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ON A HIGHER-ORDER SYSTEM OF DIFFERENCE EQUATIONS
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ABSTRACT. Here we study the following system of difference equations

on = < _ enf(Tn—2k) ) ,
an + bn, Hi:l g(yn7(2i71))f(xn—2i)

gil < Y 9g(Yn—2k) )

an + Bn Ty F(@ne(2i-1))9(Un—2:) ’
n € No, where f and g are increasing real functions such that f(0) = g(0) =0,
and coefficients ayn, bn, cn, an, Bn, Yn, n € Np, and initial values z_;, y—;,
i € {1,2,...,2k} are real numbers. We show that the system is solvable in
closed form, and study asymptotic behavior of its solutions.

Yn =

1. INTRODUCTION

Difference equations and systems of difference equations attract lots of attention
(see, e.g. [1]-[49] and references therein). Among numerous topics in this area
of mathematics, studying systems of difference equations is one of some recent
interest [7, 9, 11, 15, 16, 17, 18, 19, 21, 23, 35, 36, 39, 40, 41, 42, 44, 45, 46, 47, 48],
while solving difference equations and applying them in other areas of sciences re-
attracted some attention quite recently (see, for example, [1, 2, 6, 7, 22, 28, 29, 32,
33, 35, 36, 37, 39, 40, 42, 43, 44, 45, 46, 47, 48]). Among others, the attention was
trigged off by note [28] where an equation is solved in an elegant way. Some old
methods for solving difference equations can be found, e.g., in [14].

In [44], S. Stevié¢ studied the following system of difference equations

Tp = Cnn—1 y Yn = Inn—4 , N S N07 (1)
an + bnynflxnf2yn73xn74 ap + 5n$n71yn72mn73yn74

with real coefficients a,,, by, ¢n, Qn, Bn, Yn, 7 € Ng, and initial values x_;, y_;, i €
{1,2,3,4}, such that ¢,, # 0, v, # 0, n € Ny. He showed that system (1) is solvable
in closed form, and described behavior of all well-defined solutions of the system for
constant coefficients ay,, by, ¢n, @, Bn and 7,. Paper [44] is a natural continuation
of his previous investigations in [7, 28, 35, 36, 37, 39, 40, 43, 45, 46, 47, 48], where
related difference equations and systems of difference equations were considered.
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Motivated by this line of investigations, here we study the following system of
difference equations

T, =f1 ( Cnf(Tn_ok) >
an + by, Hle g(yn—(Qi—l))f(:En—Qi) ’

Yn =9~ ( k%g(yn_%) ) , n €N,
an +Bn 1y F(@n—(2i-1))9(Yn—2:)

where f and g are increasing real functions, such that
f(0) =g(0) =0, 3)

and coefficients a,, by, cn, Qpn, Bn, Yn, n € Np, and initial values x_;, y_;, © €
{1,2,...,2k} are real numbers.

We show that system (2) is also solvable in closed form, and study the behavior
of well-defined solutions of the system when the sequences a,, by, ¢n, o, B, and

Yn are constant.
Recall that solution (&, Yn)n>—2k, of system (2) is periodic with period p, if

Tpyp =Tp and  Ypyp =Yn, n>-—2k.

For some results on the periodicity or asymptotic periodicity see, e.g., [4, 5, 10, 11,
12, 13, 14, 23, 24, 26, 27, 31, 34, 38, 41, 49].

2. SOLVABILITY OF SYSTEM (2) IN CLOSED FORM

Assume that z_; # 0, y—; # 0,4 € {1,2,...,2k}. Then (2), the monotonicity
of f and ¢ and conditions f(0) = ¢g(0) = 0, imply that z,, # 0 and y, # 0, for
every n € Ng. Then in this case the following change of variables along with the
invertibility of functions f and g

1 1

0 Fon2)9n 2i1) " T 920 F(@n 2 1)

transforms system (2) into the next system of linear difference equations

n>-1, (4)

9

Up =

a b «
Up = —Vp_1 + —, Up = —"un,1+5—n7 n € Np. (5)
Cp, Cp, Tn Tn
From (5) we have that
A Oy Anfn_ b
Uy = ntn 1u”_2+ nﬂn 1+£’
CnYn—-1 CnYn—1 Cn
Qi Ay — Qpby,
v, = nnlvn72+ nYn 1+&7 TLEN7
TnCn—1 TnCn—1 Tn
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from which we get (for details see [44])

n n n
20251 a2ifB2i—1  boy (2500251
u2n:uOHC_7_+E 074‘07 H PRSI (6)
o1 C2a2j-1 0 G\ C2i02i-1 2/ Ty 257251

n a a n a /8 b n a a
2j—1025 2 2i-1P2i—2 | b2i—1 25—1025—2
Ugp—1 = U_1 H + E < + ) H (7)

)
Coj— j— Co4— i — Coi— Cog— —
j=1 2j—172j—2 i—1 2i—172i—2 2i—1 s—idt1 25—1725—2

LI " b By; "
UQnZUOHW‘FZ(MH—FQ%) H F2s%2s—1 (8)

)
iCoi_— iCoi— Cog—
Y25€25—-1 i—1 Y2iC2i—1 V2i s—it1 125C2s—1

j=1

oo a "/« b I5; ~oa a
2j—1025—2 2i—102i—2 2i—1 2s—1025—2
ey = oy [[ B2 Ly (St o) ] Sttt
o1 V2i-1€2-2 T \D2i-1C2i-2 21/ o) V2s-1C25-2

From (4) we have that

V2km+i—1 .
f(kaWH»i) = as f($2k(m71)+i>7 (S {07 sy Qk - 1}7
U2km+i
m € Ny, and
U2km~+i—1 .
g(kam+i) = 7+g<y2k(mfl)+i>7 1€ {07 sy 2k - 1})

V2km—+i
for 2km + ¢ > 0, from which along with the invertibility of functions f and g it
follows that for every m € Ny and each i € {0,...,2k — 1}

m

_ V2keji+i—
Dopmri = F 1| fla) [ 22— (10)
i=1 U2kj+i
U
_ kj+i—
Yokmyi =9 g(yz)HM : (11)
i=1 V2kj+i

Using (6)—(9) in (10) and (11) we get solutions of system (2) in closed form.
3. SYSTEM (2) WITH CONSTANT COEFFICIENTS

Let

an=4a, b,=>b, c,=

>

, an=0&, pfp,=p and ~v,=%, n €Ny,

then we have

T, :f—l ( _ cf (vn_on) >
a+b Hf:l g(yn—(Zi—l))f(xnfm) 7

' (12)
Y :g—l < ’Yg(yn—Qk) ) . neN,.

a+p Hf=1 F(@n_2i-1))9(Yn—2:)
If ¢ = 0, then since f(0) = £71(0) = 0 we have that x,, = 0, n € Ny, so that
9(yn) = 29(yn—2i) for n € N and consequently

Yokm—i =9 <<2>m9(y—z‘)> )
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for every m € Ng and i € {0,1,...,2k — 1}.
If 4 = 0, then since g(0) = g~1(0) = 0 we have that y,, = 0, n € Ny, implying
f(zn) = £f(zn_21) for n € N and consequently

Tokm—i = [ ((2)mf(33—i)) ;

for every m € Ng and i € {0,1,...,2k — 1}.
From now on we will assume that ¢ # 0 and 4 # 0. Note that in this case,
system (12) can be written in the following form

2, = ( . f(wn_on) ) 7
a+bllizy 9(Wn—(2i—1)) f(Tn—2:)
-1 9(Yn—2t)
n = ) EN ’
e <a + 5 Hf:l f(xn—(Zi—l))g(ynQi)> nE

where a = a/é, b = b/é, a = &/4 and 8 = /4. Therefore we will study system
(13) instead of system (12).
Assume x_; # 0 and y_; # 0 for every i € {1,2,...,2k}. System (5) becomes

(13)

Up = aUp_1+b, v, =0au,_1+ 5, neNg, (14)
which implies that
Up = aQUp—2 + af + b, (15)
Up = aQUu_2+ab+ [, neN. (16)
From (15) and (16) (or (6)—(9)) we obtain
1 — (ac)™
—_ n
Ugp—1 = u—i(ac)™ + (aff + b)i1 e
_af+b+ (aa)"(u_(1 —aa) —af —b) (17)
B 1—a«a ’
n € Ny, 1 € {0,1}, if acw # 1, or
Ugp—i = u_; + (af +b)n, n e Ny, [ €{0,1}, (18)
if ac = 1, and
1—(ac)”
van—1 = v-i(aa)” + (ab+ 5)1—(7“3
_ab+ B+ (aa)" (v—i(1 — ac) — ab — j3) (19)
N 1—aa ’
n € Ng, 1 € {0,1}, if aw # 1, or
Von—i =v_; + (ab+ B)n, n €Ny, I €{0,1}, (20)

if aa = 1.
From relations (17)—(20) we easily obtain the following formulae for solutions of
system (13).
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Case aae = 1. In this case we have that

T2km+2s — f_l

= f1

1
Tokmt2s+1 = |

= f1

—1
Yokm+2s — g

—1
Yokm+2s+1 — g

= g_l

F(x2s) ﬁ U%ﬁ%—l)

j=1 u2k]+23

o [l )

o wot (aB +b)(kj+s)

f(z2st1) H U%H?S)

jo1 U2kj+2s+1

m
$25+1 H

vo + (ab+ B)(kj + s)
(@B +b)(kj+s+1) )7

o
2kj+2s—1

9(y2S)H
=1 V2kj+2s

m

o(1e) Hu 1+ aﬁ—&-b)(kj—ks)),

oo+ (ab+ B)(kj + 5)

j=1

m
U2k 542
9(v2es1) [ [ J)

J=1 UV2kj+2s+1

m
y25+1 H

1+ (ab+B)(kj+s+1)

up + (aB + b)(kj + s) )

for every m € Ny and s € {0,1,...,k —1}.

Case ac # 1. We have

m

=1

_ V2kj+2s—1
Topmtos = [ (f(ms) II JS)
U2k j+2s

:fl fl'QsH

1

= f!

f $25+1

Tokm+2s+1 = (f T254+1)

(ab+ B+ (aa)ki+3(v_1(1 — aa) — ab — B3))

UZk] +2s
u2k]+25+1

m (Oéb"‘ 6 + (aa)k]+3( (1 — aa) —ab— 5))

(aB + b+ (aa)ki+5(ug(1 — ac) — a3 — b))

(23)

(25)

aﬁ + b+ (aq)kitstl(y_

1(1 —aa) —apB — b))

(26)
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m
_ U2k 5 _
Y2km+2s = G ! g(yZS) H M

Go1 V2kjt2s

= "t (af + b+ (aa) 5 (u_1(1 — ac) — af — b))
9(y2s) H (ab+ B+ (aq)ki+5(v(1 — aa) — ab — j))

j=1

m

1 U2k j+2s
Y2km+2s+1 = 9 g(y23+1) H
1 V2kj+2s5+1

. " (aB + b+ (a)® 5 (up(1 — ac) — af — b))
=9 y2g+1 H kj+s+1 ’
e (ab+ B+ (a)kitstl(v_1(1 — ac) — ab — j3))
(28)
for every m € Ny and s € {0,1,...

Jk—1}.
4. BEHAVIOR OF SOLUTIONS OF SYSTEM (13)

Prior to proving the main results on behavior of solutions of system (13) we
present the following extension of Lemma 1 in [44] which guarantees the existence
of 2k and 4k periodic solutions of system (13).

Lemma 1. Assume that ac # 1, f,g : R — R are increasing functions satisfying

the conditions in (3). Then the following statements are true.

(a) If ab+ 8 = af + b, then system (13) has 2k-periodic solutions.

(b) If ab+ B = —(aB +b), and f and g are odd, then system (13) has 4k-periodic
solutions.

Proof. Tt is easy to see that system (14) has a unique equilibrium solution
__aB+b ab+

Uy = U= #0, v,=v=——#0, n>-1.
1—axa 1—ax
This along with (4) implies that
1—ax
flzn) = k—1
(aB + b)g(yn—26+1) 1,21 9(Un—2j4+1) f(2n—2;)
1—aa ab +
:mvn—lf(xn—Qk) = aﬂ +€f(xn—2k); n e NO, (29)
and
9(yn) = Lo oo
" (ab+ B) f(@naks) TT2) F(@n2i11)9(0n2)
1—aa af+b
~ bt B Un—19(Yn—2k) = mﬂ(%—zk% n € Np. (30)

(a) Since ab + § = af + b, from (29) and (30) we get f(x,) = f(zp—2r) and
9(yn) = g(Yn—2k), from which it follows that x,, = x,,_ax and y, = y,_ox that is,
there is a 2k-periodic solution of system (13).

(b) Since ab+ = —(af+b), from (29), (30), and since f and g are odd functions,
we get f(vn) = —f(zn-2k) = f(—2n_2k) and g(yn) = —9g(Yn—2t) = g(~Yn—2x)
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which implies that z,, = —x,_9x and y, = —yn_ok, and consequently x,, = T,,_4x
and Y, = Yn—ak, that is, there is a 4k-periodic solution of system (13). (]

Theorem 1. Assume that ac = 1, f,g : R — R are continuous, odd, increasing
functions satisfying the conditions in (3), and (Tn,Yn)n>—2k i a well-defined so-
lution of system (13) such that x_; #0 # y_;, i = 1,...,2k. Then the following
statements are true.

a ab+ p| < |ap + b, then x, — 0 and |y,| — g~ " (+00), as n — oco.
If |ab+ 8| < |aB +b|, th 0 and 1
(b) If |ab + B| > |aB + b, then y, — 0 and |x,| — f~1(+00), as n — oco.
(c)Ifab+p = aB+b# 0 and "z > 0, then |vokmias] — fH(+00), s €
{0,1,...,k —1}, as m — oo.
(d) If ab+8 = af+b # 0 and U;é;g" < 0, then |vapmi2s] — 0,5 €{0,1,...,k—1},
as m — 00.
e ab + = ap + and v_1 = ug, then the sequences Togm+2s, S €
Fab+8 = af +b + 0 and hen th
{0,1,...,k — 1}, are convergent.
(f) If ab+ B = aB +b # 0 and Ug;iél > 1, then |Togmaiost1] — f~1(+00),
s€{0,1,...,k—1}, as m — oo.
(9) If ab+ B = aB+b # 0 and Ui;iél < 1, then |Tagmiast1| — 0, s € {0,1,... , k—
1}, as m — oo.
(h) Ifab+ B =aB+b#0 and vg = u_1 + ab+ B, then the sequences Togmt2s+1,
s€{0,1,...,k— 1}, are convergent.
(i) Ifab+ B = af +b # 0 and “33> > 0, then [yakmi2s| — g7 ' (+00), s €
{0,1,...,k—1}, as m — oo.
(j) If ab+B = aB+b# 0 and “;g;go <0, then yogma2s — 0, s € {0,1,... k—1},
as m — 00.
(k) If ab+ 8 = af +b # 0 and u_y = vy, then the sequences Yogmi2s, S €
{0,1,...,k — 1}, are convergent.
() If ab+ B = af +b # 0 and “3r5t > 1, then |yopmr2st1| — g~ ' (+00),
s€{0,1,...,k—1}, as m — oo.
(m) Ifab+ B =aB+b#0 and ug;ﬁ; <1, then Yormi2s+1 — 0, s € {0,1,..., k—
1}, as m — oc.
(n) Ifab+ B =aB+b#0 and ug = v_1 + ab+ 3, then the sequences Yorm+2s+1,
s€{0,1,...,k — 1}, are convergent.
(o) If ab + 8 = —(aB +b) # 0 and U;zigo > 0, then |Togmaas| — f~H(+00),
s€{0,1,...,k—1}, as m — oo.
(p) Ifab+B = —(af+b) # 0 and U;Zigo <0, then |Togmias| — 0, s € {0,1,...,k—
1}, as m — oc.
(¢) If ab+ 8 = —(aB +b) # 0 and v_1 = —uy, then the sequences Tagmyos and
Takmt2k+2s, S € {0,1,...,k — 1}, are convergent.
(r) If ab+ B = —(aB +b) # 0 and Ur;;ﬁ; > 1, then |Torma2st1| — f1(+00),
s€{0,1,...,k—1}, as m — co.
(s) If ab+ B3 = —(aB +b) # 0 and vgjb'iél < 1, then |zogmi2s+1] — 0, s €
{0,1,...,k — 1}, as m — oo.
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(t) Ifab+ B8 = —(aB+b) # 0 and v0+u_1 = ab+ 3, then the sequences Typmi2s+1

and Tagmyok+2s+1, S € {0,1,...,k — 1}, are convergent.
(u) If ab+ B = —(aB +b) # 0 and “= gj_‘;" < 0, then |yz2km—as| = g~ (+00),
s€{0,1,...,k—1}, as m — oo.

(v) If ab+ B = —(aB+b) # 0 and “= g:/go > 0, then yopmsos — 0, s € {0,1,...  k—
1}, as m — oo.
(w) If ab+ 8 = —(af +b) # O and u_1 = —vg, then the sequences Yagmi2s and

Yakm+2k+2s, S € {0,1,... k — 1}, are convergent.

(1) If ab+f = —(af+) # 0 and " FLE02E <0, then ysim 21| = 97" (+00),
s€{0,1,...,k—1}, as m — oo.

(y) If ab+ B = —(aB +b) # 0 and %jﬁaw > 0, then Yopmaost1 — 0,

s€{0,1,...,k—1}, as m — oo.
(z) If ab+ 8 = —(af +b) # 0 and ug + v—1 + ab + 8 = 0, then the sequences
Yakm+2s+1 AN Yagmt2k+2s+1, S € {0,1,...,k — 1}, are convergent.

Proof. (a), (b) We have

lim U= + (ab+ B)(km +s) im0 + (ab+ B)(km+s)  ab+f
m—co ug + (af +b)(km+s)  m=ccu_i + (af+b)(km+s+1) af+b’

P + (aB +b)(km +5) lim ug + (af +b)(km+s)  aB+b
m—oo vy + (ab+ B)(km +s)  m—ccv_y+ (ab+B)(km+s+1)  ab+ B’

From these limits, formulae (21)—(24) and the continuity of functions f and g these
two statements follow.
(¢)—(n) By some calculations, and using the next known formulas

n(14+z)=2—-2%/2+0(*) and (1+2)'=1-24+0%, z—0 (31)

(which we may assume that hold for all the terms in products (21)—(24)), we get

<1 n (ab+B)s+v_1 )

m
= kj(ab+pB)
Tokmt2s = | xzs H uo+(a,@+b)8
(1 )

s

= f_l f($2s)

V_1 — U 1
1 (l it g TO (y))

= f71 | f(zas) exp Z (kj abJrﬂ +0 (jl )) ; (32)

Jj=1

<.
Il
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f(Tormt2s41) = ft

=f1

flze) [ u71+Z<(zZ+J;f()s+1)
7=1 (1 T RiGapTh) )

' —u1—(ab+p)
F(2es1) (1+”0 u_1— (o
2+1j];[1

kj(ab+ B)

wo(3)
(i)

~ (vo —u_1 — (ab+ f)
Jrzea) e <Z< (bt B)

j=1
(33)
m u_1+(af+b)s
_ 1 ( ) H (1 + kj(aﬁ"rb) )
Yo2km—+2s g g Yas 1] (1 N voJr(abJrﬁ)s)
i=t kj(ab+B)
M 1 - 1
co o T (1 2o o (1))
g | o )]1;[1 < kj(ab+ B) 2
=g ' | g(y2s) exp N <ulv0 +0 (1)> (34)
2P\ 2\ Frr ) TO\E)) | )
m ug+(aB+b)s
Yokma2sil = gfl g(yst) H (1 + kj(aB+b) )
. (1 + M)
3=t ki (ab+B)
_ s — b+ ) 1
R )
o " (ug —v_q — (ab+ B) (1))
(35)
for every s € {0,1,2,...,k —1}.
Using (32)—(35), the relations
<1 = 1
Y=t and D |0 ]| <+oo, (36)
=17 = N

and the continuity of the functions f and g, these results easily follow.
(0)—(z) By some calculations and (31) (which we may also assume that hold for
all the terms in products (21)—(24)), we get
EJQTDE, 2013 No. 47, p. 9



(ab+B)s+v_1

o\ ek

_ m J(ab+p)

Tokm+2s = f ! (f(@s)(—l) H ( (ab+B)s—ug ))
j + i (aB1D) )

— (—1ymf? (f(:xzs) exp (f (M Lo (;))) ) e

o (14 e
m Jla +
Tokmt2s+1 = | f($2s+1)( 1) H (1+w)
Jj=1 kj(ab+pB)

=f (f($2s+1)(—1)m

_ s 1 —(ab+B) 1
= (1™ ) exp (“"*“.1 (a +o(.)) ,
( 2ot (j:l kj(ab+ B) 52
mﬁ(+%ﬂMTU
jﬂ0+ﬁﬁﬁﬁ
m " U_1 + Vg 1
o (o F (- gy o ()
m — - u—1+vp 1
:(_1> g ! (g(ygs)exp <—;(W+O(]2>)))7 (39)
n (14 Shd) )

ke (1+ v_1+(ab+8)(s+1)

Yokmi2s =g ( 9(y2s)(

Yokmi2s41 =g (9(?/2s+1)(—1)m

kj(ab+B)
o1 . mm _U0+U 1+Ozb+5 i
=g (g@/%ﬂ)( 1 1_1(1 St lio(5)) )
_(_1ym —1 _m ug + v_ 1—|—ab—|—ﬁ i
=(-D"yg (g(y23+1)eXp< = < kj(ab+ B) 32 ))

(40)

for every s € {0,1,2,...,k —1}.
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Using (37)—(40), relations (36) and the continuity of the functions f and g, the
results easily follow. |

Theorem 2. Assume that ac # 1, f,g : R — R are continuous, odd, increasing
functions satisfying the conditions in (3), and (Tn,Yn)n>—2k 15 a well-defined so-
lution of system (13) such that ©—; # 0 # y_;, i = 1,...,2k. Then the following
statements are true.

(a) If laa| > 1, [v_1(1 — aa) — ab — B| < |up(1 — ac) — afBf — b|, then xogm+2s — 0,
s€{0,1,...,k—1} as m — oco.

(b) If lac| > 1, Jv_1(1 — aa) — ab — 5| > |ug(l — ac) — aff — b, then |Topmt2s| —
fl(+c0), s€{0,1,...,k—1} as m — oo.

(c) If laa] > 1, v_1(1 —ac) —ab— B = up(l —ac) —af — b # 0, then the sequences

Togmtas, S € {0,1,...,k — 1} are convergent.

(d) If lac] > 1, v_1(1 — aa) —ab — B = —(ug(l — ac) — a8 — b) # 0, then the
sequences Tagm2s 0Nd Tapmioktas, S € {0,1,...,k — 1} are convergent.

(e) If lac] < 1 and |ab+ 8] < |afB + b|, then Togmias — 0, s €{0,1,...,k —1} as
m — oo.

(f) Iflac| < 1 and |ab+8| > |aB+b|, then |vokmras| — f1(+00), s € {0,1,... k-
1} as m — oco.

(9) If |ac| < 1 and ab+ 5 = aB+b, then the sequences Tagmy2s, s € {0,1,...,k—1}
are convergent.

(h) If |aa| < 1 and ab+p5 = —(af+Db), then the sequences Takmt2s ANA Takm+2k+2s 5
s€{0,1,...,k — 1} are convergent.

(i) If aocc = —1, then

Tokm+2s —

(b + B+ (D)0 —ab - p)
Iz, J[[l < aB + b+ (—1)ki+5(2ug — aff — b) )
Proof. Let

s ab+ B+ (aa)" T (v_1(1 - aa) — ab — )
P = af + b+ (ac)kmts(ug(l — aa) —afB —b) ’ m €No, s €401,k =1}

(a) Note that in this case

. lv_1(1 — ac) — ab — f|
1 ol = <1
mgnoo |pm| |’U,0(1 — aa) — aﬁ - b‘ ’
which along with formula (25), and the continuity of function f, easily implies the
result.
(b) In this case

(1= —ab—
lim |pfn|: |’U 1( (10[) « ﬂ|

1
m—»00 lup(1 — aa) — a3 — b Z b

from which, (25) and the continuity of function f, the result easily follows.
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(c) Using (31) we have that for sufficiently large m

ab+-8
p _ 1"‘ (aa)km+5(v_l(lfaa)fabfﬁ))
m af+b
1 + (aa)k‘WH’S('u,l(l*aa)*abfﬁ))
ab+ B —af —b 1
. . 42
+ (G,Oé)km+s(v71(]- —aa) —ab—[)) + ((aa)km> ()

Employing (42) in (25), then using (31), the condition |ac| > 1, and the continuity
of function f, the statement easily follows.
(d) Using (31) we have that for sufficiently large m

ab+p
s _ _1 * GayF T oo, (1—aa)—ab=A))
Prm 1 aB+b

= @a) T (om (1—aa)—ab—B))

-~ (" et () @

Using (43) in (25), then (31), the condition |ac| > 1, and the continuity of function
f, the statement easily follows.
(e) In this case

<1,

which along with (25) and the continuity of function f, the result follows.
(f) In this case

. lab + B
lim |p,| = 1
o IPml = g > b

which along with (25) and the continuity of function f, the result follows.
(g) Using (31) we have that for sufficiently large m

(1 4 (‘m)’“""“(vfl(1—aa)—ab—l3)))

ps . ab+-p
m (ac)km+s (ug(1—ao)—ab—pB)
(1 + ol )
(aa)*™+3(v_y — ug)(1 — ac) &
=1 ™). 44
+ o + ((ac)™™) (44)

Employing (44) in (25), then using (31), the condition |aa| < 1 and the continuity
of function f, the statement follows.
(h) Using (31) we have that for sufficiently large m

(1 i <aa)’“’"+s(uﬂl—aa)—ab—ﬁ)))

ps B ab+p
m aa)km+s (uo(l—ao +ab+8
(1 — Lol ;lg-‘rﬁ : ))
(ac)*™*5(v_1 + up)(1 — ac) k
_ (4 my 45
( n - + ((aa)™™) (45)

Employing (45) in (25), then using (31), the condition |aa| < 1, the continuity and
oddness of function f, the statement follows.
(i) By using the condition ace = —1 in (25), formula (41) directly follows. O
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Theorem 3. Assume that ac # 1, f,g : R — R are continuous, odd, increasing

functions satisfying the conditions in (3), and that (T, Yn)n>—2k 5 a well-defined

solution of system (13) such that x_; #0 £ y_;, i =1,...,2k. Then the following

statements are true.

(a) If |ac] > 1, |vg(1—aa) —ab—pB| < |aa||u—1(1—aa)—aB—b|, then Tokmt2s+1 —
0,s€{0,1,...,k—1} as m — oco.

(b) If lace| > 1, |vo(1—ac)—ab—pB| > |ac||u_1(1—aa)—aB—0b|, then |Takmt2s+1| —
[t (+0), s€{0,1,...,k—1} as m — oo.

(c) If laa| > 1, v9(1 — acr) —ab—f = aa(u_1(1 —aa) —afB —b), then the sequences

Tokmt2s+1, S € {0,1,...,k — 1} converge.

(d) If lac| > 1, vo(1—aa) —ab— B = —aa(u_1(1—aa)—afB —b), then the sequences
Tagm+2s+1 AN Tagmyokrost1s S € {0,1,... k — 1} converge.

(e) If lac] < 1 and |ab+ B| < |af +b|, then Takmy2s41 — 0, s € {0,1,...,k —1}
as m — 0o.

(f) If laa] < 1 and |ab + 8| > |aB + b, then |Togmios+1| — f1(+00), s €
{0,1,...,k—1} as m — oo.

(9) If lac] < 1 and ab+ B = aB+D, then the sequences Togmios+1, S € {0,1,...k—
1} are convergent.

(h) If laa] < 1 and ab+ B = —(aB + b), then the sequences Tigmi2s+1 and
Takmtak+2s+1, S € {0,1,...,k — 1} are convergent.

(i) If acc = —1, then

B o ab+ B+ (—=1)k+5(2v9 — ab — B)
Tokma2se1 = f | f(@2s41 Jl;[l <aﬁ b+ (CD)F T (20 —af — b)) - (46)

Proof. Let

. ab+ B+ (ac)*™ 5 (vy(1 — aa) — ab — j)
™ a4+ b+ (aq)km sty (1 — aa) — aff — b)’
(a) Note that in this case

m €Ny, s €{0,1,...,k—1}.

lim |7 | |vo(1 — aa) — ab — B
m—oo ™ |u_1(1 — acr) — af — b||ac

<1,

which along with formula (26) and the continuity of function f, easily implies the
result.
(b) In this case

jv0(1 = a0) — ab— |
lim |r),|=
m—00 |lu_1(1 — ac) — a3 — b||aq|

>1,
from which along with (26) and the continuity of function f, the result follows.
(c¢) Using (31) we have that for sufficiently large m

ab+8
1+ (aa)km+s(vg(l—aa)—ab—p)

s
Tm—

L+ (aoz)karSJrl(;l_ﬁ;r(l;faa)faﬂfb)
ab+p—ap —b 1
(ac)km+s(vo(1 — aer) — ab — B)) ((aa)km) '
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Employing (47) in (26), then using (31), the condition |ac| > 1 and the continuity
of function f, the statement easily follows.
(d) Using (31) we have that for sufficiently large m

b+8
P e O Lkl O e )
"'m = — 1 aB+b

"~ (aa)FFS (v (I—aa)—ab—p)

(' ety () @

Employing (48) in (26), then using (31), the condition |aa| > 1 and the continuity
of function f, the statement easily follows.
(e) In this case

from which along with (26) and the continuity of function f, the result follows.
(f) In this case

s lab+ B
Al = Joge Y
from which along with (26) and the continuity of function f, the result follows.
(g) Using (31) we have that for sufficiently large m

1+ (ac)*™* 2 (vo(1—aa)—ab—p)

= ab+p
m (aa)kmts+1(y_;(l—aa)—ab—f)
1+ ab+pB
(ac)k™+s (v — aqu_; — ab— B)(1 — aa) &
1 my. 4
" e + (@)™, (9

Employing (49) in (26), then using (31), the condition |aa| < 1 and the continuity
of function f, the statement follows.
(h) Using (31) we have that for sufficiently large m

1+ (ac)*™*2 (vo(1—aa)—ab—B)

s ab+
m 1_ (aa)kmts+l(y_y(1—aa)+ab+p)
ab+-
(aq)*™*3 (vy + aau_; — ab— B)(1 — aa) k
=—11 ™. o0
(1+ v (™). (50)

Employing (50) in (26), then using (31), the condition |aa| < 1, the continuity and
oddness of function f, the statement follows.
(i) By using the condition acx = —1 in (26) formula (46) easily follows. O

The proofs of the next two theorems use formulas (27) and (28), and are similar
to those ones of Theorems 2 and 3, so they are omitted.

Theorem 4. Assume that ac # 1, f,g : R — R are continuous, odd, increasing
functions satisfying the conditions in (3), and that (Ty, Yn)n>—2k 5 a well-defined
solution of system (13) such that x_; 20 #y_;, i = 1,...,2k. Then the following
statements are true.
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(a) If lac| > 1, Jug(l — acx) — ab— B > |u—1(1 — aa) — aB — b|, then Yormi2s — 0,
s€{0,1,...,k—1} as m — oco.

(b) If lac| > 1, Jvg(1 — aa) — ab — B] < |u—1(1 — ac) — af — b|, then |yapm+2s| —

—1

g H(+0), s€{0,1,...,k—1} as m — oo.

(c) If laa| > 1, vo(1 — aa) —ab— B = u_1(1 — aa) — aff — b, then the sequences
Yokm—2s, S € {0,1,...,k — 1} converge.

(d) If lac| > 1, vo(1 —aa) —ab— B = —(u_1(1 —aa) —af —b), then the sequences

Yakm+2s ond Yakma2k+2s, S € {0,1,...,k — 1} converge.
(e) If lac| < 1 and |ab+ B| > |aB + b, then Yakm+2s — 0, s € {0,1,...,k — 1} as
m — oo.

(f) Iflac] < 1 and |ab+3| < |aB+bl|, then [yormaas| — g H(+00), s € {0,1,..., k—
1} as m — oo.

(9) If |aa| < 1 and ab+ B = afS+b, then the sequences Yogmyas, s € {0,1,..., k—1}
are convergent.

(h) Iflac| < 1 and ab+ B = —(afS+Db), then the sequences Yakm+2s ONd Yakm+2k+255
s€{0,1,...,k — 1} are convergent.

(i) If acc = —1, then

i _1\kj+s o . m
vokmi2s = 9 | 9(w2s) || (a5+ b+ (-1)¥"*(2u_1 — af b))
j=1

ab+ B+ (—1)kits(2ug — ab — )

Theorem 5. Assume that ac £ 1, f,g : R — R are continuous, odd, increasing
functions satisfying the conditions in (3), and that (Zy, Yn)n>—2k is a well-defined
solution of system (13) such that x_; #0 #y_;, i = 1,...,2k. Then the following
statements are true.

(a) If |ace] > 1, |ac||v_1(1—aa) —ab—B| > Jug(l—aa)—aB—b|, then Yakmtos+1 —
0, s€{0,1,...,k—1} as m — oco.

(b) If lace] > 1, |ac||lv—_1(1—aa)—ab—p| < |ug(1—aa)—aB—D|, then |yakmt2s+1| —
g H(+00), s€{0,1,...,k—1} as m — <.

(c) If laa] > 1, ac(v_1(1 — ac) — ab — ) = up(l —aa) —af — b # 0, then the
sequences Yagmtas+1, S € {0,1,...,k — 1} are convergent.

(d) If lac| > 1, aa(v_1(1 — ac) — ab — ) = —(up(1l — aa) — a8 — b) # 0, then the
sequences Yagm+2s+1 ANd Yakm2k+2s+1, S € {0,1,...,k — 1} are convergent.

(e) If lac| < 1 and |ab+ B| > |aB +b|, then yogms2s+1 — 0, s € {0,1,...,k — 1}
as m — oo.

(f) If laa] < 1 and |ab + B < |aB + b|, then |yskmiost1] — g 1 (+00), s €
{0,1,...,k—1} as m — co.

(9) If |aa| < 1 and ab+ B = aff+b, then the sequences Yakmi2s+1, S € {0,1,... , k—
1} are convergent.

(h) If lac] < 1 and ab+ B = —(af + b), then the sequences Yagmi2s+1 and
Yakm+2k+2s+1, S € {0,1,...,k — 1} are convergent.

(i) If aac = —1, then

aB+b+ (—=1)k+5(2ug — aB — b) )m
)

m
_ —1
Y2km+2s+1 = g 9(y2s+1) e ((ﬂ)Jr B+ (—1)kits+t1(20_, —ab—f
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Theorems 2-5 and Lemma 1 yield the next corollary.

Corollary 1. Assume that lac| < 1, f,g: R — R are continuous, odd, increasing
functions satisfying the conditions in (3), and (Tpn,Yn)n>—2k @S ¢ well-defined so-
lution of system (13) such that x—_; #0 # y_;, i = 1,...,2k. Then the following
statements are true.

(a) If ab+B = af+b, then the solution (xy, Yn)n>—2k converges to a, not necessarily
prime, 2k-periodic solution of system (13).

(b) If ab+ B = —(af + b), then the solution (Tn,Yn)n>—2k converges to a, not
necessarily prime, 4k-periodic solution of system (13).
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