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Abstract

This work deals with the nonlocal p(z)-Laplacian equations in RV with non-
variational form

A(u) (= Apyu+ \u]p(x)_Qu) = B(u)f(x,u) in RY,
u € WHP@O(RN),
and with the variational form
\vuyp@) + ‘u,p(w) B
—A p(z)=2
a</RN (@) dw)( p(z)U + Ul w)

= B( . F(x,u)dx) f(z,u) in RY,

ue WP (RN,

where F(z,t) fo x,s)ds, and a is allowed to be singular at zero. Using (S4)
mapping theory and the variational method, some results on existence and multi-
plicity for the problems in RN are obtained.
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1 Introduction

The study on the problems of the nonlocal p(x)-Laplacian has attracted more and more
interest in the recent years(e.g., see [1, 2, 3]), they mainly concerned the problems of the
bounded domain, however the study on the existence of solutions for problems of nonlocal
p(x)-Laplacian in R is rare. We know that in the study of p-Laplacian equations in RY,
a main difficulty arises from the lack of compactness. In this paper, we study the nonlocal
p(x)-Laplacian equations in RY with non-variational form

{ A(u) (= Apyu+ |u|p(x)_2u) = B(u)f(x,u) in R,

1.1
ue WO (RN, 1)
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and with the variational form

( p(z) p(z)
a(/ |VU‘ + ‘u‘ d:c)(—Ap(m)u + |u|p(x)—2u)
RN p(z)

= B</ F(:c,u)d:c)f(x,u) in RY,
RN
| ue WHe(RY),

(1.2)

where A and B are two functionals defined on W'P@ (RN F(x,t) = fot f(z,s)ds, and a
is allowed to be singular at zero. To deal with the problems (1.1) and (1.2), we will over-
come the difficulty caused by the absence of compactness through the method of weight
function.

The variable exponent problems have been studied by many authors. We refer to [4,
5] for applied background, to [6, 7, 8] for the variable exponent Lebesgue-Sobolev spaces
and to [9, 10, 11, 12] for the p(z)-Laplacian equations without nonlocal coefficient.

This paper is organized as follows: in Section 2, we deal with the problem with non-
variational form; in Section 3, we deal with the problem with variational form.

2 The non-variational form
Let Q € RN(N > 2) be an open subset of RV, set

L) ={pe L>(): essigf p(x) > 1}.
For p € L(Q), let

p~ () = ess inf p(z), pT(Q) = esssup p(x).
e zeQ

Denote by S(§2) the set of all measurable real functions defined on Q. Two measur-
able functions are considered as the same element of S({2) when they are equal almost
everywhere. For p € LY(€2), define

LPO(Q) = {u e S(Q) : / lu[P@dz < oo},
Q
with the norm

. U
U] o)) = [U]p@) = inf{A >0 / ‘X|p( Jdr < 1}
0

and
W@ (Q) = {u € LP)(Q) : |Vu| € LP®(Q)},

with the norm

[ullwrre @) = |l @) + VUl )
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Denote by Wol’p(x)(Q) the closure of C$°(Q) in WP@)(Q).

For some basic properties of the spaces LP(®) (), W@ (Q) and Wy "™ (Q) we may
refer to [6, 7, 8.

Proposition 2.1([6],[8]). The spaces LP@(Q), W@(Q) and W' (Q) are all sepa-
rable and reflexive Banach spaces if p~ > 1.

Proposition 2.2([6], [8]). Set p(u) = [, |u(z)[P@dz. If u,uy € LPF™(Q), we have
(1) For u#0, |ulpw) =A< p(3) =1.

(2) [uly < 1=1> 1) & plu) < 1(= 15> 1),

(3) 1 ulyo) > 1. then [alf, < p(a) < [ulf,

(4) If lube < 1, then |ufp, < plu) < |l

(5) limp—oo [Up|pa) = 0 & lim,ﬁoo p(ug) = 0.

(6) limp o0 [Uk|p(z) = 00 & limy_o p(uy) = 00.

In this section we consider problem (1.1), the nonlocal p(z)-Laplacian equation in RY
without the variational structure.

u € WHP@ (RN is said to be a (weak) solution of (1.1) if
A(u)/ (VP2 VuVo + |[ulP®2uv)de = B(u) f(z,u)vdr,
RN RN

for every v € WHP@(RN),

In what follows, for simplicity, we write X = W@ (RN) and ¢;, C, C; are positive
constants.

Define the mapping 7', G, L,y and Ny : X — X™ respectively by

~
S
=
I

A(u)/ (|VulP® =2 VuVo + [ulP2uv)de, Yu,v € X,
RN

G(u)v = B(u) f(z,w)vdx, Vu,v € X,

RN

Lyoy(u)v = / (|Vu|P2VuVo + [ulP2uw)dz, Yu,v € X,
RN

Ny(u)v = f(z,u)vde, Yu,v € X.
RN
Then T'(u) = A(w)Lpy(u) and G(u) = B(u)Ny(u) for v € X. It is clear that v € X is a
solution of (1.1) if and only if T'(u) — G(u) = 0.

Proposition 2.3. Suppose that A satisfies the following condition:

(A1) A: X — [0,400) is continuous and bounded on any bounded subset of X, A(u) >0
for all uw € X \ {0}, and for any bounded sequence {u,} C X for which A(u,) — 0, u,
must converge strongly to 0 in X.
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Then the mapping T : X — X* is continuous and bounded, and is of type (Sy).
The proof is similar to [3], so omit it.

Proposition 2.4. Suppose that the following conditions are satisfied:
(f1)

|f ()] < b()|t]"D7",  V(z,t) € RY x R,
where b(z) > 0, b € L"@(RNYNL®(RN), r, ¢ € LX(RY), q(x) < p*(x), and there is
s € L=®(RY) such that

p(x) < s(x) < p'(x), 7«(17) n % _

(B1) The functional B : X — R is continuous and bounded on any bounded subset of X.
Then the mapping G : X — X* is completely continuous.

Proof. Under the condition (f;), the mapping Ny : X — X* is sequentially weakly-
strongly continuous (see [9]). The continuity of G is obvious. Assume {u,} is bounded,
then there exists a subsequence {u,, } of {u,} such that N(u,,) and B(u,,) are strongly
convergent, so is G(uy, ). This shows that G : X — X* is completely continuous. U

We know that the sum of an (S, ) type mapping and a completely continuous mapping
is of type (54 ), so from Propositions 2.3 and 2.4 we have the following:

Corollary 2.1. Let (A1), (B1) and (f1) hold. Then the mapping T — G : X — X*
is continuous and bounded, and is of type (S4).

Theorem 2.1. Let (A1), (B1) and (f1) hold. Suppose that the following conditions
are satisfied:
(As) There are constants a € R, M > 0 and ¢, > 0 such that

A(u) > cq||ul|* forue X with ||ul| > M.
(Bs) There are constants 3 € R, M > 0 and c3 > 0 such that
1b(w)| < calul? forue X with ||u|| > M.

Then problem (1.1) has at least one solution. If, in addition, a+p_ > 1, then the mapping
T —G: X — X* is subjective, and consequently for any h € X* the operator equation
T(u) — G(u) = h has at least one solution.

Proof. Under the hypotheses of Theorem 2.1, by Corollary 2.1, the mapping 7' — G :
X — X* is continuous and bounded, and is of type (S, ). For sufficiently large ||u|, we
have that

<T(u)—G(u))u = Au) /R (VP 4 u@)da ~ Bw) | flx,w)uda

RN

- +
> crllull*llul”” — cacs|lull’lulf,
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> erflul| P = eaealfulflul|
= alull*?” = csllul

> cgllul|*P > 0.

So, by the degree theory for (S, ) type mappings(see [13]), for R > 0 large enough, we
have deg(T — G, B(0, R),0) = 1, and consequently, there exists u € B(0, R) such that
T(u) — G(u) = 0, that is, (1.1) has at least one solution v € B(0, R). If in addition,
a4+ p~ > 1, then

T _
lim (T(w) = Gu)u > lim  cgllul|*™? T = +oo,
l[ul|—+oc0 ||ul| l[ul|—+oc0

that is, the mapping 7" — G is coercive, and consequently, by the surjection theorem for
the pseudomonotone mappings(see [14]), the mapping 7' — G is surjective. U

Remark 2.1. In Theorem 2.1, a and [ are allowed to be negative.

3 The variational form

In this section we consider problem (1.2) with variational form, where f satisfies condition
(f1), k and g are two real functions satisfying the following conditions.

(k1) k2 (0,400) — (0,400) is continuous and k € L*(0,t) for any t > 0.

(91) 9 : R — R is continuous.

Note that the function k satisfying (k1) may be singular at ¢t = 0.

Define

t t
k(t) = / k(s)ds, Vt>0; g(t)= / g(s)ds, VteR,
0 0

p(z) p(z)
Li(u) = / V™ + Jul dr, I(u)= / F(z,u)dx, Yu € X,
RN p( RN

o)

(L) = |Vu|P®) 4 |u|p®) 2
J(u) = k(I( ))—k(/RN o) dx), Vu € X,
B(u) = §(I(u)) = §( /R Fla,w)de), Yu € X,
E(u) = J(u) — ®(u), Vu € X.

Proposition 3.1. Let (f1), (k1), (91
(1) k e C(Jo, +oo))ﬂ01( 0,+oo))
increasing on [0 +00); g € CY(R), g(
(2) J, @, E € C°(X), J(0) = &(0) =
and v € X, it holds that

d Then the following statements hold:

) A
, —O,k’()—k()>O,f07’cmyt>0,kis

ho
(0

0) =
E(0 )—0 J € CHX\{0}). For every u € X \ {0}

E(u)v = k(h(u))/ (|IVuP®=2VuVo + |[uP®2uv)de
RN
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— g(Lx(u)) /RN f(z,w)vdz.

Thus u € X \ {0} is a (weak) solution of (1.2) if and only if w is a nontrivial critical
point of E.

(3) The functional J : X — R is sequentially weakly lower semi-continuous, ® : X — R is
sequentially weakly continuous, and thus E is sequentially weakly lower semi-continuous.
(4) The mapping @' : X — X* is sequentially weakly-strongly continuous. For any open
set D C X \ {0} with D € X \ {0}, the mapping J' and E' : D — X* are bounded, and
are of type (Sy) .

Proof. The proof of statements (1) and (2) is obvious. Since the function k(t) is in-
creasing and the functional I; is sequentially weakly lower semi-continuous, we can see
that the functional J : X — R is sequentially weakly lower semi-continuous. Moreover,
under the condition (f;), ® and @’ are sequentially weakly-strongly continuous. Note let
D € X \ {0}, it is clear that the mapping J' and E' : D — X* are bounded. In order
to prove that J' : D — X* is of type (S, ), assuming that {u,} C D, u,, — v in X and
limy oo (un) (1, —u) < 0, then there exist positive constants ¢; and ¢, such that ¢; <

f |V |P®) 4|y, [P d
RN p(z)

k(S pn Wdz) < ¢4. Noting that J'(u,) = k([pn W(M)Lp(.)(un), it

follows from 1imy, oo (1) (u, — u) < 0 that limy,—eoLp) () (u, — u) < 0. Since Ly,
is of type (S5), we obtain w,, — w in X. This shows that the mapping J' : D — X* is
of type (Sy). Moreover, since @’ is sequentially weakly-strongly continuous, the mapping
E':D — X* is of type (S,). O

x < ¢o and so there exist positive constants c3 and ¢4 such that c3 <

Remark 3.1. To verify that E satisfies (P.S) condition on E, it is enough to verify
that any (P.S) sequence is bounded.

Theorem 3.1. Let (f1), (k1), (¢1) and the following conditions hold.

(ky) There are positive constants ay, M and C such that k(t) > Ct** for t > M.

(g2) There are positive constants 3y and Cy such that |§(t)] < C1(1 + [t|?') for t € R.
(Ea) gy < aqp-.

Then the functional E is coercive and obtain its infimum in X at some uy € X. Thus ug
is a solution of (1.2) if E is differentiable at ug, and in particular, if ug # 0.

Proof. For ||u|| large enough, by (f1), (k2), (92) and (Es), we have that

. p(x) p(x) .
J<u>=k</ Vb 21 0y > k@ ulp-) = Collull?-
RN P(x)

| [ Faids] < Gt g < Callll,
RN a(z)

D) = i / Fz,u)dz) < Csllul 5,
RN

E(u) = J(u) = ®(u) = Collul| = = Cs[Jul| "™ = Col|ul|**-,

hence E is coercive. Since F is sequentially weakly lower semi-continuous and X is re-
flexive, F attains its infimum in X at some ug € X. In the case where F is differential at
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ug, ug is a solution of (1.2). The proof is complete. O

As X is a separable and reflexive Banach space, there exist (see [15, Section 17])
{en}re, € X and {f,}>2, C X* such that

1 ifn =m,

flem) = { 0 ifr 2 m.

X =3pan{e, :n=1,2,---,}, X*=3%pan” {e,:n=1,2,--- }.
For k=1,2,---, denote

k 0
X} = span{ey}, Yk:@Xj, Zk:EBXj. (3.1)
j=1 j=k

Proposition 3.2. Assume that ® : X — R is weakly-strongly continuous and ®(0) = 0,
v > 0 is a given positive constant. Set

Be=sup [®(u)],

UEZ,||ull =y

then By — 0 as k — oo.
The proof of the Proposition 3.2 is similar to [9], here we omit it.

Theorem 3.2. Let (f1), (k1), (k2), (91), (92), (E2) and the following conditions hold.
(ks) There ezists ag > 0 such that %t—»m;&—? < 4o00.

(g93) There exists 33 > 0 such that li_mt_)m% > 0.

(f2) flx,—t) = —f(x,t) for x € Q and t € R.

<f3> 30 > 07

f(x,t) > bo(z)t®@ =1 forz e RN and0 <t <4,

where by > 0, by € C(RY, R), by # 0, qo € L(R").

(E3) g9 B2 < cap™.
Then problem (1.2) has a sequence of solutions {fuy : k =1,2,--- |} such that E(£uy) <
0 and E(tuy) — 0 as k — co.

Proof. As E is coercive, by Remark 3.1 we know that E satisfies (P.S) condition.
By (f2), E is an even functional. Denote by v(A) the genus of A(see [16]). Set

Y ={AcC X\ {0}: Ais compact and A = —A},

— inf F=1,2,--
Ck Alé’lzkilé]z@(u% ) 4y 9

we have
—00 <SS SO S S
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Now let us prove that ¢, < 0 for every k.

As by #Z 0 and by > 0, we can find a bounded open set Q C RY, such that by(z) > 0
for x € Q. The space Wol’p(m)(Q) is a subspace of X. For any k, we can choose a k

dimensional linear subspace Ej, of VVO1 P (x)(Q) such that Ey C C5°(€2). As the norms on
E), are equivalent each other, there exists pp € (0,1) such that u € Ej with ||ul| < pg
implies |u|p < 0. Set

e = {u € Exc : |lull = pi},

the compactness of S,SIZ) with condition (f3) concludes the existence of a constant dj, such
that

b q(z)
/ bo(@)[ul™ > dy, Vue S
o  Qlz)

For u € S,(,]:k)) and sufficiently small A > 0 we have

A 2@ (| TP 4 [P
EQw) = /g(/RNA (Vul™ + Jul )daz>—g(/RNF(:c,>\u)da:)

p(z)
\P(@) p(z) p(z) az ba\0(@) |q,]90(x)
< oof [ AOTEOL D ) g [ WA
RN p(x) Q qo()

< Cg)\agp’pgﬂf . CIO)\Bmgdgg.
As g 2 < agp~, we can find \;, € (0,1) and €, > 0 such that

E()\ku) < —e€, <0, Yu € S(k)

Pr’

that is
E(u) < —e, <0, YueS®

APk’

We know that V(Sglz)pk) =k, s0 ¢, < —¢ <O0.

By the genus theory (see [16]), each ¢y is a critical value of E, hence there is a sequence
of solutions {£uy : k =1,2,---,} of (1.2) such that E(duy) = ¢ < 0.

It remains to prove ¢, — 0 as k — oo.

By the coerciveness of F, there exists a constant v > 0 such that F(u) > 0 when [Ju|| > .
Taking arbitrarily A € X, then v(A) > k. Let Y, and Z; be the subspaces of X as
mentioned in (3.1), according to the properties of genus we know that AN 7, # @. Let

Be=sup [B(u)],

uEZy, [[ull =y
by Proposition 3.2 we have G, — 0 as k — oo. When u € Z;, and ||u|| > v , we have

E(u) = J(u) — ®(u) > —P(u) > — [,

hence
supl(u) > —f,
u€A
and then ¢, > —(}, this concludes ¢, — 0 as k — oo. [
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Proposition 3.3. Let (f1), (k1), (g1)and the following conditions be satisfied:
(k%) (k2) with ayp™ > 1 hold.

(ky) There exists A > 0 such that Nk(t) > tk(t) for t > 0.

(94) There exists v > 0 such that vg(t) < g(t)t for t > 0.

(f1) There exists pn > 0, such that 0 < uF(z,t) < f(z,t)t, t # 0 and Yo € RN.
(Ey) Ap* <wvp.

Then E satisfies condition (P.S). for any ¢ # 0.

Proof. By (k,) for ||ul| large enough,

~ Vu p({L’) + up(m)
Mt (u) = )\p+k‘(/RN| | o [u dx)

7)

p(x) p(x) p(x) p(z)
([ Ty [T
RN p(z) RN p(z)

|Vu|P®) 4 |ulp®) /
> k / dx VulP® + |uP))dx
s ) [ (9P up)
= J'(u)u. (3.2)

From (fy) we may know

0< ,u/ F(z,u)dx < f(z,w)udz, Yu € X.
RN RN

Moreover by (g4),

vud(u) = vu

IA
=

IN
K
/N s
S
2
=
8
<
~
U
N—
—
—
8
£
N
U
8
Il
&
g
s

S0
O (u)u — vpud(u) > 0, for everyu € X. (3.3)

Now let {u,} € X \ {0} and E'(u,) — 0 and E(u,) — ¢ with ¢ # 0. Applying (3.2)
and (3.3) and (&%), for sufficiently large n, we have

vpe+ 1+ ul > vuB(un) — B (un)un
(V:LL - )‘er)J(un) + ()‘erJ(un) - Jl<un>un) + (I)I<un> - Vﬂq)<un>
> Cullul|*? — Cha. (3.4)

v

Since app~ > 1, (3.4) implies that {||u,||} is bounded. By Proposition 3.1, F satisfies
condition (P.S), for any ¢ # 0. O

Proposition 3.4. Under the hypotheses of Proposition 3.3, for any w € X \ {0},
E(sw) — —00 as s — +00.
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For the proof of Proposition 3.4, we refer to [3].

Proposition 3.5. Let (f1),(k1),(¢1) and the following conditions be satisfied:

(ks) There ezists as > 0 such that li_mhm% > 0.

(g5) There exists B3 > 0 such that Et—m% < 00.

(f5) There exists r € L°(RYN) such that p(x) < r(z) < p*(z) for z € RY and li_mtﬂo% <
+oo uniformly in v € RV,

(Es)azp™ < Bar™.

Then there ezist positive constants p and & such that E(u) > ¢ for ||ul| = p.

Proof. It follows from (ks) that J(u) > Cisl|ul|*s?" for ||u|| small enough. It follows
from (gs), (f5) and (f1) that |®(u)] < Ciyllul|?*™ for ||ul| small enough. So, by (FEjs), we
may obtain the conclusion of Proposition 3.5. U

By the Mountain Pass lemma(see [17]), from Proposition 3.3-3.5, we have

Theorem 3.3. Let all hypotheses of Propositions 3.3-3.5 hold. Then problem (1.2)
has a nontrivial solution with positive energy.

By the Symmetric Mountain Pass lemma(see e.g. [17]), we have

Theorem 3.4. Under the hypotheses of Theorem 3.3, if, in addition, f satisfies (fs), then
problem (1.2) has a sequence of solutions {£u,} such that E(+u,) — +00 as n — oo.

Example 3.1. Let f(z,t) = b(x)[t|]?® 2t for t € R, where b(z), q(z) satisfies (f1).
k(t) = t*=! for t > 0, where o > 0. g(t) = [t|°2t, for t € R where 8 > 1. Suppose
apt < Bq~, then all hypotheses of Theorems 3.3-3.4 are satisfied.

Remark 3.1. (1) In this paper, RN can be replaced by an unbounded domain Q with
cone property, in this case the solution of problems (1.1) and (1.2) is defined in the space
Wy " (Q).

(2) If p(x) and f(z,u) are radially symmetric in x, one can find the radially symmet-
ric solutions of problem (1.2). The corresponding problem become much easier.
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