-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Repository of the Academy's Library

Multiple positive solutions to systems of nonlinear semipositone
fractional differential equations with coupled boundary conditions*

Chengjun Yuan'® DAQING JIANG! DoNAL O’REGAN2  RaAvi P. AGARWAL?*1
1. School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, Jilin, P. R. China
2. School of Mathematics, Statistics and Applied Mathematics, National University of Ireland, Galway, Ireland
3. Department of Mathematics, Texas A and M University, Kingsville, Texas, USA
4. Department of Mathematics and Statistics, King Fahd University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia

5. School of Mathematics and Computer, Harbin University, Harbin 150086, Heilongjiang, P. R. China

Abstract. In this paper, we consider four-point coupled boundary value problem for systems of the nonlinear
semipositone fractional differential equation

D§ u+ Af(t,u,v) =0, 0<t<1,A>0,

D8+U + )‘g(t7 u, U) = 07

u(i)(()) = v(i)(()) =0, 0<i<n-—2,

u(l) = av(§),v(1) = bu(n), &ne(0,1)
where A is a parameter, a,b, &, satisfy £,n € (0,1), 0 < abln < 1, a € (n — 1,n] is a real number and n > 3,
and D§, is the Riemann-Liouville’s fractional derivative, and f, g are continuous and semipositone. We derive

an interval on A such that for any A lying in this interval, the semipositone boundary value problem has multiple
positive solutions.

Key words. Riemann-Liouville’s fractional derivative; semipositone fractional differential equation; four-point
coupled boundary value problem; positive solution; fixed-point theorem.
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1 Introduction

We consider the four-point coupled boundary value problem for nonlinear fractional differential equation in-
volving the Riemann-Liouville’s derivative

D§ u+ Af(t,u,v) =0, 0<t<1,A>0,
D& v+ Ag(t,u,v) =0,

u®(0) =v®0)=0, 0<i<n—2,

u(1) = av(€),0(1) = bu(n), &7 € (0,1)

where A is a parameter, a,b, &, n satisfy £,n € (0,1), 0 < abén < 1, a € (n —1,n] is a real number and n > 2, D§,
is the Riemann-Liouville’s fractional derivative, and f, g are sign-changing continuous functions.

(1.1)

Fractional differential equation’s modeling capabilities in engineering, science, economics, and other fields, over
the last few decades has resulted in the rapid development of the theory of fractional differential equations, see
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[1)-[7] for a good overview. To our knowledge there are only a few papers which deal with the boundary value
problem for nonlinear fractional differential equations (see for example [8]-[20]). Coupled boundary conditions arise
in the study of reaction-diffusion equations and Sturm-Liouvillie problems, see [21, 22] and have wide applications
in various fields of sciences and engineering, for example the heat equation [23, 24, 25] and mathematical biology
26, 27).

In [23], the authors study the case of two equations

u=Au, vp=~Av, €Q, 0<t<T,

g_;;:vp, g_;;:up, Xeo, 0<t<T,

and it was shown that if pg < 1, all nonnegative solutions are global, while if pg > 1, every nonnegative solution
blows up in finite time.

In [26], the authors study the blow-up properties of the positive solutions to the system of heat equations with
nonlinear boundary conditions

Uy = DNug, i =1, Jkyupyp =y, €Q, 0<t<T,
%—?:ufj_l, Xeo, 0<t<T,

ui(2,0) = u;o(x), z€Q,

where p; > 0,i=1,--- ,k. Q € RN is a bounded domain with smooth boundary 9, 7 is the unit outward normal
vector, u;o(x) are nonnegative nontrivial functions and satisfy appropriate compatibility conditions. The upper
and lower bounds of the blow-up rate is derived.

In [28], Leung studied the reaction-diffusion system for prey-predator interaction

us(t,x) = o1 Au+ u(a + f(u,v)),t > 0;z € Q C R",
ve(t, ) = o2 Av +v(r + g(u;v)),t > 0;2 € Q C R™,

subject to the coupled boundary conditions

%:0;%_p(u)_q(v):00n69,

where the functions u(t, z),v(t, x) respectively represent the density of prey and predator at time ¢ > 0 and at
position « = (21, ,x,). Similar coupled boundary conditions are also studied in [27] for a biochemical system.

The above mentioned work and wide applications of coupled boundary conditions motivate us to study equation
(1.1). In this paper, we give sufficient conditions for the existence of positive solution of the semipositone boundary
value problems (1.1) for a sufficiently small A > 0 where f, g may change sign. Our analysis relies on a nonlinear
alternative of Leray-Schauder type and Krasnosel’skii’s fixed-point theorems.

2 Preliminaries

For completeness, in this section, we first present some fundamental facts of the Riemann-Liouville’s derivatives
of fractional order which can been found in [3].

Definition 2.1 [3/ The integral

o _ Lo fm .
Io+f(x)r(a)/0 Tt ©>0,

where o > 0, is called Riemann-Liouville fractional integral of order a.

Definition 2.2 [3] For a function f(x) given in the interval [0, 00), the expression

. 1 d. [t f
Do+f($):m(%) /O (x_tgia)_nﬂdt,

where n = [a] + 1, [a] denotes the integer part of number «, is called the Riemann-Liouville fractional derivative
of order s.
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As examples, for u > —1, we have

(14 p)

D§ ot =
L ——"

oh

giving in particular D§, z*~™, m =4,2,3,--- , N, where N is the smallest integer greater than or equal to a.
Lemma 2.1 Let o > 0. Then the differential equation
DG, u(t) =0

has solutions u(t) = c1t* L + cot® 2 4+ -+ cpt® ", c; €ER, i =1,,2...,n, where n is the smallest integer greater
than or equal to .

Lemma 2.2 Let o> 0. Then
IS DG u(t) = u(t) + ert® '+ eat® 2+ ept® ",

for some c; e R, i =1,2,...,n, n is the smallest integer greater than or equal to a.

Lemma 2.3 Let 2,y € C[0,1] be given functions. Then the boundary-value problem

D u+x(t)=0, 0<t<1,A>0,
DY =
Gro+ylt) =0, _ (2.1)
uD0)=v@0)=0, 0<i<n-2,
u(l) = av(§),v(1) = bu(n), &n € (0,1)
has an integral representation
1
u(t) = f Gey(t, s)x(s)ds + fo Kﬁn s)y(s)ds, (2.2)
v(t) = f Gre(t, s)y(s)ds + fo ¢(t, s)z(s)ds
where T abg®~14e =1 (n_g)*—1 (t—s)@1
(=ares, e Of@) ~ (e e @)~ Tl Oss<t<ls<m,
t* 5) t—s)*~
a=Tya ) 0<s<t<ls>mn,
Gt ) = § O g8 o OT@) — TT 0, e ! (2.3)
- abé‘a( T, a) (o) (I—abea—Tpa—T)I(a) 0<t<s<1,s<n,
o1 _gye—1
(l—abﬁ“‘*ln“‘*l)l—‘(a)’ 0 S t S S S 175 Z 77
te= (1)1 abn® 11 (g_g)o! (tis)a—l
(l—abf“‘(*l’r]“‘)*l)l—‘(oz) Elna)bf“ 1 a l)r‘(a) F(Oz) I 0 S S S t S 17 S S &7
t 1—s t—s)"
alal bl OSSStglaSZa
G"]f (t, S) = (1 ?351(1 S) )F(O() abgcgg)lta—l(gis)afl E (2'4)
(et T OF@) ~ (a7~ ) Ostssslssy,
ot s
T—abtea oD (a)’ 0<t<s<1l,s>¢
ag g1 ([_g)a—1 at®"t(e—s)ot
Key(t,s) = {“s T (e f =6 (2.5)
@ abé‘a o= (o)’ §2>¢
by 1ge (1 g)at bt~ (n—s)*! s <
abee—Ine—1)'(a —abéec 1o (a)’ =T,
Kﬁﬁ(tﬂs) = {(blna bl‘ét“ a- s))l;(’ R s> (2.6)
(1 abf“ 1 a 1)F(a)’ - 77
Proof. From Lemma 2.2 we can reduce (2.1) to an equivalent integral equation
No—1
u(t) = ennt® 4 1ot 4 et — g (t_l‘é()a) z(s)ds (2.7)
a—1 .
v(t) = et + coat® P 4 - et — g (t_l‘é()a) y(s)ds.
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From «()(0) = v()(0) = 0,0 < j < n — 2, we have ¢;,, = Citn—1) = -+ = ¢i2 = 0,(i = 1,2). Then

u(t) = et 1 fo F(a) x(s)ds

a—1
v(t) = cot® ! — g (¢ Fé()a) y(s)ds

and from the condition u(1) = av(§),v(1) = bu(n) we have

)a—l

c11 —af% ey = 01 a F?)a(;i x(s)ds — afoE }?T)y(s)ds,

co1 — bn® e = fo 71}‘23 (s)ds — bjﬂ7 (n— ‘S)a 1gc(s)ds.
Solving for ¢1; and c21, we have
= 1 g L) € (=)
11 = 1—abéx—1Ina=1 Jo an) (S)ds - 17ab§aa*177a*1 0 F?a) yl(s)ds
gomt 1 (1—g)a1 el N (n—5)"
+17al;l£“*177‘1 1 Jo ?a) (S)dS - 1,ag§a—1na71 0 nria)l SC(S)dS,
_ | L (1) b 7 s
€21 = 1—abée—1na—1 JQ an) 1(S)d57 T—abée—Tna—T Jo ul ?a) ZLI'(S)dS
b a—1 1 (1 )a bn® 1 )a
+1—abfn“‘*1na‘*1 0 F?a) (S) 1_(1(;52717701 T fO T(a) (s)ds.

Hence, we have

bal

u(t) = LMY G o € ) i x(s)ds —

s (i U ) z(s)ds — th(s)ds

S
b1 1t 11—g)*"1 b
+1fab§‘1*177‘1*1 0 T'(a) x S) T T—abée—Tpa-T Jo T (@) ZL'(S)dS

1—abé>—1tne—1 Jo Fl(a) . ) 1—abfx—1tna—1 Fl(a X 0 I'(a)
N e e € 171 (e )
+17al:1§0‘*177‘1*1 0 ] T'(a) L y(s)d‘sil,abgaflna—l 0 ) T'(a) ; y(s)ds, )
_ 1 171 1-9)*" bp> ! £t (=9 t(t—s)*~
v(t) = T=aE—ta=T Jo (@) y(s)ds — —pee=rpa= Jo ) y(s)ds — [, o) y(s)ds
(

Thus ) )
u(t) fo ng ):c s)ds + fo Kep(t, s)y(s)ds,
v(t) fo s)y(s)ds + fo (t, s)z(s)ds.

Lemma 2.4 The function Gey,(t,s) and Key(t,s) defined respectively by (2.3) and (2.5) have the following prop-
erties:

(R1) cot® (1 — 5)27 s < Geylt,s) < Co(l —5)*7 s, Gey(t,s) < Cot*t fort,s € [0,1],
(R2) cot® (1 — 5)*7ts < Key(t, s) < Cot* (1 —s)*ts for t,s €[0,1],

where
_ e (1=9n 1 (1—n)(1—abén) — (e=D)(—abe® In*"T4abt® 20 7%) e _ 1
cg = {(51 ab(ga 51) ab I)F(?) )} , Ca= ( (1;€b§a71nzf1)pga) , CG = A—abee—Tpa—DI(a)’
_ min{a&®2(1 n>"2(1—n _ (a=1)(at* 242
CK = (A—abeo—1po-D)I'(a) Ck = (I—abéo—Tpo—DI(q)’ (28)
co = min{cg, cx }, Co = mln{Cg, Cs,Cr}.

Proof. (R;) For (¢,s) € [0,1] x [0,1], from (2.3), we discuss various cases.
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Case 1. For s < t,s <17, we have

B po—1(]—g)1 abe® =142 =1 (y_g)@ 1 (t—s)*~1
Gen(t,s) = Tgper TpeII(@) ~ T aber e I@) ~ (@)
1O (T—g)® 1 —abe® 14 ()~ (1= abe® 1y~ 1) (t—s)*
(T—abea=Tya=T)T(a)
(l_abgaflnafl)(tafl(1_5)(‘171_(t_s)afl)+ab€afltafl(nafl(l_s)afl_(n_s)afl)
. —abe T T@)
abe* 110 (g (1) (- 5) )

2 (I—abé==Ty>—T)T(a)
_ abtr 1 () (n—9)* 1)
(—abés=Tno=T)(a)
_ abe? 1 (s) ) ()0 ()l ()
= (=abes=Tna=T)T(a)
S abe® 1t (n—ns)* T U (n—ps) "V —(n—ns)* "1l (n—s)l* 1)
- (17ab£“*177"‘*1)11(a
_ abg® e p—ms) e ((gps) T (g—s)l* 1)
- (1—ab&e—Ine—DI'(«
S abg* Tt (nmns)* T T (g —ns) TV T (nns) = (=)
> (= abea=Tna- 1T (@)
_ abg* M (p—ns)* "2 (s—ns)
= T abee Ty TIT(w)
o abEaflnCVtha—l(175)a—2(177])s
= (A—abéo—Tno—1)I()
S abe 12 (1)1 (1—g) s
= (I—ab&>=1n>—1I'(a)
> cqt* 1 — s)* 7 Ls,

L (1—abe® gt (0 (1) (1 8) T ) habe® 0 (o (1 8) T (=) 1)
Gen(t s) (-abém—Ty=—T)[(a)
(1—(11)5&717]&71)((1—1) ftt:sts Za72d2+ab€a71ta71(a—1) f;]:sns Za—zdz
(1—abg>~In=1)I'(a)
(1—abg®~ 10 ~1) (a— 1) (t—ts)*~ 2 (t—ts —t-+5)+abe >~ (a—1)(n—ns)® 2 (n—ns—1+s)
(1—abr—1na—NI'()
(S L R s B T e S
1—ab&f>—1n>— a
(1—ab* 19 (=1t "2 (1=5)*"2(1—s)s+abt® H(a=1)n* "2t "1 (1-5)*"2(1—5s)s
e 1) e b a1y
(1—ab&® " n* )(a—1)(1—5)"" "s+abf® " (a—1)n* " *(1—s)* s
(-abém=Tpr=)T(a)
(a=1)((1—abt® tn* Ytabe™ 'n*"?)(1-s)*"'s
(T—abE™Tya-T)T(a)
(a=1)(1—abg® " 1n""T4abe™ 0 2)(1-5)""1s
(T=ab€"=Tna-T)T(a)

< Cq(l—s)2 s,

IN

IN

IN

_ to1(1_g)1 bee 1 (y_g) 1 (t—s)®! o1 ]
Gen(l: 9) = Taper T IG@) ~ (-l Trn M@~ Ty~ = (=aree Ty i) = Cat™

Case 2. For s <t,s >, from (2.3), we have

tel(1—s)* 1 t—s) 1t
Genl(t,s) = (17ab£“(*177“)*1)1“(a) —4 F()a)

C (1—abf g ) (0T (1) (1)@ ) fabed e a1 g)o ]
= (1—abe™ 7= (a)

abge " Ipa—lga—1(1_g)a—

2 A= abETE T (a)

S abge gt lge (1 _gya-lg

Z ke TN @)

> et 1 — s)* 7 Ls,

Cabed—Lpa—1ypa—1(]_gyo—1_(p_gya—1 pea—lpa—lpa—101_ ya—1

Gey(t,s) = (A—abf®” n*" ("~ (1 (i)—abgaglni)fl)r);sg Nt (1-s)

L (l—abt® g ) (10 (1 8) 0T (4 5)*~ 1) L abe® ~Lya 2 a1 (1_g)@ 1y

B 1 1 (;_abgaiznail)r(a) 1 2,01 1

< (1—ab€® ™ "n>~ )((3471)t“’(1(17b5£)“’1 (1*3;4(!155“7 N7 (1=8)"" s

< (l_abga177a1)(04_1)72&2(;6_8)1&lsj;;lzf(;gnazta1(1_s)als

= 1—abfe—Tpa— a

< (1—ab* 19 N (a=1)(1—8)"s+abt® 1n*~2(1-5)""1s

< (—abén-T7=N)T(a)

< Cg(l —s)21s,

_ fe-l(1_g)a? (t—s)1 g1 S
Gf"](t’ S) T (1—abéc—ne—I'(«a) - TI'(e) < (1—abé>—1ne—1I'(«) < CGta .
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Case 3. For ¢t < 5,5 <1, from (2.3), we have

te—1(1—g)>~! abg™~ Lya—l(p_gyo—1

Gen(t,s) = Taper TpeTT(@) ~ (1-abeeTya 1))
(- S)a 17ab§a Lpe i gyes
- (1—ab&>—1n*—I'(«
B (1iab£a—1)ta—l(lis)a71+ab£a—lta—l((175)a—17(n75)a—1)
- (1—ab&>—1n*—I'(«
S (1—abe® 1)t~ (1—8)* 1 fabe® 1451 (1—5)*~2(1—p)
= (I—abea—Tya-T)T(a)
S (1—abe® 1)1 (1—5)" ! 4abe® 1 (1—n)t* 1 (1—s)*

(1=abg>—1n>=1)T'(a)
> (1—abe® 1 abt® 1 (1—n))t* (1-5)"1s
= (1—abg>~1n>~1T'(a)
(1—abg® )t (1—s)> "
(I—abg>=1n>=1T(a)

>
>t 1 —s)27 s

)

abé-afltafl(nis)a—l

ta 1 1—s a—1
Gen(t, s) = o (I=abé=—T7=-T1)I(a)

(1— ab&‘l Tpo— l)F(a)
t* (1= s)

(1— ab&‘l Tpo— l)F(a)
e 2 (1= s)“

- abga T

IN

IN

)

iy
(1- abﬁo‘ 177“ 1)F(Oé)
< Cg(l - S)

IN

ta 1(1 S)a 1
(—abte-Tp-NT(a) = (—abée-T=DI(a)

tal

Gfﬁ (tv S)

Case 4. For t < 5,5 > 1, from (2.3), we have

an (ﬁ, s) =

Then, cot® (1 — )

(R2) For (t,s) €

an(t’ 5) =

o= 1(1 s)e— 1 o= 11 5)‘1 1
(I—abg>—1n>= 1)F(Ot) = (I—abf>—'n>~ 1)F( )

2t (1g)
(=aber—Tnn-NT(a) =

2 2(1—5)*"1s
(T—abee Ty =NI(@) =

(1—8)"'s
(—abesTe-T)T(a)

tafl(l_s)afl a—1

Gen(t 8) = FaperTye (@) < T=ates T TTa)

< CEt L

> et (1 —s5)2™

< Cgtet

1

S,

< CG(l - S)a_lsa

s < Gyt s) < Cp(1

—8)* s, Ggy(t,s) < Cot*~! for ¢, s € [0,1].

[0,1] x [0, 1], from (2.5), we also discuss various cases.

Case 1. For s < &, we have

Kf”](t’ S) =

ag® el (1—g)o"1_gga—l(g_g)a—1

(1—abg>—tna=1)l(a)
ataflEgafl(l_i)afll_)(g(_)s)afl)
l—abé>—In>a—HI'(«

at® TP (1-5)* 2 (1-9)s
(1-abg>=tn>=H)l(a)
af&*?(lig)ta—l(lis)a—ls
(I—abg>=tn>=Hl(a)

ext® (1 — s)27 1,

v

AVANAY,

Kf”](t’ S) =

ag® el (1 g) ol g1 (g—g)O

1

(1—abg>~1n>~HI'(a)

@t (E T (1) (e 9)" )
(i=abesTe=TT(a)

at® " N(a=1)* "2 (1-5)" "2 (1=&)s
(1—abg>~1n>=1)'(a)

at® Ha—1)E*"2(1-5)""2(1—s)s
17ab£:a71 a—1 F o

(a—l)Ez&a*%“*l?(?l—s))aSll

(—abea=T77= )T (a)

< Cgto= (1 — s)* s,

IN

IN

IN

Case 2. For s > &, we have

Kf”](t’ S)

aga lta 1(1 s)a 1
= U=abgs o () =

agc e (1)~
(1—abg>—1n>= 1)F(Ot)

> et (1 —s)2 s,
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ﬁa lta 1 1—35) 1 ﬁa Zta 1(1 )a 15 ga 2ta 1(1 )a 1 _1
Kﬁn(t s) = (a1 ab&o— 1(a is))F(a) l(ll abgo—Tne sl)r(a) = ((11 abgo—Tna sl)r(a) < Okt 1 —s)"

s.
Thus, we have cot® (1 — s)*1s < K¢ (t,s) < Cot* (1 —s)* s for t,s € [0, 1].

Similarly we have the following lemma.

Lemma 2.5 The function Gpe(t,s) and Kpe(t,s) defined respectively by (2.4) and (2.6) have the following prop-
erties:

(R1) cot® 11— 5)* s < Gpel(t,s) < Co(l —s)*ts, Gey(t,s) < Cot*t fort,s € [0,1],

(R2) cot® (1 —5)* s < Kye(t,s) < Cot* 11 —s)*ts for t,s €[0,1],
where cg, Cy are as in Lemma 2.4

Employing Lemma 2.3, the system (1.1) can be expressed as

{ u(t) = /\(fo1 Gen(t,s)f(s,u(s),v(s))ds + fol Kep(t, s)g(s, u(s),v(s))ds), (2.9)
A

(Joy Ge(t,8)g(s,u(s),v(s))ds + [ Kne(t,s)f(s,uls),v(s))ds).

The following theorems (the first a nonlinear alternative of Leray-Schauder type and the second Krasnosel’skii’s
fixed-point theorem) will play a major role in Section 3.

Theorem 2.6 [29] Let X be a Banach space with 2 C X closed and convex. Assume U is a relatively open subset
of Q with 0 € U, and let S : U — Q be a compact, continuous map. Then either

1. S has a fized point in U, or

2. there exists u € OU and v € (0,1), with u = vSu.

Theorem 2.7 [30] Let X be a Banach space, and let P C X be a cone in X. Assume Q,€s are bounded open
subsets of X with 0 € Q1 C Q1 CQq, and let S: P — P be a completely continuous operator such that, either

1. ||Sw|| < |w|, w € PNy, ||Sw|| > ||w|, we PN, or

2. ||Sw| > [lwl, w € PN oy, |Sw|| < |w| we PnoQs.

Then S has a fived point in PN (Q2\Q1).

3 Main Results

We make the following assumption:

(Hy) f(t,u,v),g(t,u,v) € C([0,1] x [0,+00) X [0,+00), (—00, +00)), moreover there exist function e;(t) €
L'([0,1],(0,+00)) (i =1,2) such that f(t,u,v) > —ei(t) and g(t,u,v) > —ea(t), for any t € [0,1], u,v € [0, +00).

(HY) f(t,u,v),9(t,u,v) € C((0,1) x [0,400),(—00,+00)), f,g may be singular at ¢ = 0,1, moreover there
exist functions e;(t) € L((0,1),(0,+0o0)) (i = 1,2) such that f(t,u,v) > —ei(t) and g(t,u,v) > —ea(t), for any
t e (0,1), u,v € [0, +00).

(Ha) £(£,0,0) > 0,g(t,0,0) > 0 for ¢ € [0, 1].

Hs) There exists [01,02] C (0,1) such that hm inf min L% — oo lim inf min 2% — 4o
( ) ) )
ul+oo te(61,02] u v]400 te[61,02] v

(H3) There exists [61,05] C (0,1) such that lim inf min L&Y — oo Lim inf min 25%%) — 4o,
vT+oo  te€[f1,02] Y ul+oo  t€[61,02]

(Hy) fo )2 Lsei(s)ds < +o0, fol(l —5)*"Lsf(s,u,v)ds < +o00 and fol(l —5)*sg(s,u,v)ds < +oo for any
,vE0 ,m] m > 0 is any constant (i = 1, 2).
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We consider the boundary value problem

Di 2+ A(f (¢ [2(t) —wi (D], [y(t) —wa(D)]) +e1(t)) =0, 0 <t <1,A>0,

D(f);w + Ag(t, [2(t) —wi(B)]", [y(t) — w2 (t)]") + e2(t)) = 0, (3.1)
D0)=yD0)=0, 0<i<n-—2,
z(1) = ay(§),y(1) = bx(n), &ne(0,1)
where
z(t), z(t) > 0,
A= {0,() 28 0,
and

w1 = )\fol Gey(t, s)er(s)ds + )\fol Key(t,s)ea(s)ds,
= )‘fo ne(t, s)ea(s)ds + )\fol Kpe(t, s)ei(s)ds,

which is the solution of the coupled boundary value problem

D§, w1 + Aey(t) = 0<t<1,A>0,
D§, ws + )\eg(t)

w?(0) =w’(0)=0, 0<i<n-—2

wi(1) = awz(§), w2 (1) = bwi(n), &n € (0,1).

We will show there exists a solution (z,y) for the boundary value problem (3.1) with x(t) > wy () and y(t) >
wa(t) for t € [0, 1]. If this is true, then u(t) = z(t) — w1 (t) and v(t) = y(t) —wa2(t) is a nonnegative solution (positive
n (0,1)) of the boundary value problem (1.1). Since for any ¢t € (0,1),

D0+1' — D8+U + (*ng_wl) = A[f(tv u, ’U) + el(t)]a

D0+y - D8+’U + (7D8L+w2) = )\[g(ta u, ’U) + eQ(t)]v
we also have

—Dg,u = \f(t,u,v) and — Dg, v = Ag(t,u,v).

On the other hand, from the coupled value condition (V) (0) = y(0) = 0,0 <i <n — 2 and x(1) = ay(£),y(1) =
bx(n), we have

uD(0) =v@(0)=0 for 0<i<n—2; u(l)=av(€),v(l) =bu(n) for &mne(0,1).

As a result, we will concentrate our study on the boundary value problem (3.1).

Employing Lemma 2.3, we note that the system (3.1) is equivalent to

2(t) = A fy Geglt, 8)(f(s. [2(t) — wr (0)]*, [y(8) — wa(D]) + ex(s))ds
Al By (t9)(g(s. [208) — wn (0], [(8) = wal®)]") + ea(s)ds. 52)
(1) = Ay Guelt,8)(g(s. [2(t) = wi (8], [y(t) — wa()]*) + eals))ds
EN Sy Kot )(F (s, [a(t) — wr ()", () — wa(0)]) + ea(s))ds.

We consider the Banach space E = C[0, 1] equipped with the standard norm ||z| = Jnax |z(t)],x € X. We
<t<
define a cone P of E by

P={reXlzt)> S

€ 10,1, € (n —1,n],n > 3}.
For each (z,y) € E x E, we write ||(z,y)||1 = ||z|| + ||y||. Clearly, (E x E,||-||1) is a Banach space and P x P is

a cone of £ x F.
Define an integral operator 7': P x P — P x P by

T(‘T’y) = (A(‘T’y)a B(‘T’y))a
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where the operators A, B: P x P — P are defined by

Alz,9)(t) = A fy an(tvs)( (s, [2(t) —wr(B)]", [y(t) — wa(t)]")
+>\fo Ken(t, s)(g(s, [2(t) —wi ()], [y(t) — wa(t)]"
B(x */\fo Ghe(t,5)(g(s, [a(t) — w1 (t)]", )
A Jy Ke(t, s)(f(s, [2(t) —wr (O], [y(t) — wa(8)]*) + ex(s))ds.
Clearly, if (z,y) € P x P is a fixed point of T, then (z,y) is a solution of system (3.1).
Notice, from Lemma 2.4, we have T'(z,y)(t) > (0,0) on [0,1] and for (z,y) € P x P

A, y)(®) = fy Gen(t, 5)(£(s, [2(t) —wr(B)]", [y() = wa(t)]") + e(s))ds

(3.3)

+)‘f0 Key(t,5)(9(s, [2(t) — wi (D], [y(t) — wa(8)]") + ea(s))ds,
<A Jy Co(l =)~ s(f (s, [o(t) — wi(B)]*, [y(t) — wa(6)]*) + ex(s))ds
+ A Jy Co(1 = )2 Ls(g(s, [(t) = wi (O], [y(t) — wa(B)]) + ea(s))ds,

and then [ A(z, )] < A Co(1—5)2s(F(s, [o(t)—w1 (O], [p(0)—wa()])ea () ds [ Coll—s)*s(g(s, a(6)—
wy ()], [y(t) — w2()]*) + e2(s))ds.
On the other hand, for (z,y) € P x P, t € [0, 1] we have

A, y)(6) =X fy an(tvs)(f( [2(t) —wr (D)), [y(t) — wa(t)]") + ex(s))ds
+Afo Ken(t,5)(g(s, [x(t) —wi(®)]", [y(t) — w2 ()]7) + e2(s))ds,

>\ fy cot®™ (1= )2 s(f (s, [2(t) — wi (O, [y(t) —wa(t)]*) + e1(s))ds
+>\f0 cot®H(1 = 5)* 7 s(g(s, [2(t) — wi (B, [y(t) — w2 ()]") + ea(s))
Gt fy Co(1—8)s(f (s, [w(t) —wi (D], [y(t) — wa(8)]*) + ex(s ))ds
+ Gt [y Co(1—8) Ls(g(s, [2(t) — wi(8)]*, [y(t) — wa(B)]*) + ea(s))ds,

> & ta HIAG, )l

Consequently, A(z,y) € P, i.e. A(P x P) € P. Similarly, we can show that B(P x P) € P. Hence, T(P x P) C P.
In addition, standard arguments in the literature guarantee that 7' is a completely continuous operator.

Theorem 3.1 Suppose that (Hy) and (Hs) hold. Then there exists a constant X > 0 such that, for any 0 < A <\,
the boundary value problem (1.1) has at least one positive solution.

Proof. Fix § € (0,1). From (Hz), let 0 < ¢ < 1 be such that

flt,u,v) > 6£(t,0,0), g(t,u,v) > d0g(t,0,0), for 0<t<1, 0<z,23<e. (3.4)
_rl _ a—1
Let f(e) = ogtgglozg(u,vga{f(t u,v)+ei(t)}, gle) = e max {g(t,u,v) +es(t)} and ¢ = [ Co(1 —5)* 'sds.
We have _ _
1imM = 400, limM = 400
zl0 Z2 zl0 Z
Suppose
0< A< — =1,
8ch(e)
where h(g) = max{f(¢),g(e)}. Since
h
lim (2) =+
zl0 Z2
and -
Ro) _ 1
€ 8cA’
then exists a Ry € (0,¢) such that 3
h(Ro) _ 1
Ry 8cA
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Let U = {(z,y) € Px P : |(z,9)|]l1 < Ro}, (x,y) € U and v € (0,1) be such that (z,y) = vT(z,y), i.e
x =vA(z,y),y = vB(z,y). We claim that ||(z,y)|1 # Ro. In fact, for (z,y) € OU and ||(z,y)|1 = Ro, we have

2(t) = vA(z,y)(t)
<A Genlt, ) (F(s, [2(t) — wr (O], [y(t) — wal®)]") + e1(s))ds
EX ) Kenlt, $)(g(s. [o(8) = wa ()], [9(8) — wa(6)]*) + eals))ds,

<\ [y Genlt,)F(Ro)ds + A [y Key(t, 5)5(Ro)ds (35)

<A [fy Co(1 = 8)*~Lsh(Ro)ds + A [y Co(1 — 5)°~ SE(RO)ds,

< 2X [ Co(1 — s)*~Lsdsh(Ro),

< 2X\ch(Ry),
and similarly, we also have

y(t) = vB(z,y)(t) < 2Xch(Ry). (3.6)
It follows that
Ro = ||(z, y)ll1 < 4Ach(Ro),

that is

h(Ro) SR SN U h(Ro)
RO T 4eA 8cA RO ’
which implies that [|(z,y)|l1 # Ro. By the nonlinear alternative of Leray-Schauder type, T' has a fixed point
(x,y) € U. Moreover, combining (3.4)-(3.6) and the fact that Ry < &, we obtain

2(t) = A Ji Gelt, 5)(F(5, [2() — wa ()", [y(2) — wa (D)) + €1 (5))ds
+ A fy Ken(t, s)(g(s, [o(t) —wi ()], [y(t) — wa(8)]*) + e(s))ds,

> )\fol Gen(t,s)(6f(s,0,0) + e1(s))ds + )\fol Kep(t,5)(09(s,0,0) + ea(s))ds,

> )\fol Gen(t, s)er(s)ds + )\fol K¢y (t, s)ea(s)ds,

=wi(t) for te(0,1),
and similarly, we also have

y(t) > wa(t) for te(0,1).
Then T has a positive fixed point (z,y) and ||(z,y)|l1 < Ro < 1. Namely, (z,y) is positive solution of the boundary
value problem (3.1) with x(¢) > w1 (t) and y(t) > wa(t) for t € (0,1).
Let u(t) = x(t) —wi(t) > 0 and v(t) = y(t) — w2(t) > 0. Then (u,v) is a nonnegative solution (positive on

(0,1)) of the boundary value problem (1.1).

Theorem 3.2 Suppose that (Hj) and (Hs)-(Hy) hold. Then there exists a constant \* > 0 such that, for any
0 < A <\, the boundary value problem (1.1) has at least one positive solution.

Proof. Let Q = {(z,y) € Ex E : ||z|| < R1,||yll < R1}, where Ry = max{1l,r} and r = —fo e1(s
e2(s))ds). Choose
Ry
A= L—([R+1)"",
min{1, ( +1)” 15,
where R = fol Co(1—98)ts[ max  f(s,21,22) + max  g(s,z1,22) + e1(s) + ea(s)]ds and R > 0.

0<z1,22<R; 0<z1,22<R;
Then, for any (z,y) € (P x P)NdQ;, we have ||z|| = Ry or ||y|| = R1. Moreover z(s)—w1(s) < z(s) < ||z|| < Ry,
y(s) —wa(s) < y(s) < |lyll < Ry, and it follows that

1A, ) (O] < A fy Co(1 = )~ s(f (s, [(t) = wi(B)]*, [y(t) — wa(t)]*) + ex(s))ds

+ A fol Co(1 — )" s(g(s, [2(t) —wi(t)], [y(t) — wa(t)]") + e2(s))ds,
<A Jy Co(1— )2 s(_max  f(s, 21, 22) + ex(s))ds

L 0<z1,22<R;
A Co(1 —s)et d
+ X[, Co(1—5s) S(nglzr,li);m 9(8, 21, 22) + ea(s))ds,
1 _
<A Jo Co(l =) tsl| _max - fls,z1,20) + _max - gs,21,2) + exs) + ea(s)]ds,
< AR,
< Ri

2 7
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and similarly, we also have
1B, y) @)l < %
This implies
1T (,9)llh = |A(z, y)[| + Bz, )| < Ry < |[[(z,y)]l1, (z,9) € (P x P)No.
On the other hand, choose a constant N > 1 such that

2 02
)\N— / (1—s)*"ts%ds > 1,

200 0,
h — o= 1
where 7=, 25, U7
By assumptions (Hs) and (Hy), there exists a constant B > R; such that
t
M > N, namely f(t,21,22) > Nzy, for te€[01,0s], 20>0,21 > B
21
and
t
w > N, mnamely g(t,21,22) > Nzo, for te€[01,6s], 21 >0,22 > B.
zZ2

Choose Ry = max{R; + 1,2, QC“(iJrl }, and let Qo = {(x,y) € E x E : ||z]| < Ra, ||ly|| < Rz}. Then for any
(xz,y) € (P x P)N 0N, we have ||z|| = Ry or |ly|]| = Ra. If |z|| = Ra, then

x(t) —wi(t) = z(t) — )‘fo Gen(t,s)ei(s)ds + )\fol Kep(t, s)ea(s)ds)
> z(t) — )\f Cot®™ 161( ds + )\fol Cot® teq(s)ds)
x(t) — (ACot*™ 1f0 e1(s) + ea(s))ds)
= a(t) = VGt [ (ea(s) + ea(s))ds)
=x(t) = Aget*tr
> a(t) — T
> alt) = g Ar
> (1 - 7)x(t)
> %:I:(t) >0, te0,1],

and then

min, {[z(t) —w (O} = min {o(t) —wi ()} 2 min {32(t)}

0, <t<0 61<t<0
> co pa—1 — a—1 >
" <t<9 {cht |z} = 200 " II]<tl£l€ {t**'} >B+1> B.

Since B > Ry > mg, we have

F( [z(t) —wi ()], [y(t) — w2 (0)]") > Nlz(t) —wi(t)]" >

It follows that

Alz,y)() = A fy Gen(t, 5)(f(s, [2(5) = w1 ()], [y(s) — wa(s)]) + ex(s))ds
A fy Key(t, s)(g(s, [2(s) — wi(s)]*, [y(s) — wa(s)]*) + ea(s))ds
>\ Jy Gen(t, s)(f (s, [a(s) — wi(s)]*, [y(s) — wa(s)]*) + e1(s))ds
> A [y Gey(t,s)f (s, [a(s) — wi(s)]*, [y(s) — wa(s)]*)ds
>N [yl cot* (1 —5)*" 13% (s)ds
> A [ eo(1 - 5)* s N g 5o ds
> \t© fe co(l—8)*~ sN T ' Rods

> AN5 < 'yfo (1—s)at adng
ZRQ) te [91392]-
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If ||ly|]| = Ra2, we have

y(t) —wa(t) = y(t) = (A fy Gug(t, $)ea(s)ds + X fy Ke(t, s)ea(s)ds) > 3y(t) >0, £ € [0,1],
and
o {fy(t) —we(t)]"} = min {y(t) —wa(t)} > min {3y(t)}
912<9 {200 ta— 1HyH}: 2CORQHEHH {ta 1} >B+1>B

Then, for any (x,y) € (P x P) N d8,, we also have

g(t, [z(t) —wi (O], [y(t) — w2 (t)]") > N[y(t) —wa (1) = —-y(t), for &€ [01,6,].

It follows that

Alz,9)(t) =\ fy GEn (t,8)(f (5, [(s) —wi(s)]", [y(s) — wa(s)]") + e1(s))ds
+Afo Ken(t, s)(g(s, [x(s) —wi(s)]", [y(s) —wa(s)]") + ea(s))ds,
>\ fy? Key(t,9)9(s, [2(5) — wi(s)]", [y(s) — wa(s)]*)ds,

s)]*

( )
> Ay cot®(1—8)*"tsg(s, [2(s) —wi(s)]*, [y(s) — wa(s)]*)ds,
> A a1 = o sy
> \te f@ co(l s)a—t %8—00 s lylds
> A\te fe —s) o N ds

> )\NJ’—'ny (1—s)>t adng
Z RQ; te [91392]-

Thus, for any (z,y) € (P x P) N J8s, we always have
A(z,y)(t) > Ra, t€[0,04].
Similarly, for any (x,y) € (P x P) N 093, we also have
B(z,y)(t) > Ra, t € [b1,02].

This implies
1Tz, y)ll = [[(z, y)ll1, (z,y) € (P x P) 100y,

Thus condition (2) of Krasnoesel’skii’s fixed-point theorem is satisfied. As a result 7" has a fixed point (z,y) with
r < Ry <|z|| < R2, ¥ < Ry <|y|l < Ra.
Also since r < Ry < ||z|| and r < Ry < ||y, then

g z| — (A fyf Geq(t, s)ea(s)ds + A fyf Key(t, s)ea(s)ds)
ol — gty

ol — A& to‘_lr
(1-=X) C% =1y

0, t€(0,1),

a(t) — wi(t)

2
>
>
2
>

and

y(t) —wa(t) = y(t) — )‘fo Ghe(t, s)ea(s ds+>\f0 Ke(t, s)ei(s)ds)
t) — )\f Cot*~ 162( der/\fO Cot“ ey (s)ds)

t) — (ACot*~ 1f0 e1(s) + ea(s))ds)

=y = gty

oty — )\g—"ota_lr

(1- )\)C—Oto"lr

>0, te(0,1).
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Thus, (z,y) is positive solution of the boundary value problem (3.1) with x(t) > wy(¢) and y(t) > wa(t) for
t e (0,1).

Let u(t) = x(t) —wi(t) > 0 and v(t) =
(0,1)) of the boundary value problem (1.1).
Remark From the proof of Theorem 3.2, clearly condition (Hsz) can be replaced by condition (Hj)

y(t) — wa(t) > 0. Then (u,v) is a nonnegative solution (positive on

Theorem 3.3 Suppose that (Hj), (H3) and (Hy) hold. Then there exists a constant \* > 0 such that, for any
0 < X < X, the boundary value problem (1.1) has at least one positive solution.

Since condition (H;) implies conditions (H7) and (Hy), then from the proof of Theorem 3.1 and 3.2, we imme-
diately have the following theorem:

Theorem 3.4 Suppose that (Hy)-(Hs) hold. Then the boundary value problem (1.1) has at least two positive
solutions for A > 0 sufficiently small.

In fact, let 0 < A < min{\, \*}, then the boundary value problem (1.1) has at least two positive solutions.

Similarly we have

Theorem 3.5 Suppose that (Hy)-(Hz) and (Hj) hold. Then the boundary value problem (1.1) has at least two

positive solutions for X > 0 sufficiently small.

4 Example
To illustrate the usefulness of the results, we give some examples.
Example 4.1 Consider the boundary value problem

1
1
ol cos(mv)), te€ (0,1),A>0,
1

—D§,u = \u’ +
R p Yo — d

D§, v = Av? + ol
u@(0) =0 (0)=0, 0<i<n-—2,
u(1) = av(§),v(1) = bu(n), &ne(0,1)

sin(27u)), (4.1)

where ¢,d > 1. Then, if A > 0 is sufficiently small, (4.1) has a positive solution (u,v) with u > 0,v > 0 for ¢t € (0, 1).
To see this we will apply Theorem 3.2 with

flt,u,v) =u® + (t_;)% cos(mv), g(t,u,v) =v?+ (t_;)% sin(27u),
. — — 2 -
ei(t) =e(t) = = (i=1,2).
Clearly, for t € (0,1),
f(tu,v)+e(t) > ut+ (F;)% >0, g(t,u,v)+e(t) >v?+ (F;)% >0, for t € (0,1);
lim inf 2G40 — +o00, lim inf gtuv) +oo, for V t € [01,602] C (0,1),
ul+oo w vT4o0 v
for u,v > 0. Thus (H}) and (Hs3)-(Hy4) hold. Let r = %‘QL fol ( 2 I ds = 2”,55 and let Ry =1+ .
s—s2)2 ¢
We have
' 1 4 d
= 1—3s)%" —lds < ¢ .
R /0 Co(1—s) S[OSZIII}?ZXSRI f(s,z1,22) + OSZTZXSRl g(s,21,22) + oo 82)%] s < Co(R{+ R{ +m)
Let
o I’

A =min{l, Ry (R+ 1), oy
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Now, if A < A*, Theorem 3.2 guarantees that (4.1) has a positive solution (u,v) with ||u|| > 27 and ||v|| > 2.

Example 4.2 Consider the boundary value problem

—Dg,u = A((u — a)(u —b) +cos(5zv)), t€(0,1),A>0,
—Dg, v = A((v —¢)(v — d) +sin(Zu)),
u@(0) =0 (0)=0, 0<i<n-—2,

u(l) = av(§),v(1) = bu(n), &ne(0,1)

where b > a > 0, d > ¢ > 0. Then, if A > 0 is sufficiently small, (4.2) has two solutions (u1,v1), (u2,vs) with
u;(t) > 0,v;(t) >0 for t € (0,1),i=1,2.

To see this we will apply Theorem 3.4 with

(4.2)

Ftu,0) = (u—a)(u — b) + cos(%v) and  g(t,u,v) = (v — )(v — d) + sin(%u).
Clearly, there exists a constant e;(t) = ea(t) = Mp > 0 such that
flt,u,v) + Mo >0, g(t,u,v)+ My >0, for Ve (0,1).
Let 6 = m min{ab, cd}, ¢ =  min{1,a,b} and c = fol Co(1 — 5)*~Lsds. We have

ft,z1,22) > 6f(t,0,0) =d(ab+ 1), g(t, 21,22) > 6g(t,0,0) = ded, for 0<t<1, 0<2z,22<e.

Thus (H;)-(Hz) hold. Since

fle) = max {ft,u,v) +e1(t)} <ab+cd+1,

S LUVURY, U

= <
(e) Ogtggloaé(u,vga{g(t’ u,v) +ea(t)} <ab+ed+1,

g
h(e) = max{f(e),g(e)} < ab+cd + 1,
we can choose -

A= 8c(ab+cd+1)’

Now, if A < A, Theorem 3.1 guarantees that (4.2) has a positive solution (u1,v) with |juy|| <
On the other hand,
f(t,u,v) (t,u,v)
v

lim inf ———= =400, lim inf 9
ul+oo u vT+4o00

1
-

=+4oofor Vit el[f,0:] C(0,1), u,ve(0,00).
Thus (H;)-(Hy) also hold. Let r = % and Ry > 1+ r. We have

1
R= / Co(1—8)*"'s[ max  f(s,21,22) + max  g(s,z21,22) + 2Molds
0

0<z1,22<Ry 0<z1,22<Ry
and R R
A =min{l, = (R+1)"!, == }.
min{1, (¢ 1), 1

Now, if 0 < A < A*, Theorem 3.2 guarantees that (4.2) has a positive solution (ug,vs) with |Jus| > 1.

Since all the conditions of Theorem 3.4 are satisfied , if A < min{\, \*}, Theorem 3.4 guarantees that (4.2) has
two solutions u,; with w;(t) > 0 for ¢t € (0,1),i =1, 2.

Example 4.3 Consider the boundary value problem

—D§ u = A(v® + cos(27u)), te (0,1),A>0,
—Dg, v = A(u? + cos(2mv)),

u@(0) =v@0)=0, 0<i<n-—2,

u(1) = av(§),v(1) = bu(n), &ne(0,1)

(4.4)
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where ¢,d > 1. Then, if A > 0 is sufficiently small, (4.4) has two solutions (uy,v1), (u2,v2) with u;(t) > 0,v;(t) > 0
for t € (0,1),i =1,2.

To see this we will apply Theorem 3.5 with
ft,u,v) = v + cos(2mu), g(t,u,v) = u + cos(2mv), e(t) = 2.

Clearly,
ftu,v)+e)>v*+1>0, g(t,u,v)+e(t)>u*+1>0 for ¢te(0,1),
£(£,0,0)=1>0, g(t,0,0)=1>0,

lim inf L0 — o0, lin inf 280 — oo for V¢ € [01,02) C (0,1).

Thus (H;)-(Hg) and (H3) hold.

)
First,let § = 4, ¢ = ¢ and ¢ = fol Co(1 — s)* Lsds. We have

{f(tvua ’U) =+ el(t)} < 87+ 35

S L,VUXU, V>

= < —d
() = ., max _ {a(t,u,v) +ea(t)} <8743,

g
h(e) = max{f(e),g(e)},

1

£ 1 _ 1
then 8ch(e) 2 SiT3) = 326

Let A = i Now, if 0 < A < X then 0 < A < 805(5)’ Theorem 3.1 guarantees that (4.4) has a positive solution
(u1,v1) with [Jus]] < §.

2
Next, from r = % and let Ry =1+ r. Then, we have

1
R= / Co(1—s)*"'s[ max  f(s,z1,20) + max g(s, 21, 2) + 4]ds.
0

0<z1,22<Ry 0<z1,22<R1

Let A* = min{1, £ (R + 1)7!, &1} Now, if 0 < A < A* then Theorem 3.3 guarantees that (4.4) has a positive

solution (ug,vs) with [Jus| > 1.

So, if A < min{\, \*}, Theorem 3.5 guarantees that (4.4) has two solutions (u1,v1) and (uz,ve) with u;,v; > 0
for t € (0,1),s =1, 2.
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