmmmwmmwzmm,
[0,1] [0,1]
which proves the boundedness of T7# and (16). The linearity and positivity of T# is obvious. [

Proposition 4. Assume that p is a Borel probability measure on [0,1], such that p ¢ {ady +
(1 —a)oy | a €[0,1]} and for all n € N define T# by (15). Then, for all lower semicontinuous
h e B([0,1]),

(18) h(%) < ligglf(‘ﬂfh)(u) (u € 10,1]).

Proof. By Proposition 3 we can get that T : B([0,1]) — B([0,1]) is a positive linear operator
which satisfies (12). Let ¢ : [0,1] — R be defined by

2
g(t) = (t—3) t € 10,1].
Then, g(3) = 0 and g is positive on [0,1] \ {3}. On the other hand,

/ / (2t~ 1) (2t — 1) 2dpa(ty) ... dp(ta)po = i( /(Qt _ 1)2d,u(t))np0.
[0,1] [0,1] [0,1]

Since h < 1, it is easy to see that

/(2t —1)%du(t) < 1.

[0.1]
To prove that this inequality is strict, assume that f[0,1}(2t — 1)%du(t) = 1. Then (2t — 1)* =
1 u—almost every where t € [0,1], which means that ¢ = 0 or ¢ = 1 p-almost every where

€ [0,1]. This implies that p({0,1}) = 1, which is a contradiction by assumptions. Thus,
f[o (2t — 1)%du(t) < 1 and we can get that lim,, ., T#h = 0. Therefore, by Theorem 1 we get

(18). 0

3. HERMITE-HADAMARD TYPE INEQUALITIES

The next theorem gives a connection between an approximate upper Hermite-Hadamard type
inequality and a Jensen type inequality.

Theorem 5. Assume that p is a Borel probability measure on [0, 1], such that pn ¢ {ady + (1 —
a)dy | a € [0,1]}. Let A € R and ay : D* — R be an even error function and assume and
f D — R s a hemi-bounded, lower hemicontinuous and, for all x,y € D, satisfies the following
Hermite-Hadamard type inequality (7). Then f is approzimate Jensen-convex in the sense of
(3), where ay : D* — R is a radially-bounded and radially upper semicontinuous solution the
following functional inequality:

(19) antw) + [ as(l-2udu(t) <as0)  (we D),
[0,1]
providing that o.;(0) > ay(0).
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The proof of Theorem 5 is similar as the proof of the main theorem of [12] and it is based on
a sequence of the following lemmata.

Lemma 6. Let ag : D* — R be even, p is a Borel probability measure on [0,1], such that
w & {ado+ (1 —a)dy | a €[0,1]} and A € R. Then every f : D — R lower hemicontinuous
function satisfying the approximate Hermite—Hadamard inequality (32), fulfills

” /jﬁx+ue¢w);ﬂ“‘¢ﬂ+mﬁﬁm>Sigé}&2+aH@—y) (x,y € D).

[0,1]

Proof. Changing the role of z and y in (32), then adding the inequality so obtained to the original
inequality (32), by the evenness of ay, we get that (20) O

In what follows, we examine the Hermite-Hadamard inequality (20). For a sequense (t,),
n € N define the following sequense by induction,

(21) T1 = tl and Tn+1 = (1 — tn+1>Tn + tn+1(1 - Tn)
Lemma 7. Let T, be definied by (21), then
(22) Tn=35—3(2t—1)---- (2t, —1).

Proof. We prove by induction on n. If n =1, T} = t; and %+ %(2151 —1) = t4, so the statement is
obvious. Assume that (22) is true for n = k and prove for n = k4 1. By (21) and the inductive
assumption we can get that

Tiv1 = (1 —togr) Ty + trsa (1 — Tk)

~q —tk+1)<% F 12t — 1) (2t — 1)) +tk+1<% +la—2t) .. (1— 2tk)>
=3+ 31 —=2t) ... (1—=2t) (1 — 2tp41),
which proves this lemma. O

Lemma 8. Let ay : D" — R be a radially upper semicontinuous function. If f : D — R
fulfills the approzimate Hermite—Hadamard inequality (20) then, for all n € N, the function f
also satisfies the Hermite—Hadamard inequality

1
: / . / (F(Tr + (L= Ty) + F((— T + Toy) () . dy(t,)
(23) (0,1 [0
_ @)+ 1)
- 2
for all x,y € D, whenever n € N, where the sequences T,, and «,, : D* — R are defined by (21)
and

(24) cv=am  awa() = [ an(l - 2u)dult) +an(e)  (we D),
[0,1]

+ an(z —y)

respectively.

Proof. We prove by induction on n. If n = 1, by the definition of ay, (23) holds. Let z,y € D and
assume that (23) holds for some n € N. Write x by (1—t,,.1)z+t, 11y and y by t, 12+ (1—t,01)y
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n (23). Using the definition of 7},41 and a1 ((21),(24)) and using also that ay is even, then
we obtain:

/ / Topix+ (1 =Ty ) + f((l —Thg1)w + Tn+1y)>du(t1) o dp(ty)
01 [0,
< f((l — tn+1)x + tn-l-ly) + f(tn-i-lx + (1 B tn+1)y)
- 2
Integrating with respect to ¢,.1, and applying the inductive assumption, (20) and finally (24),
we obtain that

5 /- / / T+ (1= Tos)y) + F((L = Tosn)a + Toerg)du(ts) ... dpu(t)dia(tnsr)

+an(|1 = 2tnal(z —y)).

01 [0,
1

< 3 / (f((l —tpi1)T + tp1y) + f(tnprz + (1 — tn+1)y>>d/~b(tn+1)

[0,1]

™ / (|1 = 2t 1| (7 — y))dp(tna)
[0,1]

x)+

< w +ap(z—y) + / (|1 =2t |(x — y))dp(tner)
[0,1]

x)+

S M + 04n+1(33 . y)7
which proves the statement. .

Lemma 9. Let ay : D* — R be even, p is a Borel probability measure on [0,1], such that
p & {adg+ (1 —a)yy | @ €0,1]}. If f: D — R is hemibounded and lower hemicontinuous
function, then

1iminfl/.../ <f(Tnx—|—(1— Wy) 4+ f((1 = )x—I—Tny))d,u(tl)...d,u(tn)

n—0o0
(25) 01  [0.1]

> f(x + y)
Proof. Let z,y € D be fixed and define h : [0,1] — R by

(t) = S (F((— ) + 1) + F 2+ (1= 1)y)).

Since f is hemibounded and lower hemicontinuous, A is lower semicontinuous and h € B([0, 1]).
Using also Lemma 7 we have that the operator T# defined by (15) can be expressed as,

T / / du(ty) - ().

0,1  [0,]

By Proposition 4, (18) holds, which means that (25) that also holds. O

Lemma 10. Let ag : D* — R be a radially upper semicontinuous function. Then, for all
n € N, the function o, : D* — R defined by (24) is nondecreasing [nonincreasing], whenever ay
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is nonnegative [nonpositivel. Furthermore, if ay : D* — R is a radially bounded and radially
upper semicontinuous solution of the functional inequality (19) then

(26) lim sup o, (u) < ay(u) — ay(0) + ay(0) (u € D).

n—oo

Proof. Assume first that oy is nonnegative. We will prove by induction on n € N, that the
sequence (a,) is nondecreasing, i.e.,

(27) Qpt1 > Qy, (n €N).

For n = 1, by the nonnegativity of a; = ay, we have that, for all u € D*,

as(u) = / aq (|1 — 2t|u)dp(t) + ag(u) > ar(u).

[0,1]

Assume that (27) holds for some n € N and consider the case n + 1. Using the definition of
(i1, the inductive assumption and the nonnegativity of «,, we get, for all v € D*, that

(1) = / ot (|1 = 2} dp(t) + s (u) > / (|1 = 2tu)dpa(t) + s (1) = i ().
[0,1] [0,1]

Analogously, if ay is nonpositive, we can obtain that the sequence («,,) is nonincreasing.
To prove (26), let oy : D* — R be a radially upper semicontinuous solution of (19). Then, for
the sequence of functions g, := a,, — a;, we obtain

G (1) < / 6u([1 — 20[u)du(t)  (ue D", neN),
[0,1]

[terating this inequality, similarly as in Lemma 9 and Lemma 8, it can be proved that

(28) gnt1(u / / 91(|1 = 2T |w)dp(ty) - - - dpltn) (u € D*, n € N),

01  [0,]

where T, is defined by (21). Taking the limsup as n — oo in (28), by Proposition 4, we get that,
for all u € D*,

n—oo n—oo
0,1  [0,1]

lim sup g4 (1) < lim sup / / 01(|1 = 2T, Ju)duh) - dpu(ta) < g1(0) = @ (0) — a5 (0),

which immediately yields (26). 0

Proof of Theorem 5. Assume that the conditions of Theorem 5 hold. Using Lemma 8, we obtain
(23). Then taking the liminf in (23) and using the fact that liminfa, < limsupa,, then
applying Lemma 9 and Lemma 10 we obtain that the function f is ay-Jensen convex, i.e. (3)

holds. O

A simple consequence of Theorem 5 is the following corollary which is a generalized form of
Theorem A ([12]).

Corollary 11. Let ag : D* — R be even and radially bounded and radially upper semicontinu-
ous, p:[0,1] = R be integrable with fo p=1and A € R. Then every f : D — R hemi-bounded
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and lower hemicontinuous function satisfying the approzimate upper Hermite—Hadamard inequal-
ity
1
/ fltz+ (1 =t)y)pt)dt < Mf(z) + (1= Nf(y) +on(z—y)  (z,y€ D),
0

fulfills the approximate Jensen inequality (3) provided that oy : D* — R is a radially lower
semicontinuous solution of the functional inequality

cw@)Z[:qﬂl—%WM@Mﬁ+wﬂw (u e DY)

and a;(0) > ay(0).

In what follows let X be a normed space, v be a signed Borel measure on ]0, co[ and define
the error function by the following way:

29) V= [ lulan(o

10,00

These error functions determine a large class of the error functions.

Corollary 12. Assume that v is a signed Borel measure on |0,00[, such that

(30 [ttty <0 e )

and o

(31) /(P/ﬁ—me>dM@<m
10,00] [0,1]

Let 11 be a Borel probability measure on [0,1], such that pn ¢ {ady + (1 — @)d; | o € [0,1]}.
Let A € R and assume and f : D — R is hemi-bounded and lower hemicontinuous and, for all
x,y € D, satisfies the following Hermite-Hadamard type inequality:

wy [ S (- 00a) <A@ +0- 05w+ [ =yl
[0,1] 10,00]
Then f is approzimate Jensen-convex in the following sense:

p(Eryy < JEE T /( JESERT )1||as—y||wu<q> v,y € D).

10,00 [0,1]

Proof. By Theorem 5, it suffices to show that the function

ww = [(] a-n- 2t|q)du<t>)_l||uuwu<q> (we D)

10,00

is well-defined and satisfies (19) with equality where ay : D* — R is defined by

sy () = / lulltdi(q)  (ue D).

10,00]
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To see that, for all u € D*, a(u) is finite, we distinguish two cases. If ||u]| < 1, then [Jul|? <1
for all ¢ > 0, and hence, by assumption (31),

sl < [ (1= [ -2 >) dvl(g) < oo

10,00( [0,1]

Now let |lul| > 1. Then, the functions ¢ — |ju||? and ¢ — 1 — [ |1 — 2t|%du(t) are increasing
[0,1]
functions, hence

< [ (1- | !1—2t|qdu(t)>_ld|V|(Q)+( /(1—|1—2tr)du<t>)_l [ lulai)
[ [

10,00 [0,1]

) ,O0

which is again finite by conditions (30) and (31). To prove that o satisfies (19), using that p is
a probability measure, we compute

(|1 — 2slu)dpa(s) + oy (u)
[0,1]

/ / (/ 1— |1 —2t|%)dpu(t )) 1H|1—23\uuqdy /HU”qu

[0,1]]0,00[  [0,1] 10,00

S 11— 2sfdp(s)

o) o
B / ( J (U= 1= 2t[a)dp(2) H)”“H dv(q) = as(u),

10,000 [0,1]

which proves that (19) holds with equality. OJ
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