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Abstract

In this work, the nonexistence of the global solutions to a class of

initial boundary value problems with dissipative terms in the bound-

ary conditions is considered for a quasilinear bi-hyperbolic equation.

The nonexistence proof is achieved by the use of a lemma due to O.

Ladyzhenskaya and V.K. Kalantarov and by the usage of the so called

generalized convexity method. In this method one writes down a func-

tional which reflects the properties of dissipative boundary conditions

and represents the norm of the solution in some sense, then proves that

this functional satisfies the hypotheses of Ladyzhenskaya-Kalantarov

lemma. Hence from the conclusion of the lemma one deduces that in

a finite time t2, this functional and hence the norm of the solution

blows up.
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1 INTRODUCTION

Initial-boundary value problems written for hyperbolic quasilinear partial

differential equations emerged in several applications to physics, mechanics

and engineering sciences. Natures of the solutions to these equations have

been investigated by several means.

The nonexistence of global solutions of quasilinear hyperbolic equations

with no dissipative terms in the boundary conditions are investigated for

example by J.L. Lions [1], R.T. Glassey [2], H.A. Levine [4 ,5, 6], and O.A.

Ladyzhenskaya and V. K. Kalantarov [8] and many others. Levine has a

survey article [7] with many relevant references (See also Straughan [9]).

In [4] Levine studied the initial value problem for the following “abstract”

wave equation with dissipation

Putt + A1ut + Au = F (u)

in a Hilbert space where P, A1 and A are positive linear operators defined on

some dense subspace of the Hilbert space and F is a gradient operator with

potential F . It is assumed that (u, F (u)) ≥ F(u) for all u in the domain of

F . The global nonexistence result he proved is the following: If the energy is

initially negative then the solution can not be global. This is the same result

that he proved in the case that A1 = 0 (See [6]).

However, the functional used for the investigation of initial-boundary

value problems with no dissipative terms in the boundary conditions can

not be directly applied to the problems with the dissipative terms in the

boundary conditions. Whenever damping is present, one must allow for
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the possibility that the data restrictions could be more severe than without

damping [10]-[14].

The tool used in this work is a lemma due to O.A. Ladyzhenskaya and

V.K. Kalantarov [8]. Part (b) of the Lemma was introduced also by H. A.

Levine in [3,6]. From now on we will call it the LK Lemma.

The most crucial point in the application of this tool is to find a functional

that represents the dissipation on the boundary and satisfies the conditions

of the LK Lemma. This method is known as the “generalized convexity”

method.

Let us begin by stating LK Lemma [8] without proof.

LEMMA

If a function

ψ(t) ∈ C2, ψ(t) ≥ 0

satisfies the inequality

ψ′′(t)ψ(t) − (1 + γ)ψ′(t)2 ≥ −2C1ψ(t)ψ′(t) − C2ψ(t)2

for some real numbers γ > 0, C1, C2 ≥ 0, then the following hold

a) If

(1) ψ(0) > 0, ψ′(0) > −γ2γ
−1ψ(0), C1 + C2 > 0

where

γ1 = −C1 +
√

C2
1 + γC2, γ2 = −C1 −

√

C2
1 + γC2,
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then there exists a positive real number,

t1 < t2 =
1

2
√

C2
1 + C2

2

ln
γ1ψ(0) + γψ′(0)

γ2ψ(0) + γψ′(0)

such that ψ(t) −→ +∞ as t −→ t1.

b) If ψ(0) > 0, ψ′(0) > 0 and C1 = C2 = 0 then there exists a positive

real number t1 ≤ t2 = ψ(0)/(γψ′(0)), such that ψ(t) −→ +∞ as t −→ t1.

2 THE IBV PROBLEM

Let us now consider the initial-boundary value problem:

(2) wtt + ∆2w = f(−∆w) + ∆w, (t, x) ∈ (0, T ) × Ω̄,

−∆w = 0,
∂wt

∂ν
− ∆2w = 0, (t, x) ∈ (0, T ) × ∂Ω,

w(x, 0) = w0(x), wt(x, 0) = w1(x) x ∈ Ω.

where Ω is a bounded domain in Rn with a sufficiently smooth boundary

∂Ω := Γ, T > 0 is an arbitrary real number, and ν is the outward normal of

the boundary Γ.

Let us define a functional ψ(t) by

(3) ψ(t) =
∫

Ω

|∇w|2dx+
∫

t

0

∫

Γ

(

∂w

∂ν

)2

dxdt+
∫

Γ

(

∂w0

∂ν

)2

dx,

and let

(4)

E(0) =
∫

Ω

|∇w1|
2dx+

∫

Ω

|∇∆w0|
2dx+

∫

Ω

(∆w0)
2dx− 2

∫

Ω

F(∆w0)dx ≤ 0.

be the initial energy of the system. Then by the use of the LK Lemma, the

following theorem will be proved:
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THEOREM. Let the function f(u) with its primitive

F(u) =
∫

u f(s)ds have the following properties:

(5) f(0) = 0, sf(s) ≥ 2(2γ + 1)F(s), ∀s ∈ R1

for some real number γ > 0, and let w0(x) and w1(x) be two functions such

that

1) For ψ in the above (3), and its derivative ψ′, the inequality (1) in LK

Lemma holds.

2) The initial energy E(0) in (4) is nonpositive.

If t2 > 0 is the number given in the LK Lemma, then there exists a

positive real number t1 < t2 such that ψ(t) −→ +∞ as t −→ t1.

PROOF. Differentiating (3) with respect to t one has

(6) ψ′(t) = 2
∫

Ω

∇w · ∇wtdx+ 2
∫

t

0

∫

Γ

∂w

∂ν

∂wt

∂ν
dxdt +

∫

Γ

(

∂w0

∂ν

)2

dx.

A further differentiation with respect to t gives

ψ′′(t) = 2
∫

Ω

|∇wt|
2dx+ 2

∫

Ω

∇w · ∇wttdx + 2
∫

Γ

∂w

∂ν

∂wt

∂ν
dx.

Using the Green-Gauss theorem, the partial differential equation in (2) on

the boundary, we convert the second and the third integrals in the above to

get

ψ′′(t) = 2
∫

Ω

|∇wt|
2dx− 2

∫

Ω

(∆w)wtt dx.

Substituting wtt as in (2) and using the inequality in (5) one obtains

ψ′′(t) ≥ 2
∫

Ω

|∇wt|
2dx− 2

∫

Ω

|∇∆w|2dx−
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(7) 2
∫

Ω

(∆w)2dx + 4(2γ + 1)
∫

Ω

F(−∆w)dx.

To make a better estimate for ψ′′(t), let us multiply both sides of the

equation in (2) by −2∆wt, and integrate over Ω to get

∂E(t)

∂t
= −2

∫

Γ

(

∂wt

∂ν

)2

dx

where

E(t) =
∫

Ω

|∇wt|
2dx +

∫

Ω

|∇∆w|2 dx +
∫

Ω

(∆w)2dx− 2
∫

Ω

F(−∆w)dx

can be regarded as the total energy of the system.

Hence

E(t) = E(0) − 2
∫

t

0

∫

Γ

(

∂wt

∂ν

)2

dxdt

¿From the second hyphothesis of the theorem, the initial energy E(0) is

nonpositive. Therefore E(t) < 0, ∀t > 0.

Adding

2(2γ + 1)



E(t) − E(0) + 2
∫

t

0

∫

Γ

(

∂wt

∂ν

)2

dxdt



 = 0

to the right hand side of (7) and omitting some of the positive terms one gets

the estimate

(8) ψ′′(t) ≥ 4(γ + 1)





∫

Ω

|∇wt|
2 dx+ a

∫

t

0

∫

Γ

(

∂wt

∂ν

)2

dxdt



 .

If we summarize,

ψ(t) = A1 +B1 +C, ψ′(t) = 2 A2 + 2 B2 +C, ψ′′(t) ≥ 4(γ+ 1)(A3 +B3),
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where A1, B1, C, A2, B2, A3, B3 represent the corresponding integrals in

(3), (6) and (8).

In LK lemma

ψ′′(t)ψ(t) − (1 + γ)[ψ′(t)]2 ≥

4(1 + γ)[(A3 +B3)(A1 +B1 + C) − (A2 +B2 + C/2)2] ≥

4(1 + γ)[H − ψ(t)ψ′(t)/2],

where

H = (A3 +B3)(A1 +B1) − (A2 +B2)2 ≥ 0

by Cauchy-Schwarz inequality. Therefore the hypotheses of LK Lemma are

satisfied with C1 = 1 + γ, and C2 = 0. Hence from the conclusion of the

Lemma, the Theorem is proved.
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aux Limites. Springer, (1961).

[2]. Glassey R. T. Blow-up theorems for nonlinear wave equations.

Math. Z., 132, 188-203, (1973).

[3]. R. J. Knops, H. A. Levine and L. E. Payne. Nonexistence,

instability and growth theorems for solutions to an abstract

nonlinear equation with applications to elastodynamics.

Arch. Rational Mech. Anal. . 55, 52-72 (1974).

[4]. H. A. Levine. Some additional remarks on the nonexistence

of global solutions to nonlinear wave equations. SIAM J.

Math. Anal.. 5, No: 4, 138-146 (1974).

[5]. H. A. Levine. A note on a nonexistence theorem for nonlinear

wave equations. SIAM J.Math. Anal.. 5, No:5, 644-648 (1974).

[6]. H. A. Levine. Instability and nonexistence of global solutions to

nonlinear wave equations of the form P utt = −A u+ F(u).Trans.

Am. Math. Soc.. 192, 1-21 (1974).

[7]. H. A. Levine. The role of critical exponents in blowup theorems.

SIAM Review . Vol. 32 No.2, 262-288 (1974).

[8]. O. A. Ladyzhenskaya and V. K. Kalantarov. Blow up theorems

for quasilinear parabolic and hyperbolic equations. Zap. Nauckn.

SLOMI Steklov, 69, 77-102, (1977).

[9]. B. Straughan. In stability, nonexistence and weighted energy

methods in fluid dynamics and related theories. Pitman Advanced

Publishing Program, (1982).

EJQTDE, 1999 No. 3, p. 9



[10]. M. Kirane, S. Kouachi and N. Tatar. Nonexistence of some

quasilinear hyperbolic equations with dynamic boundary conditions.

Math. Nachr.. 176, 139-147 (1995).

[11]. M. Can, S.R. Park and F. Aliyev. Nonexistence of global solutions

of some quasilinear hyperbolic equations. J. Math. Anal. and Appl.

213, 540-553 (1997).

[12]. V. Bayrak and M. Can. Global nonexistence of solutions of the

quasilinear hyperbolic equation of the vibrations of a riser.

Math. and Comp. Appl. 2, No:1, 45-52 (1997).

[13]. V. Bayrak, M. Can and F. Aliyev. Nonexistence of global solutions

of a quasilinear hyperbolic equation. Math. Inequalities and Appl.

1, No:3, 45-52 (1998).

[14]. V. Bayrak and M. Can. Global nonexistence of solutions of the

quasilinear hyperbolic equation of the vibrations of a riser.

Syberian J. of Diff. Eqns. to appear (1998).

EJQTDE, 1999 No. 3, p. 10


