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1 Introduction and main results

In this paper, we shall assume that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna value distribution theory of meromorphic functions (see [11, 22]). The
term “meromorphic function” will mean meromorphic in the whole complex plane C.

For the second order linear differential equation
f"+e*f +B(z)f =0, (1.1)

where B(z) is an entire function of finite order. It is well known that each solution f of (1.1) is an
entire function, and that if f; and f2 are any two linearly independent solutions of (1.1), then at least
one of fi, fo must have infinitely order([12]). Hence, “most” solutions of (1.1) will have infinite order.
However, the equation (1.1) with B(z) = —(1 4+ e #) possesses a solution f = e of finite order.

Thus a natural question is: what condition on B(z) will guarantee that every solution f # 0
of (1.1) will have infinite order? Frei, Ozawa, Amemiya and Langley, and Gunderson studied the
question. For the case that B(z) is a transcendental entire function, Gundersen [8] proved that if
p(B) # 1, then for every solution f # 0 of (1.1) has infinite order.

For the above question, there are many results for second order linear differential equations (see,
for example [1, 4, 6, 7, 10, 15]). In 2002, Z. X. Chen considered the problem and obtained the following

result in [4].
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Theorem 1.1. Let a,b be nonzero complex numbers and a # b, Q(z) Z 0 be a nonconstant polynomial

or Q(z) = h(z)eb*, where h(z) is a nonzero polynomial. Then every solution f # 0 of the equation
fr+e"f +Q(2)f =0
has infinite order and o3(f) = 1.
In 2006, Liu and Yuan generalized Theorem 1.1 and obtained the following result.

Theorem 1.2 (see. [17, Theorem 1]). Suppose that a,b are nonzero complex numbers, h;(j =
0,1,---,k — 1)(ho # 0) be meromorphic functions that have finite poles and ¢ = max{o(h;) : j =
0,1,---,k—1} < 1. If arga # argb or a = ¢b(0 < ¢ < 1), then every transcendental meromorphic

solution f of the equation
PO g fRD o e ) o By f 4 hge? f = 0. (1.2)
have infinite order and oo(f) = 1.

It is natural to ask the following question: What can we say if we remove the condition h;(j =
0,1,---,k — 1) have finite poles in Theorem 1.2. In this paper, we first investigate the problem and

obtain the following result.

Theorem 1.3. Let P(z) and Q(z) be a nonconstant polynomials such that
P(z) = ap2" + An_12"" 4+ a1z + ao,

Q(2) = bp2" +bp 12" 4 b1z + by

for some complex numbers a;,b;(i = 0,1,2,--- ,n) with a, # 0,b, # 0 and let h;(j =0,1,--- ,k —
1)(ho # 0) be meromorphic functions and o = max{o(h;) : j=0,1,--- ,k—1} <n. Ifarga, # argb,
or an = ¢cby(0 < ¢ < 1), suppose that all poles of f are of uniformly bounded multiplicity. Then every

transcendental meromorphic solution f of the equation
SO o fED 4 PO o hy 4 ReeRE) f =0 (1.3)
have infinite order and oa(f) = n.
Next, we continue to investigate the problem and extend Theorem 1.2.

Theorem 1.4. Let P(z) and Q(z) be a nonconstant polynomials as the above, for some complex
numbers a;,bi(i = 0,1,2,---,n) with a, # 0,b, # 0 and let hj(j = 0,1,--- ,k — 1)(ho # 0) be
meromorphic functions and o = max{o(h;) : j = 1,--- ,k — 1} < n. Suppose all poles of f are of
uniformly bounded multiplicity. Then the following three statements hold:

1. If a, = by, and deg(P — Q) = m > 1,0 < m, then every transcendental meromorphic solution

f of the equation (1.3) have infinite order and m < o2(f) < n.

2. If a, = ¢by, with ¢ > 1, and deg(P — Q) = m > 1,0 < m, then every solution f #£ 0 of the
equation (1.8) is of infinite order, and o2(f) = n.
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3. If o < a(ho) < 1/2, an = by, with ¢ > 1 and P(z) — c¢Q(2) is a constant, then every solution
f Z 0 of equation (1.3) is of infinite order, and o(ho) < o2(f) < n.

Remark 1.1 Setting h;(j = 1,2,...,k— 1) be entire functions in Theorem 1.3 and Theorem 1.4,
we get Theorem 1 in [17].”

Considering nonhomogeneous linear differential equations
FO f g fED 4 PG ) oy by f 4 heeQR) f = F (1.4)
Corresponding to (1.3), we obtain the following result:

Theorem 1.5. Letk >2,se€{l,--- ,k—1}, ho Z0, hy, -+, hxg—1; P(2),Q(2) satisfy the hypothesis
of Theorem 1.4; F % 0 be an meromorphic function of finite order. Suppose all poles of f are of
uniformly bounded multiplicity and if at least one of the three statements of Theorem 1.4 hold, then
all solutions f of non-homogeneous linear differential equation (1.4) with at most one exceptional

solution fo of finite order, satisfy

A2(f) = o2(f).

M) =Af) =a(f) =00, Xa(f)
Futhermore, if such an exceptional solution fy of finite order of (1.4) exists, then we have

o(fo) < max{n,o(F),X(fo)}-

Remark 1.2. Setting h;(j =1,2,...,k—1) and F(z) be entire functions in Theorem 1.5, we get
Theorem 2 in [17].

2 Lemmas

— [T
—Jo
of aset E C [1,+00) is defined by Im(FE) = 1+oo XxE(t)/tdt, where xg(t) is the characteristic function
of E. The upper and lower densities of F are

The linear measure of a set E C [0, +00) is defined as m(FE) X£(t) dt. The logarithmic measure

dens E E
densE = lim sup M, densF = 1im}_nf w
r—-+00 T r—-+o00 r

Lemma 2.1 (see. [4]). Let f(z) be a entire function with o(f) = oo, and o2(f) = a < oo, let
a set E C [1,00) that has finite logarithmic measure. Then there ewists {z, = rpe'*} such that
If(z6)| = M (rg, f),0k € [0,27),limg—o0 Ok = 6 € [0,27),rx & E, 1, — 00, and for any given £ > 0,

for a sufficiently large ri, we have

10g vy (Tk)

lim sup = +o00, (2.1)
r—oo log 7y,
exp{ry )} <wvs(r) < exp{T?Jrg} (2.2)

Lemma 2.2 (see.[2, 14]). Let F(r) and G(r) be monotone nondecreasing functions on (0,00) such
that (i) F(r) < G(r)n.e. or (ii) for r # H U [0,1] having finite logarithmic measure, then for any
constant o > 1, there exists 7o > 0 such that F(r) < G(ar) for all r > ry.
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Lemma 2.3 (see. [9]). Let f be a transcendental meromorphic function. Let « > 1 be a constant,

and k and j be integers satisfying k > j > 0. Then the following two statements hold:

(a) There exists a set By C (1,00) which has finite logarithmic measure, and a constant C > 0,
such that for all z satisfying |z| € F1 [0, 1], we have (with r = |z|)
‘ P (= ’ [ T(ar, f) (
f(]) r
(b) There exists a set By C [0,2m) which has linear measure zero, such that if 0 € [0,27) — Eq,

then there is a constant R = R(0) > 0 such that (2.3) holds for all z satisfying argz = 0 and
R <|z|.

logr)* log T'(ar, f)}k_j. (2.3)

Lemma 2.4 ([18], pp. 253-255). Let n be a positive integer, and let P(z) = anz™ + an_12"" 1 +

6

“+ a1z + ag with ap, = aye, ay > 0. For given €,0 < € < 7/4n, we introduce 2n closed angles

0,, T 0, ) s .
D= (2 -1 fe<0< - L (2j+1) " —e(j=0,1,--,20—1).
J TL+(] )27’L+€_ — TL+(]+ )27’L 5(] P y 4T )
Then, there exists a positive number R = R(e) such that
Re P(z) > a,r™(1 —€) sinne
if |z2| =7 > R and z € Dj, where j is even, while
Re P(z) < —an,r"(1 —€)sinne
if |2l =r > R and z € Dj, where j is odd.
Lemma 2.5 ([4], Lemma 1). Let g(z) be a meormorphic function with o(g) = f < oo. Then
for any € > 0, there exists a set E C (1,00) with ImE < oo, such that for all z with |z| = r &

([0,1]U E),r — oo, then
l9(2)] < exp{r*<}.

Applying Lemma 2.5 to 1/g(z), we can obtain that for any given & > 0, there exists a set
E C (1,00) with ImE < oo, such that for all z with |z| =r & ([0,1] U E),r — oo, then

exp{—17*} < [g(2)| < exp{r?*€}. (2.4)

It is well known that the Wiman-Valiron theory (see, [14]) is an indispensable device while consid-
ering the growth of entire solution of a complex differential equation. In order to consider the growth
of meromorphic function solutions of a complex differential equation, Wang and Yi [19] extended the
Wiman-Valiron theory from entire functions to meromorphic functions. Here we give the special form

where meromorphic function has infinite order:

Lemma 2.6 ([19, 20]). Let f(z) = g(z)/d(z) be the infinite order meromorphic function and o2(f) =
o, where g(z) and d(z) are entire function, o(d) < oo, there exists a sequence r;(r; — 00) satisfying

zj =r;e% 0, €[0,27), lim 0; = 0y € [0,27), |g(z;)| = M(r;,9) and j is sufficient large, we have
j—o0
FU () vglrg)yn
= 1 1 N
F(z) ( % )" (1 +0(1))(n € N),

log 1
lim sup %%U
r—00 ogr

= 02(9).
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Lemma 2.7. Let k > 2 and Ao, A1,--- ,Ax—1 are meromorphic function. Let o = max{o(4;),
j=0,1,---  k—1} and all poles of [ are of uniformly bounded multiplicity. Then every transcendental

meromorphic solution of the differential equation
PO+ A fED 4+ Aof =0, (2.5)
satisfies oo (f) < 0.

Proof. Since f # 0 is a transcendental meromorphic solution of the equation (2.5). If o(f) < oo,
then oo =0 < 0. If o(f) = co. We can rewrite (2.5) to
k k—1 /

%Akﬂc(f )+-~'+A1f7+Ao. (2.6)
Obviously, the poles of f must be the poles of A;(j =0,1,--- ,k — 1), note that all poles of f are of
uniformly bounded multiplicity, then A(1/f) < o. By Hadmard factorization theorem, we know f can
be written to f(z) = 38, where g(z) and d(z) are entire function, and A(d) = o(d) = A(1/f) < o,
o2(f) = 02(g). By Lemma 2.5 and Lemma 2.6, for any small £ > 0, there exists a sequence r; (r; — c0)

satisfying z; = rje'%,0; € [0,27), lim 0; = 6y € [0,27), |g(2;)| = M(rj,g) and j is sufficient large,
j—o0

we have
f(n)(zj) _ vg(rj)\n o n
T = () (te), (neN), (2.7)
lim sup % = o2(9), (2.8)
A;(2) <€ (=12, k- 1), (2.9)

Substituting (2.7),(2.9) into (2.6), we obtain

vg(rj)(1 4+ 0(1)) < 2ry exp{r;Jrsj}. (2.10)

Then by (2.8), (2.10) and for the arbitrary e, we can obtain o2(f) < 0. We complete the proof of the

lemma. O

Remark 3. Here we point out that the condition all poles of f are of uniformly bounded
multiplicity in Theorem 1 of [3] and Theorem 1.3 of [20] was missing. Since the growth of the

coefficients A; gives only an estimate for the counting function of the distinct poles of f, but not for

N(r, ).

Lemma 2.8. (see. [5]) Let Ay, A1, ..., Ar—1,F Z 0 are finite order meromorphic function. If f(z)

is an infinite order meromorphic solution of the equation
FO 4 Ay fED 4 L A+ Agf = F,

then f satisfies \(f) = M(f) = o(f) = .
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3 Proofs of main results

3.1 Proof of Theorem 1.3

Proof. Let f # 0 be a transcendental solution of the equation (1.1). We consider two case:
Case 1: When arga,, # argb,, by Lemma 2.4, there exist constants ¢ > 0, R; > 0 and 6; < 65
such that for all » > Ry and 6 € (61, 62), we have

Re P(re') <0,

3.1
Re Q(re) > br. 31

Note that ¢ = max{o(h;),7 =0,1,--- ,k—1} < n. Then by Lemma 2.5, for any (0 < € < (n—0)/2),
there exists a set By C (1,00) that has finite linear measure such that when |z| =7 & ([0, 1]]UE),r —

00, we have

< exp{r®FY, (j=0,1,--- k—1). (3.2)
0

Since f is a transcendental meromorphic function, by Lemma 2.3, there exists a set E5 C (1, 00) that

has finite logarithmic measure such that when |z| =7 & ([0, 1] U E),r — oo, we have

FO) (2 ) )
| f(i))| SBT[T(Qraf)]]Jrla (.7:0’1) ak_l)' (33)
From the equation (1.1), we obtain
h fO=1) h e hallf
Q< k-1 .. - .. ! 4
le“| ‘ ’ 7 +F 3 + 4+ 7o (3.4)

Therefore, from (3.1)-(3.4), for z = re® .0 € (01,62), r ¢ [0,1] U Ey U Ey, we have
exp{br"} < kAr eXp{r%}[T(Qr,f)]kH.
Hence by Lemma 2.2, we obtain o(f) = co and o2(f) > n.
On the other hand, by Lemma 2.7, we have o2(f) < n, hence o3(f) = n.
Case 2: When a,, = ¢b, with 0 < ¢ < 1. Since deg@ =n > n — 1 = deg(P — ¢Q), By Lemma
2.4, there exist constant ¢ > 0, R > 0 and 6; < 65 such that for all » > Ry and 6 € (61,05), we have

Re Q(re') > br™ > 0,

_ _ (3.5)
Re {P(re'?) — cQ(re'®)} < M.

From the equation (1.1), we obtain

|€(176)Q|
1 (k) B (k—1)
s‘— |ecQ|}f— [Pty |
ho
h !/
e e

Therefore, from this and (3.2),(3.3) and (3.5), for z = re®,0 € (6,,602), r ¢ [0,1] U Ey U Ey, we have

exp{b(1 — ¢)r"} < (k + 1)Brexp{r = YT(2r, f)]*+.
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Hence by Lemma 2.2 again, we can obtain o(f) = co and oa(f) > n.
On the other hand, by Lemma 2.7, we have o2 (f) < n, hence o2(f) = n, and the proof of Theorem
1.3 is completed. U

3.2 Proof of Theorem 1.4

Proof. We distinguish three cases:

(1) Suppose that a, = cb, with ¢ > 1, and deg(P — cQ) = m > 1, 0 < m. We claim that
o(f) =00 and m < o3(f) < n.

Since deg P(z) = n > m = deg(Q — P/c), by Lemma 2.4, there exist a real number b > 0 and a

continuous curve I' tending oo such that for all z € T with |z| = r, we have

Re P(z) =0,
1 (3.6)
Re [Q(z) — EP(Z)] > br™.
From the equation (1.3), we obtain
e@=P/e]
1 (k) hi (k—1)
< '_‘|6P/C| I +‘L le=F/¢| f
ho f ho f
h _ f® hi|, _ I
oy Bl a1sop _'+...+‘_ P[]
|l | L jerrey|£

Similar, we can get (3.2) and (3.3). Therefore, from this and (3.2),(3.3) and (3.6), for z = re?, 0 €
(91,92), r ¢ [0, 1] @] E1 @] EQ, we have

exp{br™} < (k + 1)Brexp{r = YT(2r, f)]*+.

Hence by Lemma 2.2, from this we obtain o(f) = oo and o2(f) > m. On the other hand, by Lemma
2.7, we have o2(f) < n, hence m < o3(f) < n.

(2) We shall verify that o2(f) = n. If it is not true, then it follows from the proof of Part (1) that
o2(f) = a(m < a < n), we shall arrive at a contradiction in the sequel.
Since ¢ = max{c(h;) : j =0,1,--- ,k — 1} < m, then by Lemma 2.5, for any given (0 < ¢ <

min{ ™%, 222 1), there is a set E3 C [1,00) having finite logarithmic measure such that for all z

satisfying |z| = r & E3 U [0, 1], we have
exp{—r7T} < |hi(2)| < exp{r’*}, (j=0,1,---,k—1). (3.7)

exp{—r""} < [exp{(P(2) — cQ(2))}] < exp{r""}. (3-8)

Let f(z) = g(2)/d(z) be the infinite order meromorphic function and oo(f) = o, where g(z) and
d(z) are entire function, o(d) < oo, there exists a sequence ry(ry — oo) satisfying zj, = rei 0, €

[0, 27), klim 0 = 6o €[0,27), |g(zx)| = M(r,g) and k is sufficient large, we have

@ (zk) EZIGON o e b
f(zk) = P ) (1+0(1), (=01, k-1) (3.9

EJQTDE, 2009 No. 1, p. 7



and
exp{r] “} S vy(rr) < exp{rngE}. (3.10)

Let Q(2) = bp2™ +by_12" 1 4+ b1z + by, where b, = |b,|e?, |b,| > 0,60, € [0,27). By Lemma

2.4, for the above ¢, there are 2n opened angles
G-t oo L 0j )T — =01, 2n—1) (3.11)
jr—— —1)—+¢ - ——c(j= e, 2n—1). .
J n J 2n n J 2n J R
and a positive number R = R(e) such that
Re Q(z) > |bp|r™(1 — €) sinne
if |z| =r > R and z € D;, where j is even, while
Re Q(z) < —|bp|r"™ (1 — ) sinne

if |z| =r > R and z € D;, where j is odd.

For the above 0, if 6y # f% +(2j —1)5-(j = 0,1,---,2n — 1), then we may take ¢ sufficiently
small, and there is some G;,j € {0,1,---,2n — 1} such that 8y € G;. Hence there are three cases:
(1) 6o € G, for some odd number j; (ii) 6y € G; for some even number j; (iii) 6y = —% (2j —1)5-

for some j € {0,1,---,2n — 1}.

Now we split this into three cases to prove:

Case (i): 6y € G, for some odd number j. Since G; is an open set and limg_,o, O = 6, there is
a K > 0 such that §; € G; for £ > K. By Lemma 2.4, we have

Re {Q(rre' )} < —or (o > 0),i.e.,Re {—Q(rre'’ )} > orf (o > 0). (3.12)
Since deg(P — ¢Q) = m > 1, from (3.12), we obtain that for a sufficiently large k,
Re {P(zr) — Q(zr)} =Re {(c—1)Q + (P — cQ} < —(¢c— 1)ory +dry <0, (3.13)

where Re{P(z;) — Q(z)} < dry for a sufficiently large k. Substituting (3.10) into (1.3), we get for

{2, = rpe},

— e g ) (1+ o(1)) + zihi—avg ™ (r) (1 4+ 0(1)) + -+ +

z§7571h5+1(2k)vg+1(Tk>(1 +o(1)) + Zl;ziﬁlhsfl(zk)”;_l(m)(l +o(1))

o (3.14)
otz ha(ze)vg(re) (1 +o(1))]
= zlg_shs(zk)ep(zk)fQ(Zk)yg(rk)(l +o(1)) + tho(zk).
Thus from (3.10) and (3.12), we obtain, for a sufficiently large k,
| — e QEOE ) (1 + 0(1)) + zrphi—1vh (k) (1 4+ 0(1)) + - +
2  haga (z)vg T (k) (14 0(1)) + 25" he 1 (20)v5 () (1 + (1)) 1s)

44 zlljlhl(Zk)Vg(Tk)(l + 0(1))”

. | - - Lorp
> e M [ — 22| /g ) — -+ = 2T Bzl g )] > e
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And from (3.7), (3.10) and (3.13), we have

|2 ha(zi)e "R 7 AE L (1) (14 0(1)) 2icho ()| (3.16)
3.16

. Lo+e B+e ote o+2e
SQTZ STk ek frrel < el

From (3.14) we see that (3.16) is in contradiction to (3.15).

Case (ii): §p € G; where j is even. Since G is an open set and limg_,oc 0 = 6y, there is K > 0

such that 0, € G; for k > K. By Lemma 2.4, we have

Re {Q(rre'® )} > orp, Re {—cQ(rpe*)} < —corl,

| (3.17)
Re {(1 — c)Q(rke“g’“)} < (1—=c)ory.

We may rewrite (3.14) to

— 27 g (2)ePE 7RG L2 (1) (1 4 0(1)) = e LE [LF (1) (1 + 0(1))
+ z:khk—lz/;“‘l(m)(l +o(1)) +---+ lej_s_lhs+1(2k)V;+1(7"k)(1 +0(1)) (3.18)
g o (v ) (L o(1)) - 4 25 (21 () (1 + 0(1))]

+ 2Fho(zp,)et—9Q0Gk),
Thus from (3.7),(3.8),(3.10),(3.17) and (3.18), we have

—Tr
e 'k <§Tk e

’ . Zlkc—shs(Zk)eP(Zk)—cQ(Zk)V;(rk)(l + 0(1))‘ < €¥UTZ

m+te 1 k—s 7TZ+567TZL+565T275

(3.19)

This is in contradiction to n > m + ¢ and ¢ > 1.
Case (iii). 0y = 797: +(2j —1)£ for some j € {0,1,---,2n— 1}. Since Re {Q(rre*)} = 0 when
i is sufficiently large and a ray argz = 6 is an asymptotic line of {rye’*}, where is a K > 0 such
that when £ > K, we have
—1 < Re {Q(rge'*)} < 1. (3.20)

Since a,, = cby, so the head terms of P(z) and Q(z) have the same argument, therefore by Lemma 2.4,
Re {P(z)/c} and Re {Q(z)} possesses the same property in the above G;(j =0,1,---,2n —1),1.e.,
when k > K, we have

—1 < Re {P(rpe'?)/c} < 1. (3.21)

Hence when k > K, we have
—2¢ < Re {P(rpe) — cQ(rre'® )} < 2c. (3.22)
We may rewrite (3.14) to

— e QEI LR (1 +0(1)) + zrhi—1vh (k) L+ 0(1) + - +
2" e )y T re) (14 0(1)) + 25 o (zi)vy ! () (1 + o(1))
4t z’g_lhl(zk)yg(m)(l +0(1))]

= zZ*Shs(Zk)QP(Zk)—cQ(Zk)V;(rk)(l +0(1)) + Zlkcho(zk)e(l—c)Q(zk).

(3.23)

EJQTDE, 2009 No. 1, p. 9



Thus from (3.7), (3.10) and (3.21)-(3.23), we obtain, for a sufficiently large k,

%e“%“(m) <| = e CEIE () (14 0(1)) + 2khi—1v () (1 + 0(1) + -+

25 gy () v T () (1 + 0(1)) + 2 o1 (21 () (1 + 0(1))
4o 2 R () (r) (14 0(1))] (3.24)
= |z}§*5hs(Zk)eP(Zk)—cQ(Zk)V;(Tk)(l +0(1)) + Zl]zho(zk)e(l—c)Q(zk)|

+2¢

+e

e o+e o o+e _ o
< 2y e V§(T}c> +riet e et < I/:;(Tk)erk

This is in contradiction to v4(ry) > exp{ry °}. Thus we complete the proof of Part (2) of Theorem
1.4.

(3). By using the same argument as in Theorem 2 (iv) of [13], we can prove part (3). Here we
omit the detail. (|

3.3 Proof of Theorem 1.5

Proof. Assume fy is a solution of finite order of (1.4). If there exists another solution f1(# foy) of
finite order of (1.4), then o(f1 — fo) < oo, and f1 — fo is a solution of the corresponding homogeneous
differential equation (1.3). However, by Theorem 1, we get that o(f1 — fo) = oo, which is in con-
tradiction to o(f1 — fo) < co. Hence all solutions f of non-homogeneous linear differential equation
(1.4), with at most one exceptional solution fy of finite order, satisty o(f) = oc.

Now suppose that f is a solution of infinite order of (1.4), then by Lemma 2.8, we obtain

Mf) =A(f) = a(f) = oc.

In the following, we shall verify that every solution f of infinite order of (1.4) satisfy Aa(f) = o2(f).
In fact, by (1.4), it is easy to see that the zeros of f occurs at the poles of hj(z)(j =1,...,k—1) or
the zeros of F(z). If f has a zero at z of order n, n > k, then F(z) must have a zero at zy of order
n — k. Therefore we get by F' # 0 that

1 —, 1 1
N(r,3) <kN(r,2) + N(r, =) + > _ N(r,hy).
7 7 R
On the other hand, (1.4) may be rewritten as follows
1 1[f® fE=1) Pf(S) f! Q
?F{TﬁLhkl 7 + -+ hge 7 "'+h17+h06 .
So
1 1 k—1 k—1 f(])
m(r, ) < mlr, )+ 3 mlr hy) +m(r e7) £ mlr, e) + 37 mr, =) +0(1).
3=0 3=0

Hence by the logarithmic derivative lemma, there exists a set F having finite linear measure such
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that for all » € E, we have

ﬂnmzﬂn%+om
1 . 1 k—1 k—1 (j)

)+ kEN(r, =)+ ZT(T, hj) +m(r,ef’) +m(r,e?) + Zm(r, e

7 ) +0(1)

Jj=0 j=0

<T(r,F)+ Z T(r,h;) + Clog(rT(r, f)) + T(r,e") + T(r,e?) + EN(r, %) + O(log ),
§=0

where C' is a positive constant. Since for any € > 0 and sufficiently large r, we have
Clog(rT(r, f)) < T(r,f), T(r,F) <roEF T(re?) <ot
T(T,GQ) Srn+sa T(T,h]) §r0+€aj:0513"' ak7

so that for r ¢ E and sufficiently large r, we have
—, 1
T(r, f) <2kN(r, ?) 4 (k4 5)rote g gpne 4 opo(F)te,

Hence by Lemma 2.2, we get that oo(f) < Aa(f). It is obvious that Aa(f) > Xa(f) > o2(f), hence

Xa(f) = Ka(f) = a2(f)-
Finally, let fp be a solution of finite order of (1.4), then fo # 0. Substitute it into (1.4), and

rewrite it as follows

il{ﬁ+hk1 ék_l)+~~+hsepﬁ+~~'+h1f—6+her].
fo  FL fo Jo fo fo
Thus
1 1 k—1 k—1 )
m(r, %) < m(r, F) + jzom(r, hj) 4+ m(r,e?) +m(r, eQ) + jZO m(r, %) +0(1).

It is easy to see that fo occurs at the poles of h;(z)(j =1,...,k — 1) or the zeros of F(z). If fo has
a zero at zg of order n, n > k, then F(z) must have a zero at zy of order n — k. Therefore we get by
F # 0 that

PE kW(r,%)-ﬁ-N(r,%

So by the logarithmic derivative lemma, and noting that o(fy) < 400, we can obtain that

)+ N(r,h).

T(r.f) = T(r: )+ O()
k—1
<T(r,F)+ Z T(r,h;) +T(r,e’) +T(r,e?) + kN (r, %) + O(log ).
7=0

Hence o(fo) < max{n,o(F),X(fo)}, and this completes the proof of the theorem. O

Example 1. Consider the non-homogeneous linear differential equation

1, 1, 1
PR popy  fE=D o ho f e — —e “f = -2isinz,
z z z
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where ho, -+ , hx—1 are meromorphic functions. It has a solution fy(z) = z of finite order.

Example 2.(see. [16]) Consider the non-homogeneous linear differential

2 2 2 2
f///+ez f”ff/quez 7Zf:Z€Z +€Z +z.

It has a solution fy(z) = €* of finite order. o(fy) = 1 < 2 = max{2,0(F), \(fo)}.
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