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We consider bordered complex Hadamard matrices whose core is contained in the Bose–Mesner algebra of a
strongly regular graph. Examples include a complex Hadamard matrix whose core is contained in the Bose–
Mesner algebra of a conference graph due to J. Wallis, F. Szöll}osi, and a family of Hadamard matrices given by
S. N. Singh and O. P. Dubey. In this paper, we prove that there are no other bordered complex Hadamard matrices
whose core is contained in the Bose–Mesner algebra of a strongly regular graph.
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1. Introduction

A complex Hadamard matrix is a square matrix W of order n which satisfies WW
> ¼ nI and all of whose entries are

complex numbers of absolute value 1. They are the natural generalization of real Hadamard matrices. Complex
Hadamard matrices appear frequently in various branches of mathematics and quantum physics.

We consider the following ‘‘bordered’’ matrix of the form:

W ¼
1 e

e> W1

 !
; ð1Þ

where e is the all 1’s row vector of size n. The submatrix W1 is said to be the core of W . In this paper, we consider
complex Hadamard matrices W of the form ð1Þ whose core W1 is contained in the Bose–Mesner algebra of a symmetric
2-class association scheme. In [13, 14] J. Wallis and F. Szöll}osi constructed a complex Hadamard matrix W whose
core W1 is contained in the Bose–Mesner algebra of a conference graph. And, in [11] S. N. Singh and O. P. Dubey
constructed a Hadamard matrix W whore core W1 is contained in the Bose–Mesner algebra of strongly regular graph
with ðk; �; �Þ ¼ ð2r2; r2; r2Þ. As a natural problem, assuming W1 is contained in the Bose–Mesner algebra of a strongly
regular graph, we are interested in whether W is a complex Hadamard matrix or not.

A similar problem has been considered in our earlier papers (see [7, 8, 13] and references therein). In [7, 8], we
considered borderless complex Hadamard matrices contained in the Bose–Mesner algebra of some association
schemes.

Let X be a finite set with n elements, and let X ¼ ðX; fRig2i¼0Þ be a symmetric 2-class association scheme with the first
eigenmatrix P ¼ ðPi; jÞ0�i; j�2:

1 k ‘

1 r �ðr þ 1Þ
1 s �ðsþ 1Þ

0
B@

1
CA; ð2Þ

where r; s 2 R, r � 0, and s � �1. We let A denote the Bose–Mesner algebra spanned by the adjacency matrices
A0;A1;A2 of X. A strongly regular graph � with parameters ðk; �; �Þ is equivalent to X, via the correspondence R1 equal
to the set of edges and R2 equal to the set of non-edges. In this paper, by exchanging R1 and R2, we may assume that
r þ s � �1 without loss of generality.

Let

W1 ¼ w0A0 þ w1A1 þ w2A2 2 A: ð3Þ

Suppose that w0;w1;w2 are complex numbers of absolute value 1, and w1 6¼ w2. Then we have the following.

Theorem 1. Suppose that r; s 2 R, r � 0, s � �1, r þ s � �1, and w1 6¼ w2. Let W1 be the matrix defined in ð3Þ. If
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the matrix W defined by ð1Þ is a complex Hadamard matrix, then one of the following holds.
(i) � has parameter ðk; �; �Þ ¼ ð2r2; r2; r2Þ, and ðw0;w1;w2Þ ¼ ð1;�1; 1Þ.
(ii) � is a conference graph on 2k þ 1 vertices, and

(a) ðw0;w1;w2Þ ¼ ð�1;�i;�iÞ, and

(b) ðw0;w1;w2Þ ¼ ð1; �1�i
ffiffiffiffiffiffiffiffi
k2�1
p

k
; �1�i

ffiffiffiffiffiffiffiffi
k2�1
p

k
Þ.

Conversely, if (i) or (ii) holds, then W is a complex Hadamard matrix.

Remark 2. Strongly regular graphs having parameters (i) in Theorem 1 was considered in [11]. The list of strongly
regular graphs up to 1,300 vertices are given in Brouwer’s database [3]. According to that, strongly regular graphs with
such a parameter exist for r ¼ 2; . . . ; 10; 12; . . . ; 16; 18, and are unknown for r ¼ 11; 17.

Complex Hadamard matrices having (a) and (b) in Theorem 1 (ii) were considered in [14] and [13, Proposition
3.4.16], respectively. The matrix in (b) of Theorem 1 (ii) is a Butson-type complex Hadamard matrix if and only if
k ¼ 2 [13, Remark 3.4.17]. If a conference graph on 2k þ 1 vertices exists, then k must be even. A conference graph on
2k þ 1 vertices is known to exist for k ¼ 2; 4; . . . ; 30 except k ¼ 10; 16; 28, for which the nonexistence is known. The
existence is undecided for k ¼ 32.

Remark 3. Two complex Hadamard matrices W and W 0 are said to be equivalent if there exist diagonal matrices
D;D0 with nonzero complex diagonal entries, and permutation matrices T ; T 0, such that DWD0 ¼ TW 0T 0 holds. In
Theorem 1 (i), both parts (a) and (b) give two conjugate complex Hadamard matrices of order n ¼ 2k þ 1. The
matrices in (a) and (b) are never equivalent. This can be seen by computing the Haagerup set HðWÞ (see [5]) defined as

HðWÞ ¼
Wi1; j1Wi2; j2

Wi1; j2Wi2; j1

����1 � i1; i2; j1; j2 � n

� �
;

which is an invariant for equivalence. Indeed, for a matrix W in part (a) of Theorem 1 (ii), we have HðWÞ � f�1;�ig,
while for a matrix W in part (b) of Theorem 1 (ii), we have HðWÞ \ f�1;�ig ¼ f1g.

As for the two conjugate matrices in part (a) or in part (b), they are equivalent if the corresponding conference graph
is self-complementary. Otherwise, it is unclear whether the two conjugate matrices are equivalent or not. There are
non-self-complementary conference graphs of order 25, according to [6].

The organization of the paper is as follows. After giving preliminaries in Sect. 2, we give an overview on strongly
regular graphs in Sect. 3. We also prove the ‘‘converse’’ part of Theorem 1 in Sect. 3. It then remains to derive (i) and
(ii) of Theorem 1 under the hypotheses of that theorem. In Sect. 4, we give a quadratic equation satisfied by the real
part of w1 [see {ð3Þ}], and a necessary condition that the real part lies in the interval ½�1; 1	. In Sect. 5, we consider
the special case r þ s ¼ �1, and derive Theorem 1 (ii). In Sect. 6, we take a closer look at the properties of the
polynomials LðXÞ, MðXÞ, and SðXÞ which are needed to express the real part of w1. As a result, we obtain Theorem 1 (i)
under the assumption r þ s ¼ 0. Finally, in Sect. 7, we rule out the case r þ s > 0.

All the computer calculations in this paper were performed with the help of Magma [2].

2. Preliminaries

First we consider a more general situation than the one mentioned in the Introduction. Let ðX; fRigdi¼0Þ be a symmetric
d-class association scheme with the first eigenmatrix P ¼ ðPi; jÞ0�i; j�d. For more general and detailed theory of
association schemes, see [1]. We let A denote the Bose–Mesner algebra spanned by the adjacency matrices
A0;A1; . . . ;Ad of X. Then the adjacency matrices are expressed as

Aj ¼
Xd
i¼0

Pi; jEi ð j ¼ 0; 1; . . . ; dÞ; ð4Þ

where E0 ¼ 1
n
J;E1; . . . ;Ed are the primitive idempotents of A.

Let

W1 ¼
Xd
j¼0

wjAj 2 A; ð5Þ

where w0; . . . ;wd are complex numbers of absolute value 1. Define

�i ¼
Xd
j¼0

wjPi; j ði ¼ 0; 1; . . . ; dÞ: ð6Þ

By ð4Þ, ð5Þ and ð6Þ we have

W1 ¼
Xd
i¼0

�iEi: ð7Þ

Let Xi (0 � i � d) be indeterminates. For j ¼ 1; 2; . . . ; d, let ej be the polynomial defined by

42 IKUTA and MUNEMASA



ej ¼
Yd
i¼0

Xh

Xd
i¼0

P2
j;i þ

X
0� j1< j2�d

Pj; j1Pj; j2

Xj1

Xj2

þ
Xj2

Xj1

� �
� ðnþ 1Þ

 !
; ð8Þ

and e0 be the polynomial defined by

e0 ¼ 1þ
Xd
j¼0

P0; jXj: ð9Þ

Then we have the following.

Lemma 4. The following statements are equivalent:
(i) The matrix W defined by ð1Þ is a complex Hadamard matrix,
(ii) �i�i ¼ nþ 1 for i ¼ 1; . . . ; d, and 1þ

Pd
j¼0 P0; jwj ¼ 0,

(iii) ðwiÞ0�i�d is a common zero of ej (j ¼ 0; . . . ; d).

Proof. By (1) we have

WW
> ¼

nþ 1 eðI þW1
>Þ

ðI þW1Þe> J þW1W1
>

 !
:

By (7) we have

W1W1
> ¼

Xd
i¼0

�i�iEi: ð10Þ

Suppose that the matrix (1) is a complex Hadamard matrix. Since WW
> ¼ ðnþ 1ÞI, we have

W1W1
> ¼ ðnþ 1ÞI � J

¼ E0 þ ðnþ 1Þ
Xd
j¼1

Ej; ð11Þ

ðI þW1Þe> ¼ 0: ð12Þ
Therefore, by (10), (11), and (12), (i) implies (ii).

To prove the converse, it suffices to show �0�0 ¼ 1. Since W is symmetric, the diagonal entries of W1W1
>

are all n.
Thus

n2 ¼ TrW1W1
>

¼
Xd
j¼0

�j�j TrEj (by (10))

¼ �0�0 þ
Xd
j¼1

ðnþ 1ÞTrEj

¼ �0�0 þ ðnþ 1ÞTrðI � E0Þ
¼ �0�0 þ ðnþ 1Þðn� 1Þ;

and hence �0�0 ¼ 1.
By (6) we have

�i�i ¼
Xd
j¼0

P2
i; j þ

X
0� j1< j2�d

Pi; j1Pi; j2

wj1

wj2

þ
wj2

wj1

� �

for i ¼ 1; . . . ; d. Therefore, the equivalence of (ii) and (iii) follows. �

The following is analogous to [4, Proposition 2.2].

Lemma 5. If the matrix W defined by ð1Þ is a complex Hadamard matrix, then we have

nþ 1 �
Xd
i¼0

jPj;ij

 !2

ð j ¼ 0; 1; . . . ; dÞ:

Proof. By (ii) in Lemma 4, we have
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nþ 1 ¼ �j�j

¼
Xd
j1¼0

wj1Pj; j1

 ! Xd
j2¼0

Pj; j2

wj2

 !

¼
Xd
i¼0

P2
j;i þ

X
0� j1< j2�d

wj1

wj2

þ
wj2

wj1

� �
Pj; j1Pj; j2 ;

for j ¼ 0; 1; . . . ; d. Since W is a complex Hadamard matrix, we have j wj1

wj2
þ wj2

wj1
j � 2. Then

nþ 1 �
Xd
i¼0

jPj;ij2 þ
X

0� j1< j2�d

wj1

wj2

þ
wj2

wj1

����
����jPj; j1 jjPj; j2 j

�
Xd
i¼0

jPj;ij2 þ 2
X

0� j1< j2�d
jPj; j1 jjPj; j2 j

¼
Xd
i¼0

jPj;ij

 !2

: �

Let f ðXÞ be a non-constant polynomial with real coefficients. Put f0ðXÞ ¼ f ðXÞ and f1ðXÞ ¼ f 00ðXÞ. Define

fjþ1ðXÞ ¼ �Remð fj�1ðXÞ; fjðXÞÞ ð j ¼ 1; 2; . . .Þ
where, for polynomials aðXÞ, bðXÞ 6¼ 0, we denote by RemðaðXÞ; bðXÞÞ the remainder when aðXÞ is reduced modulo
bðXÞ. There exists a positive integer m such that fmðXÞ 6¼ 0 and fmþ1ðXÞ ¼ 0. The sequence of the polynomials

f0ðXÞ; f1ðXÞ; f2ðXÞ; . . . ; fmðXÞ

is called the Strum sequence associated to f ðXÞ.
Let cj be the leading coefficient of fjðXÞ, and dj ¼ deg fjðXÞ for j ¼ 0; 1; . . . ;m. Then we have the following

sequences:

ðsgnðcjÞÞmj¼0; ð13Þ

ðsgnðð�1ÞdjcjÞÞmj¼0: ð14Þ

Theorem 6 (Sturm [12]; see also [10, Corollary 10.5.4]). With the above notation, the number of distinct real roots
of f ðXÞ is given by the number of sign changes of ð14Þ minus the number of sign changes of ð13Þ.

3. Strongly Regular Graphs

In this section, we review basic properties of symmetric 2-class association schemes and strongly regular graphs. Let
X ¼ ðX; fRig2i¼0Þ be a symmetric 2-class association scheme with the first eigenmatrix (2). We have the following three
cases in (2): (i) r þ s � 0, (ii) r þ s ¼ �1, (iii) r þ s � �2. Suppose that (iii) holds. Then the eigenvalues of R2 satisfy
�ðr þ 1Þ � ðsþ 1Þ � 0. By exchanging R1 and R2, we may assume that r þ s � �1 without loss of generality.
Therefore we only consider the two cases (i) and (ii). Under this assumption, we have

‘ � 2: ð15Þ

Indeed, if ‘ ¼ 1, then R2 is a matching, and hence the eigenvalues satisfy �r � 1 ¼ �1 and �s� 1 ¼ 1. This implies
r þ s ¼ �2, contrary to our assumption.

A strongly regular graph � with parameters ðk; �; �Þ is equivalent to X, via the correspondence R1 equal to the set of
edges and R2 equal to the set of non-edges. The complement of a strongly regular graph is also a strongly regular graph.
Then we have

� ¼ k þ rs; ð16Þ
� ¼ r þ sþ �; ð17Þ
‘� ¼ kðk � � � 1Þ; ð18Þ
n� ¼ ð1þ kÞ�þ ‘ðk � � � 1Þ:

Let mj ¼ rankEj for j ¼ 1; 2. Then we have

m1 ¼
1

2
n� 1�

2k þ ðn� 1Þð� � �Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð� � �Þ2 þ 4ðk � �Þ

p
 !

; ð19Þ
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m2 ¼
1

2
n� 1þ

2k þ ðn� 1Þð� � �Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð� � �Þ2 þ 4ðk � �Þ

p
 !

:

A conference graph is a strongly regular graph � satisfying one of the following two equivalent conditions:
(i) k ¼ 2rðr þ 1Þ, r þ s ¼ �1,

(ii) m1 ¼ m2.
We remark that the eigenvalues r; s of a strongly regular graph � are integers unless � is a conference graph. If � is a

conference graph, then r ¼ �1þ
ffiffiffiffiffiffiffiffi
2kþ1
p

2
and s ¼ �1�

ffiffiffiffiffiffiffiffi
2kþ1
p

2
. In any case,

rs 2 Z: ð20Þ

Note that we allow disconnected strongly regular graphs. These graphs are characterized by s ¼ �1, or equivalently,
� ¼ 0.

By ð2Þ, ð8Þ, and ð9Þ we have

e0 ¼ 1þ X0 þ kX1 þ ‘X2; ð21Þ
e1 ¼ �ððr þ 1ÞX1 � rX2ÞX2

0 � ðrðr þ 1ÞðX1 � X2Þ2 þ ðk þ ‘ÞX1X2ÞX0

þ ðrX1 � ðr þ 1ÞX2ÞX1X2; ð22Þ
e2 ¼ �ððsþ 1ÞX1 � sX2ÞX2

0 � ðsðsþ 1ÞðX1 � X2Þ2 þ ðk þ ‘ÞX1X2ÞX0

þ ðsX1 � ðsþ 1ÞX2ÞX1X2: ð23Þ

Let I be the ideal of the polynomial ring R ¼ C½X0;X1;X2	 generated by (21), (22), and (23).

Lemma 7. Let W1 be the matrix defined by ð3Þ, and let W be the matrix defined by ð1Þ. Then W is a complex
Hadamard matrix if and only if ðw0;w1;w2Þ is a common zero of the polynomials ek (k ¼ 0; 1; 2).

Proof. This follows easily from Lemma 4 by setting d ¼ 2. �

Proof of the ‘‘converse’’ part of Theorem 1. Assume that the matrix W is one of the matrices (i), (ii) in Theorem 1. In
view of Lemma 7, it suffices to show that ðw0;w1;w2Þ is a common zero of the polynomials ð21Þ, ð22Þ, and ð23Þ. This
can be done by direct calculation. �

Lemma 8. Let W1 be the matrix defined by ð3Þ, and let W be the matrix defined by ð1Þ. If W is a complex Hadamard
matrix, then we have the following:

(i) s < �1,
(ii) nþ 1 � 4s2.

Proof. (i) Suppose that s ¼ �1. Then, since the graph ðX;R1Þ is the union of complete graphs, we have k ¼ r. We can
verify that I contains X2ð‘X2 þ 1Þ2ðX2

2 þ ðk þ ‘ÞX2 þ 1Þ. By Lemma 7, ðw0;w1;w2Þ is a common zero of the
polynomials (21), (22), and (23) in I. From this, ‘w2 þ 1 ¼ 0 or w2

2 þ ðk þ ‘Þw2 þ 1 ¼ 0. By ð15Þ, we have
‘w2 þ 1 6¼ 0. Since jw2

2 þ 1j < 3 � k þ ‘ ¼ jðk þ ‘Þw2j, we have w2
2 þ ðk þ ‘Þw2 þ 1 6¼ 0. This is a contradiction.

(ii) Applying Lemma 5 for j ¼ 2, we have

nþ 1 �
X2

i¼0

jP2;ij

 !2

¼ ð1þ ð�sÞ � ðsþ 1ÞÞ2

¼ 4s2: �

If s 6¼ �1, then we have � > 0 by ð16Þ, ð17Þ, and ð18Þ. Thus

‘ ¼
�kðr þ 1Þðsþ 1Þ

k þ rs
: ð24Þ

Remark 9. Applying Lemma 5 for j ¼ 1, we have nþ 1 � 4ðr þ 1Þ2. This inequality is weaker than the one stated in
(ii) of Lemma 8. Indeed, since we assumed that r þ s � �1 in the beginning of this section, we have ðr þ 1Þ2 � s2.

4. The Real Part of w1

We suppose that r; s 2 R, r � 0, s < �1, and r þ s � �1. Let W1 be the matrix defined by (3), and W be the matrix
defined by (1). We suppose that the matrix W is a complex Hadamard matrix. Let

wj ¼ aj þ bji

for j ¼ 0; 1; 2, where aj; bj 2 R, a2
j þ b2

j ¼ 1, and i2 ¼ �1. Recall that I is the ideal of R generated by (21), (22), and
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(23), and ðw0;w1;w2Þ is a common zero of I by Lemma 7. Since we assume w1 6¼ w2 6¼ 0, in Theorem 1, we consider
the ideal ~I of the polynomial ring ~R ¼ C½X1;X0;X1;X2	 generated by (21), (22), (23), and

e1 ¼ 1þ X1ðr � sÞðX1 � X2ÞX2:

Note that we have included the factor r � s for a technical reason. In computer implementation, we regard r and s as
indeterminates as well, but r and s are assumed to take distinct values.

Define the polynomials LðXÞ, MðXÞ, and SðXÞ as follows:

LðXÞ ¼ X3 þ
4rs� r � sþ 3

2
X2 þ

�4rsðr þ s� 1Þ þ 1

2
X

þ
rsðr2 þ 2ð3sþ 1Þr þ s2 þ 2sþ 2Þ

2
; ð25Þ

MðXÞ ¼ LðXÞ � 4ðX þ rsÞ2; ð26Þ

SðXÞ ¼ s4X
4 þ s3X

3 þ s2X
2 þ s1X þ s0; ð27Þ

where

s4 ¼ ðr þ sþ 1Þ2;

s3 ¼ 4sr3 þ 8sðsþ 1Þr2 þ ð4s3 þ 8s2 þ 8sþ 2Þr þ 2sþ 2;

s2 ¼ 2sð2s� 1Þr4 þ 2sðsþ 1Þð4s� 3Þr3 þ 2sð2s3 þ s2 þ 6sþ 4Þr2

� 2sðsþ 1Þðs2 þ 2s� 6Þr þ 1;

s1 ¼ �2rsð2sr4 þ 6sðsþ 1Þr3 þ ð6s3 � 4s2 � 8s� 1Þr2

þ 2ðsþ 1Þðs3 þ 2s2 � 6s� 1Þr � s2 � 2s� 2Þ;

s0 ¼ r2s2ðr4 þ 4ðsþ 1Þr3 þ ð22s2 þ 28sþ 8Þr2

þ 4ðsþ 1Þðs2 þ 6sþ 2Þr þ ðs2 þ 2sþ 2Þ2Þ:

Lemma 10. We have

ðLðkÞ �MðkÞÞ2a2
1 þ 2ðLðkÞ2 �MðkÞ2Þa1 þ ðLðkÞ þMðkÞÞ2 � SðkÞ ¼ 0; ð28Þ

2ðk þ rsÞ2rsa0 � 2k2ðk þ rsÞ2a1 þ h0 ¼ 0; ð29Þ

2ðk þ rsÞ3a1 � 2ðk þ rsÞrðr þ 1Þsðsþ 1Þa2 þ ‘0 ¼ 0; ð30Þ

where

h0 ¼ �k5 þ ðr þ s� 2rsþ 1Þk4 þ 3rsðr þ sþ 1Þk3

� rsððr þ sÞ2 þ 2ðr þ sÞ � 1Þk2 þ 4r2s2k þ 2r3s3;

‘0 ¼ kðk � r � s� 1Þðk2 þ 2rsk � rsðr þ sþ 1ÞÞ:

Proof. With the help of Magma, we can verify that ~I contains f1ðX0;X1;X2Þ and f2ðX0;X1;X2Þ, where

f1ðX0;X1;X2Þ ¼ X2
0 þ ðr þ sþ 1ÞðX1 � X2ÞX0 � X1X2;

f2ðX0;X1;X2Þ ¼ X3
1X

2
2 � X0X1ðX2

1 þ X2
2Þ þ X2ðX2

0 þ X2
1 � X1X2Þ

þ ðr þ sþ 1ÞX2ðX1 � X2ÞðX0 � X1X2Þ
þ rsX1ðX1 þ X2ÞðX1 � X2Þ2:

By Lemma 7, we have f1ðw0;w1;w2Þ ¼ 0 and f2ðw0;w1;w2Þ ¼ 0.
Consider the polynomial ring

P ¼ C½Y1; �0; �1; �2; �0; �1; �2	:

Let � be the homomorphism from ~R to P defined by �ðX1Þ ¼ Y1 and �ðXjÞ ¼ �j þ �ji for j ¼ 0; 1; 2. Let J denote
the ideal of the polynomial ring P generated by �ð ~IÞ, �ð f1ðX0;X1;X2ÞÞ, �ð f2ðX0;X1;X2ÞÞ and �2

j þ �2
j � 1 for j ¼

0; 1; 2. With the help of Magma, we can verify that J contains

ðLðkÞ �MðkÞÞ2�2
1 þ 2ðLðkÞ2 �MðkÞ2Þ�1 þ ðLðkÞ þMðkÞÞ2 � SðkÞ;

2ðk þ rsÞ2rs�0 � 2k2ðk þ rsÞ2�1 þ h0;

2ðk þ rsÞ3�1 � 2ðk þ rsÞrðr þ 1Þsðsþ 1Þ�2 þ ‘0:
Therefore we have the assertion. �

46 IKUTA and MUNEMASA



Lemma 11. If the real part of w1 is in the interval ½�1; 1	, then the following holds:
(i) SðkÞ � 0,
(ii) MðkÞ �

ffiffiffiffiffiffi
SðkÞ
p

2
� LðkÞ or MðkÞ � �

ffiffiffiffiffiffi
SðkÞ
p

2
� LðkÞ.

Proof. By (i) in Lemma 8 and (26) we have LðkÞ �MðkÞ 6¼ 0. Assume that a1 2 ½�1; 1	. Then by (28), using the
notation of (25), (26), and (27), we have

a1 ¼
�LðkÞ �MðkÞ �

ffiffiffiffiffiffiffiffi
SðkÞ
p

LðkÞ �MðkÞ
:

Since a1 2 R, we have (i). Since a1 2 ½�1; 1	, we have (ii). �

5. Properties of the Polynomials LðXÞ, MðXÞ, and SðXÞ for the Case rþ s ¼ �1

In this section, we suppose that r þ s ¼ �1, 2rðr þ 1Þ 2 Z, and ðr; sÞ 6¼ ð0;�1Þ. We consider properties of the
polynomials (25), (26), and (27). By (25), (26), and (27) we have

LðXÞ ¼ X3 � 2ðr2 þ r � 1ÞX2 �
8r2 þ 8r � 1

2
X þ

rðr þ 1Þð4r2 þ 4r � 1Þ
2

; ð31Þ

MðXÞ ¼ LðXÞ � 4ðX � rðr þ 1ÞÞ2; ð32Þ
SðXÞ ¼ �ðX � rðr þ 1ÞÞS1ðXÞ; ð33Þ

where

S1ðXÞ ¼ 4rðr þ 1ÞðX � sþÞðX � s�Þ; ð34Þ

s� ¼ 2rðr þ 1Þ þ
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16r2ðr þ 1Þ2 þ 1

p
8rðr þ 1Þ

: ð35Þ

Lemma 12. We have rðr þ 1Þ < s�.

Proof. Since s� < sþ by (35), we show that rðr þ 1Þ < s�. To do this, we have only to show that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16r2ðr þ 1Þ2 þ 1

p
<

8r2ðr þ 1Þ2 þ 1 by (35). Since ð8r2ðr þ 1Þ2 þ 1Þ2 � ð16r2ðr þ 1Þ2 þ 1Þ ¼ 64r4ðr þ 1Þ4 > 0, we have the assertion. �

Lemma 13. Suppose that rðr þ 1Þ < x. Then SðxÞ � 0 if and only if s� � x � sþ.

Proof. This follows easily from (33), (34), and Lemma 12. �

Lemma 14. We have Z \ fx j s� � x � sþg ¼ f2rðr þ 1Þg.

Proof. Note that rðr þ 1Þ 2 Z by ð20Þ. It is easy to show that s� < 2rðr þ 1Þ < sþ by (35). Thus, it is enough to show
that 2rðr þ 1Þ � 1 < s� and sþ < 2rðr þ 1Þ þ 1, or equivalently,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16r2ðr þ 1Þ2 þ 1

p
< 8rðr þ 1Þ � 1. We have only to

show that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16r2ðr þ 1Þ2 þ 1

p
< 8rðr þ 1Þ � 1. Since

ð8rðr þ 1Þ � 1Þ2 � ð16r2ðr þ 1Þ2 þ 1Þ ¼ 16rðr þ 1Þð3rðr þ 1Þ � 1Þ > 0;

the result holds. �

Lemma 15. Suppose that z 2 Z and rðr þ 1Þ < z. Then MðzÞ �
ffiffiffiffiffiffi
SðzÞ
p

2
� LðzÞ or MðzÞ � �

ffiffiffiffiffiffi
SðzÞ
p

2
� LðzÞ holds if and only

if z ¼ 2rðr þ 1Þ.

Proof. First suppose that MðzÞ �
ffiffiffiffiffiffi
SðzÞ
p

2
� LðzÞ or MðzÞ � �

ffiffiffiffiffiffi
SðzÞ
p

2
� LðzÞ holds. Since SðzÞ � 0, by Lemma 13 we have

s� � z � sþ. By Lemma 14, we have z ¼ 2rðr þ 1Þ. Secondly suppose that z ¼ 2rðr þ 1Þ. Since

Lð2rðr þ 1ÞÞ ¼
rðr þ 1Þð2r þ 1Þ2

2
;

Mð2rðr þ 1ÞÞ ¼
�rðr þ 1Þð4rðr þ 1Þ � 1Þ

2
< 0;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Sð2rðr þ 1ÞÞ
p

¼ rðr þ 1Þ

by (31), (32), and (33), we have Mð2rðr þ 1ÞÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sð2rðrþ1ÞÞ
p

2
� Lð2rðr þ 1ÞÞ. �

Lemma 16. Let W1 be the matrix defined by ð3Þ, and W be the matrix defined by ð1Þ. Suppose that W is a complex
Hadamard matrix. If r þ s ¼ �1, then we have (ii) in Theorem 1.

Proof. By Lemma 8, we have ðr; sÞ 6¼ ð0;�1Þ. Thus, we may use results of this section. In particular, by Lemmas 15
and 11, we have k ¼ 2rðr þ 1Þ. By Sect. 3, � is a conference graph on ð2r þ 1Þ2 vertices.

By (28) we have 2r3ðr þ 1Þ3a1ðð2r þ 1Þa1 þ 1Þ ¼ 0. Hence a1 ¼ 0 or a1 ¼ �1=ð2r þ 1Þ. If a1 ¼ 0 then by (29), (30)
we have a0 ¼ �1, a2 ¼ 0, respectively. By w1 6¼ w2 we have ðb0; b1; b2Þ ¼ ð0;�1;�1Þ. Therefore we have (a) of (ii) in
Theorem 1. If a1 ¼ �1=ð2r þ 1Þ then by (29), (30) we have a0 ¼ 1, a2 ¼ �1=ð2r þ 1Þ, respectively. By w1 6¼ w2 we
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have ðb0; b1; b2Þ ¼ ð0;
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r2ðrþ1Þ2�1
p

2rðrþ1Þ ;
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r2ðrþ1Þ2�1
p

2rðrþ1Þ Þ. Therefore we have (b) of (ii) in Theorem 1. �

6. Properties of the Polynomials LðXÞ, MðXÞ, and SðXÞ for the Case rþ s � 0

In this section, we suppose that r; s 2 Z and r þ s � 0. We further assume r � 2 and s � �2. We consider properties
of the polynomials ð25Þ, ð26Þ, and ð27Þ. We put

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4rðr þ 1Þsðsþ 1Þ þ 1

p
; ð36Þ

�� ¼
r þ s� 1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs� 1Þ2 � 6rsþ rðr � 2Þ

p
2

; ð37Þ

�� ¼ �rs�
1

2
�

h

2
; ð38Þ

�� ¼
r þ sþ 3

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 2ð5sþ 3Þr þ ðsþ 3Þ2

p
2

; ð39Þ

� ¼ �rsþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þsðsþ 1Þ

p
: ð40Þ

Then ��, ��, � 2 R. By (25), (26), and (27) we have

LðXÞ2 �
SðXÞ
4
¼ ðX � ��ÞðX � �þÞðX � ��Þ2ðX � �þÞ2; ð41Þ

MðXÞ2 �
SðXÞ
4
¼ ðX � ��ÞðX � �þÞðX � ð�� þ 1ÞÞ2ðX � ð�þ þ 1ÞÞ2: ð42Þ

Lemma 17. We have the following:
(i) ��; �� þ 1 < �rs,
(ii) �rs < �þ < � < �þ þ 1,
(iii) if �� 2 R then �� < �rs.

Proof. (i) The inequality �� þ 1 < �rs follows easily from (38). Since �� < �þ, it remains to show that �þ < �rs.
Then by (37) we have only to show thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðs� 1Þ2 � 6rsþ rðr � 2Þ
q

< �2rs� ðr þ s� 1Þ:

Since �2rs� ðr þ s� 1Þ ¼ �ð2sþ 1Þr � sþ 1 > 0 and

ð�ð2sþ 1Þr � sþ 1Þ2 � ððs� 1Þ2 � 6rsþ rðr � 2ÞÞ
¼ 4rðr þ 1Þsðsþ 1Þ > 0;

we have �þ < �rs.
(ii) First, the inequality �rs < �þ follows easily from the definition ð38Þ. Since

h < 1þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þsðsþ 1Þ

p
;

we have �þ < � from the definitions (38) and (40), while � < �þ þ 1 follows trivially from these.
(iii) Since �� < �þ, it is enough to show that �þ < �rs. By (39) we have only to show thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ 2ð5sþ 3Þr þ ðsþ 3Þ2
q

< �2rs� ðr þ sþ 3Þ:

Since �2rs� ðr þ sþ 3Þ ¼ �ð2sþ 1Þr � ðsþ 3Þ > 0 and

ð�ð2sþ 1Þr � ðsþ 3ÞÞ2 � ðr2 þ 2ð5sþ 3Þr þ ðsþ 3Þ2Þ
¼ 4rðr þ 1Þsðsþ 1Þ > 0;

we have �þ < �rs. �

Lemma 18. We have Lð�rsÞ ¼ Mð�rsÞ < 0.

Proof. By (25) and (26) we have

Lð�rsÞ ¼ Mð�rsÞ ¼
rðr þ 1Þsðsþ 1Þðð2r þ 1Þðsþ 1Þ � rÞ

2
< 0:

�

Lemma 19. We have the following:
(i) LðXÞ has exactly one real root 	 in ð�rs;1Þ, and �þ � 	 < �,
(ii) LðxÞ < 0 for �rs < x < 	, and LðxÞ � 0 for 	 � x.
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Proof. Since L0ðXÞ ¼ 3ðX � 
�ÞðX � 
þÞ, where


� ¼
ð�4sþ 1Þr þ s� 3

6
�

ffiffi
�
p

6
;

� ¼ ð16sðsþ 1Þ þ 1Þr2 þ 2ð8s2 þ s� 3Þr þ s2 � 6sþ 3 > 0;

LðXÞ has the local maximum at X ¼ 
� and the local minimum at X ¼ 
þ.
(i) We show that (a) 
� < �rs < 
þ, (b) 
þ < �þ, Lð�þÞ � 0, and Lð�Þ > 0. Then (a) together with Lemma 18

implies that the first half of (i) holds, and (b) implies that the latter half of (i) holds.
First we show that (a) holds. Since

6ð�rs� 
�Þ > �6rs� ðð�4sþ 1Þr þ s� 3Þ
¼ �ð2sþ 1Þr � sþ 3 > 0;

we have 
� < �rs. To show that �rs < 
þ, we have only to show that �ð2sþ 1Þr � sþ 3 <
ffiffi
�
p

. Since

�� ð�ð2sþ 1Þr � sþ 3Þ2 ¼ 12rðr þ 1Þsðsþ 1Þ � 6 > 0;

we have �rs < 
þ. Hence 
� < �rs < 
þ.
Secondly we show that (b) holds. To show that 
þ < �þ, by (38) and the definition of 
þ we have only to show thatffiffi
�
p

< �ð2sþ 1Þr � sþ 3h. Since

ð�ð2sþ 1Þr � sþ 3hÞ2 � �
¼ �6ðð2sþ 1Þr þ sÞhþ 24sðsþ 1Þr2 þ 6ð4s2 þ 6sþ 1Þr þ 6ðsþ 1Þ
> 0;

we have 
þ < �þ. We have

Lð�þÞ ¼
�1hþ �2

4
;

where

�1 ¼ ð2sþ 1Þr þ s < 0;

�2 ¼ 4sðsþ 1Þr2 þ ð2sð2sþ 1Þ � 1Þr � s:

Since

�2
1h

2 � �2
2 ¼ 4rðr þ 1Þsðsþ 1Þðr þ sÞðr þ sþ 2Þ � 0;

by our assumption, we have

Lð�þÞ � 0: ð43Þ

We have

Lð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þsðsþ 1Þ
p

2
þ 2rðr þ 1Þsðsþ 1Þ > 0: ð44Þ

(ii) This follows easily from (i), (43), and (44). �

Lemma 20. We have the following:
(i) MðXÞ has exactly one real root  in ð�rs;1Þ, and � <  � �þ þ 1,
(ii) MðxÞ � 0 for �rs < x � , and MðxÞ > 0 for  < x.

Proof. Since M0ðXÞ ¼ 3ðX � ��ÞðX � �þÞ, where

�� ¼
ð�4sþ 1Þr þ sþ 5

6
�

ffiffiffi
�
p

6
;

� ¼ ð16sðsþ 1Þ þ 1Þr2 þ 2ð8s2 þ 17sþ 5Þr þ s2 þ 10sþ 19 > 0;

MðXÞ has the local maximum at X ¼ �� and the local minimum at X ¼ �þ.
(i) It is enough to show that (a) �� < �rs < �þ, (b) �þ < �, Mð�Þ < 0, and Mð�þ þ 1Þ � 0. Then (a) together with

Lemma 18 implies that the first half of (i) holds, and (b) implies that the latter half of (i) holds.
First we show that (a) holds. Since

6ð�rs� ��Þ ¼ �ð2sþ 1Þr � s� 5þ
ffiffiffi
�
p
;

> �ð2sþ 1Þr � s� 5 > 0;

we have �� < �rs. To show that �rs < �þ, we have only to show that �ð2sþ 1Þr � s� 5 <
ffiffiffi
�
p

. Since

�� ð�ð2sþ 1Þr � sþ 3Þ2 ¼ 12rðr þ 1Þsðsþ 1Þ � 6 > 0;
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we have �rs < �þ. Hence �� < �rs < �þ.
Secondly we show that (b) holds. To show that �þ < �, by (40) and the definition of �þ we have only to show that
ð2sþ 1Þr þ sþ 5þ ffiffiffi

�
p

< 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þsðsþ 1Þ
p

. Since

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þsðsþ 1Þ

p
Þ2 � ðð2sþ 1Þr þ sþ 5þ

ffiffiffi
�
p
Þ2

¼ �ðð4sþ 2Þr þ 2sþ 10Þ
ffiffiffi
�
p

þ ð16s2 þ 16s� 2Þr2 þ ð16s2 � 20s� 20Þr � 2s2 � 20s� 44 > 0;

we have �þ < �. It is easy to show that

Mð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þsðsþ 1Þ
p

2
� 2rðr þ 1Þsðsþ 1Þ < 0: ð45Þ

We have

Mð�þ þ 1Þ ¼
�1hþ �2

4
;

where

�1 ¼ �ðð2sþ 1Þr þ sþ 2Þ > 0;

�2 ¼ �4sðsþ 1Þr2 � ð4s2 þ 6sþ 1Þr � s� 2:

Since

�2
1h

2 � �2
2 ¼ 4rðr þ 1Þsðsþ 1Þðr þ sÞðr þ sþ 2Þ � 0;

by our assumption, we have

Mð�þ þ 1Þ � 0: ð46Þ

(ii) This follows easily from (i), (45), and (46). �

Lemma 21. For �rs � x we have the following:
(i) LðxÞ2 � SðxÞ

4
, and equality holds if and only if x ¼ �þ,

(ii) MðxÞ2 � SðxÞ
4

, and equality holds if and only if x ¼ �þ þ 1.

Proof. (i) Since �� < �rs by (i) in Lemma 17, by ð41Þ we have the claimed inequality. Since ��; �� < �rs < �þ by
(i) and (ii) in Lemma 17, equality holds if and only if x ¼ �þ.

(ii) First suppose that �� 2 R. Since �� < �rs by (iii) in Lemma 17, by ð42Þ we have the claimed inequality. Since
�� þ 1; �� < �rs by (i) and (iii) in Lemma 17, equality holds if and only if x ¼ �þ þ 1.

Secondly suppose that �� 62 R. Then �þ ¼ �� by ð39Þ, so we also have the claimed inequality. Since �� þ 1 < �rs
by (i) in Lemma 17, equality holds if and only if x ¼ �þ þ 1. �

For the remainder of this subsection, we suppose that r þ s ¼ 0. By (25), (26), and (27) we have

LðXÞ ¼
ðX � ��ÞðX � �þÞðX � �þÞ

2
; ð47Þ

MðXÞ ¼
ð2X2 � 5X þ 2r2 þ 1ÞðX � ð�þ þ 1ÞÞ

2
; ð48Þ

SðXÞ ¼ ðX � �þÞ2ðX � ð�þ þ 1ÞÞ2 � 0; ð49Þ
where

�� ¼
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16r2 þ 1
p

4
;

�þ ¼ 2r2 � 1 2 Z: ð50Þ
By (37) and (38) we have

�� ¼
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8r2 þ 1
p

2
;

�� ¼ 0:

Lemma 22. Suppose that r þ s ¼ 0. Let 	 and  be as defined in Lemmas 19 and 20. Then we have 	 ¼ �þ and
 ¼ �þ þ 1.

Proof. We have �� < r2. Then by (i) in Lemma 19 and (47) we have 	 ¼ �þ. Since the discriminant of
2x2 � 5xþ 2r2 þ 1 is �16r2 þ 17 < 0, by (i) in Lemma 20 and (48) we have  ¼ �þ þ 1. �

50 IKUTA and MUNEMASA



Lemma 23. Suppose that r þ s ¼ 0, z 2 Z and r2 < z. Then the following are equivalent:
(i) SðzÞ � 0 and MðzÞ �

ffiffiffiffiffiffi
SðzÞ
p

2
� LðzÞ,

(ii) SðzÞ � 0 and MðzÞ � �
ffiffiffiffiffiffi
SðzÞ
p

2
� LðzÞ,

(iii) SðzÞ ¼ 0,
(iv) z 2 f�þ; �þ þ 1g.

Proof. Since z 2 Z and �þ; �þ þ 1 2 Z by ð50Þ, the condition (iv) is equivalent to �þ � z � �þ þ 1.
First suppose that (i) holds. Since LðzÞ � 0, by (ii) in Lemma 19 and Lemma 22 we have

�þ � z: ð51Þ

Suppose that MðzÞ � 0. By (ii) in Lemma 20 and Lemma 22 we have z � �þ þ 1. By ð51Þ we have z ¼ �þ; �þ þ 1.
Suppose that MðzÞ > 0. Then MðzÞ2 � SðzÞ

4
. By (ii) in Lemma 21 we have z ¼ �þ þ 1. Thus we have (iv).

Secondly suppose that (ii) holds. Since MðzÞ � 0, by (ii) in Lemma 20 and Lemma 22 we have

z � �þ þ 1: ð52Þ

Suppose that LðzÞ � 0. Then by (ii) Lemma 19 and Lemma 22 we have �þ � z. By ð52Þ we have z ¼ �þ; �þ þ 1.
Suppose that LðzÞ < 0. Then LðzÞ2 � SðzÞ

4
. By (i) in Lemma 21 we have z ¼ �þ. Thus we have (iv).

The equivalence of (iii) and (iv) follows immediately from ð49Þ.
Finally suppose that (iv) holds. Since SðzÞ ¼ 0 by (iii), it suffices to show LðzÞ � 0 and MðzÞ � 0. By (ii) in

Lemma 19 and Lemma 22 we have LðzÞ � 0. By (ii) in Lemma 20 and Lemma 22 we have MðzÞ � 0. �

Lemma 24. Let W1 be the matrix defined by ð3Þ, and W be the matrix defined by ð1Þ. Suppose that W is a complex
Hadamard matrix. If r þ s ¼ 0, then we have (i) in Theorem 1.

Proof. By Lemma 8, we have r2 ¼ �rs < k. Also, by Lemma 8, we have s � �2 and r � 2. Thus, we may use results
of this section. In particular, by Lemmas 23, 11, and ð50Þ we have k ¼ 2r2 or k ¼ 2r2 � 1. First suppose k ¼ 2r2. By
ð28Þ we have a1 ¼ �1. Then by ð29Þ, ð30Þ we have a0 ¼ 1, a2 ¼ 1, respectively. Therefore we have (i) in Theorem 1.
Secondly suppose k ¼ 2r2 � 1. By (19) we have m1 ¼ ð2r�1Þð2r2�1Þ

2r
. This is a contradiction since m1 must be an integer.

�

7. The Case rþ s > 0

In this section, we suppose that r; s 2 Z and r þ s > 0. Then by Lemma 8 we have r � 3 and s � �2. We consider
properties of the polynomials (25), (26), and (27). Let

�ðxÞ ¼ ð2sþ 1Þ2x3 � ð2sþ 1Þð8s3 � 2s2 � sþ 2Þx2

� ð16s5 þ 8s2 þ 2s� 1Þxþ 4s2 þ s:

Lemma 25. Assume that �sþ 1 � x < �2sþ 1. Then we have �ðxÞ < 0.

Proof. Since

�ð�sÞ ¼ �4s2ðs� 1Þð2sðsþ 1Þ þ 1Þ > 0;

�ð�sþ 1Þ ¼ s2ð8s3 þ 4s2 � 8sþ 1Þ < 0;

�ð�2sþ 1Þ ¼ �32s4ðs2 � 1Þ < 0;

we have the assertion. �

Let

 ðxÞ ¼ ðsþ 1Þðxþ 1Þðð2sþ 1Þx� 1Þ; ð53Þ
�ðxÞ ¼ 2 ðxÞ � ð2sþ 1Þðxþ 2s� 1Þ: ð54Þ

Lemma 26. We have  ðrÞ > 0 and �ðrÞ > 0.

Proof. The inequality  ðrÞ > 0 follows immediately by (53). Since r > �s and

�ð0Þ ¼ �2sð2sþ 1Þ � 1 < 0;

�ð�sÞ ¼ ðs� 1Þð4s2ðsþ 2Þ � 2ðsþ 1Þðs� 2Þ � 3Þ > 0;

we have �ðrÞ > 0. �

Let h be defined as (36).

Lemma 27. Assume that k ¼ �rsþ hþ�
2

and h 2 Z, where � 2 f�1g. Then we have
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n � �ð2sþ 1Þr þ 2þ
2 ðrÞ
hþ 1

:

Proof. First we show that

h � �2ðsþ 1Þr þ 3: ð55Þ

To do this, since h > 0 and

h2 � ð�2ðsþ 1Þr þ 1Þ2 ¼ 4rðsþ 1Þðs� r þ 1Þ > 0;

we have h > �2ðsþ 1Þr þ 1. Since h is odd, we have (55).
Secondly we show the assertion. Since

k � �rsþ
h� 1

2

� �ð2sþ 1Þr þ 1; (by (55)) ð56Þ

we have

n ¼ 1þ k þ ‘

¼ 1þ k �
kðr þ 1Þðsþ 1Þ

k þ rs
(by (24))

� 1� ð2sþ 1Þr þ 1þ
ðsþ 1Þðr þ 1Þðð2sþ 1Þr � 1Þ

k þ rs
(by (56))

� �ð2sþ 1Þr þ 2þ
2 ðrÞ
hþ 1

(by (53)): �

Let u ¼ r þ s. Then u 2 Z and

1 � u � r � 2: ð57Þ

Lemma 28. The polynomial S00ðXÞ has two distinct real roots:

�� ¼
c1 �

ffiffiffiffiffi
c2
p

6ðuþ 1Þ2
; ð58Þ

where

c1 ¼ 3ðuþ 1Þ2ð2rðr � uÞ � 1Þ þ 3ðrðr þ 1Þ þ ðr � uÞðr � u� 1ÞÞ;
c2 ¼ 12rðr þ 1Þuðuþ 2Þðu2 þ 2u� 2Þðr � uÞðr � u� 1Þ þ 3ðuþ 1Þ2:

Proof. Observe c2 > 0 follows from ð57Þ. Since

S00ðXÞ ¼ 12ðuþ 1Þ2X2

� 12ð2ðu2 þ 2uþ 2Þr2 � 2uðu2 þ 2uþ 2Þr � ðuþ 1ÞÞX
þ 8ðu2 þ 2uþ 6Þr4 � 16uðu2 þ 2uþ 6Þr3

þ 4ð2u4 þ 5u3 þ 15u2 � 4u� 6Þr2

� 4uðuþ 1Þðu2 þ 2u� 6Þr þ 2

by (27), we have (58). �

Lemma 29. Let �� be the real number defined by ð58Þ. Then �� < �þ.

Proof. Since �� < �þ, it is enough to show that �þ < �þ. By (38), we have

�þ ¼ rðr � uÞ �
1

2
þ

h

2
:

Since

h2 � ð2rðr � u� 1Þ þ 1Þ2 ¼ 4rð2r � u� 1Þðr � u� 1Þ > 0;

we have

�þ � rð2ðr � uÞ � 1Þ ¼
1

2
ðh� ð2rðr � u� 1Þ þ 1ÞÞ > 0: ð59Þ

Since

52 IKUTA and MUNEMASA



ð6ðuþ 1Þ2rð2ðr � uÞ � 1Þ � c1Þ2 � c2

¼ 6ðuþ 1Þ2ð2rðr � u� 1Þðuðuþ 2Þð2rðr � u� 2Þ þ uÞ þ 3Þ þ 1Þ > 0;

we have

rð2ðr � uÞ � 1Þ � �þ ¼
6ðuþ 1Þ2rð2ðr � uÞ � 1Þ � c1 �

ffiffiffiffiffi
c2
p

6ðuþ 1Þ2
> 0: ð60Þ

By (59) and (60), we obtain �þ < �þ. �

Define

g1 ¼ 4uðuþ 2Þðuðuþ 2Þ � 2Þrðr þ 1Þðr � uÞðr � u� 1Þ þ ðuþ 1Þ2;
g2 ¼ 2rðr þ 1Þðr � uÞðr � u� 1Þ

 ð8uðuþ 2Þrðr þ 1Þðr � uÞðr � u� 1Þ þ 7uðuþ 2Þ � 1Þ � 1;

g3 ¼ 16uðuþ 2Þrðr þ 1Þðr � uÞðr � u� 1Þ � 1:

Lemma 30. We have g1 > 0, g2 > 0, and g3 > 0.

Proof. These follow immediately from (57). �

Lemma 31. The polynomial SðXÞ has exactly two real roots, say, �1, �2, and �þ < �1 < � < �2 < �þ þ 1. Moreover,
both �1 and �2 are simple.

Proof. Set f0ðXÞ ¼ SðXÞ and f1ðXÞ ¼ f 00ðXÞ. Set

fjðXÞ ¼ �Remð fj�2ðXÞ; fj�1ðXÞÞ

for j ¼ 2; 3; 4. Let cj be the leading coefficient of fjðXÞ, and dj ¼ deg fjðXÞ. We have ðd0; d1; d2; d3; d4Þ ¼ ð4; 3; 2; 1; 0Þ.
Then we have the following:

c0 ¼ ðuþ 1Þ2 > 0;

c1 ¼ 4ðuþ 1Þ2 > 0;

c2 ¼
g1

4ðuþ 1Þ2
;

c3 ¼
�32u2ðuþ 1Þ2ðuþ 2Þ2rðr þ 1Þðr � uÞðr � u� 1Þg2

g2
1

;

c4 ¼
�r2ðr þ 1Þ2ðr � uÞ2ðr � u� 1Þ2g2

1g3

4ðuþ 1Þ2g2
2

:

By Lemma 30 we have c2 > 0, c3 < 0, and c4 < 0. Therefore we have Table 1. Applying Theorem 6 for SðXÞ using
Table 1, we see that SðXÞ has exactly two real roots.

We show that Sð�þÞ > 0, Sð�þ þ 1Þ > 0, and Sð�Þ < 0. We have

Sð�þÞ ¼
h1hþ h2

2
;

where

h1 ¼ �ð2rðr � uÞ � uÞðð4ðr � uÞr � 2ð2uþ 1ÞÞðr � uÞr � uÞ;
h2 ¼ u2 þ 2rðr � uÞ

 ð8r2ðr � uÞ2ðrðr � uÞ � ð2uþ 1ÞÞ þ u2ð9rðr � uÞ � uþ 1Þ
þ 2rðr � uÞð3uþ 1ÞÞ > 0

since r � u � 2. Since

h2
2 � h2

1h
2 ¼ 4r2ðr þ 1Þ2u2ðuþ 2Þ2ðr � uÞ2ðr � u� 1Þ2 > 0;

we have Sð�þÞ > 0. We have

Table 1. Sturm’s sequence.

j 0 1 2 3 4 ] sign changes

sgnðcjÞ + + + � � 1

sgnðð�1Þdj cjÞ + � + + � 3
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Sð�þ þ 1Þ ¼
h3hþ h4

2
;

where

h3 ¼ �ð2rðr � uÞ � ðuþ 2ÞÞðð4rðr � uÞ � 2ð2uþ 3ÞÞðr � uÞr þ uþ 2Þ;
h4 ¼ u2 þ 2ðr þ 1Þðr � u� 1Þ

 ðrðr � uÞð8ððr � uÞr � ðuþ 2ÞÞðr � uÞr þ u2 þ 6uþ 10Þ � 2Þ > 0

since r � u � 2. Since

h2
4 � h2

3h
2 ¼ 4r2ðr þ 1Þ2u2ðuþ 2Þ2ðr � uÞ2ðr � u� 1Þ2 > 0;

we have Sð�þ þ 1Þ > 0. We have

Sð�Þ ¼ rðr þ 1Þðr � uÞðr � u� 1Þðh5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þðr � uÞðr � u� 1Þ

p
þ h6Þ;

where

h5 ¼ �4ð2rðr � uÞ � ðuþ 1ÞÞ < 0;

h6 ¼ 8rðr þ 1Þðr � uÞðr � u� 1Þ þ 1:

Since

h2
5rðr þ 1Þðr � uÞðr � u� 1Þ � h2

6 ¼ rðr þ 1Þuðuþ 2Þðr � uÞðr � u� 1Þ � 1 > 0;

we have

Sð�Þ < 0: ð61Þ

The polynomial SðXÞ has exactly two real roots, say, �1, �2, and �þ < �1 < � < �2 < �þ þ 1.
We show that the roots �1; �2 are simple. Since deg SðXÞ ¼ 4 and the number of imaginary roots of SðXÞ is even, the

sum of multiplicities of �1 and �2 is 2 or 4. If both �1 and �2 are double roots, then SðxÞ > 0 for �1 < x < �2. This
contradicts (61). By Lemmas 28, 29 we have S00ðxÞ 6¼ 0 for �þ � x � �þ þ 1. Thus neither �1 nor �2 is triple. �

Lemma 32. We have Lð�þÞ � 0 and Mð�þ þ 1Þ � 0.

Proof. We have

Lð�þÞ ¼
�1hþ �2

4
;

where

�1 ¼ �2rðr � uÞ þ u < 0;

�2 ¼ 4r4 � 8r3uþ ð4u2 � 4u� 2Þr2 þ 2uð2uþ 1Þr � u:

Since

�21h
2 � �2

2 ¼ 4rðr þ 1Þuðuþ 2Þðr � uÞðr � u� 1Þ � 0;

we have Lð�þÞ � 0. Also, we have

Mð�þ þ 1Þ ¼
�3hþ �4

4
;

where

�3 ¼ 2rðr � uÞ � u� 2 > 0;

�4 ¼ �4r4 þ 8ur3 � ð4u2 � 4u� 6Þr2 � 2uð2uþ 3Þr � u� 2:

Since

�23h
2 � �2

4 ¼ 4rðr þ 1Þuðuþ 2Þðr � uÞðr � u� 1Þ � 0;

we have Mð�þ þ 1Þ � 0. �

Lemma 33. We have �1 < 	 <  < �2.

Proof. Suppose that 	 � �1. By (i) in Lemma 19 we have Lð	Þ ¼ 0. By (i) in Lemma 21 we have Lð	Þ2 � Sð	Þ
4

, and by
Lemma 31 we have Sð	Þ

4
� 0. Hence Lð	Þ2 ¼ Sð	Þ

4
¼ 0. This contradicts (41) and Lemma 32.

Suppose that �2 � . By (i) in Lemma 20 we have MðÞ ¼ 0. By (ii) in Lemma 21 we have MðÞ2 � SðÞ
4

, and by
Lemma 31 we have SðÞ

4
� 0. Hence MðÞ2 ¼ SðÞ

4
¼ 0. This contradicts ð42Þ and Lemma 32.

We have
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MðxÞ � LðxÞ ð62Þ

for x 2 R by ð26Þ. The inequality 	 <  follows from (62), (i) in Lemma 19, and (i) in Lemma 20. �

Let

A ¼ ð�rs; �1	; ð63Þ
B ¼ ½�2;1Þ: ð64Þ

Lemma 34. We have the following:
(i) SðxÞ � 0 for x 2 R holds if and only if x 2 A [ B.
(ii) For x 2 A [ B,

(a) MðxÞ �
ffiffiffiffiffiffi
SðxÞ
p

2
� LðxÞ holds if and only if x ¼ �þ þ 1,

(b) MðxÞ � �
ffiffiffiffiffiffi
SðxÞ
p

2
� LðxÞ holds if and only if x ¼ �þ.

Proof. (i) This follows from Lemma 31 since the leading coefficient of SðXÞ is positive.
(ii) (a) Suppose that MðxÞ �

ffiffiffiffiffiffi
SðxÞ
p

2
� LðxÞ holds. Since LðxÞ � 0, by (ii) in Lemma 19 we have 	 � x. Since

x 2 A [ B, by Lemma 33 we have x 2 B. Hence  < x. Then by (ii) in Lemma 20 we have MðxÞ � 0. Hence
MðxÞ2 � SðxÞ

4
. By (ii) in Lemma 21 we have x ¼ �þ þ 1.

Conversely, suppose that x ¼ �þ þ 1. By (ii) in Lemma 21 and Lemma 32 we have Mð�þ þ 1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sð�þþ1Þ
p

2
. Since

�rs < �þ þ 1 by (ii) in Lemma 17, by ð26Þ we have Mð�þ þ 1Þ < Lð�þ þ 1Þ. Therefore Mð�þ þ 1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sð�þþ1Þ
p

2
<

Lð�þ þ 1Þ.
(ii) (b) Suppose that MðxÞ � �

ffiffiffiffiffiffi
SðxÞ
p

2
� LðxÞ holds. Since MðxÞ � 0, by (ii) in Lemma 20 we have x � . Since

x 2 A [ B, by Lemma 33 we have x 2 A. Hence x < 	. Then by (ii) in Lemma 19 we have LðxÞ < 0. Thus LðxÞ2 � SðxÞ
4

.
By (i) in Lemma 21 we have x ¼ �þ.

Conversely, suppose that x ¼ �þ. By (i) in Lemma 21 and Lemma 32 we have
�

ffiffiffiffiffiffiffiffi
Sð�þÞ
p

2
¼ Lð�þÞ. Since �rs < �þ by

(ii) in Lemma 17, by ð26Þ we have Mð�þ þ 1Þ < Lð�þ þ 1Þ. Therefore Mð�þÞ <
�

ffiffiffiffiffiffiffiffi
Sð�þÞ
p

2
¼ Lð�þÞ. �

For the remainder of this section, we assume that W defined by ð1Þ is a complex Hadamard matrix for the case
r þ s > 0. By (i) in Lemma 34 and (i) in Lemma 11 we have k 2 A [ B by ð63Þ and ð64Þ. By (ii) (a) and (b) in
Lemma 34 and (ii) in Lemma 11 we have k 2 f�þ; �þ þ 1g, that is, k ¼ �rsþ hþ�

2
, where � 2 f�1g. Then by (38) we

have h 2 Z. By (ii) in Lemma 8 and Lemma 27 we have

4s2 � 1 � �ð2sþ 1Þr þ 2þ
2 ðrÞ
hþ 1

: ð65Þ

Since

0 <
2 ðrÞ
hþ 1

(by Lemma 26)

� ð2sþ 1Þðr þ 2s� 1Þ � 2 (by (65))

< ð2sþ 1Þðr þ 2s� 1Þ;

we have r < �2sþ 1. Then by Lemma 25 we have �ðrÞ < 0.
By (65) we have

ð2sþ 1Þðr þ 2s� 1Þh > 2 ðrÞ � ð2sþ 1Þðr þ 2s� 1Þ
¼ �ðrÞ (by (54))

> 0 (by Lemma 26):

Since

0 < ðð2sþ 1Þðr þ 2s� 1ÞhÞ2 � �ðrÞ2

¼ �4ðsþ 1Þðr þ 1Þ�ðrÞ;
we have �ðrÞ > 0. This is a contradiction. Therefore there does not exist such a complex Hadamard matrix.
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