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Abstract

In this paper, we investigate the existence of C"-almost periodic solution for a class
of nonlinear Fredholm integral equation, and the existence of almost periodic solution
for a class of more general nonlinear integral equation. Our existence theorems extend
some earlier results. Two examples are given to illustrate our results.
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1 Introduction

In H], the author initiated the study on C"™-almost periodic functions, which turns out to be
one of the most important generalizations of the concept of almost periodic functions in the
sense of Bohr. C™-almost periodic functions are very interesting since their properties are
better than almost periodic functions to some extent as well as they have wide applications

in differential equations. Recently, C"™-almost periodic functions has attracted more and
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more attentions. We refer the reader to 6, [7, [L1, [12, [14] and references therein for some
recent development in this topic.

On the other hand, the existence of almost periodic type solutions for various kinds of
integral equations has been of great interest for many authors (see, e.g., |23, &, 110, [15]
and references therein). Especially, in [15], the authors studied the existence of almost

periodic solutions for the following Fredholm integral equation:

y(t) = h(t) + /R k(t,s)f(s,y(s))ds, teR. (1.1)

Stimulated by the above works, we will make further study on these topics, i.e., we
will study the existence of C™-almost periodic solutions for Eq. ([IJl), and we will also
investigate the existence of almost periodic solutions for the following more general integral

equation:

y(t) = et y(a(t)) + g(t, y(5(1))) [h(t)+Ak(t78)f(s,y(7(8)))ds , teR - (1.2)

It is easy to see that Eq. (LT is a special case of Eq. (L2).

In fact, to the best of our knowledge, there is no results in the literature concerning
the existence of C™-almost periodic solutions for Eq. ([Il) and the existence of almost
periodic solutions for Eq. (L2). Therefore, in this paper, we will extend the results in [13]
to the C™-almost periodic case and to a more general integral equation, i.e., Eq. (C2).

Throughout the rest of this paper, if there is no special statement, we denote by R
the set of real numbers, by X a Banach space, by C"(R, X)) (briefly C"(X)) the space of
all functions R — X which have a continuous n — th derivative on R, and by C}'(R, X)

(briefly C}*(X)) be the subspace of C™(R, X) consisting of such functions satisfying
E (@)
sup t)| < +oo
ek = |F (@)

where () denote the i — th derivative of f and f©) := f. Clearly CJ'(X) turns out to be

a Banach space with the norm
f n——supg f(i)t .
[Fal ek FA]

First, let us recall some definitions and notations about almost periodicity and C™-

almost periodicity (for more details, see [6, [, 9, [13]).
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Definition 1.1. A continuous function f : R — X is called almost periodic if for each
e > 0 there exists [(e) > 0 such that every interval I of length l(¢) contains a number T

with the property that
lft+71)—f(t)] <e forall teR.

We denote by AP(R, X) (briefly AP(X)) the set of all such functions.

Definition 1.2. F C AP(X) is said to be equi-almost periodic if for each € > O there
exists l(€) > 0 such that every interval I of length I(€) contains a number T with the

property that for all f € F and t € R,

[f(E+7) = FO)l <e.

Definition 1.3. Let Q@ C X. A continuous function f : R x Q — X is called almost
periodic in t uniformly for x € Q if for each € > 0 and for each compact subset K C €
there exists l(e) > 0 such that every interval I of length l(¢) contains a number T with the
property that

|f(t+7,2)— f(t,z)|| <e forall teR, € K.

We denote by AP(R x Q, X) the set of all such functions.

Definition 1.4. A function f € C™(R, X) is called C™-almost periodic if for each € > 0
there exists [(e) > 0 such that every interval I of length l(g) contains a number T with the

property that
lf(t+71)—ft)|n<e forall teR.

We denote by AP™(R, X) (briefly AP™(X)) the set of all such functions.

Remark 1.5. By [1], we know that AP™(X) turns out to be a Banach space equipped
with the || - ||, norm. In addition, we usually denote AP°(X) by AP(X), which is the

classical Banach space of all X-valued almost periodic functions in Bohr’s sense.

2 ("-almost periodic solution for nonlinear Fredholm inte-

gral equation
Lemma 2.1. The following two statements are equivalent:
(a) for each k € {0,1,2,...,n}, F*) C AP(R) is precompact,
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(b) F C AP™(R) is precompact,
where FF) .= {f®) . f ¢ F}.
Proof. By noting that
”f(k)HOS Hme k=0,1,2,....n

and

1£lln < D 1FP o,

k=0
it is not difficult to get the conclusion. O

Combining Lemma [l and the compactness criteria for AP(R) (cf. [9, Theorem 6.10)),

we get the following compactness criteria for AP™(R):

Theorem 2.2. The necessary and sufficient condition that F C AP™(R) be precompact
is that the following properties hold true:

(i) for eacht € R and k € {0,1,--- ,n}, {f®)(t): f € F} is precompact in X ;
(ii) for k€ {0,1,--- ,n}, F*) is equi-continuous;
(iii) for k€ {0,1,--- ,n}, F®) is equi-almost periodic.

Now, let 1 < p < o0 and ¢ be such that % + % = 1. For convenience, we list some

assumptions.

(H1) f: R xR — R is a LP-Carathéodory function, i.e., the following two conditions
hold:
(i) the map ¢t — f(t,y) is measurable for all y € R, and the map y — f(¢,y) is
continuous for almost all ¢ € R;
(ii) for each r > 0, there exists a function u, € LP(R) such that |y| < r implies that
|f(t,y)| < pr(t) for almost all t € R.

(H2) Let k:R x R — R be such that 8";31;52,5) exists for m = 1,2,...,n; and

(i) there exist functions a,, € LY(R) such that

k7 (s)| < am(s), m=0,1,2,...,n,

" k(t,5)

for all t € R and almost all s € R, where kj"(s) := —5pm

t eR;

is measurable for each

(ii) the map ¢t — kJ"* is almost periodic from R to LY(R), m =0,1,2,...,n.
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(H3) there exists a constant r9 > 0 such that

n
IRl + Z lamllg - lrollp < To-

m=0
Now, we are ready to establish one of our main results.

Theorem 2.3. Assume that (H1)-(H3) hold and h € AP"(R). Then Eq. (1) has a

C"-almost periodic solution.

Proof. We give the proof by three steps.
Step 1. F': AP™"(R) — LP(R) is bounded and continuous, where

(Fy)(t) :== f(t,y(t)), teR, ye AP"(R).

Let E C AP™ be a bounded subset and

r = sup [|y/[n.
yek

Then, by (H1), there exists a function p, € LP(R) such that

[f (& y(8)] < pr(t)

for almost all £ € R and all y € E, which yields that

IEyll = [/R!f(t,y(t))!pdt]; < [/R\ur(t)!pdt] " <too, WyeEE.

Thus F(E) is bounded. Next, we show that F' is continuous. Let yr — vy in AP™(R).
Then
r':=sup ||yl + 1 < +o0.
k

By using (H1) again, we know that

dim f(tyi(1) = F(ty(2))

for almost all t € R, and

£t ye(t) = f(Ey(0)] < 2p (1)

for almost all £ € R. Then, by the Lebesgue’s dominated convergence theorem, we get
1P = Pulf = [ 17t0ele) = Ftye)Pde = 0. k= o,
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ie., Fy, — Fy in LP(R).
Step 2. K : LP(R) — AP"™(R) is continuous and compact, where

(Ky)(t) = /Rk;(t, s)y(s)ds, teR, ye LP(R).

First, let us show that K is well-defined, i.e., Ky € AP™(R) for y € LP(R). Noting
that

< ai(s)

k(t + At,s) — k(t,s)
-

we get

(o) (@) = pim [ HEREZRED s [ s)uteyas

Similarly, one can show that
Ky(m /k:t s, m=0,1,2,...,n
Now, fix y € LP(R) and m € {0,1,2,...,n}. We have

|(Ky) ™ (1) = (Ky) ™ ()] =

R R
< AWM) K ()] - [y (s)|ds
< Hktl k"ZZHq : Hpr (2.1)

for all t1,ty € R. By the almost periodicity of k", the map ¢t — k;" is uniformly continuous
on R. Combining this with 1), we conclude that (Ky)™ is uniformly continuous on
R. Again by the almost periodicity of £}, for each € > 0 there exists () > 0 such that

every interval I of length I(e) contains a number 7 with the property that
k7, — k7l <&, VEER,
which and (ZJ]) yields that
(Ey) ™ (4 7) = (Ky) ™ (O] < k52 = kg - lyllp < ellyllp, ¥t €R.

Thus, (Ky)™ € AP(R). By the definition of AP"(R), we know that Ky € AP"(R).
Next, we show that K : LP(R) — AP"(R) is compact. Let E C LP(R) be a bounded
subset. For each m € {0,1,2,...,n}, we claim that the follow properties hold:

(a) {(Ky)™(t):y € E} is precompact for each t € R;
(b) {(Ky)™ :y € E} is equi-continuous on R;
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(c) {(Ky)™ :y € E} is equi-almost periodic.

In fact, the property (a) follows directly from

(K™ )| =

IN
.
s
/3—\
V)
=
<
—~
N
o
»

A
)
3
=
=
=

< Nlamll, -sup llyll, < +oo
yekE

for all y € E and t € R. In addition, by some direct calculations, it follows from (.1I) that
the properties (b) and (c) hold. Thus, by Theorem Z2, we know that K (E) is precompact
in AP™(R). Moreover, noting that K is linear, we conclude that K is continuous.

Step 3. Eq. () has a C™-almost periodic solution.

We denote

(Sy)(t) = h(t) + [K(Fy)l(t) = h(t) + /Rk(t, s)f(s,y(s))ds, ye AP"(R),t€R.

Noting that h € AP™(R), it follows from Step 1 and Step 2 that S is from AP™(R) to
AP"(R), and S : AP"(R) — AP"™(R) is continuous and compact. Now, let

E={y e AP"(R): |lylln < ro}.

Then, for all y € £, we have

1Sylln < NAlln + 1K (EY)n

< bl + > IEEY]™ o
m=0

< bl + > lamllg - Iyl
m=0

< bl + D Namllg - ol
m=0

< To,

which means that S(£) C £. Noting that S : £ — £ is continuous and S(€) is precompact,
by the classical Schauder’s fixed point theorem, S has a fixed point in &, i.e., Eq. ()

has a C"™-almost periodic solution. O

Next, we present an example to illustrate our result.
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Example 2.4. Let n=1,p=1, ¢ = o0, and

Y sin(yetz)

h(t) = coswt, k(t,s) = (sint + sin \/it)e—sz’ flty) = m

By some direct calculations, one can show that (H1) holds with u,(t) = 20(++t2—); (H2)
holds with ag(s) = 2¢™** and a(s) = (V2 + 1)e=*"; (H3) follows from

n
lim sup >m=o llamllq - [lprllp < (3 +2E)/§)7T .

r—-+00 T

In addition, it is easy to see that h € AP'(R). Thus, by Theorem B33, the following

integral equation

Sint—l—sinﬁt g2 g2
y(t):cosm—i—/RWe y(s)sinfe® y(s)]ds

has a C'-almost periodic solution.

3 Almost periodic solution for a class of integral equation

In this section, we consider the existence of almost periodic solution for Eq. (Z). In
the case of no confusion, we will denote the norm of AP(R) by || - || instead of | - || for

convenience.

Theorem 3.1. Assume that (H1)-(H2) hold with n = 0 and h € AP(R). Moreover, the

following assumptions hold:

(H4) o, 3,7 : R — R are three functions such that y € AP(R) implies that
y(a(-))), y(B())) € AP(R).

(H5) e,g € AP(R x R,R) and there exist two constants Le, Ly such that

|e(t,u)—e(t,v)| §L6|’LL—’U|, |g(t,u) —g(t,’U)| §L9|U_U|7 V’LL,’UGR.

(H6) There ezists a constant ro > 0 such that MLy + L. < 1 and

M- sup |g(t,u)|+ sup le(t,u)|<r, Vr>r,
teR,|u|<r teR,|u|<r

where M = ||h|| + ||aollq - |ftro ] p-

Then Eq. [L2) has an almost periodic solution.
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Proof. Let B be defined as follows

(By)(t) = h(t) +/Rk(t78)f(8,y(7(8)))d8, y € APR), t e R.

By a similar proof to that of Theorem Z3, one can also show that B : AP(R) — AP(R)
is continuous and compact.

In addition, we denote

(Ay)(t) = g(t,y(B())), ye€ APR), teR;

and
(Cy)(t) = et y(a()), yec APR), t R,
Since e, g € AP(R x R,R) and y(a(+)),y(5(-)) € AP(R) for each y € AP(R), we conclude

that
Ay,Cy € AP(R), Vye€ AP(R),

i.e., A, C are two operators from AP(R) to AP(R).
Denote & = {y € AP(R) : |ly|| < ro}. For each y € &, define an operator S(y) on
AP(R) by
[S(y)]x = Az - By+ Cz, z € AP(R).
Then S(y) ia an operator from AP(R) to AP(R). For all z1,22 € AP(R), by (H5), we

have

1[S(y)]z1 — [S(y)]z2|
= ||[Azy - By + Cxy — Axs - By — Cxs|

< [[Azry — Azl - || By| + [[Cz1 — Cao|
< (Lg- 1Byl + Le) - lz1 — 22|
< (MLg+Le) 1 — 22l

where
Byl < sup [h(t)] +SUP/ [kt ()] - g (s)ds < [|Rl + [laollq - [l 1rollp = M
teR teR JR

since ||y|| < rp. Noting that M Ly, + L. < 1, by the Banach contraction principle, we know
that there exists a unique fixed point =, of S(y) in AP(R).

Now, we define an operator on £ by
Sy = zy,
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where z,, is the unique fixed point of S(y) in AP(R). Then
Sy = [S(y)]xy = Azy - By + Cuy,.

In addition, we claim that &y € & for each y € £. In fact, letting ||xy|| = ry, if 7y > ro,
then by (H6), we get

ry = |zl = [|Azy - By + Cuxy|
< Ml[Azy[| + [|Cry|
< M- sup |g(t,u)|+ sup |e(t, u)
teR, |u|<ry teR, |u|<ry
< Ty,

which is a contradiction. So &(€) C £.
Next, let us show that & : £ — £ is continuous and &(€) is precompact. For all

y1,y2 € £, we have

|6y1 — Syal|
HA‘T'!/I -Byy + Cay, — Azy, - Bys — Cmyz”

< Ly |lwy, — gl - (| Byrll + [[Azy, || - | Byr — Byal| + Le - [|2y, — oy, ||
< (MLg+ L.)||Gy1 — Sya|| + || Azy, || - ||Byr — Bys||
< (MLg+ Le)||[&y1 — Gyaf + (Suﬂlg l9(t,0)| + Lgro) - | Byr — Byall,

te

which
supyeg |g(t, 0)| + Lyro
1-MLy— L

Let yp — y in €. Combining BI]) with the continuity of B, we conclude that Gy, —

16y1 — Gya| <

| By — Bya||. (3.1)

Sy. In addition, letting {yx} C &, since B(E) is precompact, there exists a subsequence
{y:} C {yr} such that B(y;) is convergent. Then, [BIl) yields that Sy; is convergent,
which means that &(€) is also precompact.

At last, by using Schauder’s fixed point theorem, we conclude that there exists a fixed

point y* € £ of &. Then, we have
y* = 6y" =y = Az - By + Cay = Ay™ - By* + Cy7,
which yields that Eq. (C2) has an almost periodic solution. 0

Remark 3.2. We remark that Theorem Bl is a generalization of [15, Theorem 2.4] to

some extent. In fact, in [13, Theorem 2.4], the authors established the existence of almost
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periodic solution for Eq. (J)) by using nonlinear alternative of Leray-Schauder type;
Here, we deal with a more general integral equation, i.e., Eq. (L2), by using the classical

Schauder’s fixed point theorem directly.

Example 3.3. Let n=1,p=1, ¢ = 0,

. t2
B0) = cosmt,h(t,s) = it +sin Va0, foy) = S,
and
. . 1 cost + cos Tt
a(t) =t—-1, B(t) = l—sint, fY(t) = ‘ﬂ? g(t,U) = m7 e(tau) = T
By Example Z4] we know that that (H1) holds with u,(t) = W, and (H2) holds with

n =0 and ag(s) = 25",

It is easy to see that (H4) holds, and (H5) holds with Ly = 1, L. = . In addition,

since

Tr
h : =14 —
2]+ Nlaollg - i llp =1+ 15

and

sup le(t, u)| <
teR, |u|<r

sup |g(t,u)| <
teR,|u|<r

Y

N =
w3

we conclude that (H6) holds rg = 1. Thus, by Theorem Bl the following integral equation
3 3 _ 2 . 2
cost + cost cos wt + [, StEsin gt e=sy || sinfe*”y(|s])|ds

y(t) = 6 y(t—1)+ 2 + 2[y(t — sint)]?

has an almost periodic solution.
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