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1. Introduction
1.1. Motivation

It is well known that convex functions defined on subdomains of R™ are locally Lip-
schitz continuous and almost everywhere twice differentiable. Moreover, the celebrated
maximum principle due to Aleksandrov provides a global regularity result for convex
functions that are continuous on the closure and are vanishing on the boundary of the
domain. More precisely, if Q C R™ is a bounded open and convex domain, and u € C(£2)
is convex with © = 0 on 0f), then

[u(&)|™ < Cpdist (&g, 0Q)diam(Q)" L™ (0u(Q)), V& € Q, (1.1)

where C}, > 0 is a constant depending only on the dimension n. In the above expression
the notation £"(0u(2)) stands for the measure of the range of the so-called normal
mapping of u. To define this concept we need first the subdifferential du(&p) of u at &,
given by

du(&o) = {p € R" s u(§) = u(&o) +p- (§ — &), VE € O},

¢

where ‘-’ is the usual inner product in R™. The range of the normal mapping of u is
defined by

ou(QY) = U ou(§).

£eq
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A convenient way to deduce the Aleksandrov estimate (1.1) is to compare the ranges of
normal mappings of the convex function v and the cone function v : @ — R with base
on 0N and vertex (&, u(&p)) (see e.g. Gutiérrez [16, Theorem 1.4.2]).

It is well-known, that for any convex function u € C2(Q),

LT (0u()) = /det[Hess(u)(x)]dx, (1.2)
Q

which implies by (1.1) the estimate:

[u(&o)|™ < Cpdist(&y, 092)diam ()" /det[Hess(u)(x)]dx, V& € Q. (1.3)
Q

In recent years, the notion of convexity has been considered in the setting of Heisen-
berg groups by Lu, Manfredi and Stroffolini [22], and in more general Carnot groups by
Danielli, Garofalo and Nhieu [13] and also Juutinen, Lu, Manfredi and Stroffolini [20].
The main idea behind this approach is to develop a concept of convexity that is adapted
to the sub-Riemannian, or Carnot—Carathéodory geometry of the Carnot groups. In
this way convexity is assumed only along trajectories of left-invariant horizontal vector-
fields which are in the first layer of the Lie algebra of the group and generate the
sub-Riemannian metric. This notion is called by many authors as H-convexity. This
approach makes sense also in case of more general Carnot—Carathéodory spaces even in
the absence of a groups structure, see Bardi and Dragoni [4].

Various results on local regularity properties such as local Lipschitz continuity or
second differentiability a.e. in terms of the horizontal vector-fields have been already
proven in this context. We refer to the paper of Balogh and Rickly [3] for the proof of
the local Lipschitz continuity of H-convex functions on the Heisenberg group and Rickly
[24] for Carnot groups.

It was pointed out to us by one of the referees, that the generalization of Aleksandrov’s
second order differentiability theorem of H-convex functions to the case of Carnot groups
is a rather delicate issue. Magnani [23] proved second horizontal differentiability a.e. in
the general Carnot setting of a H-convex function u, but only under the assumption
that all entries of the symmetrized horizontal Hessian u;; as well as the horizontal
commutators [X;, X;]u are Radon measures. The first condition was proved by Danielli,
Garofalo and Nhieu in [13]. The second condition is more difficult, it was proven by
Gutiérrez and Montanari in [18] in the Heisenberg group and extended by Danielli,
Garofalo, Nhieu and Tournier in [14] to the case of Carnot groups of step 2. The property
that [X;, X;]u are Radon measures is still open for general Carnot groups.

In this paper we will be concerned with first order regularity properties of H-convex
functions on the Heisenberg group. We note first, that the behavior of H-convex func-
tions in non-horizontal directions can still be pretty wild. Indeed, examples of H-convex
functions are constructed by Balogh and Rickly in [3] which coincide with the Weier-
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strass function on a thick Cantor set of vertical lines. This fact indicates the intricate
nature of H-convex functions as well as possible differences with respect to their Eu-
clidean counterpart. In particular, the validity of an Aleksandrov-type estimate, similar
to (1.1) becomes questionable.

The main goal of this paper is to prove global regularity results akin to (1.1) in the set-
ting of general Heisenberg groups H™. This problem has been first considered by Gutiérrez
and Montanari [17] in the setting of the first Heisenberg group H' and by Garofalo and
Tournier [15] for the second Heisenberg group H? and the Engel group. In these papers,
the methods of Trudinger and Wang [26-28] have been applied to obtain comparison
estimates for integrals involving Hessians and related expressions in second order deriva-
tives. Trudinger and Zhang [29] obtained recently a generalization of these results for
integrals of k-th order Hessian measures of k-convex functions defined on H". Such com-
parison estimates can be used to deduce weaker versions of Aleksandrov-type maximum
principle (1.3). For instance, in [17] it is shown that if u : By — R is a C%-smooth,
H-convex function defined on the unit Kordnyi-Cygan ball in the first Heisenberg group
H' which vanishes on the boundary, then

()P < (o) / (det[Hessyr (u) (€)]" + 12(Tu(€))?) de, Yéo € By, (14)

B

where [Hessg (u)(£)]* denotes the symmetrized horizontal Hessian and T'u is the vertical
derivative of u.

The main drawback of the estimate (1.4) is that the expression c¢;(&) > 0 in front of
the integral behaves like distg(£p, dBg)~* for some « > 0, which is far to be optimal
taking into account that u = 0 on dBpy. A similar result was obtained also in [15], where
Garofalo and Tournier [15, p. 2013] formulated the question about existence of a suitable
pointwise estimate that behaves like a positive power of the distance to the boundary.

1.2. Statements of main results

The primary goal of our paper is to provide a positive answer to the above question
by proving an Aleksandrov-type estimate in the spirit of (1.1). More precisely, we shall
prove the estimate

\u(§0)|2" < CndiStH(&LaQ) diamHS(Q)Q”_lﬁﬁs(aHu(Q)), Vfo € Q, (15)

where 0 C H” is any open horizontally bounded and convex domain, u : @ — R is a
continuous H-convex function which vanishes at the boundary 0f2, and C,, > 0 depends
only on n. (The concept of horizontal boundedness will be introduced in the sequel.)
In the above estimate disty stands for the sub-Riemannian distance of the Heisenberg
group. The quantities diam g g(2) and L3 (9 u(2)) denote the horizontal slicing diam-
eter of the horizontally bounded set 2, resp. the horizontal slicing measure of the set
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O u(2). These notions are introduced in Definition 2.1 as the appropriate substitutes
for their Euclidean counterparts diam(Q2) and £"(0u(f2)), respectively.

We recall that dgu is the horizontal normal mapping of u introduced by Danielli,
Garofalo and Nhieu [13] and studied by Calogero and Pini [8]. The concept of horizon-
tal normal mapping turns out to be the right analogue to the normal mapping in the
Euclidean space which made the estimate (1.5) possible. Roughly speaking, the horizon-
tal normal mapping dgyu includes all subdifferentials of u taken in the directions of the
left-invariant horizontal directions on the Heisenberg group.

Until now, there was a major obstacle in applying the method of normal mapping
due to the lack of good comparison principles for H-convex functions. Our first result
overcomes this obstacle, and at the same time answers a question of Calogero and Pini
[8] and Gutiérrez and Montanari [17]:

Theorem 1.1 (Comparison principle for the horizontal normal mapping). Let Q C H"
be an open, horizontally bounded and H-convex set, and u,v :  — R be H-convex
functions. Let Qo C H™ be open such that Qy C Q and assume that v < v in Qy and
u=uv on 0Qy. Then

aH’U(QQ) - 8Hu(§20).

In fact, Theorem 1.1 is a consequence of a more general comparison result, see The-
orem 3.1, where the novelty of our approach is shown by the application of a degree
theoretical argument for upper semicontinuous set-valued maps, developed by Hu and
Papageorgiou [19]. Due to the H-convexity of the functions w and v, the upper semicon-
tinuous set-valued maps dgu and dgv show certain monotonicity properties, allowing
to relate the set-valued degree of these maps via a suitable homotopy flow. A similar
comparison principle to the previous one can be stated by requiring v < v in )y but
adding the strict H-convexity of v, see Theorem 3.2.

We emphasize that the H-convexity of the functions v and v is indispensable in order
to obtain comparison principles. Indeed, in the absence of convexity we construct an
example for which the comparison principle fails on the first Heisenberg group H', see
Section 5.

Using Theorem 1.1 we can prove the following:

Theorem 1.2 (Horizontal comparison principle). Let Q C H"™ be an open, bounded and
H-convex set, and u,v : Q — R be continuous H-convex functions. If for every Borel set
E C Q we have

L2 (0pv(E)) < L2 (Onu(E)),
then

min(v(€) — u(€)) = min (v(€) - u(€)).

£eQ £€o
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A consequence of Theorem 1.2 is the fact that the horizontal normal mapping char-
acterizes uniquely the H-convex functions with prescribed boundary values.

Corollary 1.1. Let Q C H" be an open, bounded and H-convex set, and let u,v: Q — R
be continuous H -convex functions. If for every Borel set E C Q) we have

L2 (0gu(E)) = L2"(0pv(E))
and u = v in 09, then u = v in €.
The main result of the paper is the following maximum principle.

Theorem 1.3 (Aleksandrov-type mazimum principle). Let Q C H™ be an open, horizon-
tally bounded and convex set. If u : Q — R is a continuous H-convex function which
verifies u = 0 on 0X), then

|u(£0)\2" < Cpdist g (&, 0Q) diamHS(Q)Q"AL?{"S(8HU(Q))7 V¢ € Q, (1.6)
where Cy, > 0 depends only on n.

The proof of Theorem 1.3 is a puzzle which is assembled by several pieces: basic com-
parison principle, maximum principle on horizontal planes, horizontal normal mapping
of cone functions, Harnack-type inequality, and quantitative description of the twirling
effect of horizontal planes. Some of the pieces in this puzzle are readily available in the
current literature: in particular the Harnack-type inequality for H-convex functions has
been proven by Gutiérrez and Montanari in [17], in the same paper the authors apply
this result to obtain estimates on the boundary behavior of H-convex functions.

Theorem 1.3 is sharp which is shown as follows: for a given e € (0, 1) we construct an
open, bounded and convex set 2 C H' and a continuous H-convex function u : Q — R
which verifies u = 0 on 9Q and u < 0 in 2 such that £%4(dgu(Q)) < oo, and

u 2
N3]

Some comments concerning further perspectives are in order. Since the arguments in
the proof of the comparison principles (see Theorems 1.1 and 3.2) are topological, it is
clear that such results can be also extended to general Carnot groups. However, in this
general setting certain technical difficulties will arise in the proof of the Aleksandrov-
type maximum principle, e.g. the construction of specific cone functions; these issues
will be considered in the forthcoming paper [2]. Furthermore, we expect that the ap-
proach presented in this paper can be successfully applied to establish interior I'' -, or
W2P_regularity of H-convex functions in the spirit of Caffarelli [6,7] and Gutiérrez [16].
In the setting of Carnot groups a first step in this direction has been done by Capogna
and Maldonado [10].
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The paper is organized as follows. In Section 2 we fix notations and recall preliminary
results on H-convex functions in the Heisenberg group. Section 3 is devoted to compar-
ison principles; in particular we prove Theorems 1.1 and 1.2. In Section 4 we give the
proof of our main result Theorem 1.3. Section 5 is devoted to the discussions related to
sharpness of our results. First, we provide an example showing that comparison principles
do not hold in the absence of the convexity assumption, see Section 5.1. Then, the above
example (see (1.7)) is presented in detail, showing the sharpness of the Aleksandrov-
type estimate, see Section 5.2. We also discuss the relationship between the horizontal
Monge-Ampeéere operator and the horizontal normal mapping, see Section 5.3. To make
the paper self-contained we add Appendix A containing two parts. In the first part we
recall those results of Hu and Papageorgiou [19] on the degree theory for set-valued maps
from which we need in our proof in Section 3. In the second part of Appendix A we give a
detailed proof of the quantitative Harnack inequality following Gutiérrez and Montanari
[17] that we use in Section 4.

2. Preliminaries

The Heisenberg group H™ is the simplest Carnot group of step 2 which serves as
prototype of Carnot groups. For a comprehensive introduction to analysis on Carnot
groups we refer to [5]. Here we recall just the necessary notation and background results
used in the sequel. The Lie algebra h of H" admits a stratification h = V3 @ Vo with
Vi = span{X,, Y;; 1 <i < n} being the first layer, and Vo = span{T'} being the second
layer which is one-dimensional. We assume [X;, Y;] = —4T and the rest of commutators of
basis vectors all vanish. The exponential map exp : h — H" is defined in the usual way.
By these commutator rules we obtain, using the Baker—Campbell-Hausdorff formula,
that H® = C" x R is endowed with the non-commutative group law given by

(z,t) 0 (2',t') = (2 + 2/, t +t' + 2Im(z, 2)), (2.1)
where 2 = (z1,...,2,) € C", t € R, and (z,2') = Y7, zjz_§ is the Hermitian inner
product. Denoting by z; = z;+1y;, then (z1,...,2Zn,¥1,...,Yn,t) form a real coordinate

system for H”. Transporting the basis vectors of V7 from the origin to an arbitrary point
of the group by left-translations, we obtain a system of left-invariant vector fields written
as first order differential operators as follows

X; = 0y, +2y;04, i=1....n
Y; =0y, — 22,0, j=1,...,n. (2.2)
These vector fields are called by an abuse of language horizontal. The horizontal plane in

& € H™ is given by He, = & o exp(V1 x {0}). It is easy to check that for &, = (20,%0) =
(0, Yo, to) € H"™ the equation of the horizontal plane is given by
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Hey ={(2,t) e H" : t = to + 2Im(z0,2)} = {(z,y,t) e H" : t =to + 2(z - yo — zo - y) }

The sub-Riemannian, or Carnot—Carathéodory metric on H" is defined in terms of the
above vector fields. Instead of the Carnot—Carathéodory metric, in this paper we shall
work with the bi-Lipschitz equivalent Kordnyi—Cygan metric that is more suitable for
concrete calculations and is defined explicitly as follows.

Let N(z,t) = (J2]* + t2)7 be the gauge norm on H". It is an interesting exercise to
check that the expression

dH((Z’t>7 (Zlvt/)) = N((Z/’t/)_l © (th»a

satisfies the triangle inequality defining a metric on H" (see [12]). This metric is the
so-called Koranyi—-Cygan metric which is by left-translation and dilation invariance
bi-Lipschitz equivalent to the Carnot—Carathéodory metric. Here, the non-isotropic
Heisenberg dilations dy : H® — H” for A > 0 are defined by dx(z,t) = (Az,\%t). If
A C H" and § € H", then distg(§, A) = infeeadu(§,¢). The Koranyi-Cygan ball
of center (zp,t0) € H" and radius r > 0 is given by Bgy((z0,t0),7) = {(2,t) € H" :
dH((Z’ t)’ (207 tO)) < T}'

Let © C H™ be an open set. The main idea of the analysis on the Heisenberg group is
that general regularity properties of functions defined on the Heisenberg group should be
expressed only in terms of horizontal vector fields (2.2). In particular, the appropriate
gradient notion for a function is the so-called horizontal gradient, which is defined as
the 2n-vector Vyu(€) = (X1u(§), ..., Xnu(§), Y1u(8),. .., Yu(g)) for a function u €
I'Y(Q). Here, the class I'*(€) is the Folland-Stein space of functions having continuous
derivatives up to order k with respect to the vector fields X; and Y;, i € {1,...,n}.
For general non-smooth functions u : £ — R one defines the horizontal subdifferential
Opu(&o) of u at & € Q given by

Ou(&o) = {p € R*" 1 u(€) = u(éo) +p - (Pri(€) — Pri(&o)), V€ € QN He, ),

where Pr; : H® — R?" is the projection defined by Pry(§) = Pry(z,y,t) = (z,y). (The

[

same notation ‘-’ will be used for the inner products in R® and R?".) It is easy to see
that if u € TH(Q) and dgu(€) # 0, then dgu(€) = {Vyu(é)}.
The range of the horizontal normal mapping of the function u is defined by

Oru(Q) = | omu(©).

£eQ

A function u : Q — R is called H-subdifferentiable on Q if dgu(§) # O for every & € Q.
Let Sy () be the set of all H-subdifferentiable functions on €2, and 8% (Q) be set of all
continuous H-subdifferentiable functions on €.

The main objects of study in this paper are H-convex functions. There are several
equivalent ways to define the concept of H-convexity. The most intuitive property is to
require the convexity of the restriction of the function on the trajectories of left invariant
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vector fields spanned by (2.2). Another definition using the group operation is as follows.
A set Q C H" is called H-conver if for every &, & € Q with & € Hg, and X € [0, 1], we
have &, 00y (&7 0 &) € Q. Tt is clear that if € is convex (i.e. it is convex in R?*+!-sense),
then it is also H-convex. If € is H-convex, a function u : Q — R is called H-convez if
for every £1,& € Q with & € Hg, and X € [0, 1], we have

u(€ro0a(E " 0 &) < (1= Nu(&) + Mu(ée). (2:3)

If the strict inequality holds in (2.3) for every & # o, &1 € He, then u is called strictly
H-convex. We denote by C(Q) the set of all H-convex functions on Q.

We will now present some basic properties of H-convex functions which will be used
through the paper. First, for various equivalent characterizations of H-convex functions

and their regularity properties we refer to [3,8,13,9] which can be summarized as follows:

Theorem 2.1. Let 2 C H" be an open set. If u : Q — R is a function, then dgu(§)
is a convex and compact set of R*™ for every & € Q. If Q is H-convex, then Sg(Q2) =
SY(Q) =Cu(Q).

Now, we are dealing with the regularity of the set-valued map & — dgu(€). Let us
recall that if X and Y are metric spaces, a set-valued map F : X — 2¥\ {(} with compact
values is upper semicontinuous at x € X if for every £ > 0 there exists § > 0 such that
for every ' € Bx(x,0) one has F(x') C By (F(z),e). F is upper semicontinuous on
Z C X if it is upper semicontinuous at every point x € Z. Here, Bx(x, ) and By (y, )
denote the balls of radii § and center x and y, respectively, in X and Y.

Proposition 2.1. Let Q C H" be an open set. If u € S%(Q) then dyu : Q — 2B s
upper semicontinuous on Q. Moreover, for every compact set K C €, the set Ogu(K) is
compact.

Proof. Let & € 2 be fixed and assume that dgu is not upper semicontinuous at &g.
On account of the upper semicontinuity and Theorem 2.1 this implies the existence of a
sequence {&} C Q such that & — & and pg, € Ogu(&x) with pr, — po and py ¢ Igu(&o).
Note that py € Ogu(&) is equivalent to

u(C) = u(ér) = pr - (Pro(Q) — Pri(&x)),  VC € QN He,.

Let ¢ € QN He, be a given point and take a sequence (;, € QN He, with ¢, — (. Then
u(Cr) — w(€k) = pr - (Pri(Ce) — Pri(&r)).
Since u is continuous, taking the limit in the above inequality, we have

u(C) —u(&o) > po - (Pri(¢) — Pri(&o))-
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Since ¢ € QN He, was arbitrary we obtain that pg € dnu(ép), a contradiction. The
second statement follows (see [1, Proposition 1.1.3]) from the upper semicontinuity of
the map dgu. O

In the statement of our main result Theorem 1.3 the notions of horizontal slicing
diameter diampg(2) and horizontal slicing measure have been used. Roughly speak-
ing, diampgg(Q2) stands for the supremum of diameters of horizontal slices of  and
L2 (0gu(R)) is the supremum of measures for the ranges of horizontal slices under the
normal map. The precise definition is as follows:

Definition 2.1. An open set 2 C H” is called horizontally bounded if
diampg () = sup{diamy (2N He)) : £ € Q} < +o0. (2.4)

The quantity diampgg(€) is called the horizontal slicing diameter of 2. For a function
u: 2 — R we define the horizontal slicing measure by

L2 (0gu()) = sup L2 (0pu(Q N He)).
S

It is clear that the quantity diampg(2) is smaller than the Heisenberg diameter of
Q and that £375(0gu()) < L2 (0gu(R)). Theorem 1.3 implies therefore the weaker
estimate

[u(&))?" < Cpdisty (&9, 00) diam g (Q)2" 1 L2 (Ogu()), Y&y € Q. (2.5)

Notice also that diamgg(€Q) could be finite for certain unbounded domains Q C H", e.g.,
a cylinder around the vertical axis. Moreover, one can easily check that we have a natural
scaling invariance property of Theorem 1.3 with respect to Heisenberg dilations Jy; see
Remark 4.1.

We conclude this section by stating some properties of H-convex functions which are
vanishing at the boundary.

Proposition 2.2. Let Q@ C H" be an open, horizontally bounded and H-convex set. If
u:Q — R s an H-convex function which verifies w = 0 on 09, then u < 0. Moreover,
if Q is (Euclidean) convez, either u =0 on , or u < 0 in §.

Proof. Let & € ) be fixed. Let us consider arbitrarily a point £ € 9Q N He,. Since Q is
horizontally bounded and H-convex, there exists a unique point ¢ € (90QNHg, NHe)\{}
such that & = 06, (£ o¢’) for some A € (0,1). The H-convexity of u :  — R implies
that

u($o) < (1= Mu(§) + Au(f’) =0,
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which proves that v < 0 in Q. For the proof of the second statement we show that
any two points can be connected by a certain chain of balls where we can apply a
Harnack-type inequality; we postpone this construction to Appendix A (see Subsec-
tion A.2). O

3. Comparison principles in Heisenberg groups

Let us recall that in order to prove the Aleksandrov-type estimate (1.1) in the Eu-
clidean case, the following result is applied (see Gutiérrez [16, Lemma 1.4.1]):

Lemma 3.1 (Comparison lemma in Euclidean case). Let Q@ C R™ be an open and bounded

set. If u,v € C() with u=v on 0Q and u < v in 2, then Jv(Q) C Ju(f).

It is natural to ask whether a similar property holds in the setting of Heisenberg
groups:

Question. Let Q C H" be an open and bounded set, u,v € C(Q) with u = v on 9Q and
u < v in Q. Does the inclusion Ogv(2) C Ogu(Y) hold?

The answer to this question is negative in general; we postpone our counterexample
to Section 5. However, we can give a positive answer to the Question formulated above,
under the assumption of H-convezity.

3.1. Comparison lemma for the horizontal normal mapping

The main result of this section is a Heisenberg version of Lemma 3.1. While in the
Euclidean case the proof of this comparison principle is rather trivial, the geometric
structure of the Heisenberg group H" causes serious difficulties in the proof of such a
comparison result. Various authors including Gutiérrez and Montanari expressed their
doubts about this method and used another approach to obtain Aleksandrov-type esti-
mates [17]. Here we overcome the difficulties by using degree-theoretical arguments of
set valued maps [19]; the results needed in the proof are collected in Appendix A. Our
first result is the following:

Theorem 3.1 (Comparison lemma for horizontal normal mapping). Let Qo and  C H"
be open, horizontally bounded sets such that Q is H-convex, Qg C Q and u,v : Q@ — R
are H-convex functions. Let & € Qo be fived such that u(&y) < v(&) and u > v on
0Q0 N He,. If po € Orv(&o) satisfies

v(§) > v(&) +po - (Pr1(§) — Pri(&o)), V€ € 00 N Hey, (3.1)

then po € Ogu(o N He,).
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Proof. The proof is divided into four steps.

Step 1. We consider the restriction of the standard projection Pr; to a horizontal plane:
more precisely, consider Pry : Hey — — R?" which gives a linear isomorphism between
the horizontal plane Hg, and R?". Accordlngly, we introduce the followmg notations,
& = Prl(fo) £ 1= Pry(€), v = dyv o Pr;': Pry(Qo N He,) — 28" and dpu =
Opuo Pryt : Pry(Qo N He,) — 98" In these notations the condition (3.1) reads as

v(€) > v(&) +po- (E—E),  VEE NN He,. (3.2)

By Proposition 2.1 and Theorem 2.1, the set-valued maps 8/1;L and 8/1;) are upper
semicontinuous on the compact set Pry(Qq N Hg,) with compact and convex values.
Step 2. Let pg € dgv(&n). We prove that

deggy <3§1() — po, Pr1(§20 N He,), 0) =1, (3.3)

where deggqy, denotes the degree function for set-valued maps, see Theorem A.2 from
Appendix A.
To verify (3.3), we first claim that

(p° —po) - (€ — &) >0, VE € IV N He,,  Vp° € Dpo(é). (3.4)

Let us fix £ € 0Q N He, and p¥ € 5;{/1)(5) Since £ € 2 and v is H-convex on (), one has
that

o) —v(©) =p"-(C—§, V(eEQNH,.
In particular, choosing ( = &y € {29 N He, in the latter inequality, we obtain that
v(&) — v() > p" - (€ — &). (3.5)
Combining this inequality with (3.2), it yields precisely relation (3.4).

Now, we consider the parametric set-valued map F) : Prl(mﬂH&)) — QR%, A€ [0,1],
defined by

Fal) = (1= N(E = &) + M0rv(€) — po).-

It follows from Proposition 2.1 and Theorem 2.1 that the following properties hold:

o {UFA(): (N €) €[0,1] x Pry(Qo N He,)} is compact in R?™;
o for every (A, 5) € 0,1] x Pry(Qo N He,), the set Fy(€) is compact and convex in R?";
o (&) = Fa(€) is upper semicontinuous from [0, 1] x Pry(Qo N He,) into 2"\ {0}

According to Definition A.2 from Appendix A, F is of homotopy of class (P).
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We now claim that for the constant curve v : [0,1] — R?*", y(\) = 0, we have
Y(A) ¢ Fa(Pri(0Q0 N He,)) for every A € [0, 1]. By contrary, we assume that there exists

Xo € [0,1] and & € 0y N Hy, such that 0 € Fy, (&), i.e.,
0 € (1= 20)(€ — &) + (v (€) - po)-

In particular, there exists p¥ € 5;1/1)(5) such that 0 = (1 — Xo)(€ — &) + Ao(p¥ — po).
Multiplying the latter relation by (€ — &) # 0, on account of (3.4) we obtain the contra-
diction

0= (1= )€ =&+ Xo(p* —po) - (£ = &) > 0.

Therefore, by the homotopy invariance (see Theorem A.2 from Appendix A), we have
that A — deggy (Fx, Pri(Qo N He,),0) is constant. In particular, by exploiting the basic
properties of the set-valued and Brouwer degrees (see Appendix A), it yields that

degsy (v = po, Pri(Q N H,),0) = degsy (F1, Pri(0 N He,), 0) =

= deggy (Fo, Pr1(Q N He, ), 0) = deggy (Id — &, Pr1(Qo N H, ), 0) =
= degp(Id — &, Pr1(Q N He,),0) = degp(Id, Pri(Qo N He,), &) = 1,

which shows (3.3).
Step 3. We prove that

deggy (371@ — po, Pr1(Q0 N H&o)ﬁ) =1
First of all, a similar reason as in (3.5) shows that
u(€o) — u(€) > p*- (& — &), VE € I N Hey,  Vp" € dgu(f). (3.6)

We introduce the parametric set-valued map Gy : Pry (€ N He,) — 2R2n, A€ [0,1],
defined by

GA(&) = (1 — N)(@rv() — po) + MNDru(€) — po)-

We observe, again from Proposition 2.1 and Theorem 2.1 that

o {UGA(E) : (N, €) €]0,1] x Pry(Q N He,)} is compact in R?";

o for every (), €) € [0,1] x Pry(Qo N He,), G2(€) is compact and convex in R?" (as the
sum of two compact and convex sets);

o (A &) = Ga(€) is upper semicontinuous from [0, 1] x Pry(Qp N He,) into 2B\ {0},

Therefore, G is a homotopy of class (P).
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We prove that

0¢ Ga(Pri(0Q NHe,)), YA€ 0,1]. (3.7)

Assume the contrary, i.e., there exists A\g € [0, 1] and & € Q0N He, such that 0 € Gy, ().
It follows that

0=(1-X)(®" —po) + Xo(p* —p0) (3.8)

for some p* € 5AH/U(§~) and pY € é}?;(é) Combining (3.5), (3.6) and (3.8) respectively,
we obtain that

(1= Xo)v(&0) + Aou(éo) — [(1 = o) (€) + Aou(§)] > po - (S0 — &).

On the other hand, by adding the latter inequality to (3.2) applied for £, it yields

Ao(=v(80) + u(&o)) + Ao(v(§) — u(§)) > 0.

Note that u > v on 9Qy N He,; thus it follows that

Ao(u(€o) — v(&0)) > Ao(u(§) —v(£)) = 0.

Clearly, \g # 0; thus, it yields that u(&y) > v(&y) which contradicts the assumption that
v(&) > u(&p). Therefore, (3.7) holds true.

Again, by the homotopy invariance (see Theorem A.2 from Appendix A), we have
that A — deggy (Ga, Pr1(Q0 N He, ), 0) is constant, i.e., according to Step 2,

degsy (Dnu— po, Pri(20 N He,),0) = degsy (9mv — po, Pri(Qo N He,),0) =1,

which concludes the proof of Step 3.
Step 4. By Step 3 and the definition of deggy,, for small € > 0, one has that

degp(f2 — po, Pr1(Q N He,),0) =1, (3.9)

where f¥ : Pr1(Qo N He,) — R?" is a continuous approximate selector of the upper
semicontinuous set-valued map dgu such that

FUE) € Oru (Bgen (€,6) N Pry(Qp N He,)) + Bren (0,¢), VE € Pry(Qp N Hg,), (3.10)

see Proposition A.1 from Appendix A. Let ¢ = % and let ¢f = f{‘/,w k € N. First
of all, from (3.9) and the properties of the Brouwer degree dp (see Theorem A.1 from
Appendix A), we have that for every k € N there exists & € Pry(Qo N He,) such that
po = ¢};(§~k) Up to a subsequence, we may assume that &, — & € Pr;(Q N He,). On the
other hand, by relation (3.10), we have that
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- — 1 — 1
Po = ¢Z(§k) € Ogu (B]RQ'!L (fk, k‘) n Prl(Qo N Hfo)) + Bpgan <0, k) R

i.e., there exists (; € Bgen (&, %) N Pry1(Q N He,) and py, € Bgen (0, %) such that pg €
@L(fk)—i—pk. Clearly, Cx — € as k — oo. In the following, we shall show that py € 51;6(5)

We assume by contradiction, that pg ¢ é;{/u(g) Since 87[/u(§~) is compact, it follows
that dg := dist(po,aAH/u(EN)) > 0. On account of the upper semicontinuity of dru at 3
there exists § > 0 such that

Oru(€') € Ogu(§) + Bran(0,do/4), V&' € Bran(€,8) NPr1(Qo N He, ).

Applying the latter relation for & = (j, and taking into account that p, — 0, we obtain
that for k large enough,

po € Onu(Cy) + pr C Oru(€) + Bgen (0,do/2),

which contradicts the definition of dy. Therefore, py € 87{/11(5)

We claim that £ € Pri(Qo N He,). To see this, we assume by contradiction that
€ € Pr1(8Q9 N He,). Then, py € 5}7“(5) is equivalent to 0 € G;(€), which contradicts
relation (3.7). Consequently, £ € Pry(Qq N He, ); therefore,

po € Opu(€) = du(Pry () = duu(€),
where ¢ = Pr*(€) € Qo N He,, which concludes the proof. O
3.2. Comparison principles for H-convez functions

In this subsection we apply Theorem 3.1 to prove Theorem 1.1 and Theorem 1.2. To
do this, we shall compare H-convex functions with specific cone functions, that we will
call slicing cones. Some properties on the horizontal normal mapping of such cones will
be presented in the sequel.

We present in the sequel the construction of this specific cone function, taking into
account that we are in a domain that is horizontally bounded (but it could be in general,
unbounded).

Let Gp C H" be an open and horizontally bounded set and & € G such that GoNHe,
is (Euclidean) convex. Let ¢, < ¢, < 0.

For every & € Hg, with £ # &, we define €2 = £9(€) the unique point in dGo N He,
such that £ belongs to the horizontal segment (that is exactly the geodesic in the Carnot—
Carathéodory metric) from & to £€2. Moreover, for every such & € He, with £ # &, we
define \¢ as the unique positive value such that

£=Eodx (&' 089 (3.11)

For & = & we set A\ = 0, we also define £J to be an arbitrary point in Gy N He,.
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Now, for every £ € H", we define £+ € He, to be the Euclidean orthogonal projection
of £ on the plane H,. Finally we define the slicing cone V : R2"+1 R with vertex
(&0, ¢v) and base Gy N He, with the value ¢, on 0Go N He, by

V() = e (1 - (1 _ Z_”) %) L feHM=R™. (3.12)

An easy computation shows that

V(€)= ey <1 - (1 - ﬁ) A5*> . feHm (3.13)

Cy

Since A& = \§ = 1, for every £ € 0Go N He,, we have V(§) = c.
By its definition, the function V| He is Euclidean convex which implies that V is
Euclidean convex and hence H-convex.

Proposition 3.1. Let Q C H"™ be an open, horizontally bounded set, Gy C £ be an open
(Euclidean) convex set, & € Go and ¢, < ¢, < 0. The slicing cone V : R*"Tt — R
with vertex (§o, ¢y) and base Go N He, with the value ¢, on 0Go N He, has the following
properties:

Cb—Cy

(l) BRZn (O,TO) C aHV(é-()), where To = m,’
(ii) for every p € int(0yV (&)), we have

V(&) > V(&) +p- (Pr1(§) = Pri(&)), V&€ GonHe \{&}  (3.14)

Proof. Let us prove first (i). By definition, p € 95V (&) is equivalent to the inequality
V(§) = V(&) +p- (Pri(€) —Pri(&)), V€€ GoN Hy,. (3.15)
We shall use that V on Go N Hg, is defined by (3.13), with £+ = ¢, Applying a group

multiplication to the relation (3.11) by &y ! from the left and applying the projection
map Pry to both sides we obtain

Pry(€) — Pri(&) = A*(Pri(6%) — Pri(&)).
Therefore, (3.15) is equivalent to the inequality
e —cy > p- (Pri(€%) — Pri(&)), V€€ Gon He,. (3.16)
Since

[Pri(6%) = Pri(o)| = N(& " 0€%) < diamp (Go N He,),
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by the definition of the number ro > 0 it is easy to see that for all p € Bgz2x(0,70),
relation (3.16) holds.

Now, we are going to prove (ii). Since dyV (&) is convex and 0 € Bg2n(0,79) C

oV (&) (cf. (1)), OV (£o) is a star-shaped set with respect to the origin of R2". More-
over,

int(OgV(&)) = U{ap ca€0,1),peduV(é)}

Let o € (0,1) and p € 9V (&) be fixed. The latter relation implies that for every
B € (0,1) we have that 8p € OV (&), and for every £ € Gy N He,,

V(§) = V(&) + Bp - (Pri(§) — Pr1(&o))- (3.17)
If p- (Pri(§) — Pri(&o)) > 0, we set § = (a+1)/2 and (3.17) implies

V(&) > V(&) + ap - (Pri(§) — Pri(&o))- (3.18)
If p- (Pri(§) — Pri(&)) < 0, we set § = /2 and (3.17) implies

V(&) > V(&) + ap - (Pri(§) — Pri(&o))- (3.19)
The third possibility is the case when p-(Pr1(£)—Pr1(&)) = 0 for some & € GoNHe, \{&}-
Since V(&) = ¢, (1 - (1 — E—Z) )\‘5) > ¢, = V(&) we obtain again the inequality

V(§) > V(&) = V(&) +ap - (Pri(§) — Pri(&o))-

Combining the latter relation with (3.18) and (3.19), we have that for all £ € Gy N
He, \ {&o},

V(€) > V(&) + ap- (Pri(§) — Pri(&)),
which concludes the proof. O

Proof of Theorem 1.1. Let £ € Qg be fixed. Without loss of generality, we may assume
that u(&) < v(&) < 0; otherwise, we subtract a sufficiently large number from both
functions. Let us fix ¢ € dgv(&y) and consider the function U : QO — R defined by

U(§) = u(§) —q- (Pri(§) — Pri(&o))-
Clearly, U is H-convex, U(&y) = u(&), and
U(§) = u(§) (Pr1(§) — Pr1(&))

—q-
(&) = q- (Pri(§) — Pri(&o))
> U(&)) = u(fo) + mo, V¢ € 00 N Hio (320)
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where mo = v(&) — u(&) > 0. We notice that for every £ € Qy,

rU(&) = Onu(é) — q. (3.21)

Now let us denote here and in the sequel by 25°"" the Euclidean convex hull of {2y and
we consider the slicing cone V : R?"1 — R with vertex (o, u(&)) and base Q5™ N He,
with the value v(§) = u(&) + mo on 9N N He,; see (3.12). We know that V' is
Euclidean convex and hence H-convex.

Since g C QF°™, from (3.20) we have

U(éo) =u(é) =VI(&%) and  U(&) = u(&o) +mo = V(§), V€ N He,.
(3.22)

In addition, by applying Proposition 3.1 with Go = Q§°™, ¢, = u(&o)+mo and ¢, = u(&o),

and taking into account that 9y C Q§°™V, we have

(i) Bpgan (O,Tgo) C 3HV(50), where Ty = Wgﬂgom);
(ii) for every p € int(dgV(&p)), we have

V(&) > V(&) +p- (Pri(§) — Pri(&o)), V€ € 00 N He,. (3.23)

Taking into consideration (3.22) and (ii) we can apply Theorem 3.1 for the functions U
and V on the open bounded set Qg C Q to conclude that for any p € int(9gV (&)), we
have p € 0gU (2 N He,). Consequently, one has

int(0uV (o)) C OnU(Qo N He,). (3.24)
By using (i) and (3.21) we deduce the following chain of inclusions:
0 € Bgen (0,7¢,/2) C int(0uV (&) C 0aU(Qo N Hey) = 0gu(Qo N Hey) —q.  (3.25)
In particular, ¢ € Ogu(Qo N He,), which concludes the proof. O
The following result is a direct consequence of Theorem 3.1.

Theorem 3.2. Let 2 C H" be an open, horizontally bounded and H -conver set, u : Q — R
be an H-convex function, and v : Q@ — R be a strictly H-convez function. Let Qo C H"
be open such that Qy C Q and assume that u < v in Qy and u=v on 9Qy. Then

8H’U(Qo) C 8}11&(90)

Remark 3.1. The two consequences of Theorem 3.1, i.e. the statements of Theorem 1.1
and Theorem 3.2, can be merged once we replace v < v by u < v in {0y in the former,
and the strict H-convexity by the H-convexity in the latter result. We think that such
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a general statement is still valid in our context but the method of Theorem 3.1 does not
seem to work. However, Theorem 3.1 is sufficient to prove the Aleksandrov-type estimate.

Another consequence of Theorem 3.1 is the Heisenberg comparison principle which
corresponds to the Euclidean one, see Gutiérrez [16, Theorem 1.4.6].

Proof of Theorem 1.2. Without loss of generality, we may assume that w and v are
strictly negative in © and that mingegn(v(€) — u(€)) = 0. Otherwise, we may replace v
by ¥ = v+ A —mingecgn(v(§) —u(§)) and u by @ = u+ A, where A is a sufficiently small
negative number.

Suppose that there exists £ € Q such that v(&y) < u(&) < 0. Let us fix o € (0,1)
such that v(&) < av(&y) < u(&p) and consider the set

Qo ={£€Q: av() <u(@)}-

Since u and v are continuous functions on 2, and & € p, it follows that Qy is a
non-empty open set.

We first notice that Qy C Q. Indeed, if we assume by contradiction that there exists
¢ € 00N Q, then av(¢) < u(C). Since mingega(v(€) — u(€)) = 0, we have that v(¢) >
u(¢), a contradiction with the facts that « € (0,1) and w, v are strictly negative.

We can apply Theorem 1.1 to functions av < u in g obtaining that dgu(Qy) C
On (aw)(Qo) = adyv(p). We notice that from the proof of Theorem 1.1, by replacing
u by av and v by wu, respectively, it also follows that £2"(9xv(Q)) > 0, see relation
(3.25). Moreover, by Proposition 2.1 one also has that £2"(9gv(Qp)) < +o00. Therefore,
we obtain

L2 (0gu(Q)) < L2 (0rv(Q0)) < L2 (05v(Q)),
which contradicts the assumption. O

Proof of Corollary 1.1. It follows directly from Theorem 1.2. O
4. Aleksandrov-type maximum principles

In this section we prove the main result of the paper, i.e., the Heisenberg version of
Aleksandrov’s maximum principle in Theorem 1.3. The proof of Theorem 1.3 is based
on a strategy following three arguments:

e Using the basic comparison principle we shall prove first an Aleksandrov-type esti-
mate with respect to horizontal planes, i.e.,

|u(€o)[*"
< O distr (0, 09 N He, )diamp (Q N He, )"~ L2 (0gu(Q N He,)), Véo € Q,
(4.1)
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where C/ > 0 depends only on n, see Theorem 4.1. Observe that for bounded
cylindrical-type domains (which have ‘flat faces’ close, but parallel to horizontal
planes at a given point) one may occur that distg(§o,9Q2 N He,) - 0 in spite of
the fact that {o — O0€2. In such cases the estimate (4.1) is much weaker than the de-
sired (1.6). The solution to this problem is to compare the values u(&p) and u(¢) where
¢ € Q are close enough to &y and a better estimate for distz({, 02N H¢) is available.

e We establish a Harnack-type inequality by proving that there exists a constant
Cy > 1 such that if By (&, 3R) C £ for some & € 2 and R > 0, then

1
au(g) > U(C) > C1'UJ('£)7 VE,C € BH(&O,R)a
see Theorem A.3 in Appendix A. Now, from (4.1) and Harnack estimate we have that

[u(€o)*" < C/D(&o)diamp s ()" L5 (Oru(), Véo € Q,

where C!! = (C)?"C! and

D(&)) = min{distH((,('?Q N HC) : C S BH(fo,diStH(&),aQ)/?))}.

¢ Finally, by exploiting a typically Heisenberg phenomenon, i.e., the twirling effect of
the horizontal planes from one point to another, we prove that there is a constant
C5 > 0 such that

’D(fo) < CQdiStH(&), 89), V& € Q.
4.1. Mazximum principle on horizontal planes

The first step in our strategy consists of the following statement:

Theorem 4.1 (Aleksandrov-type mazximum principle on horizontal planes). Let Q C H"
be an open, horizontally bounded and convex set. If u : Q@ — R is a continuous H -convex
function which verifies u = 0 on 9%, then

u(&o)*"
< O dist g (€9, 09 N He, )diamp (Q N He, )" L2 (0gu(Q N He,)), Véo € Q,
(4.2)

where C! > 0 depends only on the dimension n.

Proof. By Proposition 2.2, we know that either v = 0 on Q, or u < 0 in Q. In the first
case, relation (4.2) is trivial; thus, we assume that u < 0 in Q. Let £ € Q be fixed; thus,
u(&) < 0. The main ingredient of the proof is the application of Theorem 3.1 for an
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appropriately constructed comparison function to our function u. The proof is divided
into three steps.

Step 1. Let ¢ > 0 be small enough and let . be an open and convex set (in the
Euclidean sense) such that Q. C Q and lim._+ 2. = €. The strategy is to prove (in
step 2) the Aleksandrov-type estimate for the function w restricted to €. by means of a
comparison function; in step 3, we let € — 0. To do this, let us define first the quantity

Teo (6) = min{u(§) : £ € 0Q. N He, }. (4.3)

Since v = 0 on 90 and u is continuous on €, we may consider € so small such that
& € Qe and |7¢, (e)] < |u(&o)|/2. Let

_ 1 Tel(®)
ol =1 )

Note that 1/2 < t¢,(¢) < 1 and t¢,(¢) — 1 as € — 0. We shall choose v to be the slicing
cone v, : R?"1 — R with vertex (o, u(&)) and base 2. N He, with the value 7¢,(¢) on
0Q N He,; see (3.12). We know v, is Euclidean convex, then it is H-convex.

For further use, let us choose £ on 0€Q. N He, with the property that

NE ot =, min, N o).

Note that the point £ that realizes the previous minimum, in general, is not unique.
Similarly to (3.11), for every & € Q. N He, with & # &, we define £2 = £2(¢) the unique

point in 09, N He, such that & belongs to the horizontal segment from &, to €9; let
Ae := A& be the unique number in (0, 1] such that

E=Eodx (& 08D (4.4)

For & = & we set A& = 0, furthermore we set £2 to be an arbitrary point in 9, N He,.
Similarly to (3.13), the restriction of v. to Q. N Hye, is explicitly given by the formula

v:(€) = u(&o) (1 —te, ()AL) , € € Q. N He,. (4.5)
Step 2. On account of (4.5) and (4.3) we observe that
u(&o) = ve(&o) and u() > 1, (e) = v (&), V&€ 0N N Hy,. (4.6)

We claim the following properties hold:

u(&o) ,
diamH(Qa N Hﬁo) ’

(i) Bpgan (077"5) C aH”E(&O) for r. = —tg, (5)
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(ii) for every p € int(dgv:(&o)), we have

UE(&) > U€(§0) +p- (Pry (f) - Prl(fo)), V€ € 00N He,. (4~7)

Pry(§2) — Pri(&o)
[Pr1(&5) — Pri(&o)[?

(iif) po = —u(8o)te, (¢) € O ve(6o)-

Properties (i) and (ii) follow directly from Proposition 3.1. It remains to prove (iii). To
do that, p € dgv.(&o) is equivalent to the inequality

V(&) > ve(&o) +p- (Prl(f) - Prl(fo)), VEe QN He,. (4~8)

By (4.4) and (4.5), the latter inequality reduces to

—ul&o)te, () = p- (Pru(¢2) — Pru(&o)), V€ € Q- N Hy,. (4.9)

By inserting p = pZ in (4.9), we obtain that

(Pri(62) = Pri(&)) - (Pra(€) = Pri(&o)) < [Pri(&) — Pri(&)l?, V€€ Qo N He,.
From general properties of convex domains, see Rockafellar [25], it follows that the above

inequality holds; (iii) is proven.
By relation (4.6) and (ii), due to Theorem 3.1, we have that

int (Onve(§0)) C Opu(Q: N He,). (4.10)
Step 3. By (i) and (iii) and since 9gv. (&) is convex, we have that
{{p= } U Braa (0,72)}°™ C Omve(6o)- (4.11)
Consequently, combining (4.11) and relation (4.10), it yields that
int {{p_ } U Bren(0,7¢)}°" C Ogu(Qe N Hey) C Ogu(Q2N He,).
Therefore, we have
L (@ru(@ 0 He,)) = £2 ({pZ } U Bran (0,7)}™) = - [p2 [r2"

for some constant ¢,, > 0 depending only on n, i.e., from the definition of 7. and p_, one
has

1 . n—1p2n
[u(€o) " < C;mlPr1(§;) — Pry (&) |diamp (e N Hey )*" L2 (0pu(2 N Hey)),

(€)
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with C}, = 1/¢,, > 0. Since diamp (Q. NHe,) < diampy(QNHe,) and £ € 0Q.NHe, C €,
we have that |Pri(§) — Pri(§o)| < dista (&, 02 N He,) which gives

1
|u(§0)|2" < C,llmdist]{(fo, 0Q N He,)diam g (2N Hfo)Qnilﬁzn(ﬁHU(Q N He,)).
0

Since tg,(¢) — 1 as € — 0, we obtain the desired estimate. The proof is complete. O
Corollary 4.1. Under the same assumptions as in Theorem 4.1, we have

[u(&o) ™ < O distg (€9, 0Q N He, )diamps(Q)*" 1 L3 (0gu(Q)), V& € Q. (4.12)
4.2. Maximum principle in convex domains

As we already pointed out at the beginning of the section, it can happen, that
distg(€,0Q N He) - 0 in spite of the fact that & — 012, thus the estimate in (4.2)
is not enough accurate. However, by combining Theorem 4.1 (see also Corollary 4.1) and
a Harnack type estimate (see Theorem A.3 in Appendix A), we obtain

Theorem 4.2. Let Q C H" be an open, horizontally bounded and convex set. If u: Q — R
is a continuous H-convex function such that w =0 on 0%, then

lu(&)]*™ < C!'D(€)diam s ()2 L2 (Opu()), VE € Q, (4.13)

where C!! > 0 depends only on the dimension n, and

D(¢§) = min{disty ((,00N H¢) : ¢ € Br (&, distg(£,00)/3)}.

To deduce Theorem 1.3 from Theorem 4.2 we need the following geometric result,
which exploits the twirling character of the horizontal planes in the Heisenberg frame-
work.

Proposition 4.1. Let Q C H"™ be an open, horizontally bounded and convex set. Then,

D(¢) < (297 + ;) disty (€,09), VE € Q. (4.14)

Proof. After a left-translation argument, it is enough to prove inequality (4.14) for & = 0.
Let d = disty(0,09) > 0 and fix an element & = (xo,y0,t0) € I such that d =
dp(0,&). Since Q is convex, we can fix a supporting hyperplane ¢, at & € 09 which
is represented by

Teo Z{(Jf,y,t) EH”:A-(x—x0)+B~(y—y0)+c(t—t0)ZO},
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for some A, B € R™ and ¢ € R. For the sake of notations, we set a = (a,...,a) € R*
for every a € R and k € {1,...,n}.

Case 1. A = B = 0. In this particular case, the horizontal plane H(q, o,0) and 7,
are parallel. Let {y = <<%>n,0n,0) € 0Bg(0,dy) where dy = d/3. Let us denote
by Lo the (2n — 1)-dimensional plane, which is the intersection of the horizontal plane
Hey = {(z,y,t) e H* : t = 72%@1 + ...+ yn)} and m¢,. Note that Pri(Ly) is a
hyperplane in R?” whose equation is given by

to\/ﬁ:0

y1+---+yn+ 2d0

(4.15)
Since Lo C Hy,, on the account of equation (4.15), we have that

dist (o, Lo) = gieano dr (¢o,¢) = Cieano [Pr1(¢) — Pr1(Co)l

~ [to] /7

= inf |C=Pri({)| = 2k

CePrl(Lo)l (Co)| N
_ ltol
2y

First, since mg, is a supporting hyperplane at £, € 0 to the convex set €2, we have that

t
diStH(Co,aQ n HCO) < diStH(Co,Lo) = %
0
On the other hand, since d = dy(0,&) = N (&) = N(xo,%0,t0), then |to] < d* = 9d2.
Thus,

D(0) = min {distH(g,aQ NH):Ce BH(O,dO)} < disty (Co, 02 N He,) < ‘% < gd.

Case 2. |A]? + |B|? # 0. Clearly, after a normalization, we may assume that |A|? +

|B|? = 1. Let (o = (doA,doB,0) € dBy(0,dy) where dy = d/3 as above. A simple
computation shows that the plane m¢, is not parallel to the horizontal plane in (o,

Hey ={(z,y,t):t=2do(B-z—A-y)}.
Let Lap = mg, N He¢,, which is a (2n — 1)-dimensional plane. One has that Pri(L4g) is
a hyperplane in R?" whose equation is obtained after the elimination of ¢ from e, and
HCO’ i.e.,
(A + 2Cd()B) - T+ (B — QCdoA) Yy — A- o — B - Yo — Cto =0. (416)

Note that
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|A + 2cdoB|? + | B — 2cdoA]* = |A]* + |B|? +4cd} = 1 + 4c¢*di > 0.
Taking into account that Lap C H¢,, we have that
dist , L = inf d ,()= inf |P -P
ist 7 (Co, LaB) CEHLlAB 1(Co,¢) C€1£1A3| r1(€) r1(Co)|

= inf | —Pri(¢o)l
CePri(Lag)

_ |do(A+2cdoB) - A+do(B —2cdyA) - B—A-x9— B -yo — clo
VI+dcedg
_ldo—A-z0— B-yo — clo|
N
|A-xo+ B -y + cto

1+ 4c2d?

By Schwartz inequality and from the fact that |to| < d? = 9d3, it is clear that

|A- 20+ B - yo+ct0\ . 2,
[2of? + [yol? + L4 =0 (ol + yol?)? + 62
4d2 16d} 0

1 +402d2 -
V97
N(zo,%0,t0) = —d

<dy+

<_
- 2

The rest of the proof is similar to the Case 1. The proof is concluded. O

Proof of Theorem 1.3. It follows from Theorem 4.2 and Proposition 4.1. O

We conclude this section showing that the estimate (1.6) in Theorem 1.3 has the
natural scaling invariance property with respect to Heisenberg dilations dy:

Remark 4.1. Let Q ¢ H” and v : & — R be as in Theorem 1.3. Let A > 0 and §,9
be the Heisenberg dilation of the set Q. We define the function u* : §,Q — R by
ur(€) = u((5§ (€)). Then Theorem 1.3 gives that

[u(€1) > < Cpdisty (€1, 0(6x9)) diampg(9xQ)*" L2 (Oru(6:)), V& € 5,)Q.
(4.17)

If we consider &y = §5(&1) and taking into account that

. diamHS(éAQ) = )\diamHs(Q),
o p € dgu(€) if and only if A\p € dgu(d
o disty(&1,0(0,Q)) = Adist g (&0, 0Q),

©),

1
X

we obtain that (4.17) coincides with (1.6).
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5. Examples: sharpness of the results

In this final section we provide explicit examples showing the sharpness of our re-
sults.

5.1. Failure of comparison principles in the absence of convexity

In this subsection we provide an example which shows the failure of the comparison
principle for the horizontal normal mapping in the absence of the convexity of functions.
Let

Q= {(z,y,t) cH' 2?2 +* < 1]t < 1},
and u,v € I°°(H') be defined by

u(x,y,t) Zt—(l—tg)g(x7y), U(l’,y,t) =1,
where

g € C*(R?) is radial, 0 < g < 1,
g>00nA($,3)=9, and g=0onR?\S.

Here, A(r, R) C R? is the standard open annulus with center 0 between the radii 7 and R.
It is clear that wu is neither convex nor H-convex, while © = v on 9 and u < v in (.
We shall prove that

Bg: (0,1/4) C 9gv(Q) \ Ogu(). (5.1)
First of all, since v is regular and H-convex, for every £ = (x,y,t) € € one has

Onv(§) = {(X10(8), Y1v(§))} = {(2y, —22)}.

Therefore, Ogv(Q) = Bgr2(0, 2).

Now, we show that dgu(§) = 0 for every £ = (z,y,t) € Q with (z,y) € Bgr2(0,1/4). By
contradiction, if po € dgu(&p) for some & = (xo, Yo,t0) € Q with (2o, y0) € Br2(0,1/4),
one has in particular that

u(€) > u(&o) +po - (Pri(§) —Pri(&o)),  £€QNHeg, NHppoy, = Lo (5.2)

Note that u(§) = u(&) = to for every & = (z,y,t) € Lo with (x,y) ¢ S; thus, by
(5.2) it follows that pg - (Pr1(§) — Pr1(&)) = 0 for every & € Lg. Now, if we consider
& = (x,y,t) € Lo such that (z,y) € S, then (5.2) yields the contradiction ¢y > to — (1 —
t2)g(z,y) = u(€) > u(&) = to. This proves that dgu(&y) = 0.
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Finally, we study dgu(§) for £ = (z,y,t) € Q such that (x,y) ¢ Bg2(0,1/4). Since u
is smooth in Q, if dgu () # 0, then dgu(€) = {Vyu(£)}: hence one has

Xiu=—(1—t*)g.(2,y) + 2y(1 + 2tg(z,y)),
Yiu= —(1—t*)gy(z,y) — 22(1 + 2tg(z,y)).

Since g is radial, we have g(z,y) = g(r) with r = /a2 + 32, thus for £ = (z,y,t) € Q,

we have
(X1u(€))® + (Vu(€)? = (1 = £2)%¢ (r)* + 4r®(1 + 2tg(r))*. (5.3)

Now, for every & = (z,y,t) € Q such that dgu(§) # 0 and (z,y) ¢ Bg2(0,1/4), since
0 < g <1/4, we have

1

(X1u(9))* + (1u(9)* = 5

Consequently, dgu(2) N Bgz(0,1/4) = (), which proves the claim.

Remark 5.1. We cannot expect even to have £% 4(9nv(Q2)) < £%5(0gu(f2)) for functions
u and v with v = v on 902 and v < v in Q in the absence of convexity. Indeed, with
respect to the previous example we assume in addition that |¢'| < c and 0 < g < ¢ for
some ¢ > 0. While £%4(0gv(Q)) = L2(0gv(2)) = 4m, by relations (5.1) and (5.3) we
have

L26(05u()) < L2(0gu(R)) < <02 +4(1 +2¢)* - %) ™

which is smaller than 47 for ¢ > 0 sufficiently small.
5.2. Sharpness of the Aleksandrov-type mazimum principle

In this subsection we shall study the sharpness of the Aleksandrov-type maximum
principle for the first Heisenberg group H'. More precisely, under the assumptions of
Theorem 1.3, let us assume that for some s > 1 we have

[u()* < Cydisty (€,00)° diampys(Q)Lys(Ou(R)),  VEe . (As)
Theorem 5.1. (A1) is sharp, i.e., the exponent s in (As) cannot be greater than 1.

Proof. By Theorem 1.3, (A7) holds for every horizontally bounded, open and convex set
Q Cc H! and every continuous H-convex function u :  — R which verifies u = 0 on 9.

Let € € (0,1) be arbitrarily fixed. Our claim is proved once we construct a bounded,
convex domain Q and a function u : @ — R with the above properties such that
L% 4 (0gu()) < oo, and
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2
21618 % = +o00. (5.4)
To do this, let us choose « < 1 and 8 > 1 such that
0“246261+§<%+§' (5:5)
With these choices of o and g, we consider the domain
Qo= {(z,y,t) eH': 2 €(0,1], (v* +1*)° —2* <0},
and its reflection over the plane x = 1 defined as
Q_ = {(m,y,t)Ele (2—z,y,t) €Qy}. (5.6)
We shall define the functions uy : Q1 — R as
wy(z,y,t) = (2 + )P — 2% and u_(z,y,t) == up (2 —z,y,t). (5.7)
Finally, let © be the open and convex set Q = Q, UQ_; we define u: Q@ — R by
u(z,y,t) = us(x,y,t) for (z,y,t) € Q. (5.8)

By definition, it is immediate that u € C(€) is a convex function such that u = 0 on 99

and u < 0 in Q. Moreover, u € I'*(int(Q4)) and according to Theorem 2.1, for every

&= (x,y,t) € int(Q1) we have that

Onu+(§) = {Vrui(§)} = {(X1u4(§), Yiui(§))}

= {(~aa™ +4Byr(y? + 2P 2By + )7 — aBat(y? + )}

Similarly, for every £ = (z,y,t) € int(Q2_) we have that

(5.9)

Ogu_(§) = {(a(2 — ) 4 4Byt (y* + t2)5*1, 28y(y2 + t2)ﬂ—1 — ABrt(y? + t2)5*1)} '

For every £ = (z,y,t) € int(Q4) with 0 < x < % we have

[ X1uy (§)] < ax®~! + 262 < 2027,

(5.10)

[YViug (€)] < 2625 |y — 2| < 6825 ).

We deduce that

http://dx.doi.org/10.1016/j.jfa.2015.08.014
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Opus (int(Q4)) C A1 U As,
where
Ay = Xy ([0/(28),1], (=11, [=1,1]) x Yiuy ([o/(28),1],[-1,1], [-1,1])
and
As = {(—va) 10 € [v,00), [w| < Cv(ﬂfé)'ﬁ'%} )

where v and C are positive constants. Clearly, the measure of A; is finite while for Asg,

we have
oo
L2(Ag) = C/v(ﬁ_% w1 B dy
¥
that converges if and only if o > 513 7+ According to our choice from (5.5) the above con-

dition holds, proving that £2(dgu (int(Q4)))<oo. The fact that £2(dgu_(int(Q-))) <
oo works similarly. Moreover, if £ = (x,y,t) € QL NQ_, then z = 1 and dyu(§) is not a
singleton: more precisely, taking into account (5.9) and (5.10), we have that

Onu(€) = [—a +4Byt(y* + )P a + 4Byt(y* + 7)1 x Yiui(€)
that implies dgu(§) C [—a — 28, a + 28] x [—68,63]. Therefore,

Lirs(0nu(Q)) < L2(0nu(Q)) = L2(Opus (int(Q24)))
+ L2(0gu_(int(Q-))) + L2(0gu(QL N Q) < oco.

Let us choose (0,0,0) € 92 and & = (2,0,0) € Q such that  — 0. Since dist g (£, 09Q)
is comparable to z > 0 and 2a < 1+ ¢ (cf. (5.5)), it follows that

|U(£)|2 = xza 2a0—1—¢ +
diStH(&aQ)lJrE - diStH(§7aQ)1+5 x — 400 asx — 07,

concluding the proof of (5.4). O

Remark 5.2. Instead of (5.5), let us choose the parameters o and (3 as

B +e<1+e
S 38—-1 4 "3 3

(%

for some ¢ € (0,1). Then, the domain and function introduced in Theorem 5.1 can be
used to prove the sharpness of the Aleksandrov-type maximum principle in the Euclidean
case R3 as well (see relation (1.1) for n = 3), i.e.,
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lu(€)]® < Cydist(&,09) diam(Q)2L2(9u(2)), V&€ Q.
The details are left as an exercise to the interested reader.
5.8. Horizontal Monge—Ampére operator versus horizontal normal mapping

Let © C H' be an open, bounded and convex set. We consider the horizontal Monge—
Ampeére operator

Sma(u)(§) = det[Hessp (u)(€)]" + 12(Tu(§))?, (5.11)

where u € C%(Q) and [Hessgy (u)(€)]* is the symmetrized horizontal Hessian:

X12U (X1Y1U+Y1X1U)/2

[Hessg (u)(§)]" = (X1Yiu+Y1Xqu)/2 Yiu

(6), £€Q.

Having in our mind relation (1.2) from the Euclidean case, we are interested
to study the connection between the quantities [, Sma(u)(§)dé and L£*(Ogu(S2)) (or
L2, 5(0nu(f2))) whenever u € C?(Q) is an H-convex function. Some initial information
are available as follows:

o In [8] the authors prove that

/ S2({E€Q: Viule) / det[Hess r (u) (6)]" + 4(Tu(€))?) dé,
Q

aHu(Q)

where 8% denotes the 2-dimensional spherical Hausdorff measure. Note that if u €
I'2(Q) is H-convex, the matrix [Hessy (u)(£)]* is positive semi-definite for every £ €
(see Danielli, Garofalo and Nhieu [13]), thus the latter integral and [, Sma(u)(&)d¢
are comparable.

o By the oscillation estimate of Gutiérrez and Montanari [17, Theorem 1.4], we know
that for any compact domain A C € there exists a constant C' = C(A,Q) > 0 such
that

/Sma(u)(f)dg < C(supu — igf u)?
4 Q

for every H-convex function u € C?(f2). By combining this result with our
Aleksandrov-type maximum principle in (1.6), one has that for every compact set
A C Q and for every H-convex function v € C(2) N C?(Q2) with u = 0 on 09,

/ Sa(W)()dE < CrCdliamrs () L2 s (D).
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Clearly, if [, Sma(u)(€)d€ were comparable to £3;¢(0xu(S2)), then our Aleksandrov-type
maximum principle would provide an estimate of the form

lu(&)]? < Cdistg (&, 09Q)diam grs(S2) / Sma(u)(&)dE, & € Q.

Unfortunately, this turns out to be only a wishful thinking as shown by the following:

Proposition 5.1. There exists an open, bounded and conver set Q C H', and an H-convex
function v : Q — R with u € C(Q) N C%(Q), u=0 on 9N, such that

(‘) ﬁ%{s(@w( ) = oo;
i) [ Smalu)(€)dE < oc.

Proof. The construction is similar to (5.7) and (5.8). More precisely, let us consider
8 > 1 with

the new domain

Q, = {5 = () €H s 2 €(0,1], (2 +2)P — 2™ + %azQ < 0},
and its reflection Q_ over the plane z = 1 defined as in (5.6). The functions u4 : Q4 — R
are defined as

U+($,y,t) = (y2 + t2)ﬁ -z + %mQ and U_(J?,y,t) = U+(2 - .’Il‘,y,t).

Let Q = Q; UQ_, which is an open and convex set; we define u : @ — R in the same
way as in (5.8). It is a straightforward computation to see that u € C(Q), and u € C?(Q2)
since

82U+ 82

ou
. 0x2 (Ly,t) = 022 -1y, ):_a2+2a~

Or

Ou_
(1,y,t) = W(l,y,t) =0 and

Moreover, u is a convex function on € such that v =0 on 092 and u < 0 in Q.
(i) First of all, note that

Lhrs(Ouru(@) = timsup £2 (O (4 N iy o))

k—o0

where A, = {¢ = (x,y,t) € int(Qy): y > 0)}. Since uy is regular and H-convex in
int(Q4), we have
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Iru(§) = {Vru(§} = {(X1us(§), Y1ui(£))}
={(—az®" +az +4Byt(y* + 7)1, 2B(y — 22t) (y> + ¢3)P 1)}, € € int ().

Therefore, for every k > 1, one has

Sk = dgu (A+ N H(i,o,o))

B—1 B—1
_ a—2 5 2 1 28-1 2z 1 )
{(ax(l—x ) — ’8<1+k2) ,28y>8 (1—1—?) (1+ﬁ) )
a i 1 —-1/2
0<m<1,0§y<(ma—§x2) <1+ﬁ) }

B—1 B—1
B {(aw(l — a7 — %y% <1 + ,:2) ,2py*P ! (1 + 2%) (1 + %) ) :

By the Fatou lemma, we have that
liminf £%(Sy) > £2(9),
k—o0
where
S = {(am(l - xo‘72),2ﬂy2571) :0<y < ~%5 , (2°F1y 26)& <z < 1} .

On the other hand, we have that

K e E B
B+1 S e (a=2)(B+1) S e
£2(S) > 2% | = —142 =« — d
®z [ (w) * (26) >
0

where 7y is a positive constant depending only on (. The latter integral is 4+oco since

23
oz§4ﬁ
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(ii) By symmetry, it is enough to prove the claim for u.. Since /(Tu+)2d£ < 00,
Q4
by (5.11) we only need to consider the integral / det[Hessg (u4)(£)]*d€ which is clearly
Qyp

finite if /(X%u+Y12u+)(§)d§ < 0o. The singular term in the integral is coming from

Q4

0
Xuy(z,y,t) = —a(a— 1)z 2 +a+ 85?/2& (t* +2)77).
Calculating the term Yu,, since 0 < 2 < 1, we obtain
Yiur(z,y,6)| < Cy* + %),

for some constant C' = C(8) > 0. Using integration in polar coordinates in the
(y,t)-plane, we have

e

w|

x?2

1
[iturviui@a <c fa
0

Q4

o

1
/
r28=Ydrdy + C' = 20_5 /xQO‘_de +
0

1
for some constant ¢’ = C’(a, 8) > 0. Since « > 3 the above integral converges. 0O

Remark 5.3. Unlike in the Euclidean case (see relation (1.2) versus Proposition 5.1), the
horizontal normal mapping does not play the same role as the Euclidean normal mapping
in the study of the Monge-Ampére equation via the operator S,,, given by (5.11).
Furthermore, if Q@ C H” is an open, bounded and convex set, and v : Q& — R is a
continuous H-convex function, we may consider for every E C 2 the function v, (E) =
L2 (0gu(E)), which is a natural candidate for the Monge-Ampere measure in the
Heisenberg setting. This defines an outer measure, however v, is not a Borel measure
in general. Indeed, let  C H' be the cylinder introduced in Section 5.1 and let D; =
{(z,y,t) € Q:t =1t;}, 1 € {1,2}, be two discs with —1 < #; < t2 < 1. If u(x,y,t) = ¢,
then v, (D1 U D3) = vy (D1) = vu(D2) = 4m, i.e., the additivity on Borel sets of v,
fails.
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Appendix A
A.1. Degree theory for set-valued maps

We recall some facts from the degree theory for upper semicontinuous set-valued
maps, see Hu and Papageorgiou [19]. Note that the degree theory developed in [19]
is also valid for infinite-dimensional spaces, which is a generalization of the Brouwer,
Browder and Leray—Schauder degree theories. In our context, it is enough to consider
the finite-dimensional version.

Let us start with the definition of Brouwer degree degp for a continuous function:

Theorem A.1. (See [21].) Let

M ={(f,Uy): UCR" open and bounded, f € C(U,R"), y € R"\f(dU)}.

There exists a function, called the Brouwer degree, degy : M — Z, that satisfies the
following properties:

e ifdegp(f,U,y) # 0, then there exists x € U such that f(x) = y;

o degp(Id,U,y) =1ify e U;

o if F:[0,1] x U — R™ is a homotopy such that y € R"\F([0,1] x U), then t >
degp(F(t,-),U,y) is constant:

o degp(f,U,y) =degg(f —y,U,0).

In order to work with the degree of set-valued maps, we need the following notion.

Definition A.1. (See [19, Definition 3].) Let X be a finite-dimensional normed space and
U C X be an open bounded set. A set-valued map F : U — 2% \ {(}} is said to belong
to the class (P) if:

(i) it maps bounded sets into relatively compact sets;
(ii) for every x € U, F(z) is closed and convex in X;
(iii) F is upper semicontinuous on U.

A parameter-depending version of Definition A.1 reads as follows, which will be used
to exploit homotopy properties of certain set-valued maps.

Definition A.2. (See [19, Definition 9].) Let X be a finite-dimensional normed space and
U C X be an open bounded set. A one-parameter family of set-valued maps Fy : U —
2%\ {0}, X € [0,1] is said to be a homotopy of class (P) if:

(i) {UFr(z): (N z) €10,1] x U} is compact in X;
(ii) for every (\,z) € [0,1] x U, Fa(x) is closed and convex in X;
(iii) (A, x) — Fa(z) is upper semicontinuous from [0,1] x U into 2% \ {0}.
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For the set-valued degree of upper semicontinuous set-valued map certain selectors
are needed:

Proposition A.1. (See [11].) If X, V are Banach spaces, U C X is an open bounded set
and F : U — 2V \ {0} is an upper semicontinuous set-valued map with closed and convex
values then for every e > 0 there exists a continuous approximate selector f. : U — V
such that

f-(y) € F((y + Bx(0,e))NU) + By (0,¢), VyeU.

The next result is a set-valued version of Theorem A.1 and it plays a fundamental
role in our degree theoretical argument from Section 3.

Theorem A.2. (See [19, Definition 11 and Theorem 12].) Let X be a finite-dimensional
normed space. Let

Mey = (F.U,y) : U C X open and bounded,
sV Y R g 2X \ {0} belongs to the class (P), y € X\F(oU) |~

There exists a function, called as set-valued degree function, deggy : Mgy — Z, that is
defined as the common value

degSV (F7 U7 y) = degB (va U7 y)

for every small e > 0, where f. comes from Proposition A.1. The function deggy verifies
the properties of

o mnormalization: deggy (Id,U,y) = degp(Id,U,y) =1 for ally € U;
o additivity on domain: If Uy, Us C U are disjoint open sets and y ¢ F(U \ (U UUy)),
then

deggy (F,U,y) = deggy (F, U1, y) + deggy (F, Us, y);

« homotopy invariance: if Fy : U — 2% is a homotopy of class (P) and vy : [0,1] — X
is such that v(X) ¢ Fx(OU) for all X € [0,1], then deggy (Fx, U, v(N)) is independent
of A € [0,1].

A.2. Quantitative Harnack-type inequality for H-convex functions

Lemma A.1. Let Q be an open convexr domain such that By (0,cR) C Q for some
constants ¢, R > 0. Let v : @ — R be an H-convex function with v < 0 in Q. Let
&1,& € Bu(0,cR) with & € He, and some constants c1,c2 > 0 and c3 > 0 such that

N(&) <aR; N(&) <R, du(&,&) <csR
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and
c1+c3<c co+cez<ec.

Then

Proof. The idea of the proof is close to Lemma 5.2 from Gutiérrez and Montanari [17].
Let & = & 06,\(& 0 &) € He, for A > 0. If €, € 9By (0, cR), then we have that

cR

IN

&)+ N(6A(&7 " 0 &)
&)+ AN(E 0 &)
c1 R+ AcsR.

N(€)) = N(&1 0r(& 0 &)
N(&
N(&

IN

Therefore,

CcC—2C
L.

A2
c3

Now, the relation £} = & 05)\(5;1052) can be written into the form & = 51061”(5;1051\).
The H-convexity of u and the fact that v < 0 yields that

ue < (1- 3 ) ute) + juig < (1- 1) )

Consequently,

1 c3 c—c1—cC3
<(1—-= <(1- = .
) < (1-3 ) uten < (1- 725 ) ute = 2wt
Now, changing the roles of & and &, by taking into account that { € Hg, (thus,
& € He,), we obtain in a similar manner that
C2 — C3

.
ull) < ———

u(f?)v
which ends the proof. O

Theorem A.3 (Harnack-type inequality). Let Q C H"™ be an open, horizontally bounded
and convex set. If u : Q — R is an H-convex function with w = 0 on 05, and
By (&,3R) C Q for some & € Q and R > 0, then

1
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Proof. The proof is similar to Gutiérrez and Montanari [17, Proposition 5.3]. After a
left-translation by &5, it is enough to prove (A.1) for every ¢, ¢ € By (0, R).

By the first part of Proposition 2.2 one has that « < 0 on Q. Let us fix £ =
(x0,Y0,t0) € Bm(0,R) arbitrarily, i.e., N(&§) < R, with zy = (27,...,z,) € R" and

yo = (v9,...,y2) € R™ In particular, we have that /|tg| < R. For simplicity, we assume
that g > 0 (the case to < 0 works similarly).

0

Step 1. Let & = exp (— Z?Zl(ngj + y?Y;)) 0& = (0p,0n,%0) € He. It is clear that

N(&) < R; N(&) =Vt < R; du(§,&) = V/|zol? + |wol? < R.

Thus, we may apply Lemma A.1 with ¢; = ¢o = ¢3 =1 and ¢ = 3, obtaining

S0(6) 2 (&) = 2u(6)

Step 2. Let & = exp (O’ Z?zl Xj) o0& = (opn, 0, to) € He,, where
Vio

Note that

N(&) < R N(&) = (n*o" +5)F =174 0v/n < 122 R; dp(&1,62) = ov/n =

“|3
vl 5

<

b

Therefore, we apply Lemma A.1 with ¢; = 1, ¢p = 1% =1

5 3 = 3 and ¢ = 3, obtaining

3 3_ 174
%U(fl) > u(é2) > ﬁu(fﬂ
27 72

Step 3. Let &3 = exp (0 Z?zl Y]) 0& = (0p,0n,to — 20%n) € He,. Note that

171 81
N(&) < T4R; N (&) = +/404n2 + (tg — 202n)2 = 8ioy/n < 741%;

dp (&2, &) = ovn < §

1
4

=
(]

Now, we apply Lemma A.1 with ¢; = 172 , Co =

%5, 3 = % and ¢ = 3, obtaining
1 1
5 174 3_ 84
2 2 2
T U(§2) > u(§3) > T u(&)
3 172 5 _ 84
2 2 2
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Step 4. Let &4 = exp (—O’ Z?Zl Xj) 0 & = (On,0n,to — 40°n) = (0n,0,,0) € He,.
Note that

81 R R
N(&) < TR; N(&) =ovn < oX dr(€3,61) = ov/n < 7
We apply Lemma A.1 with ¢; = %, cog =c3 = % and ¢ = 3, obtaining
5_8i 5
22 u(&3) > u(&) > %u(€3)~
5oL

Step 5. Let & = exp <—azg;1 Yj) 0 &4 = (0,,0,,0) € He,. Note that
1 R
N(&) < o N(&) =0; du(és,és) =ovn < 3
We may apply Lemma A.1 with ¢; = %, co=0,c3= % and ¢ = 3, obtaining

u(€s) > u(§s) = u(0) > zu(&s)-

vlo| b
vlo| o

By the Steps 1-5 we conclude that «(£) = 0 if and only if u(0) = 0. Therefore, if u(0) = 0,
the arbitrariness of £ € By (0, R) shows that u = 0 in By (0, R).

If u(0) # 0 then u < 0 in By (0, R), and by multiplying the estimates from the above
five steps, we have that

1 1 1 1
1 3 51 282 4 3-170 3-8L 5 ¢
S A cu©) 2 u(0) > 2 2 Ao pul(d).
2 4 g3_ s g 81 9 5 174 5 81 4 5
2 2 2 2 2 2

Repeating the above argument for another point ¢ € By (0, R) and combining the two
estimates, it yields that

where
1 1\ 2
g1+ g _ 84
¢=10- 21 . 21 =~ 30.26,
5 _ 174 5 _ 8%
2 2 2 2

which concludes the proof. 0O

Proof of Proposition 2.2 (second part). Let & € 2 be such that u(§) < 0 and fix
¢ € Q arbitrarily. Let L = {(1 — M\)& + A{ : A € [0,1]} be the Euclidean segment
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connecting these two points. From the convexity of Q2 we conclude that the Euclidean
tubular neighborhood around L with radius 0 < r < min{dist(&y, 99Q), dist(£,09Q)}, i.e.,
Np(r) = {§ € H" : dist(§, L) < r}, is contained in Q. [Here, ‘dist’ is the Euclidean
distance.] Now, we consider the covering (., Bu (¢, R¢) of the set L where R¢ > 0 is
such that By ((,3R;) C Ni(r) for every ( € L. By the compactness of L, there exists
k € N such that L C Ule Bu (s Rey,) where ¢y, = (1 — A)&o + Ai§ with 0 < Ay <
... <Ak < 1.If k=1, we are done by (A.1), obtaining that 0 > zru(&) > u(§). If k > 2,
since By (Cy,, RCM)QBH(CMH’RCAHI) # () for every i = 1,...,k—1, we may repeatedly
apply (A.1) on the balls By ((y;, Re,,), by obtaining that 0 > aru($o) > u(é). O
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