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SALEM NUMBERS DEFINED BY COXETER TRANSFORMATION

PIROSKA LAKATOS

ABSTRACT. A real algebraic integer > 1 is called a Salem number if all its remaining conjugates have
modulus at most 1 with at least one having modulus exactly 1. It is known ([12], [10], [5]) that the
spectral radii of Coxeter transformation defined by stars, which are neither of Dynkin nor of extended
Dynkin type, are Salem numbers. We prove that the spectral radii of the Coxeter transformation of
generalized stars are also Salem numbers. A generalized star is a connected graph without multiple
edges and loops that has exactly one vertex of degree at least 3.

1. INTRODUCTION

A real algebraic integer o > 1 is called a Salem number if all its remaining conjugates
have modulus at most 1 with at least one having modulus exactly 1. The corresponding
minimal polynomial P(z) of these numbers, called a Salem polynomial, is reciprocal, that is

2487 p(1/2) = P(z). Salem numbers have appeared in quite different branches of mathematics
(harmonic analysis, knot theory, number theory etc).
The smallest known Salem number (& 1.176281...) is a zero of the reciprocal polynomial

204 — T = — S+ 1.

This polynomial is the reciprocal polynomial of a star (in the sense of [11]) and meanwhile
it is the Coxeter polynomial of the same graph (at any orientation) ([12]).

In the light of this, using a restricted class of graphs (star-like trees, and bipartite generalized
stars) in [10] and [6] Salem numbers were constructed. Recently McKee and Smyth in [11]
have found all trees that define Salem numbers. The reciprocal polynomial of any bipartite
graph (in the sense of [11]) is the same as the Coxeter polynomial of the graph (at bipartite
orientation)([12]).

In this paper using Coxeter polynomials of generalized stars we give a class of Salem numbers.
Our result shows that even if the reciprocal polynomial of a non-bipartite graph is not a Salem
polynomial, then the Coxeter polynomial of the graph (by any orientation without oriented
cycles) might be a Salem polynomial.

The zeros of the Coxeter polynomial of bipartite graph (at bipartite orientation) are either
on the unit circle or they are positive real numbers ([12]).

There exist Coxeter polynomials whose non-real zeros are not on the unit circle ([8]). There,
the underlying graph has multiple edges. It is not known whether the zeros of Coxeter polyno-
mials of non-bipartite graphs with simple edges are on SUR™ (S is the unit circle). Our results
settle this question for generalized stars.
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1. NOTIONS AND PRELIMINARY RESULTS

The concept of Coxeter transformation came from the representation theory of finite dimen-
sional algebras and it is defined on finite oriented graphs without oriented cycles.

Let A be a connected (finite) simple graph (graph without multiple edges and loops) with set
of vertices I = {1,2,...,n} and set of edges J = {(¢,7)]i,j € I; i # j}, which are unordered
pairs of vertices. An orientation < of A assigns to each edge of A a unique direction, i.e. for
(1,7) € J, there is an arrow either from i to j or from j to i if i # j. Denote by @ = (A, <) the
oriented graph derived from A.

In the sequel we always consider orientations without oriented cycles.

Let @ be an oriented graph and for all vertices i, j of @ let b; ; be the number of edges (0 or
1) from the vertex i to j. Then the matrix B = (bi,j) is called the adjacency matriz of Q).

There are different equivalent definitions of Coxeter transformation for an oriented graph
(the first one in [3]), here we use the definition of [12].

The Cozxeter transformation Cqg of @ (with respect to its order of vertices!) is defined by
the matrix &g = —(F — B)"'(E — B)", where E is the identity matrix, B is the adjacency
matrix of (). This integral matrix plays an important role in the study of representations of
certain algebras. The characteristic polynomial of the Coxeter transformation Cqy (or ®g) is
called the Coxeter polynomial of () and it is denoted by x¢(z). It is known ([12]) that Cozeter
polynomials are reciprocal polynomials. The maximum of absolute values of the eigenvalues of
the Coxeter transformation is called the spectral radius of the Coxeter transformation. If the
underlying graph is not of Dynkin type, then the eigenvalue of maximal modulus is a real,
simple eigenvalue of the Coxeter transformation (see [13]).

A vertex x € I is called a sink of (A, <) if there is no arrow in (A, <) leaving = and the
vertex y € [ is called a source if there is no arrow entering y. Let x be a source. Reverse the
orientation of all edges starting at x. This way we have an oriented graph (A, <) where the
vertex = is a sink and we call such a change of orientation of A an admissible change of the
orientation. The Coxeter transformation of (A, <) is similar to the Coxeter transformation of
(A, <) (see [13]), i.e. admissible changes of orientation preserve the Coxeter polynomial.

To determine the location of zeros of reciprocal polynomials we apply a Chebyshev transfor-
mation described in [7]. This transformation for the same purpose is used by Lenzing and Pena
in [9] for a special class of polynomial. They used a terminology different from ours.

2n
A polynomial f(z) = > apz® € R[z] is called a semi-reciprocal polynomial if
k=0

Aop—f — A (k::O,,Qn)

We do not require ag, = 0 as in case of reciprocal polynomials.
For a semi-reciprocal polynomial f(z) we have

f(z) = 2" <an + i Ut (zj + z_la>> :

Jj=1
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It is known that if 2+ — = x then 27 + i Ci(x) (7 =1,2,...), (see e.g. [14], p. 224) where
2 2

qug:zn(%) (zeC, j=12..)

are the normalized Chebyshev polynomials of the first kind, and 7} are the jth Chebyshev
polynomials of the first kind, defined by Tj(cosx) = cosjx (j = 0,1,...). Defining Cy(z) =
To(z) =1, (z € C) we have

f(z) = 2" XZ; s C(2) (z + % = x) .

k
The polynomial ) a,;C;(z) here is called the Chebyshev transform of f(z) and it is denoted
=0

j
by 7 f(x).

The Chebyshev transform is a linear operator which is an isomorphism of the (real) vector
space Ra, (the set of all semi-reciprocal polynomials of degree at most m = 2n over R) onto
the set of all polynomials of degree at most n over R (see [4]).

The following Lemma is well known.

Lemma 1 ([4]). Let f(z) be a monic integral reciprocal polynomial of degree n and let f(z) be
defined by

f(z)(z+1) if n is odd.

Then f(z) is the product of a Salem polynomial and certain cyclotomic polynomials if and only
n—1

if the Chebyshev transform Tf(x) has [T] ( the integer part of ”T’l) zeros in the interval
[_27 2]'

f(z) _ { f(2) if n is even,

A generalized star is a connected graph without multiple edges and loops that has exactly
one vertex 7o of degree at least 3. The vertex iq is called the branching vertex.

We remark that a generalized star (which does not consist of one or two cycles) can be created
from a star graph by replacing each edge by a path or a cycle.

We may assume, without loss of generality, that the considered generalized star is not a tree
and not a single cycle.

Let A be a generalized star. In the sequel let S, Ss,...,Ss (s > 1) be the cycles in A with
the number of edges ¢, ¢a,...cs, (¢; > 2,1 < i < ), respectively. Suppose that A consists of
r > 0 number of arms of lengths 1 < p; < py < --- < p,, where r > 1 if s = 1. Thus, the
number of vertices of A is equal to

n=>Y pi+l+) ¢—s
i=1 =1

For a generalized star with arbitrary orientation without cycles there is an orientation with
a unique source having the same Coxeter polynomial. Denote by @ = (A, <) the orientation
of the generalized star A and by ¢ the unique source and by a; and b; the number of arrows in
S; pointing to counterclockwise direction and to clockwise direction respectively. Consequently
¢; = a; + b;, where a;,b; > 1.

For this @ also the detailed notation € = Aja, b1),(as,b2),....(as,bs),p1,2,....p,] Will be used.
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Denote by Xq(2) = X[(a1,b1),(a2,b2),....(asbs)p1.pa,...pr] (2) the Coxeter polynomial of (). Throughout

this paper we use the notation

zm+1 -1

—1:zm+zm_1+---+22+z+1, (m € N) and vo(z) = 1, v_1(z) = 0.
z_

v (2) =
Likewise, let
na(2) = 20m()+ (742 (men n=1,.[2)).

For odd m =2n+1, let

. Van11(2)

N U2n+17h(2’)

h=12 ... .
P (neN ,2,...,n)

and gy, p(2)

Using the reduction formulas for Coxeter polynomials of [1], we get that:

f(Z) = XQ(Z) = X[(al7b1)»(a2752):"'7(a37bs)7p17p27--~7pr] = (Z + 1) Hl Uaj+bj_1(z) l_Ilvpi<Z)
J= 1=

S S

—z Z ((2Uak+bk_2(2) + yak—1 —+ Zbk—l) H Uaj+bj_1(z) Zf[l Upi(2)> (1)

k=1 =1, j#k

2 Z(() [T o)1 vpi<z>>.

i=s+1, ik

If A is not a tree then the Coxeter polynomial depends on the orientation. If A is a bipartite
graph then the spectrum of the Coxeter transformation (at a particular orientation, provided
that A is not a tree) can be derived from the spectrum of the adjacency matrix of the underlying
graph and vice versa (see [3]).

In the bipartite case Theorem 3.3 of [11] gives sufficient conditions for a Coxeter polynomial
to be Salem. In [6] we described a class of graphs with this property and have shown that our
class is larger than the class given in [5]:

Theorem ([6]). Let (A, <) be a bipartite orientation of a generalized star A with even cycles.
The spectral radius of the Coxeter transformation of (A, <) is a Salem number.

Our main result generalizes this Theorem for arbitrary (not necessarily bipartite) graphs.

2. THEOREM AND PROOF

Theorem . The Coxeter polynomial of all oriented generalized stars without oriented cycles is
a product of a Salem polynomial and certain cyclotomic polynomials.

To count the changes of sign of the Chebyshev transform of (1) in the interval [—2, +2] we
have to describe how the terms 7 tg,—op(x) and T ug, p(x) (which appear in a modified form
of this transform) behave at the zeros of 7 vy, (x) and 7 0y, (z). First we have to recall some
results of [7]. The next Lemma is a special case of Theorem 1 in [7].
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Lemma 2 ([7]). All zeros of the reciprocal polynomial () (m > 2, h = 1,...,[%2]) of
degree m are on the unit circle. Moreover in case m = 2n all zeros of ug,, can be given as
et@i (j=1,...,n) where
25 —1 27+1 , 2n —1
<z; < =12,...,n—1
mr1” S Sy UshZeen= o

In the last inequality x,, < 7 equality holds if and only if h is odd, and then —1 = €™ = ¢
a double zero, all other zeros are simple.

In case of m = 2n + 1 all zeros of ugny 1, are simple, have the form eX™@i (j=1,...,n), e
where these x;’s satisfy the first inequality of (2) for allj =1,2,...,n.

T <z, <. (2)

18

T

In [7] we found that
Toa(@) = Un(3)+0a (5). (3)

2 2

Toom(z) = 2U, (g) , (4)
Tuoun(z) = 2Tvon(x) + 2Ty (g) (h=1,...,n), (5)

. . x x
TU,Qn_Zh(ZE) = QTUQn_Q(l’) + (Un—h—l <§> — Un_h_g <§>> (h = 1, oo, = 1), (6)
where U, and T;, are the nth Chebyshev polynomials of the second and first kind, respectively,
and U_;(z) := 0. Further the zeros of 7y, are ; = 2cosy; with y; = 25 (j =1,...,n) and

the zeros of Ty, are y; = 2cos z; with z; = 223:1 (j=1,...,n).

Lemma 3. Let o, 5; (j = 1,2,...n) be the zeros of the polynomials Tugy p(x), T Vs, (z) Te-
spectively, where h =1,2,...n is fized.

(a) The zeros o, 3; interlace, that is
2<a, <G <ap 1 <Bh << < B <aj < B < <ap < B <2
(b) If Tugnn(B;) # 0 for some j =1,2,...,n then
sgnt T ugn 1 (B5) = sgn T v, (5;).

(¢) If Tugnn(Bj) =0 for some j =1,2,...,n then for a suitable small € > 0

sgn T ugn (B +€) = sgn Tva,(0;).
(d) If Tugnn(—2) =0 then for e > 0 small enough

sgn T ugp p(—2 —€) = sgn T vg,(—2).

Proof. Introducing the notation Z; = (22]'7:;1;”, 4; =2cosz; (j =1,...,n) (the Z;’s are near to
z;) we have by Lemma 3, that

—2:&n§an<ﬁn_1, ﬁ/j<aj<’yj_1(j:1,...,n—1) (7)
and for even h also the first inequality is strict: —2 = 4,, < a,, < J,—1. Since 2; > y; > 2,1
(7 =1,...,n) and the cos function is strictly decreasing in [0, 7] we also have

Y <Bi <A (G=1,...,n). (8)



6 PIROSKA LAKATOS
By (7), (8) Tugnn(x), T 02,(x) both have one zero in each interval [¥;,9;-1) (j = 1,...,n) thus
they are necessarily simple.

Next, we find the signs of 7 vy, and Tug,;, at §; (j =1,...,n) and at —2.
Using (3) and some trigonometrical identities we get

in Zntl, . sin(1 — ==1=)j7 .
QTUZn(ﬂj) —9 (Un( ) + Un L (ﬁ])) _ 2811’1. ? Yj -9 ( 12 :2)] _ 2(_1)]+17
sin 5y sin 5755

2T v9n(—2) =2(U, (=) + Up_1 (=1)) =2((=1)"(n+ 1) + (=1)""1n) = 2(-1)".

Similarly, by (5) and some elementary calculation we obtain

TUgmh(ﬁj) = QTUQn(ﬁj) + 2Tn—h (%) =2 (( 1)J+1 + cos %) ,

Tusnn(—2) = 2Tvan(—2) + 2Tp_p (—1) = 2(—1)" + 2(—1)".

Using these two formulae one can easily check that

(—1)* = sgn Tz, () if 100 ¢ 97,
sgn TUgnyh(ﬁj) = . ) (9)
0# (1) = sgn Tug,(B;)  if % € 27,
0# (—=1)" = sgn Tuvy,(—2) if h ¢ 27,
sgn T ugy, p(—2) = (10)
(—1)" = sgn T vy, (—2) if h € 27Z.
We also need the signs of Tug,;, at 45 (j =1,...,n). By (5) and some trigonometric identities
we have for j=1,...,.n—1
L ) (n—"h)(2j+1)m (—1) (n—h)(25+ )7
Tusnp (Y5) = 2T vay (5) + 2 cos ot 1 =2 g?;i)l) + 2cos ot 1 ,

and T ugp p, (9n) = T ugp,n (—2) ; therefore

sgn Tug, p(y;) = (1) ifj=1,....,n—1,
(11)
sgn Tugn n(Yn) = sgn T ugyp(—2).
By (11) sgn Tug,n(9j-1) = (1)1, and Tug, n(cr;) = 0, thus the sign of Tug,, is (—1)77! =
(—1)7*! on the interval (;,4;-1) and (—1)7 on the interval (9;, a;).

If hH)J ¢ 27 then by (9) §; must be in the interval (a;,4;-1), implying a; < 8; < -1 <
Q1.

If h+1)‘7 € 2Z then by (9) 8; = Q. This cannot happen for j = 1 as then (I — Atl ¢ 27.

n+1 n+1
For j = n this arises only if ¢ h“ (hH) € 2Z i.e. if h = n is an even number. In this case

we have —2 < a,, = 3,,. This proves (a) and (b).

If sgn Tug,n(B;) = 0 then taking an € > 0 such that §; +¢ € (5;,7;-1) the statement (c)
clearly holds.
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By (10) 7Tug,n(—2) = 0 if and only if h is odd, and then «,, = 4, = —2 is the only simple
zero of Tug, p, in the interval [—2,%,-1). By (11) sgn 7 ugnn(Jn-1) = (—1)"' hence the sign
of Tugy,p is (—1)" on the left hand side of —2, the same as sgn 7vq,(—2) = (—1)", proving

(d). O

Lemma 4. Let v; (j = 1,...,n) be the zeros of Tvg,(x) and let N\; (j =1,...,n— 1) be the
zeros of Tlon—op(x), where h =1,2,...n—1 is fized.

(a) The polynomial T tg,—o () alternates sign at the zeros of Tuva,(x), i.e.
2 <Y < it <Y1 <Y <A<y << e <A <y < 2
(b) Forj=1,...,n we have
sgn T lop—o 4 () = sgn T Ua,—2(0;).

Proof. We have seen earlier that v; = 2cosy; where y; = 231{’:1 (7 =1,...,n). Using (4), (6)
and the addition formulae for sin, we get

2jm . . gm i1
. v sinng: sm(yr ) —1)J
T/UQTL—2(’Y]) 2 Un 1 ( 2]> = . ;:1 = 2 +1 - 2( ) g
sin 525 sin 5% cos 5% COS 305
and similarly
2n—2h—1 2j7 +1 2n—2h—1 257
. R cos Tt s (—=1)7"! + cos 22—t =
Tiign—2n(7v;) = 2T 02—2(7;) + ? 2j772 o2 ( Jm — +1> .
2 cos 2(2n+1) 2 cos 2n+1
ASCOSMH>Owehaveforﬁxedh 2,...n—1
sgit Ttiop—2(7;) = T2n-2(vy) = (=171 (j=1,...,n). (12)

This shows that the polynomial 7 g,_o (%) (of degree n — 1) alternates sign at the points
M, - -+, Vs which implies (a) except the two inequalities at the far ends: —1 < ~,,, 71 < 2, which
are obvious.

The validity of (b) follows from (12). O

Proof of the Theorem. For the sake of definiteness assume that a; < b; (1 < i < s). Let
hl = a; — 1,

Uon;,hy = 2U2ni + (Zhi + 22ni_hi) if a; + bz —2= 27%,

209p,41 + (Zhi + zQ”i—hi—l)
z+1

agnhhi = if az—l—bz—2:2n,+1,

andmi:{ Pies ifs<i<sH4r’

(1) Suppose that m;’s are pairwise distinct (positive integers) arranged such that odd m;’s
are listed first, followed by the even m;’s, i.e. m; = 2n; + 1, for 1 < i < s; and m; = 2n; if
$1 < i < 814 S for some 0 < 51,89 < s+ r and s; + s, = s + r. Let [; be the number of u’s
with even and /s the number of u’s with odd degree.
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Taking out the maximal power of the factor z+ 1 from all terms of f(z), splitting the second
and third terms of f(z) according the parity of the degrees of the u’s and v’s and rearranging
the sums we get

L 51 s1+s2 L l1 S1 R s1+s2
£ = (0 [t T v =24 095 (g, 1T o T

i=1 i=s141 j=1 i=1, i#j i=s14+1

1 S1 S1 R s1+s2
—Z(Z + 1)817 Z V2n; H V2n; H U2n,;
1

j=h+ i=1, i#£j i=s1+1

s14l2 51 51452 51452 S1 s1+s2
s +1 A A A A
—z(z+1)™ > | don;—2m, H Vo, I von |+ DO Ugn,;—2 H Vo, I vom,
K2

Jj=s1+1 =1 i=s1+1, i#j j=s1+la+1 =1 i=s1+1, i#j

=(z+ 1) (2 +1)2f1(2) — 2fa(2) — 2(z + 1)% f3(2))

for some l; < s1, Iy < so with suitable polynomials f1, fa, f3. The degree of f is (the degree of
its first term)

s1+s2 S1 s1+s2 s1+s2
Ni=(si+1)+ > 2m=(si+ D)+ (mi—1)+ Y mi= Y mi+1=(s;+1)+2d,
=1 i=1 i=s1+1 i=1
Ss1+82
where d := > n;. Let
i=1
() = f(z) if N or s; + 1 is even,
o 2)(z + i or s; + 1 is odd.
& f(2)(z+1) i N 1is odd
Instead of the Chebyshev transform of f we shall count the zeros of the function
T f(z
F(z):= f—()gl = (x+2)T fi(z) = T fo(x) — (x + 2)7T f3(x).
(x + 2) ]

By Lemma 1 our theorem is proved, if we show that F'(x) has [E] — [3—1} = d zeros on the

2 2
interval [—2,2] (we deducted the multiplicity |

21] of the zero —2 of the denominator).

2

To find the number of zeros of F'(x) on the interval [—2, 2], we arrange the zeros §;, 1 <i <d
of the function

S1 S1+S2
Tfl (x) = HTﬁ?nz ([L’) H TU?M ([L’)
=1 i=s1+1

in decreasing order
_2<5d<5d—1<"'<52<51 (<2),
and we check the sign of F'(x) at all the listed points.
Clearly, in agreement with our earlier notations, each d; equals one of the numbers 3;; =

2 cos 22{12, (1 <i<sy)orn,,; =2cos 272311, (s1 <1< 81+ 83) where j =1,... n,.
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If T9,, (6;) =0 for some 1 < k < s; and 1 < j < d then

S1 S1+S2
F(6;) = =T f2(6;) = =T ugn, 1, (9;) ,_IH# T 020, (9;) ._HHTUzm (0;) itk <,
S1 7 51+;251
F((S]) = —ng(éj) = —,]d’l)gmC (5j) ‘_11_[7% T’f}gnl((sj) '_HJrl TUQni(éj) if l1 <k < s7.

If Tvgp, (0;) =0 for sy < k < s3 + s9, then only non-zero terms in F'(d;) are

S1 s1+S2
F(6;) = —(x +2)7 f3(6;) = —(x + 2)T tiony 2,4, (65) [T T020,(0;) 11 B T van, ()
=1 i=s1+1, i#k

ifSl <k§51+l2,
S1 1152
F(0;) = =(x +2)T f3(8;) = (2 + 2)T 020, —2(0;) IT1 T020,(;)  TT Tz, (9;).
i=1 i=s1 41, ik
ifs1+l<k<s +ss.

By an easy calculation we notice that 7 0q,,_o and 7T vy, alternate sign at the zeros of 7T v,
and 7 0qy,, respectively.
Unfortunately F'(d;) (j = 1,...,d) or F(—2) can be zero and then counting the sign change
does not give the correct number of zeros. To avoid this problem, we evaluate 7 us,, 5, and
7 Ugp,—2 at the points d; + ¢ (with suitable small € > 0) instead of §; (based on Lemmas 4 and
5). We define the modified sign function in following way:

sgn T’l}gm ((5]) if T@in ((5J) # 0 1 < 1 < S1,

Si(5,) = sgn 7 gy, (0;) if 702,,(0;) =0 1 <17 < sy,
LA sgn T’Ugni(éj) if TUQni((Sj) 7é 0 S1 < 1 S S, + S,
sgn T@Qni_2(5j> if TUQni ((5]) =0 S1 < 1 S S1 + Sso.

For j =1,2,...,d — 1 this implies for i = 1,2,...,s; + s9 that

5 . —SZ((SJ) if TUZni((Sj) =0or T’lA)QnZ (5]) =0
Si(0j+1) = { Si(0;) otherwise . (13)

Thus, we can substitute sgn F'(J;) by — H S;i(6;) for j=2,3...,d—1.

By the proof of Lemma 4 and 5, sgn F(6;) = —1 Lemma 4 and 5 imply that the function F has
exactly one change of sign on [0;,0;41) fori = 1,2,...,d—1. Therefore there are d—1 = > n;—1
zeros of I in [d4,61). We show that F' has one more zero on [—2,d4).
We have to show that either F'(—2) = 0 or sgn F'(—2) # sgn F(d;). Since for k > s; we have
F(—2) =0, we consider only the case k < s;.

We have sgn 7 g, (—2) = (—1)™ and sgn T vy, (—2) = (—1)" and by Lemma 4 (d)

s1+s2 s1ts2
>
F(=2) = =T fo(=2) = =T vy, (— H T, (=2) [] Tven(-2)=(-1) = " =(-1)"
=1, i#£k i=s1+1

Since all v’s and 9’s are positive at §4 we have sgn F(d;) = —1, and F(§4_;) = (—1)""" and by
(13) sgn F(6;) = (—1)¢ proving that F(x) has a zero on [—2,d4).
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Consequently, F' has d = > n; zeros in the interval [—2,2].

=1
(ii) Next, assume that my, ms,...mg are not pairwise distinct, e.g. my = mg = -+- = my,,
My 41 = My49 = -+ = my,,... etc. Then we perform a small analytic perturbation in the

terms of F' corresponding to mao,...my, etc. and apply Rouché’s theorem. Thus, we may count
the zeros of F' the same way as in case of (i) (with multiplicities).
or all orientation of generalized stars without oriented cycle, and the Theorem follows. 0

In our proof it was essential that the number of cycles s in our graph is > 1. If s = 0 then
F(z) may have d + 1 zeros on [—2,2] (only if F(2) <0 ). In these cases we have trees, whose
Coxeter polynomials do not depend on orientation and they are well described in [11].

Example. Take the oriented Aqg )4, i.e. the graph with 16 vertices. In this case s; = 1 and
S1(64) = —1, since Tuyp3(—1+¢) <0 and a S1(d5) > 0. The Coxeter polynomial is
f(2) = f(2) = (2 + 1)%01004 — 2u10,304 — 2(2 4 1)%0400s.
As [2] =0, F(z) is exactly the Chebyshev transform of f(z). This transform is
F(x) = (x 4+ 2)T 0107 vy — TuiosT vy — (x4 2)T 0107 03 =
(x+2)(z° —42® +32) (2* + 2 —1) — (22° + 22" = T2° — 62° + 32+ 2) (z* + 2 — 1) — (2° — 42® + 37) 7.

The next figure shows the graphs of the functions F(z), Tuigs and Tvio(= 2° + 2* — 423 —
322+ 3z +1):

The zeros of Ttyg = Us(%) = x° —4a® + 3z are d7, 05, 4, 02, 0 and the zeros of Tvy = Us (%) +
Ui(5) = 2?4z — 1 are &g, 03. We have S;(d4) = —1, since sgn Tujo3(—2) = sgn Tvip(—2) <0
and 51(55) > 0.

516, | -1 1 1 1 I I 1 I
So(6;) | 1 1 1 1 1 1 1 1
sgn F| 1 -1 1 -1 1 -1 1 -1
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Since Tuy03(x) has a zero on [—2,d7), the polynomial 7 f(z) = F(x) has 7 zeros on [—2,2].

We show that the Salem numbers given by our Theorem (defined by the Coxeter polynomials
of generalized stars) extends the set defined in [5].

Denote by T the set of all Salem numbers and by 7" the set of spectral radii of Coxeter

transformation defined by wild stars, which are Salem numbers ([5]). Then 7" # T holds, since
the Salem number p; listed in [2] and defined by the reciprocal polynomial 210 — 26 — 25 — 2441
is not in the set 7".
It is known that the spectral radius of the Coxeter transformation of a subgraph of a tree is
not greater than the spectral radius of the same tree. The list of stars with spectral radius
1.7 > p > 1.6 of its Coxeter transformation is not large (see [6]). There is a gap between
the spectral radii of Coxeter transformations of stars with length of arms 2, 3,4 and 2, 3,5, i.e.
between spectral radii of Ca g, , . & 1.6574 and Ca , , ;) & 1.6935. The only zero non-cyclotomic
factors of the Coxeter polynomial of the bipartite graph Aygg) 1 is 2% — 27 — 20 — 22 — 2 + 1,
which has a zero (being also a Salem number) on the above interval and it is not in the set
T'. The oriented graph A (,7),1]) is non-bipartite, however for the spectral radius of its Coxeter
transformation p, = CA([(6,7>,11) ~ 1.6733 we also have py ¢ T".
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