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1. INTRODUCTION

Let n > 1 be an integer, r1,...,r, be real numbers with vy > ro > ... >7r, >0,
ai,...,a, be positive numbers, cg > 0. In case n = 1, we assume r; > 0. Consider

the linear delay differential equation
(1.1) B(t)=—-a) az(t—r)
j=1

with a real parameter o € (0, o).

The natural phase space for Eq. (1.1) is C = C ([-r1,0],R), the space of all
real valued continuous functions defined on [—r1, 0] equipped with the supremum
norm ||-||. For each ¢ € C, there exists a unique solution z¥ : [—ry,00) — R with

x?(t) = ¢ (t), —r1 <t <0.
EJQTDE, 2011 No. 36, p. 1


https://core.ac.uk/display/42933992?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

The characteristic function for (1.1) is
n
A(z,a) =z+a2aje_”z, ze€C, 0<a<ap.
j=1

The zeros of the characteristic function are the eigenvalues of the generator of the

strongly continuous semigroup defined by the solution operators
Tt):Co>p—afeC, t>0,

where the segment zf € C, t > 0, is defined by 7 (s) = 2% (t + s), —r; < s <0.
We assume that the following hypothesis holds throughout the paper.

(H1): For a = ay, there exists a unique pair of purely imaginary and simple
eigenvalues vy, —ivg with 19 > 0. There exist a; € (0, ap) and v < 0 such
that for all & € [, o), there is a unique complex conjugate pair of simple
eigenvalues A = A (@), A = A(a) in {z € C: v < Rez < 0} with

lim ReA(a) =0 and lim ImA(a) = 1.

a—og a—ag

For a € a1, ap), all the other eigenvalues are found in {z € C: Rez < ~}.
For each a, the fundamental solution of Eq. (1.1) is the function X (-, @) : [—r1,00) —
R with initial condition
0 if —rm <t<oO
1 ift=0,

(1.2) X (t,a) =

that satisfies
n t
(1.3) X(t,a)zl—aZaj/X(s—rj,a)ds
j=1 70

for all ¢ > 0. It is clear that X exists uniquely, X |[0100) is continuous and X |(T1700)
is continuously differentiable. It is well known [9] that [} |X (t,@)|dt < oo pro-
vided Rez < 0 for all zeros of A (z, ). Our aim is to give explicit estimations for
ST 1X (t, )| dt.

The integral [;*|X (t,a)|dt has a role via the variation-of-constants formula in
perturbation results. For example Eq. (1.1) can appear as the linear variational
equation at a stationary point of a nonlinear delay differential equation. If the
solution z = 0 of Eq. (1.1) is asymptotically stable, then the stationary point of the
original nonlinear equation is locally attracting. Integral fooo | X (t, )| dt plays an
important role in the estimation of the attractivity region of the stationary point
[7, 9].
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The technique applied to estimate [, |X (t,«)|d¢ contains a splitting of the
spectrum by the vertical line Rez = v < 0 so that there is no eigenvalue on Rez = ~.
Then the phase space can be decomposed as C' = P @ ), where P is the realified
generalized eigenspace of the generator corresponding to the spectrum in Rez > v,
and @ is the realified generalized eigenspace corresponding to the spectrum in Rez <
~. The solution operator T (¢) is easily estimated on P as it is finite dimensional.
On Q it is well known that |7 (t) || < M () €7t ||| holds for all p € Q and ¢t > 0
with some constant M (y) > 1. An explicit upper bound for M (v) is crucial in
our estimation for [;°|X (¢,@)|dt. Giving an optimal upper bound for M (v) is
also interesting in the construction of invariant manifolds, in particular when the
size of the manifolds is of key importance. E.g., in order to prove that the local
attractivity of 0 implies global attractivity for Wright’s equation, the estimates for
M (7) of this paper are used to find bounds for the size of a center manifold [11].

Although the estimates for [~ |X (t, )| dt seem to be a fundamental technical
issue, as far as we know, not much is known except for the results of Gyéri and
Hartung in [5, 6, 7]. In the single delay case n = 1 their estimates are sharp for
small values of «, but not for « close to the critical value ay.

This paper is organized as follows. We present the results in Section 2. Section
3 estimates the location of the leading pair of eigenvalues. Sections 4 contains
the proofs of the first three theorems. For the single delay case (Theorem 2.4) a
different proof is given in Section 5 yielding a sharper result. An example is shown
in Section 6 with two delays. Section 7 presents two applications of the results for

perturbed equations.

2. MAIN RESULTS

Note that

AL (N a) = %A Na)=1-— aZajrje_”)‘,
j=1

and for A = p + iv,
n 2 n 2
|AL (A, a)|2 = <1 -« Zajrjefrj“ cos (le/)) + <aZajrjeTj“ sin (rju)> .
j=1 j=1

According to the results [5, 6] of Gyéri and Hartung,

> 1
/ X (t,a)|dt =0 [ ———
0 (o — @)
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Our first theorem gives a sharp asymptotic estimation for [;*|X (¢, )| dt as o —
ap— implying that fooo | X (t,a)|dt = O ((ao — 04)71).

Theorem 2.1. Under hypothesis (H1)

4147, (ivg, ao)|

lim (ao—a)/ IX (t a)| dt =
a—og— 0

Ty (2?21 a;jr;sin (rjuo)) (2?21 aj sin (rjyo))

From the application point of view it is more important to give an explicit upper
bound for [;|X (t,a)|dt on interval [y, ap). This is contained in the next result
in terms of a, A = A (a), p = p () = ReA (a) and v = v (a) = ImA (o) guaranteed
by (H1).

Theorem 2.2. Under hypothesis (H1)

o0 2wV (147 v7) max {L; (o), La (o) }
s R T e =

for all aq < a < ag with

1 wo 8 /WU dUJ
2.1 Li(a) = oS Aero o) <
( ) 1( ) 271 ( 2 ) <w0 0 |A(7+iw,a)|2>

n
wo = 2 E aje” "7,
Jj=1

and

. 2
2.2 Ly (a) = e 0 [eromiXiaa o —— — :
22 (o) = (e Ei s ) <o

We are going to check that the upper bound given by Theorem 2.2 is sharp in
the sense that this upper estimate multiplied by (g — «) has the same limit at
ap— as function (ap — @) [° | X (t, )| dt.

There is a need for easily computable upper bounds. Our next aim is to give an
estimate that is independent of A = A («) .

For simplicity, set ¢; = 1+ ag>_ _, a;rj. For each § € (0,7/(2r1)), set ¢z =
¢2(0) = ayrysin(r16) > 0 and fix K = K (6) > 0 so large that
2c3e Y

20
holds. We will need the following additional hypothesis besides (H1).

(H2): There exists § € (0,7/(2r1)) such that for all @ € [, ], we have
§ <ImX < 7w/r; — 4 and

K>

2, ,—r1y
2cie <K(5).

O<————-~ =
625 + C10q ReA
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The upper bound given by the next result is not sharp, but it is independent of
A=A(a).

Theorem 2.3. If (H1) and (H2) hold, then
—276%“ (1 + e%“) max {il, 1:42} (g — 1)

a1C20 (1 - e%“) i -

(ap — a)/ | X (t,a)] dt < K (9)
0
for all ay < o < o, where L = SUP,, <a<aq L1 (@), L1 (@) is defined by (2.1) and

EQ —e M1 (eaoﬁ P + 2 ) .

Q1C2

The particular case n =1, r; = 1, a1 = 1 is of special interest as equation
(2.3) z(t) = —ax(t—1)

is the simplest delay differential equation, and it appears as a linearization of famous
equations of the form & (¢) = f (z (¢t —1)). However, surprisingly, little is known
about [, |X (t,a)|dt even for this simple case when « ~ ay.

Theorem 2.1 is a generalization of a result of Krisztin in [10] saying that for this

° 44 2
lim (g—a)/ X (ta)dt = Y25 s,
0

a—Z— T2

equation

The result of Theorem 2.3 can be substantially improved for (2.3). This is essential
in the estimation of the attractivity region of z = 0 for the Wright’s equation for «

near the critical value 7/2, see [2].

Theorem 2.4. If X (-, «) : [-71,00) — R is the fundamental solution of Eq. (2.3),
then

(5-9) /OOO|X(t,a)|dt§1.93+5.99<g—a) for a € [gg)

We remark that the upper bound given in [5, 7] for the integral of the fundamental
solution of Eq. (2.3) is sharp only for small « > 0, in particular for o € (0, 6’1}.

3. THE REAL PART OF THE LEADING EIGENVALUES

It is of key importance to understand the behavior of ReA («) near the critical

value ayg.
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For all z=u+iv € C and a < aq, set

g (u,v,a) = ReA (u+iv,a) =u+« Z a;e”"% cos (rjv),
j=1

h(u,v,a) = ImA (u+iv,0) =v — « Z aje”"7"sin (r;v).
j=1

Then g and h are smooth functions with the following partial derivatives:

a n
3.1 99 wv,a)= 2 (yv,a)=1-a a;rie” "% cos (r;v),
9u D0 iTj j
j=1
a n
(3.2) a—i (u,v,a) = —% (u,v,a) = —aZajrje_”“sin (rjv),
j=1
a n
3.3 29 U, V, ) = a;e” "% cos (rv),
aa J J
j=1
oh =
3.4 — (u,v,) = — a;e” " gin (r;v) .
aa J J
j=1
Note that

= 0 0
(3.5) A (z,a) =1— a;ajrjefw = a—z (u,v,a) — za—i (u,v,0) .

If o = p(a) = Red () and v = v (o) = ImA (), where X is the leading eigen-
value in (H1), then g (u,v,a) = 0 and h(u,v,a) = 0 for all o3 < a < ap. In
particular, g (0, v, ag) = 0 and h (0, v, ) = 0.

By condition (H1), A («) is a simple zero of A (), ), that is

(3.6) ALl = (5 (u,u,a>>2 + (3 (u,u,a>>2 >0

for all a; < a < ap with a lower bound independent of a.

The smooth dependence of ¢ and v on « is easily guaranteed.
Proposition 3.1. Assume that condition (H1) holds. Then u and v are C*-smooth
functions of a on a1, ap) with

o) 0 [¢)
52 (v, 0) 52 (v, 0) — 52 (n,v,0) 5% (p,v,q)

(3 o))+ (% )’

Proof. Choose « € [aq, o] arbitrarily. As g (u, v, ) =0, h(u,v,a) =0, and
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ag ( ag 2 2
pv,a)  F(pv, ) (59 ) (59 )
det v == (v« + | = (p, v, 0
( E(wrv,a) G (p,v,a) ou 1) oo 1)) 7
by our initial assumption, the Implicit Function Theorem yields the first assertion.

Differentiating the equations with respect to «, we get

% Y+ Y R _
au(:u‘vyaa)ﬂ (Oé)+av(/l,y,04)y(Oé)‘i’aa(lu,l/,a)—o,
Oh

h h
O (v (@) + 2 (1,00 (@) + O (1, v.0) =0,
from which the formula for ' (o) easily follows. O
Corollary 3.2. If (H1) holds, then

lim ' (o) = ao (Zy:l a;7; Sin (TJUO)) (E?:l a; sin (ijo)) '

a—ao— A (ivg, o)

Proof. By hypothesis (H1), limy—q, A (@) = ivg. Proposition 3.1 with (3.1)-(3.5)

and relation

ag (0 o, CYO)
0 (0, vo, o) Z aj cos r]uo o =0
gives the statement of the corollary. O

If v is bounded away from 0, and || is sufficiently small for all «, then we give an
upper bound for (g — @) / |p («)|. The following corollary is needed in the proof
of Theorem 2.3.

Corollary 3.3. Suppose that (H1) and (H2) hold. Then
a—a
p(e)
Proof. Proposition 3.1 gives

—a—g( U, Q) ——( Uy Q) Z( ,u,a)—g( Vs Q)
,u’(a:( A )( . )~ ! o 1 , @€ |ag, ).

2 2

(82 (mvia)) + (- 82 (w v )
Using this result, we give a positive lower bound for p' (), a € [, ). Tt clearly
follows from (3.1)-(3.2) that for all « € [aq, o],

0
89 (, v, ) (1 + aZaJ ) M < cre”
U

a n
6_9 (v, ) > —« g a;rje” " > —cie
U
i=1

O < K(8) for each a € [0, aq).
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and .
9g —r —
fa—(u,y,oz) <|a«a E a;r; |e”"H < crem M,
v
=1

with constant ¢; introduced before Theorem 2.3. Note that if (H2) holds, then
sin (r;v) > 0 for all j € {1,...,n} and sin (r1v) > sin (1 J). Hence
0

76—9 (/’L; v, O[) Z OéalTlele# sin (le) Z 040267701#‘ > 0,
v
where co = aq7 sin (r16). Equations (3.3), (3.4) with g (u, v, ) = 0and h (u, v, ) =

0 give that
3 - oh
G (o) =5 and = 50 (rva) = 2.

Therefore
acge” ML — crem M1
2c3e=2rn

p (@) >

colV + Cq1 oflu
=T for o € [aq, ap)
Conditions given in (H2) now yield

20 + clal_lu 1
2cie1Y K (6)

p () >

The Lagrange Mean Value Theorem implies that for each a € [a1, avp),

—p(a) = p(ao) = p(a) = p' (§) (a0 — )

with some o < £ < ap. Thus the previous result implies—p (@) > (g — @) /K (0)

for all & € [av1, ), and the proof is complete. O

4. THE PROOFS OF THEOREMS 2.1-2.3

Under hypothesis (H1), the phase space C' = C ([-71,0],R) can be decomposed
as C' = P®(Q into the closed subspaces P and @), where P is the realified generalized
eigenspace of the generator associated with the leading eigenvalues A = u + iv,
X =y —iv, and Q is the realified generalized eigenspace associated with the rest
of the spectrum of the generator. Subspace P is spanned by e/ cos (vt) ||, o] and
et sin (vt) [y, ), therefore dim P = 2. Both P and @ are invariant subspaces for
the solution segments of Eq. (1.1) in the sense that if x : [—r1, 00) — R is a solution
of Eq. (1.1) and zp € P (Q) for some T' > 0, then z; € P (Q) for all ¢ > T.

The decomposition C' = P & @ defines a projection Prp onto P along @ and a

projection Prg onto ) along P.
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For all @ € [aq, ] , set functions p(-, «) : [-r1,00) — R and ¢(-, &) : [—71,00) —

R by
Z Res t>—r

and ¢ (t,a) = X(t,a) — p(t,a), t > —ry. For simplicity we also use notations
p=p(-,a) and q:q(~,a). As

Z et et At
Res = + = =2Re———=
AL (A ! AL (N )
AN z( 7a) Az()\7a) z( 7a)
p(, @) : [-r1,00) — R is a solution of (1.1). Thus it follows from the definition of

X (-, «) that t = 0 is the only discontinuity of ¢(-, «), it is differentiable for ¢ >

and satisfies
q(t,a) = ¢q(0, @) aZa]/ —rj,a)ds fort > 0.

It is a well known result (see [4] of Diekmann et al.), that p;, = PrpX; € P for
all t > rq, hence ¢; € Q for all t > r;. Moreover, formula
1 T eiwt
t,a) = —e’ i —d
q(t, ) 27Te L A +iwa) w

holds for all ¢ > 0 by the Laplace transform technique [4, 9]. In order to estimate
Jo7 1X (t, )| dt, we estimate [ |p (¢, )| dt and [ |q (£, )| dt.

Proposition 4.1. Under hypothesis (H1)

o0 21/6_%” (1 +e_%”)
t a)|dt < .
J, el AL (v a) [ G2 1 07) (1 e57)

for all an < a < ag. Furthermore,

lim (ap — a) /000 |p (t, )| dt =

a—ag—

4|AL (ivo, o)
Tag (2?21 a;r; sin (rjuo)) (2?21 a; sin (rjuo))

Proof. For all « € [a1, ] and t > —rq,

t.a) =
p(7a) )\,a)
26‘“5
4.1 = cos(wt) |1 —a )y ajrje "7 cos(r;v
(1) |A,M|2{ ) Z 50))
+ sin (vt) < Zajrj i sin (rjv )>}
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Since for all A,B € R with 4% + B®> > 0 we have Acos(vt) + Bsin(vt) =
VAZ + B2sin (vt + n) with 5 € [—7, ) satisfying
sinn = ———— and cosn = L,
A%+ B2 VAZ + B?
we obtain that there exists n =7 (a) € [—7,7) such that
0) = 2 #tSIH(thLT])
AL (A a)l”
Choose 0 < t1 < ty < ... < t, < ... such that vt; +n = jm for all j > 1.
Then sin (vt +n) > 0 for all t € (t2;,t2541), 7 > 1, and sin(vt+1n) < 0 for all
t € (toj_1,t25), j > 1. With this notation,

(4.2) p(t, a € [ar,ap], t > —ry.

| e - _Z(A)J’/t”lp(t,a) a

Jj=1 7
o0 tit1 )
= e sin (vt +n) dt
AL (X )] )\ a)| ]2 /

L 0
e "

92 G+1)m g
= A o) |1/Z —1 / e ®sin sds.

T

Since

®
By o, vievs W,
ev’sinsds = — 5 (= sins —coss),
we+ve \v

o0 Qe v (e%” + 1) <.
p(t,a)|dt = evI™
[, e = G 2

it follows that

B Que= v (e%“ + 1) erm
AL a)[ (2 )1 —ebT

for all a1 < a < ag.
In addition,

t1
| pta)a
0

2 h .
m /O e”t |Sln (Vt + 77)| dt

2 —%n 0 ) ™
< /67 {/ e%‘ssinsds+/ e%ssinsds}
|Az ()\,O()|l/ - 0

2ue= U (e%7r +2+ e’%’r)
|AL (A, )| (u* +1v2)
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As

B Bo o
ev ev™ 4+ 1 1 v
T+ 2+e v + ( ) _Lte :

1—ev™ 1—ev™

the last two results with n € [—m, 7) give the first statement of the proposition.

It is clear that fot ' |p (¢, )| dt is bounded with an upper bound independent of

o. Hence
lim (ag — a)/ p(t,)|dt = lim (v — @) / Ip (¢, )| dt
a—og— 0 a—og— t

4 . g — « —Lr
= 11m .
|Ag (’L'l/o,Oé)|7TOt*>a0* —u 1—@%7"

As limg o (—2) /(1 —¢€*) =1 and —p = p/ () (ap — ) with some ¢ € (a, ap),

we obtain that

> 4
li — t dt = .
c—vap— (2 a)/o Ip (& @) |AL (ivg, )| mlimg - 1 (@)
Now Corollary 3.2 yields the second statement of the proposition. (I

It is a well known result that for each « there exists a constant L () > 0 such
that |q (t,a)] < L («) e for all t > 0, see [4, 9]. Next we construct an upper bound
for |¢ (¢, )| that is independent of .

Proposition 4.2. If hypothesis (H1) holds, then |q (t,a)| < max {L1 (a), Lo ()} €7*
for allt > 0 and o € [y, ], where L1 = Ly () and Ly = Lo («) are given by
(2.1) and (2.2), respectively. Consequently,

[ty < et e) L @)

for alla € [a1, ] -

Proof. Recall that for « € [aq, o] and t > 0,

et T eiwt
t =—1 ——d
a(t;a) Qngnoo/TA(v-i-iw,a) “

where A (y +iw, ) = v +iw+a i, aje”"10F @) Partial integration gives that

/T eiw% do— [iwt 1' }T +/T eiwté; (’Yfiw’a)dw_
_r A(y+iw, ) it A(y+iw,a)| _p J_op tA%2(y+iw, )

Since |A (v + iw, )| — oo as [w| — oo and |e™*/t| = 1/t for all t > 0, we conclude
that

q(t,a)= 5 lim

dw fi € , dt>D0.
T T—oo J_p tA? (v + iw, a) w for a € [ag, ao] an
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Hence

vt n S d
lg (t, )] < ;—m (1 + aZajTjerﬂ) / w

j=1 oo |A (7 +iw, )P
It is clear that

n n
|A (7 +iw, )| > |y + iw| — aozaje_Tj’Y =2 +w? - aOZaje_m >

j=1 j=1

| &

if w>wo=2ap> " ,a;e 7. Therefore
0 02.5=1%

/°° dw B 2/°° dw
oo |A (7 +iw, @) 0 Ay +iw,a)
wo o0
<2 / —du.; 5 +/ %dw
0o |A(y+iw,a) wo W

8 wo dw
wo o Joo |A(y+iw,a)l
Thus for t > ry and «a € [aq, ap], |q (¢, @)| < L1 (o) €', where L; (o) is defined by
(2.1).
We also need an estimate for ¢t € (0,71). It is clear from (1.2)-(1.3) that

n t
|X@@hu+<%§)Q/WX@MMateMnLaqmaw
j=1 0

thus | X ()] < exp (aorl > aj) for t € [0,71] and « € [a1, 0] by Gronwall’s

Lemma. From (4.2) we see that

2
lp(t, )| < Aol for t € (0,71) and « € [y, ] ,
and this upper bound is finite by (H1). Hence |q(t,a)] < | X (#)| + [p(t, )] <
Ly (a) e for t € (0,71) and « € [aq, ap] with Lg («) defined by (2.2). O

Proof of Theorem 2.1. Proposition 4.2 implies that fooo |g (¢, )| dt is bounded
on [aq, ap]. Therefore Theorem 2.1 follows directly from the facts that X (¢, ) =
p(t,a) + q(t,a), t > —r1, o € a1, apl, and that the same limit holds for

@rﬂﬂémmaﬂﬂﬁa

see Proposition 4.1. O
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Note that if n =2, 1 =1, 73 =0, a1 > a2 > 0 and hypothesis (H1) is satisfied,

then
a2
ajcosvg+as =0 and sin?rp=1—coslyy=1— —g
a
1

Hence Theorem 2.1 implies

44/1 — 2apay cos vy + aa?
= . 2
oy (ar sinvp)

_ 4\/1 + 2apas + ada?

lim (ag — a) /000 | X (t, )| dt

a—oag—

e (af — a3)

Proof of Theorem 2.2. The upper bound for fooo | X (t, )| dt in the theorem is
simply the sum of the upper bounds for [ [p (t,a)|dt and [~ |¢ (t, )| dt given by
Proposition 4.1 and Proposition 4.2, respectively. [J

As we have already mentioned, the upper bound given by the Theorem 2.2 is
sharp for parameters close to the critical value aq: the upper estimate multiplied by
(g — @) has the same limit at cp— as function (o — @) fooo | X (t, )| dt. Indeed,

as

—p =" (&) (o — ) with some £ € (o, 9) and  lim =1

z—0— 1 — e® ’

we see that

we v (1+e v Ly, L
lim (o — @) e (Ler) m +max{ 1, La)
po- MOl e 1-eF) T
i 202 v (1+e o) <a0a>< —Lr >
= lim B
azao— [AL (A Q)| (2 + )7\ —p 1—evrm

4
AL (ivg, )| T aag— W ()

3

which limit is the same as given by Theorem 2.1, see Corollary 3.2.

Proof of Theorem 2.3. Assume that not only hypothesis (H1) but also (H2) is
satisfied. In this case 6 < v < w/r;—¢ for all @ € [ay, o], hence sin (r1v) > sin (r10)

and sin (r;v) > 0 for all « € [a1,a0] and j € {1,...,n}. In consequence,

(4.3) AL (A o) =

n
g
! g a;rje” " sin (rjv)| > aqey  for all a € (a1, ag]
Jj=1
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with ¢a = ayry sin (r1d). Also, u > v and
o — O
1

< K () for each a € [ay, )

by Corollary 3.3.
With Proposition 4.1, these estimates imply that
o0 Iz 2, —Lx — L
ap — « —=T 2vce v (1—|—e u)
Qg — « t,a)|dt < 4
oo [ weaiar< (25 (=55 ) Samrami
—Lr ) 2737 (1 + 6_%”)

1—ev™

IN

K@(

for all @3 < a < ag. The function z — —z/ (1 —e®) is strictly decreasing on

T C2

(—00,0), hence
—Lr —Ir

1—ev™ 1—es™

|2

and
ol

—276_%” (1 + 6_6”)

a1C20 (1 — e%“)

<ao—a>/O°° Ip(t, )| dt < K (6)

for all a1 < a < «y.

In addition,

n 2 n 2 ~
1’ — o1 [ om0 ay < o1 [ poT1 T a _—
= (o + o) << (¢ Fa) T

for all a1 < a < agp.

With Proposition 4.2 now we deduce that for all a1 < a < ag,
(%—m/ W@MMM&%—M/
0 0

—276%“ (1 + e%“) max {Ll, Iig} (g — 1)
+ ;
1620 (1 — e%“) —y

o0

|p<t,a>|dt+<ao—a>/0°o|q<t,a>|dt

< K (0)

where L = sup,, <, <. L1 () and L; («) is defined by 2.1). O
a1sSasap

5. THE PROOF OF THEOREM 2.4

For Eq. (2.3) and o > 1/e the eigenvalues are simple and appear in complex
o0
J

conjugate pairs ()\j,)\_j) _o With
Redg > ReA; > ... >Re\j —» -0 (j — o0)

and
Im); € (2§, (2j+1)7w) forall j > 0.
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In coherence with the previous sections, A = p + iv and A\ = p — iv denote the

leading eigenvalues \g and Ag. As they are roots of the characteristic function,
(5.1) p+aoae Hcosy=0 and v—ae *sinv=0.
In [10] Krisztin has verified that for « € [3/2,7/2),

1
—— < <O, 1.54<V<E, [Al] >1, lim p=0and lim V:i,
2 2 a—7— a—F— 2

moreover the real parts of the remaining eigenvalues are smaller than —1.

With equations (5.1) Proposition 3.1 implies

a (e Hsin 1/)2 — (1 — e Hcosv)e Hcosv

!/
1) =
(@) (1 — e cosv)? + (ae—H sinv)?

1P+ (4 pp
For all a € [3/2,7/2], v > 1 and —0.25 < (1 + p) u < 0, hence 0 < ' (o) < 1/«
As —p(a) = ¢/ (&) (m/2 —a) for all « € [3/2,7/2) with some & € (a,7/2), we
obtain that

(5.2) a€[3/2,7/2.

—u(a) < % (g - g) < % <g - g) <005, a€3/2,7/2).

We mention that numerical approximation yields p > —0.033 for all « € [3/2,7/2),
thus conditions (H1) and (H2) hold with v = —0.1, § = 1.54 and K = 15. According
to Theorem 2.3, [ |X (t,a)|dt < 29.

In this section we give a better estimate without using any numerical approxi-
mation.

Relation (4.1) and equations (5.1) imply that

(5.3) AL\ )| = /(14 p)* + 22
and
(5.4) p(t,a) = 2 [(1+ ) cos (vt) + vsin (vt)]

(14w +v2
for t > —1 and « € [3/2,7/2], see also [10].

Proposition 5.1. For each o € [3/2,7/2),

(g - a) /OOO Ip (t, )| dt < 1.93.

Proof. Proposition 4.1 and relation (5.3) implies that for all « € [3/2,7/2) we have
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. 2t (et (Y (b ) (5
(5_04)/0 lp(t, )| dt < TIAL (N @) <u2+v2) (1—6%“)( —H )
Qeﬁ”(1+65”)( —om ) 1

T (1+'U,)2+l/2 17637"

with some £ € (o, 7/2).
As p € [-0.05,0] and v € [1,54,7/2] for each a € [3/2,7/2), it follows from
result (5.2) that

0<;<a max 1+1—1—7,u a € §z
() = (uw)€[-0.05,0]x [1,54,7 /2] 24+ (I4+p)p)’ 272 /)"

The expression on the right hand side is strictly decreasing in v € [1,54,7/2]. In

addition, as

3( L+p )_ V2 — (u+1)°
o\ + (A +pp) 2+ 1+ p) p)’
for (p,v) € [—0.05,0] x [1,54,7/2], it is strictly increasing in p € [—0.05,0]. We

deduce that )

<Tli4+ L) foralac |2 T
W (@) = 2 1542) T ES 199 )

Recall that the function z — —z/ (1 — e®) is strictly decreasing on (—oo, 0). Hence

(5-o) ] W o ) g o
27y P i e \1-e i) 2\ 158

for all o € [3/2,7/2), and this upper bound is smaller than 1.93. O

In order to get a better estimate for fooo lg (t, )| dt, we apply an approach dif-
ferent from that of Proposition 4.2. The fact that there is only one delay is crucial
here.

We use the discrete Lyapunov functional V' of Mallet-Paret and Sell introduced
in [12]. V (p) counts the sign changes of ¢ € C\ {0} if it is an odd number or
infinity, otherwise V (¢) is the number of sign changes plus one. Then V () €
{1,3,...} U{oo}. The map ¢t — V (z;) is monotone nonincreasing along solutions
of Eq. (2.3). In addition, V is upper semi-continuous: for each ¢ € C'\ {0} and
(n)g. C C\ {0} with ¢, — @ asn — 00, V () < liminf, o V (¢n).

Proposition 5.2. For each « € [3/2,7/2] and t > 1, V (q) > 3, that is q has at

least two sign changes on each subinterval [t — 1,t] of [0, 00).

Proof. Suppose for contradiction that V (gs) = 1 for some s > 1. Then the mono-
tone property of V' gives that V (¢;) = 1 for all ¢ > s. By a result of Cao [3] (see

also Arino [1]) and by the Gronwall-Bellmann inequality there exist C7 > 0, Cy > 0
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and tg such that
(5.5) Cullall < llgeall < Callgell for all ¢ > to.
For n > 1 define y" : [-n,00) — R by y" (t) = q¢(n+1t) / |lgn||- Then
() =—ay" (t—1) fort>-n+1,
and
Cully?ll < ||yt ll < Callyll - if n+t > to.
The Arzela—Ascoli Theorem can be applied to find a subsequence (y™*);—, and a

Cl-function y : R — R so that y™* (t) — y (¢), ™ (t) — y (t) as k — oo uniformly

on compact subintervals of R, moreover
y(t)=—ay(t—1) forteR.

As @ is closed, yo = limp_oo yo* € @ with [Jyo|] = 1. In addition, Ci |ly]| <
lye41]] < Ca |ly]| for all ¢ € R. Hence for all n € {0,1,2,...},

— — — — n
[y-nll < CT M ly—nt1ll < CT* ly-ns2ll < ... < OT" llyoll < (1+C7Y)" llyoll-

Let t < 0 be arbitrary and choose integer n so that —(n+1) < t < —n holds.
Then

el < - |+ ly—all < 1+ CT) ly—all < (1+CTH)" Hlyoll-

As
(1+C’f1)" — enin(1+07") L —tin(1+C7)

we conclude that [|y|| < Ae™B for all t < 0 with A = (1+C7") [lyo]| > 0 and
B=In(1+Cy') >0.

Choose ¢ > B so that Rez # —c for all roots of the characteristic function. The
space C has the decomposition C' = Pa Q, where P is the realified generalized
eigenspace of the generator of the semigroup (7' (t)), associated with the eigenval-
ues having real parts greater than —c, and Q is the realified generalized eigenspace
associated with the rest of the spectrum. By [9], there is M > 0 so that

T () || < Me= @] forallt>0and ¢ € Q.
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Let t <0 and o < t. Then

= HT (t —o) Proys

HPTQ%

Mefc(tfa')

IN

’Préyg

IN

M || Pro | e |y,

efc(tfa) AefBa

IN

MHPTQ

- M HPTQH et Ae=(B=o)r _, ¢

as 0 — —oo. It follows that Préyt =0 and y; € Pforallt <0. If subspace P
is trivial, i.e. there are no eigenvalues with real parts greater than —c, then the

previous result implies yo = 0, a contradiction to ||yo|| = 1. Otherwise
n
y(t) =3 AR cos (ImAst + By), ¢ <0,
j=0

for some real numbers Ay, By, ..., Ay, B, and integer N > 0 so that
Ao =X = XA AL AN, AN

are the eigenvalues with real parts greater than —c. The upper semi-continuity of
Vand V(¢) = 1, t > s, combined yield V (y;) = 1 for all ¢ € R. As Im); €
(24, (25 + 1) 7), j > 0, it follows that A1 = Ay = ... = Ay = 0. This means that
yt € P for all t < 0. In particular yo € P, a contradiction to yo € @ \ {0}. This
completes the proof. O

We can use this result to give an explicit estimate for the growth of g on [—1, 00).

In the next proposition |r| denotes the integer part of the positive real number r.

Proposition 5.3. For each a € [3/2,7/2] and t > —1,

k 2
g1 < (5) @ where g= sup lq(s)| and k= | (t+1)|.
2 ~1<s<) 3
Proof. The statement is clearly true for —1 <t < 1/2.
It is enough to show that if
1
to > B and  sup  |g(s)| < m for some m > 0,

SG[to*%,tg]
then

« 3
lg ()] < 5m forall t € |tg,t0 + 5

so we confirm this latter assertion.
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For all tg > 1/2 and t € [tg,to + 3/2], there exists z € [t —1/2,¢t+ 1/2] with
q (z) = 0, see Proposition 5.2. Hence for ¢ € [to,to + 3/2],

[ o

alt—z[  sup  |q(s)]

s€[t—3%,t—1]

g (2)]

lg(t) —q(2)]=a

IN

IN

e
T )
seft—2,t—1]

It follows that
o

« (8] «
sip g <5 s Jg()] < 5 max{m, Sm} = Zm
t€[to+1 to+1] 2 2 2 2

and

! o o !
sup g (t)] < 5 . sup lg ()] < §max{m, §m} = 5m.
tefto+1,to+3] tefto— 3 ,to+1]
The previous statement shows we need an upper bound for g.
Proposition 5.4. For all a € [3/2,7/2], §=sup_;<,<1/2 g (s)] < 1.

Proof. Set a € [3/2,7/2] arbitrarily. Differentiating (5.4) we get

2ekt _
p(t) = RN [(1+ p® + v?) cos (vt) — vsin (v1)]
2 ut 2 2
= 672ucos (vt) prprv tan (vt)| .
(1+p)"+v2 v

Note that as 1.54 < v < 7/2 and —0.05 < p < 0, we have cos (vt) > 0 for all
t € [-1,7/(2v)), and in addition p + p? 4+ v? > 0. It follows that there exists
to € (0,7/ (2v)) such that

2 2
tan (vto) = prp v
1%

p increases on [—1,tg] and decreases on [tg, 7/ (2v)).

Clearly,

2eH

—————[(1+ p)cosv —vsinv] <0
(14w +v2
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as (1+p)cosv < 1 and vsinv > 1.54 - sin(1.54) > 1 for p € (—0.05,0] and
v € (1.54,7/2]. Therefore

2e Py
(1+m)*+v*
As the right hand side is decreasing in v for v € (1.54,7/2] and it is decreasing in
w for p € (—0.05,0], we deduce that

lp(=1)] <

€9-051 54

) < o PR
Pl < o rise <

Also we find that

2(1 2
0<p(0)= ( tm = 5 <L,
(I+p)” +v2 1tV
0<pl) = 2¢” 1 i
<p( )—m[( +M)COSV+VSIHV],
2v < ™ <1
T (1)’ 2 T 095 4 154
and
2 Kto 2 2
p(to) = Mﬁ (14 p) + prp+v, cos (vtg) = 2eM cos (vty) < 2.
7 v

Clearly, p (t) € (—1,1) for all ¢ € [-1,0]. In case o > 1 one has p () € (0,1) for
all t € [0,1]. Otherwise p(t) € (0,2) for all t € [0,1]. Using that ¢ (¢) = —p (¢) for
—1<t<Oandgq(t)=1-p(t) for 0 <t <1, we obtain that g < 1. O

Now we are able to estimate [, |¢ (, @) dt. The bound given by the subsequent
proposition is substantially better than bound 3e? presented in paper [10] and the
bound given by Proposition 4.2.

Proposition 5.5. For each o € [3/2,7/2],

o 2
/ g (t,a) dt < 2T
O 4

Proof. By Propositions 5.3 and 5.4, sup_;<,<1 /2 [q (s, )| < 1forall a € [3/2,7/2],
and |q(t,a)] < (x/4)" for all a € [3/2,7/2] and t > 0, where k is the greatest
integer with k <2 (¢t + 1) /3. Thus

° 1 3 (nx T 2 T\ 3 247

ta)dt<=+20T (—) (—) - .

/0 la ;)] _2+2{4+ i) T\g)t g
0
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Proof of Theorem 2.4. The statement of the theorem follows directly from Propo-
sition 5.1 and Proposition 5.5. [J

6. AN EXAMPLE WITH TWO DELAYS
Consider the linear equation
T
T(t)=—a(z(t—1)4+z(t—2)) with0<a < ——.
()= —a(e(t-1+a(t-2) e
In this case the characteristic function is

(6.1) A(z,a)=z+a(e*+e 7).

For the eigenvalues z = u + v,

(6.2) U+ (e_“ cosv + e~ " cos (2@)) =0
and
(6.3) v— (e_“ sinv 4+ e 2% sin (2@)) =0.

There are purely imaginary eigenvalues +in/3 for « = 7/ (3\/5)

We examine the location of the eigenvalues on the complex plane for 0 < a <
7/ (3V7).

Suppose 0 < o < 7/ (3\/5) and z = u + v is an eigenvalue with v < 0 and
|v| > 7. Then it follows from (6.3) that

2
(e7*[sinv| + e~ " |sin (20)]) < —We_Qu,

3V3

™

3V3

< || <

that is

1. 3v3

< ——In— < —-0.4.
u < 2n > <

It is also known that there is exactly one pair of eigenvalues (/\, X) in the subset
{z € C: |Imz| < 7} of the complex plane, see [13]. Numerical approximation gives
that for each o € [0.58,7/ (3v/3)), there is an eigenvalue A = A () in the rectangle

{z€C: —0.02<Rez <0 and 1.03 <Imz < 1.05},

see Fig. 1.
Hence hypotheses (H1) and (H2) are satisfied with a9 = 7/ (3\/5), a1 = 0.58,
v =—-0.04, 6 = .52 and K = 22. Theorem 2.1 now gives that

2
oo 8\/ 142 ) +2
lim <L a>/ X (£, a)|dt = (1+5%) ~ 0.95.
a—3%=— \ 33 0 V372
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FIGURE 6.1. Curve [0.58,%/ (3\/5)] Sa—A(a)eC

In addition, Theorem 2.3 can be applied, and we get

T o
— — X (t,)|dt < 55
<3\/§ ) /0 Xt )
for all 0.58 < o < 7/ (3\/5) by Theorem 2.3.

7. APPLICATIONS

In this section, let n > 1 be an integer, r1,...,7, be real numbers with r; >
rg > ...>1ry, >0, a1,...,a, be positive numbers, ag > a3 > 0. In case n = 1, we
assume r; > 0.

In papers [7, 8] Gy6ri, Hartung and Turi has studied linear equations with per-

turbed time lags in the form
(7.1) B(t) ==Y aja(t—r;—n; (1),
j=1

where n; : [0,00) — [0, 00) are piecewise continuous functions for all j € {1,...,n}.
Suppose that the 0 solution of Eq. (7.1) with n; =0, j € {1,...,n}, is asymptot-
ically stable. Then using estimates on the integral of the fundamental solution,
they gave sufficient conditions on n; to guarantee the asymptotic stability of the 0

solution of Eq. (7.1). We cite the following result as an example: if

- 1
Zaj limsup |n; (¢)| < - = ;
PR (X5ra) o 1x (1)l at

then the trivial solution of Eq. (7.1) is asymptotically stable.
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We present two more applications in connection with the nonlinear equation

(7.2) §(t)=—ad ajy(t—r;)+ f(ye )

j=1
with parameter a € [, ) and a continuously differentiable nonlinear function
f:C x[a1,ar) — R. We assume the following hypothesis:
(H3): To each a € [av1, o) there correspond positive constants k1 = ki (@)
and §; = d1 («) such that

|f (o, )] < k1 () HapH2 for all a € [a1,ap) and ¢ € C with |¢| < d1 ().

By the variation-of-constants formula, the solution y¥ : [—1,00) — R of Eq.(7.2)

with y¢’ = ¢ satisfies the equation

(7.3) y? (t) = z% (1) +/O X (t—s,a)f(ys,a)ds fort >0,

where ¥ : [—1,00) — R is the solution of the linear variational equation (1.1) with
initial segment ¢ [4, 9]. Using this formula and estimates for the integral of the
fundamental solution, the existence of periodic solutions of small amplitude can be
excluded for Eq. (7.2).

Theorem 7.1. Assume that (H1) holds for the linear variational equation (1.1),
and f : R x [a1,00) — R satisfies (H3). If « € [a1,0) and p : R — R is a

nonconstant periodic solution of Eq.(7.2), then

. 1
T?glé’dp(tﬂ > mm{k1 @ = |X(t,a)|dt’61 (Oc)}.

Proof. Fix a € [aq, o) and let p : R — R be a periodic solution of Eq. (7.2) with

1
A= t)| < mi = ,01 ¢ -
map (1) mm{klfo o }

Then clearly |f (pe, )| < k1 [|pe]|” < k1 A2 for all t € R.
By the periodicity of p, there is a sequence (t,), in [0,00) so that ¢, — oo as
n — oo and |p;, | = A for all n > 0. Then the variation-of-constants formula (7.3)

yields
tn
A=lp(ty)] < |2 (tn)] + klAQ/ | X (tn — s,a)|ds for all m > 0.
0
Hypothesis (H1) implies lim;_,oc 2?0 (t) = 0 [9]. Letting n — oo, we obtain that

A< klAQ/ | X (s, )| ds.
0
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Hence

A> ,

Tk [y | X (8 a)|dt
a contradiction to our initial assumption. (I
For each ¢ € C, solution z¥ : [-1,00) — R of Eq. (1.1) can be expressed in form

n 0
(74) 2% (t) =X (t,a) ¢ (0) —aZaj X(t—r;—s,a)p(s)ds fort>0,
j=0 -7
see [9]. Hence using equality (4.2) and Proposition 4.2, one can determine explicit
constants M = M (o) > 1 and b = b () > 0 such that ||zf| < M ||| e="* for each
t>0.
As a second application, we estimate the stability region of the 0 solution of

Eq. (7.2) in phase space C.
Theorem 7.2. Assume that (H1) holds for the linear variational equation (1.1),
and f: R x [a1, a0) — R satisfies (H3). In addition, suppose that 61 (o) in (H3) is

chosen so small that
2k (o) 01 (a)/ | X (t,a)|dt <1 for all a € [ay, ) -
0

If a € [a1,a0) and ¢ € C with ||p|| < 61/ (2M (@), then for the solution y¥ :
[-1,00) — R of Eq.(7.2) with initial function ¢, lim;_,. y¥ () = 0.
Proof. Set a € [, ) and ¢ € C with ||| < 61/ (2M).

First we claim that |y¥ (t)| < ¢; for all ¢ > —1. Suppose for contradiction that

there is a minimal ¢y > 0 with |y® (to)] = 01. Then the variation-of-constants

formula (7.3) gives that
to
51 = [y (t0)]| < |2 (to)| + / X (0 — 5,0) f (4o )] ds
0

to
< Mg et + kl(sf/ IX (o — 5,0)| ds,
0

where 2% : [—1,00) — R is the solution of the linear variational equation (1.1) with

x§ = . It follows that

5 <1 — it [ 1X (t.0) dt) < Mgl e < Mgl
0

As 1 — k161 [~ |X (t, )| dt > 1/2, we obtain that ||¢| > &1/ (2M), which contra-
dicts our initial assumption. So |y¥ (¢)| < d; for all ¢ > —1.
Set A = limsup,_,, |y? (t)]. The previous step implies that A € [0,d1]. We have

to show that A = 0.
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Suppose for contradiction that A = §;. Choose a sequence (t,), in [0,00) so
that t, — oo and |y¥ (¢t,)| — 61 as n — oco. Then by the variation-of-constants
formula (7.3),

[2%
ly? (tn)| < |x? (tn)] + klcﬁ/ | X (tn — s,a)|ds for all n > 0.
0
Clearly, lim; o ¥ (t) = 0. Letting n — oo, we obtain that
0 < /{:15%/ |X (s, )| ds,
0

that is 1 < k10 fooo | X (s, )| ds, which contradicts the choice of §;. So A < 6.
Suppose that A € (0,61). Sete € (0, V2 — 1) so small that inequality (1 +¢) A <
61 also holds. As before, there exists a sequence (¢,),° in [0, 00) so that ¢, — oo and
ly? (tn)| — A as n — oo. In addition, there is a threshold number T' > 0 so that
y¥ (t) < (1+¢) Afort > T—1. Then hypothesis (H3) implies that | f (yf, )| < k167
for all 0 <t < T, and |f (47, )| < k1 (1+¢)> A2 for all t > T. By the variation-

of-constants formula,
T
7 ()] < 2 (t)| + 1082 [ 1X (00 = s )] ds +
0
tn
ki (14¢)? AQ/ | X (tn, — s,0)|ds
T

tn tn—T
= |z% (t,)| +k15f/ |X (s,0)|ds +k; (1+¢)° AQ/ | X (s,a)|ds
tn—T 0

for all sufficiently large n. Since fooo |X (s,a)|ds < oo for all a € a1, o), we see

that f:"ﬁT |X (s,a)|ds — 0 as n — oo. So letting n — oo, we conclude that
A< by (142)? A2/ IX (5, 0)|ds,
0
that is ) 5
A Z 2 oo > 2
(0 te) [ X (o)l (1+e)
This result contradicts the fact that A < ;.
It follows that A = limsup,_, . |y¥ ()| = 0, and the proof is complete. O

1.

As an example, consider Wright’s equation

(7.5) () = —a (ey<t—1> - 1)

with parameter o € [3/2,7/2). Now the linear variational equation along the 0

solution is Eq.(2.3). For the fundamental solution X of Eq.(2.3), Theorem 2.4
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gives that
()2 - a)/ X (+ )| dt < 2.36
0

for all a € [3/2,7/2).
Eq.(7.5) can be written in form (7.2) with

f:Cx E,g) 3 (p,a) — —a (e“”(’l) —1—<p(—1)) eR.

For a € [3/2,7/2) and ¢ € C with ||¢| < §1 <3,

Flpalsad Lol o lellgm (B)T m 3
¥ =L TE S 3) =43_45 7l

k=0

So (H3) holds with
™ 3
> — .
~43-6
Set 01 (o) = 0.04 and k; (o) = 0.8 for example. Then it follows from Theorem 7.1

that whenever p : R — R is a nonconstant periodic solution of Eq. (7.2) for some
a € [3/2,7/2), then

01 (o) €(0,3) and ki ()

s
¢ >0.52(—— )
max|[p (t)] = 5 @

We note that it is verified in [2] that
2 /m m
2= (5 -a)~064(3 —a).
I?gli{p()_ﬂ(Q a) 0.6 2 ¢

To apply Theorem 7.2, we decrease d1 («) so that
2.36

s

2
for all « € [3/2,7/2); we set §1 (o) = 0.26 (7/2 — «) for each « € [3/2,7/2).

At last we need constants M (a) > 1 and b(a) > 0 such that for the solution
x? : [~1,00) — R of Eq.(2.3), [|27]| < M () ||¢| e for all t > 0.

Recall that for a € [3/2,7/2),

2%t () 61 (@) /OOO X (t,a)[dE < 2-0.8- 61 (a)

0.05<pu<0 and 154<v< g

where p and v are the real and imaginary parts of the leading eigenvalue A = A (@)
in the spectrum of the generator of the semigroup defined by the solution operators
of Eq.(2.3). Hence by (5.4),

2(1+p+v) ut 2(1+%)

— 2 ek < 1.58¢M
(1+p)?+02  ~ 0.95%+1.542

Ip(t,a)| <
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for all @ € [3/2,7/2) and t > —1. In addition, Proposition 5.3 and Proposition 5.4
imply

2(t+1) 241 .
|Q(f,04)| < (E)LS J < (%)3 53 éegln(z)‘t < 1.09¢—0-16t
™

for all € [3/2,7/2) and t > 0. It follows that
IX (t,)| < |pt,a)| + gt a) < (1.58 + 1.09)e" = 2.67eH

for all @ € [3/2,7/2) and t > 0. Recall that X (t,a) = 0 for all ¢t € [-1,0), hence
the previous estimate can be used for all £ > —1.
According to formula (7.4),

0
2% (1)] < IX(t,Oé)Ilw(O)IJrOé/ X (t =1 —=s,0)|[e(s)]ds

-1

< 267 (14 5" [lg] e < 7.08 [lp]

for each ¢ > 0. Therefore we may set M (a) = 7.08 and b(o) = —p(«a) for
a € [3/2,7/2).

According to Theorem 7.2, if ¢ € C with ||¢| < 0.018 (/2 — ), then for the
solution y¥ : [-1,00) — R of Eq. (7.2) with initial function ¢, lim; .. y¥ (t) = 0.
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