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Abstract. We consider the following complementary Lidstone boundary value problem

(_1)my(2m+1)(t) = F(t’y(t)7y,(t))7 te [O’ 1]
y(0) =0, y*=D(0) =y V(1) =0, 1<k<m.
The nonlinear term F depends on gy’ and this derivative dependence is seldom investigated in
the literature. Using a variety of fixed point theorems, we establish the existence of one or more

positive solutions for the boundary value problem. Examples are also included to illustrate the

results obtained.
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1 Introduction

In this paper we shall consider the complementary Lidstone boundary value problem

(—1)myEm(t) = F(t,y(t),y'(t), te[0,1]

(1.1)
y(0) =0, y®D(0) =y (1) =0, 1<k<m

where m > 1 and F' is continuous at least in the interior of the domain of interest. It is noted
that the nonlinear term F involves 3/, a derivative of the dependent variable. This case is seldom
studied in the literature and most research papers on boundary value problems consider nonlinear

terms that involve y only.

The complementary Lidstone interpolation and boundary value problems are very recently
introduced in [17], and drawn on by Agarwal et. al. in [3, 9] where they consider an (2m + 1)th

order differential equation together with boundary data at the odd order derivatives
y(0) =ao, y*(0)=ar, y*VA)=b, 1<k<m. (12)

The boundary conditions (1.2) are known as complementary Lidstone boundary conditions, they

naturally complement the Lidstone boundary conditions [4, 6, 19, 31] which involve even order
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derivatives. To be precise, the Lidstone boundary value problem comprises an 2mth order differ-
ential equation and the Lidstone boundary conditions

Yy (0) = ap, Y1) =bp, 0<k<m—1. (1.3)

There is a vast literature on Lidstone interpolation and boundary value problems. In fact, the
Lidstone interpolation was first introduced by Lidstone [26] in 1929 and further characterized in
the work of [13, 14, 28, 29, 32, 33, 34, 35]. More recent research on Lidstone interpolation as
well as Lidstone spline can be found in [7, 8, 16, 17, 18, 36, 37, 38]. On the other hand, the
Lidstone boundary value problems and several of its particular cases have been the subject matter
of numerous investigations, see [1, 2, 4, 5, 8, 11, 12, 15, 20, 21, 22, 23, 24, 27, 30, 39] and the
references cited therein. It is noted that in most of these works the nonlinear terms considered
do not involve derivatives of the dependent variable, only a handful of papers [20, 21, 24, 27|
tackle nonlinear terms that involve even order derivatives. In the present work, our study of the
complementary Lidstone boundary value problem (1.1) where F depends on a derivative certainly
extends and complements the rich literature on boundary value problems and in particular on
Lidstone boundary value problems. The literature on complementary Lidstone boundary value
problems pales in comparison with that of Lidstone boundary value problems, in a recent work

[10] the eigenvalue problem of complementary Lidstone boundary value problem is discussed.

The focus of this paper is on the existence of a positive solution of (1.1). By a positive solution
y of (1.1), we mean a nontrivial y € C[0,1] satisfying (1.1) and y(¢) > 0 for ¢ € [0,1]. By using
a variety of fixed point theorems, we begin with the establishment of the existence of a solution
(not necessary positive), and proceed to develop the existence of a nontrivial positive solution,
two nontrivial positive solutions, and multiple nontrivial positive solutions. The usefulness of the

results obtained are then illustrated by some examples.

2 Preliminaries

In this section we shall state the fixed point theorems and some inequalities for certain Green’s
function which are needed later. The first theorem is known as the Leray-Schauder alternative and

the second is usually called Krasnosel’skii’s fixed point theorem in a cone.

Theorem 2.1. [2] Let B be a Banach space with E C B closed and convex. Assume U is a
relatively open subset of £ with 0 € U and S : U — F is a continuous and compact map. Then
either

(a) S has a fixed point in U, or
(b) there exists © € 9U and A € (0,1) such that x = A\Sz.
Theorem 2.2. [25] Let B = (B, || - ||) be a Banach space, and let C C B be a cone in B. Assume

1, Qs are open subsets of B with 0 € Q, Q; C Qq, and let S: C N (22\Q1) — C be a completely
continuous operator such that, either

(a) ||Sz|| < ||z|l, z € CN OOy, and ||Sz|| > ||z||, z € C NI, or
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(b) [|Sz|| > ||z]l, x € CNINy, and || Sz|| < ||z||, x € C' N INa.
Then S has a fixed point in C' N (Q\ Q).

To tackle the complementary Lidstone boundary value problem (1.1), let us review certain
attributes of the Lidstone boundary value problem. Let g,,(¢,s) be the Green’s function of the

Lidstone boundary value problem

zm () =0, te€[0,1]

(2.1)
20 (0) = 2@ (1) =0, 0<k<m-—1.
The Green’s function g, (t, s) can be expressed as [4, 6]
1
gm(t,8) :/ g(t, u)gm—1(u, s)du (2.2)
0
where
t(s—1), 0<t<s<1
g1(t,s) =g(t,s) =
s(t—1), 0<s<t<1
Further, it is known that
lgm (t,8)] = (=1)"gm(t,s) and gm(t,s) = gm(s,t), (¢, 8) € (0,1) % (0,1). (2.3)

The following two lemmas give the upper and lower bounds of |g,, (¢, s)|, they play an important
role in subsequent development. We remark that the bounds in the two lemmas are sharper than
those given in the literature [4, 6, 27, 39].

Lemma 2.1. [10] For (¢,s) € [0, 1] x [0, 1], we have
1 .
lgm (t, 8)] < ——— sinws.
m

2m—1

Lemma 2.2. [10] Let § € (0,) be given. For (¢,s) € [6,1 — 4] x [0, 1], we have

20 .
|gm(ta 3)| > am sin7s.

3 [Existence of Positive Solutions
To tackle (1.1) we first consider the initial value problem

y'(t) ==x(t), te][0,1]
(3.1)

whose solution is simply
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Taking into account (3.1) and (3.2), the complementary Lidstone boundary value problem (1.1)
reduces to the Lidstone boundary value problem

(—=1)mzCm(t) = F (t/o x(s)ds,x(t)) , tel0,1]
k=2 (0) = 2k=2(1) =0, 1<k <m.

If (3.3) has a solution z*, then by virtue of (3.2),

y*(t)/o x*(s)ds (3.4)

is a solution of (1.1). Hence, the existence of a solution of the complementary Lidstone boundary
value problem (1.1) follows from the existence of a solution of the Lidstone boundary value problem
(3.3). Tt is clear from (3.4) that ||y*|| < ||z*||, moreover if z* is positive, so is y*. With the tools
in Section 2 and a technique to handle the nonlinear term F, we shall study the boundary value
problem (1.1) via (3.3).

Let the Banach space B = C|0, 1] be equipped with the norm ||z|| = sup,¢jo 47 |(¢)| for z € B.
Define the operator S : C[0, 1] — C|0, 1] by

/1(—1)mgm(t,s)F <S,/Osx(7)dr,x(s)) ds

0
1 |gm (t, $)| F <s,/os :C(T)dT,:L‘(S)) ds, te0,1]

0

Sa(t)

(3.5)

where g, (¢, s) is the Green’s function given in (2.2). A fixed point z* of the operator S is clearly
a solution of the boundary value problem (3.3), and as seen earlier y*(t) = fg x*(s)ds is a solution
of (1.1).

For easy reference, we list below the conditions that are used later. In these conditions, the
number § € (0, %) is fixed and the sets K, K are defined by

K={zeB|zt)>0,tel0,1]}

and
K = {z € K | z(t) > 0 on some subset of [0, 1] of positive measure}.

(C1) F is continuous on [0,1] x K x K, with

F(t,u,v) >0, (t,u,v)€[0,1]x K xK and  F(t,u,v) >0, (t,u)€[0,1]x K x K.

(C2) There exist continuous functions 8 and f with 5 : [0,1] — [0, 00), f : [0,00) X [0,00) — [0, 00)

and f is nondecreasing in each of its arguments, such that
F(t,u,0) < B(6)f(u,0), (t,u,0) € 0,1] x K x K.

(C3) There exists a > 0 such that
a> Mf(a,a)

1
where M = SUP;e(0,1] fo |gm (t, 5)|B(s)ds.
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(C4) There exists a continuous function a with o : [2,1 — 6] — (0, 00), such that

Flt,u,0) > a®)f(u,0), (tu,v) e B - 5] « K x K.

(C5) There exists b > 0 such that

bSNf<’yb<%5),'yb)

S 1-0
where v = 2 and N = SUP¢e(0,1] fé |gm (T, 8)|ce(s)ds.
Our first result is an existence criterion for a solution (need not be positive).

Theorem 3.1. Let F : [0,1] x R x IR — IR be continuous. Suppose there exists a constant p,
independent of A, such that ||z|| # p for any solution = € C[0, 1] of the equation

2(t) = )\/01 \gm (£, $)|F (s,/osz(T)d'r,x(s)> ds, t € [0,1] (3.6)5

where 0 < A < 1. Then, (1.1) has at least one solution y* € C]0, 1] such that ||y*|| < p.

Proof. Clearly, a solution of (3.6), is a fixed point of the equation x = ASz where S is defined
in (3.5). Using the Arzela-Ascoli theorem, we see that S is continuous and completely continuous.
Now, in the context of Theorem 2.1, let U = {z € B | ||z|| < p}. Since ||z| # p, where x is any
solution of (3.6)x, we cannot have conclusion (b) of Theorem 2.1, hence conclusion (a) of Theorem
2.1 must hold, i.e., (3.3) has a solution z* € U with |lz*|| < p. From (3.4), it is clear that (1.1) has
a solution y*(t) = [} 2*(s)ds with ||y*|| < |la*[| < p. 0

The next result employs Theorem 3.1 to give the existence of a positive solution.

Theorem 3.2. Let (C1)—(C3) hold. Then, (1.1) has a positive solution y* € C0,1] such that
Iyl < a, i 0 <y*(t) < a, t € [0,1]

Proof. To apply Theorem 3.1, we consider the equation

1 s
z(t) :/ |gm (t, 8)|F <s/ x(T>dT,z(s)) ds, t €0,1] (3.7)
0 0
where F': [0,1] x R x IR — IR is defined by

F(t,u,v) = F(t, |ul, |v]). (3.8)

Noting (C1) we see that the function F' is well defined and is continuous.

We shall show that (3.7) has a solution. To proceed, we shall consider the equation

() = )\/01 (g (£, 8| (S,/Osx(T)dT,x(s)) ds, t € [0,1] (3.9)x

where 0 < A < 1, and show that any solution 2 € C[0, 1] of (3.9), satisfies ||z|| # a. Then it follows
from the proof of Theorem 3.1 that (3.7) has a solution.

EJQTDE, 2012 No. 60, p. 5



Let z € C]0, 1] be any solution (3.9),. Using (3.8) and (C1) we get

z(t) = /\/01 |gm (£, 8)|F <s,/osx(7')d7',z(s)> ds
- /\/01 |gm (£, $)|F <s ) ,|x(s)|) ds > 0, tel0,1].

Thus, x is a positive solution.
Applying (C2) and (C3) successively, we find for ¢ € [0, 1],

x(r)dr

w0 = () < /1|gm<t,s>|F<s, x<T>dT,|:c(s>|) s

< [ lamte o156 (| [ atrrar Joton) as
< [ lamteooo)s ([ et |w||)ds

= /OIgm(tvs)lﬂ(S)ds-f(llwl,||w|>-

Taking supremum both sides yields
lzll < M (|, [J2]])- (3.10)

Comparing (3.10) and (C3), we conclude that ||z|| # a.

It now follows from the proof of Theorem 3.1 that (3.7) has a solution z* € C[0,1] with
|lz*]] < a. Using a similar argument as above, it can be easily seen that z* is a positive solution
and ||z*|| # a. Hence, ||z*| < a.

Finally, we shall show that x* is actually a solution of (3.3). In fact, using (3.8) and the
positivity of x*, we obtain for ¢ € [0, 1],

/ |gm (t, 8)| F (s/ *(T)dT,.Z‘*(S)) ds

_ /O|gm(t,s)|F<s, :c*(T)dT,|:c*(s)|>ds

0
_ /01 g (L, $)| F <s,/osx*(7)d'r, x*(s)) ds.

Hence, * is a positive solution of (3.3) with ||2*|| < a. Noting (3.4), y*(t) = f(f x*(s)ds is a positive
solution of (1.1) with |ly*|| < ||z*]| < a. O

™ (t)

Remark 3.1. We note that the last inequality in (C1), viz,
F(t,u,v) >0, (t,u,v)€0,1]]x K x K
is not needed in Theorem 3.2.

Theorem 3.2 provides the existence of a positive solution which may be trivial. Our next result

guarantees the existence of a montrivial positive solution.
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Theorem 3.3. Let (C1)—(C5) hold. Then, (1.1) has a nontrivial positive solution y* € C[0, 1]
such that

(a) |ly*| <band y*(¢t) > va(t —9) for t € [6,1 9], if a < b;
(b) ||ly*|] < @ and y*(t) > yb(t — §) for ¢t € [§,1 — ¢], if a > b.
Proof. We shall employ Theorem 2.2. To begin, note that the operator S : C[0,1] — C0,1] is

continuous and completely continuous.
Next, we define a cone C' C B by

C:{xeB

x(t) >0fort €[0,1], and min x(t) > v| x| } (3.11)
te[d,1-4]

where v = 277—5 (< 1). Note that C C K. We shall show that S maps C into C. Let 2 € C. Noting
(C1), we obtain

- /01 |gm (£, 8)|F <S,/Osx(7)d7,z(s)) ds >0, t €10,1]. (3.12)

Next, using (3.12) and Lemma 2.1, we have for ¢ € [0,1],

1 1 s
|Sz(t)| = Sz(t) S/ —— F (s,/ x(T)dT,:E(s)) sinsds
o T 0
which leads to .
1 S
[|Sz|| §/ —— F (s,/ x(T)dT,x(s)) sin msds. (3.13)
o T 0

On the other hand, for t € [0,1 — ] we use Lemma 2.2 and (3.13) to get

/ —am ( /0 :L'(T)dT,JE(S)) sin wsds > 2?5 | Sz]|.

i t) > : 14
teg{llgélsﬂc()_vllé‘zl\ (3.14)

Having established (3.12) and (3.14), we have shown that S(C) C C.
Let

It follows that

Q. ={z e B||z|] <a} and O ={z € B |z| < b}.

We shall show that (i) ||Sz|| < ||z|| for € C N OQ,, and (ii) ||Sz|| > ||z|| for 2 € C N INy.
To verify (i), let z € C N Q. Then, ||z|| = a. Using (C2), we get for ¢ € [0,1],

|[Sz(t)| = Sz(t / lgm (t, $)|5(s) (/ (T)dT,JE(S)) ds < /01 lgm (L, $)|8(s)f (/Ola dr, a> ds.

Taking supremum and applying (C3) then gives

[Sz]| < M f(a,a) < a =[] (3.15)
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Next, to prove (ii), let z € C' N A€y, So ||z|| = b. Noting (C4), we find for ¢ € [0, 1],

1-6 s
se0l = [ laneslF (s [ arat)) ds

1-6

> /é |gm (¢, s)|a(s) (/O:c YdT, (s )ds
1-6

Z/% |gm (£, 8)|(s f(/éz Ydr, z(s )ds
1-6

> /% |gm (£, s)|a(s f(/é 'yde,'yb)ds.

Taking supremum both sides and using (C5), we obtain

ISz|| > Nf (717 (— - 5) ) >b=|z|. (3.16)

Having established (i) and (ii), it follows from Theorem 2.2 that S has a fixed point z* €
C' N (Umax{ab} \Qminfa,pt) - Thus, min{a,b} < [|z*|| < max{a,b}. Using a similar argument as in
the first part of the proof of Theorem 3.2, we see that ||z*|| # a. Hence, we obtain

a<|z*|<b if a<b and b ||2¥|| <a if a>b. (3.17)
Coupling (3.17) with the fact z* € C gives

> va, if a<bd
min _z*(t) > v||z*|
te[s,1-9] >~b, if a>b.

Now from (3.4), a positive solution of (1.1) is y*(t) = fot x*(s)ds. In view of (3.17), it is clear that

<b, if a<bd
* *
g™l < [l=*|
<a, if a>0b.

Moreover, we have for t € [,1 — 4],

v = [ wous> [ 6> [l s =l - o) 318)
Hence, noting (3.17) we get for ¢t € [6,1 — 4],
y () >yat—9) if a<bd and y*(t) > bt —0) if a>b.
The proof is complete. (I

Remark 3.2. The conditions (C4) and (C5) in Theorem 3.3 may be replaced by the following:

(C4)" there exists a continuous function ag with ag : [1 — 4,1] — (0, 00), such that

F(t,u,v) > aot)f(u,0), (tu,0) € [1—6,1] x K x K;
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(C5)’ there exists b > 0 such that
b < Nof (3b(1 — 26),7b)

1
where v = 2 and Ny = sUDse(0,1] J1_g |9m(t; 8)|ao(s)ds.

Indeed, in the proof of Theorem 3.3, to show (ii) ||Sz| > ||z|| for z € C' N ONy, using (C4)" we find
for x € CN O and ¢ € [0, 1],

|Sz(t)] > /115 |gm (t, $)| F <s,/08 :L'(T)dT,JE(S)) ds
> [ lamtsantonr [ atoninats)) as
N ( / 1_6x<r>dr,x<s>> ds
>

1 1-6
/ lgm (t, s)|ao(s)f (/ ~b dr, 7b> ds.
1-06 5

Now, taking supremum both sides and using (C5)’ yields

Sz = Nof (vb(1 = 26),7b) = b = |||

Remark 3.3. The computation of the constants M, N and Ny in (C3), (C5) and (C5)’ can be
avoided by using Lemmas 2.1 and 2.2, the tradeoff is we obtain stricter inequalities. Indeed, using

Lemma 2.1 we have

1 1
1
M = sup / |gm(t,s)|ﬁ(s)ds§/ —5— B(s)sinmsds
170 o T

te[0,1

and so (C3) is satisfied provided

1
1
a> f(a,a)/ —— B(s)sinmsds, (3.19)
0 7T
which is a stronger condition to fulfill. On the other hand, in view of Lemma 2.2, we have
1-5 1-6 1-5 95
N = sup / |gm (t, s)|a(s)ds > sup / lgm (¢, s)|a(s)ds > / —— a(s)sinTsds

te[0,1] /3 te[s,1-4] /4 oo

and so (C5) is fulfilled if we impose the stricter inequality

1 170 25 ,
b<f|~b 5~ d),vb / —— a(s)sinmsds. (3.20)
1 T

Similarly, (C5)’ is satisfied provided we have the stricter inequality

1
b< f(yb(1 - 25),'yb)/ 22—5 ap(s) sinmsds. (3.21)
1—6 T

The next result gives the existence of two positive solutions.
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Theorem 3.4. Let (C1)—~(C5) hold with a < b. Then, (1.1) has (at least) two positive solutions
y1,y2 € C[0, 1] such that

OS ||y1|| <a, ||y2H §b7 92@) >’ya(t_6)a te [671_5]

Proof. From the proof of Theorems 3.2 and 3.3 (see (3.17)), we conclude that (3.3) has two
positive solutions 1,22 € C[0, 1] such that

0< Jla1] < a < |l < b. (3.22)

Noting (3.4) and (3.18), it follows that (1.1) has two positive solutions y1,y2 € C]0,1] such that
fori=1,2,

gl < llzill - and  ya(t) = yllll(t = 6), ¢ € [5,1—4]. (3.23)
Using (3.22) in (3.23), the conclusion is immediate. O
In Theorem 3.4 it is possible to have |ly1|| = 0. Our next result guarantees the existence of

two nontrivial positive solutions.

Theorem 3.5. Let (C1)-(C5) and (C5),_; hold, where 0 < b < a < b. Then, (1.1) has (at least)
two nontrivial positive solutions y1,y2 € C[0,1] such that

lyill <a, [yl < b5 yi(t) > 4b(t —0), y2(t) >~ya(t —6), te[s1-4]

Proof. From the proof of Theorem 3.3 (see (3.17)), it is clear that (3.3) has two positive solutions
x1,x2 € C[0,1] such that
0<b< o]l <a< |z <O (3.24)

Noting (3.4), (3.18) and (3.24), the conclusion is clear. O

The next two results also guarantee the existence of two nontrivial positive solutions. Unlike
Theorem 3.5 which requires both (C3) and (C5), these results use either (C3) or (C5) together with

conditions on fy and f., where

N (0]

im
u—0+, v—0+ v U—00, V—00 v

fo=

Theorem 3.6. Let (C1)—(C4) hold and 0 < fl176 a(s)sinmwsds < oo.
2
(a) If fo = oo, then (1.1) has a nontrivial positive solution y; € C[0,1] such that 0 < |ly1|| < a.

(b) If foo = 00, then (1.1) has a nontrivial positive solution yo € C[0, 1] such that y2(t) > va(t—9)
for t € [9,1 — 4.

(¢) If fo = foo = 00, then (1.1) has (at least) two nontrivial positive solutions y1,y2 € C[0,1]
such that
0<|lyill<a and  yo(t) > va(t—9), t €[5,1—4).
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Proof. We shall apply Theorem 2.2 with the cone C defined in (3.11).
(a) Let
-1

1-0
26
'y/ —— a(s)sinmsds| . (3.25)

A= -

2

Since fy = 0o, there exists 0 < r < a such that
flu,v) > Av, O0<u<r, 0<v<r. (3.26)

Let Q. = {x € B | ||z|| < r}. We shall show that ||Sz| > ||z|| for z € C N IN,.. To proceed, let
x € CNoIQ. So ||z|| = r. Applying (C4), Lemma 2.2, (3.26) and (3.25) successively, we get for

tels1-14], s
1Sz(t)| > /_ (g (£, 8)|F (s,/osz(T)d'r,x(s)> ds
= 7 gt )als)f ([ etrytrats) as
>

1-6
A (gt 5) () Az(s)ds

1-5
26
/ — a(s)Ay|jz||sinmsds = ||z

7-r2m
2

It follows that || Sz| > ||z|| for z € C'NOQ,..

Next, let Q, = {x € B | ||z|| < a}. For z € C' N 9Q,, using (C2) and (C3) as in the proof of
Theorem 3.3, we obtain (3.15). Hence, || Sz|| < ||z|| for z € C' N 0Q,.

It now follows from Theorem 2.2 that S has a fixed point 1 € C N (Q,\€2,.) such that r <
|z1]] < a. Using a similar argument as in the first part of the proof of Theorem 3.2, we see that
|z1]] # a. Hence, we obtain r < ||z1]] < a. From (3.4), we have y;(t) = fot x1(8)ds is a positive
solution of (1.1) with 0 < ||y1]] < ||z1]] < a-

(b) As seen in the proof of Case (a), the conditions (C2) and (C3) lead to ||Sxz| < ||| for
x € C'NOQ,. Next, since fo, = 0o, we may choose w > a such that

flu,v) > Av, uw>w, v>w (3.27)

where A is defined in (3.25). Let

w max{w d } v
0 = -, = .
vV G- G-
and Q,, = {z € B | ||z|| < wo}. Note that wy > w > a. We shall show that || Sz|| > ||z| for
x € C NIy, Let & € CNINy,. So ||z]| = wo and it is clear that

-

2 1
z(s) > vllz|| > w, s€[§,1—7] and / z(r)dr > (5 - 5> Yz|| = w.
é
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Using these together with (C4), Lemma 2.2, (3.27) and (3.25), we get for t € [§,1 — §],

/:_6 |gm (t, 5)|a(s) f </()S$(T)d7',z(s)) ds

2

|S2(t)]

v

1

/:_6 lgm (¢, s)[a(s) f </: x(T)dT,x(S)> ds

2

Y

Y

1-6
A |gm(t, ) () Az(s)ds

1-06 26
/ —— a(s)Ay||z| sinwsds = |||

7T2m
2

It follows that || Sz|| > ||z|| for € C'N Oy, .

Applying Theorem 2.2, we conclude that S has a fixed point x5 € C N (Qy, \QW) such that
a < ||z2]] < wo. Once again as seen earlier ||z2]| # a, so a < ||z2]] < wp. From (3.4) and (3.18),
we have ya(t) = fot x2(8)ds is a positive solution of (1.1) with ||y2|| < ||z2|| < wo and ya(t) >
Y| z2||(t — ) > va(t —6) for ¢t € [4,1 — 4.

(c) This follows from Cases (a) and (b). O
Theorem 3.7. Let (C1), (C2), (C4), (C5) hold, and 0 < fol B(s)sinmsds < oo.
(a) If fo =0, then (1.1) has a nontrivial positive solution y; € C[0, 1] such that 0 < ||y1|| < b.

(b) If foo = 0, then (1.1) has a nontrivial positive solution yo € C[0, 1] such that y2(t) > yb(t —9)
for t € [0,1 —4].

(¢) If fo = foo =0, then (1.1) has (at least) two nontrivial positive solutions y1, y2 € C[0, 1] such
that
0<|lyall<b and y2(t) > vb(t — 6), t € [6,1—4].

Proof. Once again we shall apply Theorem 2.2 with the cone C defined in (3.11).
(a) Let
- L | -1
A= {/0 T B(s)sinmsds| . (3.28)
Since fo = 0, there exists 0 < r < b such that
flu,v) <Av, O0<u<r, 0<ov<r. (3.29)

Let Q. = {x € B | ||z|| < r}. We shall show that ||Sz| < ||z|| for z € C N 0N,. To proceed, let
x € CNIN,. So ||z|| = r. Using (C2), Lemma 2.1, (3.29) and (3.28), we find for ¢ € [0, 1],

S2(8)] < /0|gm(t,s)|ﬁ(s)f(/Osx(r)dr,x(s))ds
< / g (£, )1 3(s) Az (5)ds
< /0 #ﬁ(s)[l”x”sinwsds — .
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Hence, || Sz|| < ||z|| for z € C' N Q.

Next, let Q, = {z € B | ||z|| < b}. For € C N 9y, using (C4) and (C5) as in the proof of
Theorem 3.3, we obtain (3.16). Thus, ||Sz| > ||z| for x € C' N Oy,

It now follows from Theorem 2.2 that S has a fixed point z; € C N (Q\Q,.) such that r <
[|z1]] < b. In view of (3.4), the conclusion is clear.

(b) As seen in the proof of Case (a), the conditions (C4) and (C5) lead to ||Sxz| > ||z| for
x € C'NONy. Next, since fo, =0, we may choose w > b such that

flu,v) < Av, u>w, v>w (3.30)

where A is defined in (3.28). We shall consider two cases — when f is bounded and when f is

unbounded.

Case 1 Suppose that f is bounded. Then, there exists some @ > 0 such that
fu,0) Q) v € [0,00), (3.31)

Let L
Q .
wo :max{b—i—l, T | B(s)sinmsds

and Q,, = {zx € B | ||z|]| < wo}. For x € C N 9IQy,, using (C2), Lemma 2.1 and (3.31), we get for

te[0,1], 1
[ lamtsnsis ([ atrarat) as

1 .
/0 prr— B(s)Qsinmsds < wy = |z

Hence, ||Sz|| < ||z|| for z € C' N 0Ny, -

IN

|S(t)]

IN

Case 2 Suppose that f is unbounded. Then, there exists wo > w (> b) such that
fu,v) < flwg,wp), 0<u<wy, 0<v < w. (3.32)

Let 2 € C N 9Ny, where Q,, = {z € B | ||z|| < wo}. Then, applying (C2), Lemma 2.1, (3.32),
(3.30) and (3.28) successively gives for t € [0, 1],

so) < [ (91 f < / S z(T)dTvﬂf(S)> s
< / "ot B(5)F a, wo)ds
B 1

1 ~
/0 T B(s)Awgsinwsds = wy = ||z].

Thus, ||Sz|| < ||z|| for z € C N Oy, .

Having established ||Sz|| < ||z|| for z € C NIy, in the above two cases, we can now apply

Theorem 2.2 to conclude that S has a fixed point 22 € C' N (24, \ ) such that b < ||z2|| < wp. In
view of (3.4) and (3.18), the proof is complete.
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(c) This is immediate from Cases (a) and (b). O
Our last result gives the existence of multiple positive solutions of (1.1).

Theorem 3.8. Assume (C1), (C2) and (C4) hold. Let (C3) be satisfied for a = as, £ =1,2,--- , k,
and (C5) be satisfied for b = by, £ =1,2,--- ,n.

(a) fn=k+1land 0<by <ay <---<bp <ap <bgy1, then (1.1) has (at least) 2k nontrivial
positive solutions y1, -+ ,ya2x € C|[0, 1] such that for £ =1,2,---  k,

ly2e—1ll < ae, lyzell < beg1; yae—1(t) = ybe(t —96), yae(t) > yae(t —90), tel[o,1-7].

(b) fn=Fkand 0 < by <ay <--- < b < ag, then (1.1) has (at least) 2k — 1 nontrivial positive
solutions y1,- - ,yar—1 € C[0,1] such that for ¢ =1,2,--- [kand j=1,2,--- k-1,

lyoe—1ll < ae, |lyo;ll < bjrrs yae—1(t) = ybe(t —6),  y25(t) > va;(t —6), tels,1—0].

(c) fk=n+land0<a; <b <--- < ap <b, < apt1, then (1.1) has (at least) 2n+ 1 positive
solutions g, - - - , Y2, € C[0,1] such that for £ =1,2,--- | n,

lvoll < a1, lyze—1ll < be,  |y2ell < arsa;
yaeo1(t) > vaelt = 8),  yau(t) = Abe(t—8), € [5,1— ).
Note that y1,- - -, y2, are nontrivial.

(d) fhk=nand0<a; <b <-- < ay < by, then (1.1) has (at least) 2k positive solutions
Yo, ,Y2k—1 € C[0,1] such that for £ =1,2,--- [kand j =1,2,--- k-1,

lvoll < a1, ly2e—1ll <be, |ly2;ll < ajs1;
Yoe—1(t) > yae(t —9), wy2;(t) > vbi(t—46), teo,1-7]

Note that y1,--- ,y2r—1 are nontrivial.

Proof. In (a) and (b), we just apply (3.17) (in the proof of Theorem 3.3) repeatedly to get multiple
positive solutions of (3.3) as follows.

(a) In=k+1land 0<b; <ay <--- <by < ap < bgt1, then (3.3) has (at least) 2k nontrivial
positive solutions 1, - -+ ,zer € C[0, 1] such that

0< b1 < H.Tlll <ar < ||$2|| < b2 < <ap < H.Tng < bk+1.

(b) fn=Fkand 0 < by <ay <--- < b < ag, then (3.3) has (at least) 2k — 1 nontrivial positive
solutions 1, - -+ ,xar—1 € C0, 1] such that

0<by <1l < a1 < ||za]] <be < -+ < by < ||zok-1]] < ag.

In (c) and (d), from the proof of Theorem 3.2 we obtain the existence of a positive solution
xo of (3.3) with 0 < ||zg|| < a1, then we apply (3.17) repeatedly to get other positive solutions of
(3.3) as follows.
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(c) fk=n+land0<a; <b <--- < ap < b, < ant1, then (3.3) has (at least) 2n+ 1 positive
solutions g, - -+ , xa, € C[0,1] such that

0 < [lzofl < a1 <[zl <b1 <2l <az <+ < by < ||z2n || < antr.

(d) fhk=nand0<a; <b <--- < ay < by, then (3.3) has (at least) 2k positive solutions
Zo, -+ ,Xop—1 € C[0,1] such that

0< ||ZL'0|| <ar < ||:L'1|| <bh < ||:L'2|| <ag < <ap < H:Cgkle < bg.

The proof is complete by using (3.4) and (3.18). O

Remark 3.4. In view of Remark 3.2, the conditions (C4) and (C5) in Theorems 3.4, 3.5, 3.7
and 3.8 may be replaced by (C4)" and (C5)’. Note, however, that (C4) in Theorem 3.6 cannot be
replaced by (C4)".

We shall now illustrate the results obtained by some examples.

Example 3.1. Consider the complementary Lidstone boundary value problem

R 2t - N
y("’)F(t,y,y’)24<—+—t3+—+—+2> {y;y +2} , te[0,1]

10 ' 4 42
y(0) =y'(0) = y"(0) =y'(1) = y"(1) = 0.

Here, m = 2. Let § = 1. So v = 5. Clearly, (C1) is satisfied. Further, (C2) and (C4) are
fulfilled if we choose

(3.33)

R - u+v 2
oe(t)ﬂ(t)24<ﬁ+zt +Z+§+2) and f(u,v)< +2> .

Next, in view of Remark 3.3 (see (3.19)), (C3) is satisfied provided
b !
a> f(a, a)/o e B(s)sinmsds = (a + 2)2/0 - B(s)sinmsds

which is solved to get a € [0.8467,4.7247].
Hence, (C1)—(C4) are met and also fo = foo = 00. We conclude from Theorem 3.6 that (3.33)

has (at least) two nontrivial positive solutions yi,y2 € C[0,1] such that

0< gl < A p)>alt=t), te]t 3]
< ||y1 a an Yo 2ﬂ_a 1) 4_.

Since a € [0.8467,4.7247], it follows that

1 1 (1 3
. —(4.724 - = - =1. .34
0<|lyill| <0.8467  and  yo(t) > 27r( 7247) (t 4) , te T 4] (3.34)

In fact, by direct computation a positive solution of (3.33) is given by y*(t) = % — % + % with

%(2.1426) (t i) , te E ﬂ : (3.35)
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(Note that the number 2.1426 in (3.35) is the largest ¢ for the inequality y*(t) > 5=c(t — 1) to

hold for t € [i, ﬂ .) This y* validates the conclusion (3.34) about y1, this y* is not ys.

Example 3.2. Consider the complementary Lidstone boundary value problem

ot 2t -4 ! 1
y(5):F(t,y,y’)=24<—+——t3+—+§+2> {%JJ} , te0,1]

10 4 4 (3.36)
y(0) =y'(0) =" (0) = ¢'(1) = ¢y (1) = 0
where ¢ > 0.
Once again let § = 1. So v = 5-. Clearly, (C1) is satisfied. Further, (C2) and (C4) are fulfilled
if we choose
U L - u+v a
oe(t)ﬂ(t)24(ﬁ+zt +Z+§+2) and f(u,v)( 5 +2) .
Next, noting Remark 3.3 (see (3.19) and (3.20)), (C3) and (C5) are satisfied provided
Yo "1
a > f(a,a)/ —— B(s)sinmsds = (a + 2)q/ — B(s)sinmsds (3.37)
o T o T

and

1-6§ q p2
b< f ('yb <% - 5> ,'yb> /é 7_‘_22% a(s)sinmwsds = <% + 2) /é 2—71_‘_4 a(s)sinmsds.  (3.38)

Solving (3.37) and (3.38) for different values of ¢ gives the following ranges of a and b.

N

q (C3) is satisfied if (C5) is satisfied if

1 a € [0.5320, c0) b € (0,0.0263]

1 a € [0.5869, 00) b e (0,0.0251]

2 a € [0.8467,4.7247] b € (0,0.0227] U [17760.50, c0)

Hence, (C1)—(C5) are fulfilled.

Casel ¢q = % From the above table, we see that a > b. By Theorem 3.3(b), we conclude that
(3.36) has a nontrivial positive solution y* € C[0,1] such that ||y*|] < a and y*(¢t) > vb(t — ) for
t € [6,1 — ¢]. Noting the ranges of a and b, we further obtain

1 1 13
ly" < 05320 and  y*(t) > 5 (0.0263) <t - Z) , te [Z’ ﬂ . (3.39)

[\

Case 2 g = 1. Once again we have a > b. Hence, using Theorem 3.3(b) and the ranges of a and b,
we see that (3.36) has a nontrivial positive solution y* € C[0, 1] such that

%(0.0251) (t i)  te H ﬂ : (3.40)
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Case 3 ¢ = 2. Applying Theorem 3.5 with b € (0,0.0227] and b € [17760.50, 00), we see that (3.36)
has (at least) two nontrivial positive solutions y,y2 € C[0, 1] such that ||yi|| < a, ||yz2|| < b and
y1(t) > vb(t — ), y2(t) > va(t — 8), t € [6,1 — d]. In view of the ranges of b, a and b, we further
conclude that

y1]l < 0.8467, |[ly2 < 17760.50;

yi(t) > %(0.0227) <t %) , ya(t) > %(4.7247) (t i) Cte H Z] _ (3.41)

5t 2

Note that by direct computation a positive solution of (3.36) is given by y*(t) = 5= — 5 + 5
such that (3.35) holds. Clearly, this y* validates the conclusions (3.39) and (3.40). This y* may
be y; but certainly not yo in (3.41).

Remark 3.5. The boundary value problem (3.33) is actually (3.36) when ¢ = 2. We see that
the conclusion (3.41) (obtained from Theorem 3.5) gives more details than the conclusion (3.34)
(obtained from Theorem 3.6). Note that the condition (C5) is required in Theorem 3.5 but not
in Theorem 3.6, and it takes more effort to check (C5). The ‘more’ details in (3.41) come at the

expense of a comparatively more complex condition.

Remark 3.6. In Example 3.2, (C4)" is also satisfied with ap = a. Moreover, (C5)’ is fulfilled
provided (see (3.21))

b2 3b Tt
b < f(vb(1—20),7b) /1_6 o ap(s) sinmsds = (8_7r + 2) /% 5 ap(s) sinmsds. (3.42)
Solving (3.42) for the same values of ¢ as in Example 3.2 gives the following new ranges of b.
q (C3) is satisfied if (C5)" is satisfied if
% a € [0.5320, 00) b € (0,0.0110]
1 a € [0.5869, ) b € (0,0.0105]
2 a € [0.8467, 4.7247] b € (0,0.0097] U [28722.08, oc)

Hence, (C1)—(C3), (C4)" and (C5)’ are fulfilled.

Case 1 g = 3. We have a > b. Using Theorem 3.3(b) and the ranges of a and b, we conclude that
(3.36) has a nontrivial positive solution y* € C[0, 1] such that

1 1 13
* . * > . _ = e . /
Iyl <0320 amd  y*(t) = 5—(0.0110) <t 4), te [4,4} (3.39)

Case 2 ¢ = 1. Once again we have a > b. Applying Theorem 3.3(b) again, we see that (3.36) has

a nontrivial positive solution y* € C[0, 1] such that

1 1 13
* ) * > . = i . /
Iyl <05869  and (1) = 5—(0.0105) (t 4), te [4,4} (3.40)
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Case 3 ¢ = 2. Using Theorem 3.5 with b € (0,0.0097] and b € [28722.08, 00), we see that (3.36)

has (at least) two nontrivial positive solutions yi,y2 € C[0,1] such that

[y1]l < 0.8467, |lyzf| < 28722.08;

yi(t) = %(0.0097) (t - i) o ya(t) > %(4.7247) (t — i) Cte E Z] - (3.41)

It would appear that (3.39)—(3.41) are ‘sharper’ than (3.39)'—(3.41)". However, it should be
noted that all the theorems in this paper give existence of at least one or two or multiple solutions.
Hence, the solutions in (3.39)—(3.41) may be different from the solutions in (3.39)'—(3.41)". So we
cannot really compare (3.39)—(3.41) and (3.39)'—(3.41)". From these conclusions we do get more

information about the solutions of the boundary value problem (3.36).

Once again a known positive solution of (3.36), y*(t) = % - % + % (with (3.35)), validates the

conclusions (3.39)" and (3.40)’, and this y* may be y; but certainly not yo in (3.41)".
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