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Abstract

In this paper, we prove the existence of solutions for the strongly nonlinear
equation of the type
Au + g(z,u) = f
where A is an elliptic operator of infinite order from a functional space of Sobolev
type to its dual. g(z,s) is a lower order term satisfying essentially a sign condi-
tion on s and the second term f belongs to L'(2).
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1 Introduction

In a recent paper, Benkirane, Chrif and El Manouni [5] studied a class of anisotropic
problems involving operators of finite and infinite higher order in the variational
case. They proved the existence of solutions in generalized Sobolev spaces, also
called anisotropic Sobolev spaces. The goal of this paper is to study a strongly
nonlinear elliptic equation in which the operator of infinite order
o
Au= 3" (=1 DY(Au(z, DMu)), 7] < |a
|ar|=0

is involved. Such operators includes as a special case Leray—Lions types in the
usual sense. Especially, we consider the strongly nonlinear problem associated
to the following differential equations

Au + g(x,u) = f, (1.1)
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for € Q, where Q is a bounded domain in IR and A is an operator of infinite
order defined as above. The functions A, are assumed to satisfy some growth and
coerciveness conditions without supposing a monotonicity condition. So that, we
prove the existence results and generalize the isotropic case for the problem (1.1).
The nonlinear term g has to fulfil only the sign condition g(x,s)s > 0, but we
do not assume any growth conditions with respect to |u|. As regards the second
member, we suppose that f € L'(Q). If A is a Leray-Lions operator, let us recall
that several studies have been devoted to the investigation of related problems
with L' data and a lot of papers have appeared in the classical Sobolev spaces
under the additional monotonicity condition (cf. [7, 12, 14, 15]). Let us point
out that in the L'— case, a recent work can be found in [11] where the authors
have studied some anisotropic problems of finite order of equations of (1.1) type.
In this context of Leray—Lions operators, in the variational case (i.e., where f
belongs to the dual space), the problem (1.1) has been extensively studied by
many authors, we cite in the case of classical Sobolev spaces the works of Webb
[17], Brezis and Browder [8]...etc, and the work of Benkirane and Gossez [3] in
Sobolev-Orlicz spaces.

2 Preliminaries

Let © be a bounded domain in IRY. Further a, > 0, p, > 1 are real numbers for
all multi-indices «, and |[| - ||, is the usual norm in the Lebesgue space LP*(Q2).
For a positive integer m, we define the following vector of real numbers:

ﬁ: {pa’ |a| < m}’

and denote p = min{p,, |a| < m}.
Now, let us consider the generalized functional Sobolev space

W™P(Q) = {u € LP°(Q), D% € LP*(Q),0 < |a| < m}

equipped with the norm

[l = ¥ 1D%ul. 2.1)
|a|=0
Hlel .
Here D* = . We define the space W;"?(Q2) as the closure of

(Ox1)2r ... (Ozn)oN
C§°(Q) in W™P(Q) with respect to the norm (2.1). Note that C$°(Q) is dense in
W(;”’ﬁ(Q). Both of W™?(Q) and Wén’ﬁ(Q) are separable if 1 < p, < oo, reflexives
if 1 < po < oo for all |a| < m (the proof of this is an adaptation from Adams

Pa
pa—1

[1]). W™ (Q) designs its dual where ];’ is the conjugate of p, i.e., pl, =
for all |a| < m.
The Sobolev space of infinite order is the functional space defined by

[e.9]

W (aa,pa)(2) = {u €C™(Q): p(u) = Y aq || Dullpe < oo}.
|ee]=0
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We denote by C3°(2) the space of all functions with compact support in € with
continuous derivatives of arbitrary order.
Since we shall deal with the Dirichlet problem, we shall use the functional

space W (aq, pa)(€2) defined by

o0

W (@) (@) = {1 € CR(D): plu) = Y- aallDulf: < oo
|a|=0

We say that W§°(aa, pa)(S2) is a nontrivial space if it contains at least a nonzero
function. The dual space of W§°(aq,pa)(82) is defined as follows:

[e o] [e.e]

W (a0, )@ = {b: b= D ()00 D 9 (0) = 3 aalballf < oo},
|or|=0 lor|=0
where hq € LP«(Q) and pl, is the conjugate of pq, ie., p, = pi’il (for more

details about these spaces, see [13]).
We need the anisotropic Sobolev embeddings result.

lemma 2.1 Let Q be a bounded open subset of IRN.

If m-p <N, then Wom’ﬁ(Q) C Li(Q) for all q € [p,p*[ with z% = é - %
Ifm-p=N, then Wom’ﬁ(Q) C Li(Q2) for all q € [p,+o0].
If m-p> N, then WP (Q) C L>(Q) N C*(Q) where k = E(m — %)

Moreover, the embeddings are compacts.

The proof follows immediately from the corresponding embedding theorems
in the isotropic case by using the fact that W™P(Q) ¢ W™(Q).

3 Main results

We denote by A, the number of multi-indices 7 such that |y| < |«|. Let A be a
nonlinear operator of infinite order from W§°(aq, po) () into its dual W=>°(a,, p.,)(Q)
defined as

oo
Au="Y" (=) D*(Au(z, D7), |1] <ol
la|=0
where A, : Q x IR* — IR is a real function satisfying the following assumptions

(H1) Aq(z,&y) is a Carathéodory function for all o, |y| < .

(Hp) For a.e. x € Q, all m € IN*, all £&,7a,|7| < |a| and some constant ¢y > 0,
we assume that

m m
Z Aa(@,&)na| < co Z aaléalP " nal,
|ar|=0 |ar|=0

where a,, > 0,p, > 1 are reals numbers for all multi-indices «, and for all
bounded sequence (pqy)q-
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(Hz) There exist constants ¢; > 0,c2 > 0 such that for all m € IN*, for all
&, &a; |y < laf, we have

Z Aa(m',f'y)ga > c1 Z aaKa\p“ _

|a|=0 |a|=0

(H4) The space Wi (aq,pq)(€2) is nontrivial.

As regards to the function g, assume that g : Q x IR — IR is a Carathéodory
function, that is, measurable with respect to z in {2 for every s in IR, and con-
tinuous with respect to s in IR for almost every x in 2, satisfying the following
conditions

(G1) For all 6 > 0,
sup |g(,w)| < hs(x) € LH(Q).
lul<d
(G2) The "sign condition” g(x,u)u > 0, for a.e. z € Q and all u € IR.

Finally, we assume that
fe LYQ), (3.1)

and we shall prove the existence result without assuming any monotonicity con-
dition.

Example 3.1 Let us consider the operator

o
Au= " (=1l D*(aq|DYu[P*~2 D),
|a|=0

where aq > 0,pa > 1 are real numbers such that the space W§(an,pa)(82) is
nontrivial. We can easily show that the conditions (Hi), (Hz) and (H3) are
satisfied.

As second example, let us consider the differential operator of infinite order

[e.9]

[cosD]u DZ" () zel,

where I is a bounded open interval in IR. The corresponding Sobolev space of
infinite order is Wg® ((2n), ,2)(I) which is nontrivial (see [13]) and the conditions
above are obviously verified.

Some more explicit examples of such an operator of infinite order and of a func-
tion g that satisfies the conditions (Hy), (Ha) and (Hs) can be found in [5].

Theorem 3.1 Assume that the assumptions (Hy) — (Hy), (G1), (G2) and (3.1)
hold, then there ezists at least one solution u € W§°(an,pa)(2) of (1.1) in the
following sense

g(z,u) € LX), g(x,u)u € L}(Q)
(Au,v) +/Qg(x,u)v dx = (f,v), for all ve Wg(an,pa)(S2).
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Proof. In order to prove our result, we proceed by steps.

Step (1) The approximate problem.
Consider ¢ € C§°(IRY) such that 0 < p(z) < 1 and ¢p(z) = 1 for z close to
0. Let f, be a sequence of regular functions defined by

x
fal@) = o()Tuf (@),
where T,, is the usual truncation given by

& iflgl<n
Tngz{ % if €] > n.

It is clear that |f,| < n for a.e. z € €. Thus, it follows that f, € L>*(Q).
Using Lebesgue’s dominated convergence theorem, since f, — f a.e. z €
and |f,| < |f|] € LY(Q), we conclude that f,, strongly converges to f in L'(€).
Define the operator of order 2n + 2 by

n
Agnya(u) = Y (=D)"eaD*u+ Y (-1)ID U (x, D), |y] < ol
|a|]=n+1 |ee]=0

and consider the following approximate problem with boundary Dirichlet condi-
tions

A2n+2(un) + g(m, un) = fn (Pn)
Note that ¢, are constants small enough such that they fulfil the conditions of

the following lemma introduced in [13].

lemma 3.1 (cf. [13]) . For all nontrivial space W§°(aa,pa)(2), there exists a
nontrivial space W§°(cq,2)(Q) such that W§°(aq, pa)(2) C W5°(ca,2)(2).

As in [5], the operator A, is clearly monotone since the term of higher
order of derivation is linear and satisfies the monotonicity condition. Moreover
from assumptions (Hy), (Hz2) and (Hs), we deduce that Asg,, o satisfies the growth,
the coerciveness and the monotonicity conditions. Thanks to [[5], Theorem 3.2],
there exists at least one solution u, € Wy’ td (Q) of the problem (P,) in the
following sense

g(z,up) € LX), g(z,up)uy, € L1(Q) )
(A2nt2(un),v) +/Qg(3:,un)v dx = (fp,v) vE€ Won-i-l,P(Q)

Step (2) A priori estimates.
By choosing v = u,, as test function in (P,,), we have

( Az (tin), tn) + /Q 9, tn Yt A = {f, 1),

which implies that

Z ca/ \Do‘unIde—i— Z /Aa(x,DVun)Do‘undxg/fnundx.
Q Q Q

laf=n+1 |or|=0
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Hence, in view of (Hs), (G2), the Holder inequality and by using the fact that
|fnl < |f|, we get the estimates

n
o call D%unlls + Y aal Dbz < K (3.2)
|a|=n+1 |a|=0
/ 9(x, up )up dv < K (3.3)
Q
for some constant K = K (f) > 0. The estimate (3.2) is equivalent to

n+1
Z aaHDauanz <K (34)
|a|=0

with a, = ¢ and p, = 2 for |a| = n + 1. Consequently,

By using the same approach as in [5] and via a diagonalization process, there
exists a subsequence still, denoted by u,,, which converges uniformly to an element
u € C§°(R), also for all derivatives there holds D%,, — D% (for more details we
refer to [13]). So that,

u € W5 (aa, pa)(€2),

since (pa)a is a bounded sequence.

Step (3) Convergence of the approximate problem (Py,).
There exists a solution u,, of problem (P,), n =1,2,.... Then by passing to
the limit, we have

lim (Agpio(uyn),v) + lim g(x,up)vde = lim (f,,v),

n—+0o00 n—+oo JO n—-+oo

for v € W§°(aa, pa)(§2). Since f, — f strongly in L*(Q), it is clear that
(frsv) = (f,v)

lim
n—-+o0o
for all ve W§°(an, pa)(2).

Now, we shall prove that

lirf (Aopt2(up),v) = (Au,v), for all ve Wy (aq, pa)(£2).

n

In fact, let ng be a fix number sufficiently large (n > ng) and let v € W§°(aq, pa) ().
Set (A(u) — Aopyo(up),v) = Iy + Iz + I3, where

no
Il = Z<Aa(x’D,yu)_Aa(x,D,yun)aDav>
|ee]=0
I, = Z (Ao (z, D7u), D)
|a|=no+1
n+1
I3 = — Y (Au(z,DVuy), D)
|a|=no+1
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or in another form,
n
I3 = — Z (Ao (z, D7 uy), D*v) — Z Ca(D%up, D)
|a|=no+1 |a|=n+1

with Ay (z,&,) = caba and ¢4 > 0 for |af =n + 1.

We will pass to the limit as n — +o0o to prove that I;, I, and I3 tend to
0. Starting by I;, we have I} — 0 since A,(z,&,) is of Carathéodory type. The
term I is the remainder of a convergent series, hence I, — 0. For what concerns
I3, for all € > 0, there holds k(¢) > 0 (see [9]) such that

n+1 n+1
Y (Aa(@, DMun), D) <Y / | Ao (2, DY) D0 da
|a|=nop+1 |a|=np+1 @
n+1
< ¢ Z aa/|Daun|p‘*71|Dav|d$
|a|=no+1 &
n+1
< S aalDoul D%,
|a|=no+1
n+1
< e Z Ao || D% [|Be
|a|=no+1
n+1
+ k(e)co Z aol[D%vlbe
|a|=no+1
00
< caK+kea Y aall Do
|a|=no+1

where K is the constant given in the estimate (3.2). Since the sequence (p,) is
[e.e]

bounded, this implies that Z aq|[D%||P* is the remainder of a convergent
|o|=no+1
series, therefore I3 — 0 holds. Consequently, we have
<A2n+2(un)7v> - <A(U),U> as n — +00

for all v € W§°(aq, pa)(2).
It remains to show, for our purposes, that
lim g(x,up)vde = / g(x,u)v dx.
n—+oo JO [¢)

for v € W§°(aq, pa)(S2). Indeed, we have u,, — u uniformly in 2, hence g(x, u,) —
g(x,u) for a.e. z € Q. In view of (3.3), we deduce by Fatou’s lemma as n — oo
that

/g(m,u)udxg lim /g(w,un)undng(,
Q Q

n— 00
this implies g(z,u)u € L'().
On the other hand, for all § > 0 we have

lg(z,un)| < |s‘u<13slg(fﬂﬂf)l+5*1|g(93,un)-unl
=<

< hé(x) + 571|g(x, un)un|
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On the other hand, we have

[ low )l de < [ hs@)de+ 671,
E E

for some measurable subset E of ) and for some ¢ > 0. Here, K is the constant
of (3.3) which is independent of n. For |E| sufficiently small and § = 2£, we

obtain / lg(x,u,)|dz < e. Then, we get by using Vitali’s theorem
E
g(z,up) — g(z,u) in Ll(Q).

Hence it follows that g(x,u) € L1(9).
By passing to the limit, we obtain

(Au,v) + /Qg(x,u)v dx = (f,v), for all v e Wg°(aq,pa)(Q).

Consequently,

g(z,u) € LY(Q), g(z,u)u € LY(Q)
(Au,v) + /Qg(:v,u)v dx = (f,v) for all v € W5%(an,pa)(2)

This completes the proof. O

Remarks.

1. Note that the existence result is given without assuming a monotonicity
condition on the operator. Also, no restrictions to the parameters p, are
imposed.

2. In general, some methods of approximation need at least the segment prop-
erty of the domain, here we assume no regularity condition of €.

4 Application
Consider the following class of strongly nonlinear Dirichlet problem

B(u) +ulu[*h(z) = f in Q, (4.1)
where 7 > 0 is a real number, h € L'(Q2) with h(z) > 0 a.e €  and the

operator B is defined as
B(u) = (=VI+ A)u.

Our technique here consists to exploit certain result in the setting of functional
spaces of infinite order. Thus as in [13], we can write the operator B as follows

B(u) = (—VI+A)u = i ap(—A)*u, (4.2)

k=0
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where a;, > 0,k = 0,1, ... are real numbers which guarantee the nontriviality of
the corresponding functional space, (for more details see [13]). The characteristic
function of our operator is defined by

pa) =Y apt®  with € =¢&+..+&,
k

and the corresponding space of the present strongly nonlinear Dirichlet problem
is

W5 (ar, 2)(2) = {u € C§°(Q) = p(u) = Y ar [V ul3 < oo},
k=0

Definition 4.1 A function u € W§°(ag,2)(2) is a solution of the Dirichlet prob-
lem (4.1), if for any v € W§®(ax,2)(Q2) the equality

Zak/ Vkuvkvdac—i-/ u|u[" T h(z)v de = (f,v)
k=0 79 @

1s valid.

The explicit form of the operator B given in (4.2), shows simply that it satis-
fies the assumptions (Hy), (Hs) and (Hj). Now, taking into account that B is
monotone and the term w|u|"*1h(x) fulfils the sign condition, then by the same
argument as in the proof of Theorem 3.1 we prove the following existence result.

Theorem 4.1 For all f € L'(Q), there exists at least one nontrivial solution
u € W5 (ag,2)(2) such that

(Bu,v) + /Q W h(@)vde = (f,0)  for all v € W (aa, 2)(Q).

Remark 4.1 In his book, Dubinskii [13] considered the Sobolev spaces of infi-
nite order corresponding to boundary value problem for differential equations of
infinite order and obtained the solvability of these problems in the case where the
coefficients of the equation grow polynomially with respect to the derivatives.
Dyk Van extends the results of Dubinskii to include the case of operators with
rapidly or slowly increasing coefficients ( see Dyk Van[10]). In their works, Tran
Duk Van et al.[16] introduced Sobolev-Orlicz spaces of infinite order and investi-
gated their principal properties. They also established the existence and unique-
ness of solutions of some Dirichlet problems for nonlinear differential equations
of infinite order.

In particular, let Q a bounded domain in IR™, N > 1, with boundary 0Q. Con-
sider the Dirichlet problem defined by

Au(z) = 3 5= (=)l DYAy(z, ..., D) = f(z) z€Q,
(Pb){ D¥u(x) =0, xoe 09, |w|=0,1,....

Here A, : Q x IR — IR is a real function, A\, denotes the number of multi-
indices v such that |y| < |a|, satisfying the following assumptions:
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(H1) There exist an Nfunction gba, a function a, € L{p,,Q}, a continuous
bounded function cl, (1 < cL(|t]) < const) and a constant b > 0 such that

|Aa(2,€)] < aa() + b8y Galch(léal)éa)
where

00
> llaallg, < +oo.
|ar|=0

(H’>) There em’st functions b € L1(), go € E{¢n,}, a continuous bounded
function 2, (2 (|t]) > cL(|t])) and a constant d > 0 such that

Z (Aa(,8) = ga(2))8a > d Z Palc ‘ga’)ga)_ b (),
la]=m lor|=m

where

> lgallge < +o0  and z/u; 2)| dx < +oo.

|al=0 |al=0
(H’s) The N-functions ¢ are such that the Sobolev-Orlicz space LW§®(¢q, Q) is
nontrivial.
(H’y) For all & = (&,....&n) and § = (&), ...,E.) such that & # & we have the

inequality

3 (Aa(2,€) = Aa(2,€))(Ea — €) > 0
|ar|=0

The corresponding functional setting is the Sobolev-Orlicz of infinite order given

by
LWG(¢a, ) = {u € Cg°(Q) : ||ulloc < +o00},

where

fulloe = inf{l>0: Y [ oalZ

=0
The dual space of LW§®(¢pa, ) is defined by

W=%(ba, Q) = {f : h(z) = > (=DI*'D*fa(2)},
|a|=0
where
fa € Ey, ()  for all multi-indice o,
and -
= Z ||fa||¢a < +o0.
|a|=0

The duality of the spaces LW§®(¢q,2) and EW (¢4, Q) is determined by the

exTPression
(0%
> [ fatwpo
|la|=0
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which is obviously correct. ( For more details about the definition of N-function
and Sobolev-Orlicz spaces of infinite order we refer to Tran Duk Van et al.[16]).
When the data f belongs to the dual, under assumptions (H{)-(H}) the authors
in Tran Duk Van et al.[16] proved the existence and uniqueness of the solution
of the nonlinear problem (Pb).

In our case, with a suitable choice of the N-functions ¢, we can deal with the
boundary value problem (1.1) in the more general class of Sobolev-Orlicz spaces
of infinite order using operators satisfying (Hy) — (H}).

Acknowledgements.

The authors are grateful to the anonymous referee for valuable comments, useful
suggestions and help in the presentation of this paper. The research of the third
author is supported by Al-Imam University project No. 281206, Riyadh, KSA.

References

[1] R. Adams, Sobolev space. Academic Press, New York, (1975).

[2] P. Bénilan, L. Boccardo, T. Gallouet, R. Gariepy, M. Pierre and J. L.
Vazquez, An Ll-theory of existence and uniqueness of nonlinear elliptic
equations., Ann. Scuola Norm. Sup. Pisa 22, (1995), 240-273.

[3] A. Benkirane and J. P Gossez, An approximation theorem in higher order
Orlicz-Sobolev spaces and applications. Studia Math. 92 (1989), 231 -255.

[4] A. Benkirane, Approximations de type Hedberg dans les espaces
W™Llog L(2) et applications. Ann. Fac. Sci. Toulouse Math. (5) 11
(1990)(2), 67-T8.

[5] A. Benkirane, M. Chrif and S. El Manouni, Existence results for strongly
nonlinear elliptic equations of infinite order, Z. Anal. Anwend. (J. Anal.
Appl.) 26 (2007), 303-312.

[6] L. Boccardo, T. Gallouet, P. Marcellini, Anisotropic equations in L'. Diff.
Int. Equations, vol. 9, (1996), 209-212.

[7] L. Boccardo and T. Gallouet, Nonlinear elliptic and parabolic equations
involving measure data, J. Funct. Anal. 87 (1989), 149-169.

[8] H. Brézis and FE. Browder, Some properties of higher order Sobolev spaces.
J. Math. Pures Appl. (9) 61 (1982), 245-259.

[9] H. Brézis, Analyse fonctionnelle. Théorie et application. Paris: Masson 1986.

[10] Chan Dyk Van, Traces of functions from Sobolev-Orlicz classes of infinite
order and nonhomogenous value problems for equations with arbitrary non-
linearity, Soviet Math. Dokl. 22 (2) (1980), 626-630.

[11] M. Chrif and S. El Manouni, On a strongly anisotropic equation with L*
data, Appl. Anal. 87(7)(2008), 865-871.

[12] A. Dall’aglio, Approximated solutions of equations with L' data. Applica-
tion to the H-convergence of parabolic quasi-linear equations, Ann. Mat.
Pura Appl., Vol. 170, (1996), 207-240.

EJQTDE, 2009 No. 15, p. 11



[13] Ju. A. Dubinskii, Sobolev spaces of infinite order and differential equations.
Teubner-Texte Math. Band 87. Leipzig: Teubner 1986.

[14] T. Gallouet and J. M. Morel, Resolution of a semilinear equation in L!,
Proc. Roy. Soc. Edinburgh, Vol. 96, (1984), 275-288.

[15] A. Porretta , Existence for elliptic equations in L1 having lower order terms
with natural growth, Portugal. Math. 57 (2000), 179-190.

[16] Tran Duk Van, R. Gorenflo and Le Van Hap, Sobolev-Orlicz spaces of infi-
nite order and nonlinear differential equations. J. Analysis 10 (1990), 231-
245.

[17] J. R. L. Webb, Boundary value problems of strongly nonlinear elliptic equa-
tions. J. London. Math. Soc(2). 21 (1980), 123-132.

(Received March 11, 2008)

EJQTDE, 2009 No. 15, p. 12



