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Abstract

In this paper we investigate the step-type contrast structure of a second-order
semilinear differential equation with integral boundary conditions. The asymptotic
solution is constructed by the boundary function method, and the uniform validity
of the formal solution is proved by the theory of differential equalities.
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1. Introduction

We shall consider the existence of contrast structure for the following singularly perturbed
differential equation with integral boundary conditions

2d2?J

y(0, 1) = / (s, 1)) ds, / oy (s, 1))ds, (1.2)

where p is a small and positive parameter, and f : [0,1] x R - R, h; : R - R (i = 1,2)

are C@_functions.
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Singularly perturbed boundary value problems arise naturally in various applications,
and have received more and more attention in recent years. Contrast structures, namely
solutions which have internal transition layers, are initially investigated by using the bound-
ary function method by Butuzov and Vasil’eva in 1987 [1], and have recently been one of
the hot topics in singular perturbation problems; see [2-8], for instance. The step-type
contrast structure of the equation (1.2) with two-point boundary conditions y(0, u) = 3°
and y(1, ) = y' was considered by Butuzov and Vasil’eva [1]. They gave the conditions
which ensure the existence of step-type contrast structure and applied the boundary func-
tion method to construct the corresponding asymptotic solution. Recently, Ni and Lin [7]

proved rigorously the uniform validity of asymptotic solution by using Nagumo’s Theorem.

In 2009, Ni and Wang [8] extended the equation (1.2) to higher dimension and studied

the following semilinear singularly perturbed system

u2yil = fl(yhy% s 7yn7t)7

12y = fo(y1, Yo, - - - Yn, 1),

L2y = fu(Y, Y2, - - -y Yn, b),

subject to the conditions

yk<07ﬂ):y27 k:1727"'7n7
y5(0, 1) :z]l, k=1,2,...,n—1,
n(L ) = 2.
The authors gave the conditions under which there exists an internal transition layer,
and constructed the uniformly valid asymptotic expansion of a solution with a step-type

contrast structure.

To our knowledge, contrast structures of singularly perturbed problems with integral
boundary conditions have not been investigated. Boundary value problems with integral
boundary conditions have significant applications in thermal conduction [9], semiconductor
problems [10], biomedical science [11], and so on. In [12], Cakir and Amiraliyev studied

the singularly perturbed nonlocal boundary value problem

ey’ +ealt)y —b(t)y = f(t), 0<t<l 0<e<l,

1
y(0) =", (1) =o' + / g(s)y(s)ds, 0<lo<l<l.

0
where 3, y! are given constants, and a(t) > a > 0, b(t) > 3 > 0, g(t) and f(t) are
sufficiently smooth functions in [0, 1]. The authors presented a finite difference method for
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numerical solutions of the problem which exhibited two boundary layers at ¢t = 0 and t = .
In [13], Xie and Zhang extended the above problem to general weakly nonlinear singular
perturbation problems with integral boundary conditions by using the boundary function
method.

The present paper is devoted to investigate the existence of step-type contrast struc-
ture for the problem (1.1)-(1.2). Integral boundary conditions (1.2) can be viewed as the
generalization of two-point and nonlocal boundary conditions. The boundary function
method and the theory of differential inequalities will be applied to obtain the uniformly
valid asymptotic solution of the problem (1.1) -(1.2). The main difficulty different from
the corresponding two-point boundary value problem lies in that the integral boundary
conditions of the two associated problems are coupled, which will be overcome with the aid

of the property that boundary layer functions decay exponentially.

The remainder of this paper is organized as follows. In section 2 we give some assump-
tions and construct the formal asymptotic solution of the original problem. In section 3

the uniform validity of formal solution is proved by the theory of differential equalities.

2. Basic Assumptions and Construction of Asymptotic Solution

Let us begin with two basic assumptions.
[Hi] f:]0,1] xR — R, h; : R —» R (i = 1,2) are C®-functions, and h/(z) > 0.

[H3] The reduced equation f(t,y) = 0 has three isolated solutions ¢;(t) (i = 1,2,3) on
[0, 1], satisfying
of

o1(t) < palt) < alt), %(t,%(t))>o(i:1,3), F(t.eatt) <o

Assumption [Hs] is a so-called stability condition. It follows from the assumption [Hy]
that in the phase plane (y, y’), the equilibria (¢; 3,0) is a saddle point and (9, 0) is a center.
We are interested in the solution of step-type which has a transition from the vicinity of
©1(t) to that of ¢3(t) at some point ¢t = ¢*. That is, for some t* € (0,1) the following limit
holds:

e1(t), 0<t<t,

lim y(, ) =
u=0 w3(t), tr<t<l.

t = t* is called the transition point.

We shall adopt the following strategy which is due to Butuzov and Vasil’eva [1]. We

divide the original problem into the two associated pure boundary layer problems, that is,
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the associated left problem

y Py
dt?

VO0u) = [ O s+ [ s s

y Ot 1) = pa(t),

= f(t,y)), 0<t<tr,

and the associated right problem

2 d?y™)
dt?

= f(t,y™)), t"<t<1,

1

t*
yﬂ@mzjjm@ﬂ@mmw ha(y™ (s, ) ds,
0

t*
y Ot 1) = pa(t):

Considering that the solution y(¢, 1) is smooth at ¢t = t*, it follows that

—(t* = (t* 2.1
() = —— ("), (2.1)

which is the condition determining the position of transition point.

Here the main difficulty different from the corresponding two-point boundary value
problem lies in that the integral boundary conditions of the two associated problems are
coupled. In order to overcome this difficulty, we need to handle these two associated
problems simultaneously, and have the aid of properties of boundary layer functions to

uncouple the boundary conditions.

Let us describe the formal scheme of seeking an asymptotic solution of the problem
(1.1)-(1.2) of the form

7t p) + OOy(ro, 1) + QT y(r, ), 0<t <t

@(t, :u) =
7Dt p) + RPy(m, p) + QWPy(r,p), ¢+ <t <1,

(2.2)

where
T () =67 (1) + s (1) + 12757 (1) + - -
are the regular parts of the left problem and the right problem, respectively,
Ty (. 1) = 105 (o) + Ty 'y (o) + 2105y (o) + - mz%
is the left boundary layer part of the left problem,

QPy(r, 1) = Q5 y(r) + pQ P y(r) + 12 QS y(r) + -, 7=
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are the right boundary layer part of the left problem and the left boundary layer part of

the right problem, respectively, and
t—1
ROy(r ) = Bgy(n) + Ry y(m) + 0By (n) e m= —=
is the right boundary layer part of the right problem. We also seek the asymptotic expansion

of the transition point ¢*:
£ = to+ pty + pPty + -

Substituting (2.2) into (1.1) and equating the coefficients in like powers of u, we get a

recurrent sequence of algebraic equations for the functions y(jF) (t)(i=1,2,...).
f(La? ) =o.

det() 5 of (, = —=(F)
= gy (0970) 570),

&>g5"
dt?

=5 (17 @) 570 + .

sy of
(;2=%Qw '(8)) T (1) + 05,

where géﬁf) are the determined functions of yﬁ’ (0 < i <2k —2). From the assumption

[H,], the coefficients y(jF) can be obtained recurrently. In particular, we have
o =eit), T = palt).
For simplicity, we only consider the approximation of first order for the boundary layer
series. The left boundary layer functions H((f)y(To, p) and Hgf)y(ro, ) satisfy

/ _
d2H( )y (=)
d;_]g f( 7901< )+HO y>7

IKMm:A%mmm@+/hmmw@—w@,

to

1§y (+00) = 0,

and
d2H§7)y 8f (=) (
+o0 0
70 = [ B0 m+/ (1 (00)) Q5 )y () ds
0 [e%)

oo 0
+A W) QS y(s)ds + [ 1y (pa(1) RS y(s)ds,

—00

I y(+00) = 0,
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respectively, where

o9 ) o o ) )
A7 = 5 (0.0000) 4 157y (5700 +5170)) + G (0.610) 4 1)

=5 0.60:0) (370 + 57(0)) - Z OO

Analogously, the right boundary layer functions R(()+)y(71) and R§+)y(71) satisfy the

following boundary value problems

( dQR(JF)y
dTOf :f< sl )
t

and
d2R§+)y af
dr? _8_@/(1’% RGy) By + AL
+oo 0
R0 = [ o) us)ds + [ i) u(s)ds

0
+oo

+/ Hy(03(t0)) Q4 y ds—i—/ i 0" y(s)ds,
0 o0

R{7y(—o0) =0,

respectively, where

ot
=S ) (37 0m + 77 ) - G ()

0 0
Al = 8—; (1, e3(1) + Ré“y) (?H) (D)7 + yﬁ”(l)) L9 (1, wa(1) + Rff@) n

In order to ensure the existence of solutions for the boundary value problems (2.3) and
(2.4), we need the following assumptions. See [3] for their geometrical interpretation.
(=)

H(*) 11 to
dlly y) , let the straight line il 'y _ / hi(p1(s))ds+
0

dTO

[H3] In the phase plane (H(()_)y, y
To

1
/ hi(p3(s))ds intersect the separatrix entering the saddle (0, ¢1(0)) as 79 — +00;

to

dR(+) dR(+) to
[H4] In the phase plane (R(()Jr)y, dg'l Y , let the straight line doﬁ - / ha(p1(s))ds+
0

/ ha(ps(s))ds intersect the separatrix entering the saddle (0, ¢3(1)) as 7 — —o0.

to
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Note that ¢y in the above assumptions is unknown, which is determined by (2.10).

From the assumptions [H;|, [Hy] and [Hs], we have the following estimates of decay-
ing exponentially for the boundary layer functions H((f)y(To), Hgf)y(To), R(()Jr)y(ﬁ) and
By(n),

Lemma 2.1 Under the assumptions [Hy], [Ha| and [Hs], the following estimates

~ dm)
’Hé )y’ < ¢y exp(—K170), dj'o 4 < ¢ exp(—k179), T0 >0,
dR(+)
‘Ré+)y‘ < co exp(KaTy), dj'l 4 < cgexp(kom), 7 <0,

’Hgf)y’ < cgexp(—ksm), 70> 0; ’Riﬂy’ < cyexp(kymy), T <0

hold, where ¢; and k; (i = 1,2,3,4) are positive constants.

Proof. The proof is essential similar to that of [3], and we omit it here.

Let us now consider the right boundary layer of the left problem and the left boundary
layer of the right problem, that is, the interior layer of the original problem. We rewrite

the equation (1.1) into the equivalent system

dz dy
o f(t = = 2. 2.5
poy = fby), po =2 (2.5)
Substituting (2.2) into (2.5), and separate the equations according to the scales t and T,
we obtain
dzF) dyg'™)
p = (LT ), pm e =E,
Q™) e T @) ‘e T
T = J (g 4 pr )+ QTy) — f (4 pr T + )

dQ(ﬂF)y _ sz.

dr

Therefore, the coefficients éjF)y and Q(()qt)z are determined by the following boundary

value problems

4
d (:F)Z
%07_ =f <t07¢1,3<t0) + QSJF)ZU) ;
dQéjF)?/_ (F)
=@ % (2.6)

Q((f)y(o) = @a(to) — 1,3(t0),
Q57 y(Fo0) = QY 2(F00) = 0.
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By the transformations 7 = 7{P (to) + Qy, 2 = 2P (t0) + Q72 = QP 2, the

problem (2.6) becomes
(5

d = f (t07g(:':)) )
dy ¥) e

dr ’
g(:F)(O = 902@0)7

7 (Foo) = p13(to),
ZF) (Fo00) = 0.

—

(2.7)

~—

\

It follows from the assumption [Hs] that there exists a solution of the problem (2.7) for
given ty. In what follows we will give the condition determining ¢y. Integrating the first

two equations in (2.7) we have

@) =2 [

»1(to)

7 (1)

f(toy)dy, [EO@)] =2 / foy)dy.  (28)

v3(to)

(1)

Note that the zero order approximation of the smooth connection condition (2.1) becomes
7 (0) = 2(0). (2.9)

It follows from (2.8) and (2.9) that

3(to)
fw)= [ sty =0, (2.10)
)

1(to)

which is the equation determining the dominant term ¢y of ¢*.
[H4] Assume that the equation (2.10) has a root ¢t =t with I'(to) < 0.

In a similar way, we can also get the expression ¢; which is closely related to the
equations for 7, Qﬁ)y and Qf)z, and the details are omitted here.

Similar to Lemma 2.1, for the boundary layer functions QEJF)y and Q?)z (1=0,1) we

have the following estimates of decaying exponentially.

Lemma 2.2 Under the assumptions [Hy], [Ha] and [Hj], the following estimates

’Qé_)y(T)’ < c5exp(ksT), Qé_)z(r) < csexp(ksT), T <0,

@y < coexpler),  |QU2(0)] < esexplisr), T <0,

)Qéﬂy(T)) < crexp(—krT), Qé+)2(7') < crexp(—kyT), T >0,

§+)Z(7') < cgexp(—kgT), T>0

y(r)] < es exp(—rsr),

hold, where ¢; and k; (1 =5,6,7,8) are positive constants.

EJQTDE, 2010 No. 62, p. 8



3. Existence of Step-type Solution

In this section we will prove the existence of step-type solution for the original problem

and give the estimate for the remainder term.

Theorem 3.3 Under the assumptions [H1]—[Hy|, there exists a step-type contrast structure
solution y(t,p) of the problem (1.1)-(1.2) for sufficiently small u > 0. Moreover, the

following asymptotic expansion holds

o1(t) + 5y (7o) + Q5 )y(T) + O(p), 0 <t < to+ pty;

(3.1)
wa(t) + RS y(n) + Q5 y(r) + O(n), to+pts <t <1.

y(t, pu) =

In order to prove Theorem 3.3 we need the following lemma which is a slight modification
of Theorem 2.2 in [14].

Lemma 3.4 Assume that the assumption [Hq| holds and the continuous functions o(t, p)
and B(t, 1) are of C? class on the intervals (0,ty)U(to, 1) and (0,t5)U(tg, 1), respectively,

having the following properties

(1) aft,p) < B(t,p), te](0,1];

& ,d23

(2) 52 2 f(ta), € (0t) Ut 1) #2S2 < F(LA), tE (0,5) U (15, 1)

i =
1

@MMKAMMWW&MWKAMMWW&
5@MZAMWQMWaBQMZAMW@M%

da do dg dg

)< 22 ) > 22
where to,tg € (0,1). Then, there exists a solution y(t,u) of the problem (1.1)-(1.2) such
that

a(t, p) <y(t,p) < Bt p), tel0,1]

Remark 3.5 The functions a(t, ;) and §(t, u) satisfying the above conditions are called
lower and upper solutions of the problem (1.1)-(1.2), respectively.

Remark 3.6 It is requested in [14] that the functions a(t, u), B(t, ) € C?1[0,1]. Here we
only need the functions a(t, u) and 3(t, 1) to be piecewise C®- smooth and an additional
condition (4). It should be noted that the proof of Lemma 3.4 has no essential difference
from that of Theorem 2.2 in [14], but some slight modifications.
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Proof of Theorem 3.3. We select the auxiliary functions

£) + 05y (70) + pI1Ty(m0) + Q5 () + pQ3 y(7a) — v, 0 <t <t

ot 1) = o1(
= () () (+) () i<
os(t) + RSV y(m) + pRMy(m) + Q5P y(ra) + n@Qy(ma) — v, to <t <1,
and
Blt ) = (1) + TIg (7o) + pITyy(70) + Qi y(7s) + 1@ y(7) + i, 0 < ¢ < t,
p3(t) + R y(m) + uRy(m) + Q55 y(ms) + Qi y(rs) + s, ts <t <1,
where oy Ly
to=to+pud, tg=ty—pd, To=-—2 T5=—=>
v 0

while 7, are sufficiently large positive parameters. The functions g)y and Qg)y satisfy

respectively the following boundary value problems

d2

0o Y ()
i =1 (e pralta) +Q7y)
$9(0) = palta) — pra(ta), Q5 y(Fo0) =0,
and

POy _of
dr? Jy
Fy(0) = (phlto) — ¢ s(te)) tr, QL y(Foo) =0,

(Ta, ©1,3(ta) + Q&E)y) Dy + AT — wexp(rora),

where w, kg are positive constants and

of of
AS) = 8_y (Tom ©13(ta) + Q(():g)y> 90/173(7504)7'04 + ot (Tow ©13(ta) + Qé?y) Ta

The functions Qé}:)y and Q%)y are also determined by the corresponding boundary value

problems.

To verify the conditions in Lemma 3.4 we divide the interval [0, 1] into five subintervals
[07 tﬁ/Q]v [tﬁ/Qv tﬁ]v [tﬁv ta]v [tav (ta + 1)/2] and [(ta + 1)/27 1]'

Let us first check the condition (1). On the intervals [0,?5/2] and [(t,+1)/2,1], B(t, pu)—
at,p) =2ypu+ EST > 0, where EST denotes exponentially small terms. On the interval

(b5, tal, Bt )=t 1) = 3(t) =1 (+Q05 y (75)~ Qb y (1) +u <Q§5 y(ms) — Q1 y( a))+
2y + EST > 0. On the interval [tg/2,1g],

Bt 1) = alt, 1) = 2y + QU y(ms) — Q) y(ra) + 1 (@1 y(m) = QLy(7a) ) > 0,
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where we have used the following formula

(-) () oy y . .
Qog Y(78) — Qoo y(7a) = 7(7‘ )26 >0, 7, <7 <73

Similarly, on the interval [t, (t, +1)/2],

B(t, 1) = alt, p) = 2yp+ Qo y(7) — Qo y(ma) + 1 (Qﬁg y(s) — Qi (7 )) > 0.

Next we check the condition (2). Here we only verify the condition (2) on the interval

[t3/2,t5], which are similar on other subintervals.

d2 ; sz(_) sz
I dtf ft,B) = 12o](t) + dof Y dlf y
—f (o) + v+ Qy + pQFy) + ST (32)

We rewrite f in f = f(,u) + f(u), where

fw)=f (m, p1(TR) + 7+ QSy + MQE)?O — f(mi, o1(Te) +yp)

Qy;y PQi5'y )
=g TH T wexp(koT) | + O (1?), (3.3)

and

Fl) = F to1(t) +2m) = 5 (1. ea(®) v +0 (7). 3.4
Inserting (3.3) and (3.4) into (3.2) we have

2 d°f of

M dt2 f(taﬁ):_a_y

(t,1(1)) v + pw exp(roT) + O (1°) < 0.

In a similar way we can show that

d2

2 y7) > f(t,a), te(0,ty)U(ta,1).

We now show that

B0, ) > / ha(B(s, 1))ds.

It follows from the construction of asymptotic solution that
1
50,0 = [ (s, s
0

— 02(0) + T157y(0) + pI1 7y 0) + e — / (85, 1)) ds — / ha(B(s, p))ds + EST

g
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= pa1$”) (0)+w+/ " (n(en(s)) = ha(a(s))) ds — / "R (e (0TI y(s)ds
to—dp 0
1=ty _g

— 4 /5? Wy (p1(t0)) Q5 y(s)ds — ,u/ T (os(t0)) QS (5)ds

0

u / W (oa(1) RSy (s)ds + O (%)

1—tg
o —0

=yu+0 () >0

provided that v is large enough.
Other inequalities in the condition (3) can be proved analogously.

Finally, let us check the condition (4).

dﬁ dﬁ ag
p t5m) — 1 ) = M
o dQuay d@y> dQosy]"
= |t + S TR0V ) g, (3.5)
i ™ 1 (ERENES
From the process similar to (2.6)-(2.10) we can obtain
d ) e3(tg)
{ Cj‘”y] :/ ftg, y)dy = —I'(to)op + O (p*) > 0. (3.6)
B 1 1(ts)

It follows from (3.5) and (3.6) that

d d
Dito-) > Lttt

We can prove in a similar way that

da da

o (tam) < S tah)

Thus from Lemma 3.4 there exists a step-type contrast structure solution y(¢, 1) of the
problem (1.1)-(1.2) for sufficiently small ¢ > 0, and the asymptotic formula (3.1) holds.
The proof is completed.
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