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Analytical performance of 3m and 3m +1
armchair graphene nanoribbons under uniaxial
strain
Eng Siew Kang1 and Razali Ismail2*
Abstract

The electronic band structure and carrier density of strained armchair graphene nanoribbons (AGNRs) with widths
of n =3m and n =3m +1 were examined using tight-binding approximation. The current-voltage (I-V) model of
uniaxial strained n =3m AGNRs incorporating quantum confinement effects is also presented in this paper. The
derivation originates from energy dispersion throughout the entire Brillouin zone of uniaxial strained AGNRs based
on a tight-binding approximation. Our results reveal the modification of the energy bandgap, carrier density, and
drain current upon strain. Unlike the two-dimensional graphene, whose bandgap remains near to zero even when
a large strain is applied, the bandgap and carrier density of AGNRs are shown to be sensitive to the magnitude of
uniaxial strain. Discrepancies between the classical calculation and quantum calculation were also measured. It has
been found that as much as 19% of the drive current loss is due to the quantum confinement. These analytical
models which agree well with the experimental and numerical results provide physical insights into the characterizations
of uniaxial strained AGNRs.
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Background
Graphene, as a two-dimensional single layer of carbon in
hexagonal symmetry, has attracted considerable attention
since being experimentally discovered in 2004. It possesses
various fascinating electrical and physical properties, such
as extremely high mobility of the charge carrier, high
switching speed with ballistic transport behaviors, and
anomalous quantum Hall effects [1,2]. These excellent
electronic properties make graphene a promising alterna-
tive as a building block in potential nanoelectronic devices
[3]. To further develop the graphene’s application in field-
effect transistors (FETs), various studies have attempted to
modulate the electronic structure using mechanical de-
formation [2,4]. This offers the tempting prospect of
controlling the electronic properties of graphene structure
by the introduction of strain. The influence of strain on
Raman spectroscopy and energy gap of graphene has been
predicted theoretically and realized experimentally [5-7].
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However, two-dimensional graphene shows zero bandgap
electronic properties. Even if a strain as large as 20% is
applied, the bandgap remains close to zero. Interestingly,
graphene patterned into nanoribbons, referred as gra-
phene nanoribbons (GNRs), has been demonstrated to
possess a bandgap opening made possible by tuning the
ribbon width [5,8,9]. Finite-width strips GNRs (<10 nm)
with quasi 1D structure are expected to present similar
electronic properties to graphene and carbon nanotubes.
However, the spectrum of GNRs depends on the nature of
their edge shapes, namely, zigzag-edge and armchair-edge
GNRs (ZGNRs and AGNRs). Nevertheless, ZGNRs have
been found to be metallic for all widths, while AGNRs are
either metallic or semiconducting, depending on their
widths [10,11].
Strain may have a vital influence on further tailoring

the electronic properties of a material. Strain in silicon,
germanium, and silicon germanium have been success-
fully implemented by the conventional semiconductor
industry, with significant improvements in carrier mobil-
ity [12-14]. Understanding the influence of strain on
GNRs is of great importance. A substantial part in the
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fabrication process of GNR device involves deposition of
carbon nanostructures on the substrate, which intro-
duces strain at the interface. As GNR area is one-atom
thick film, interface strain-induced variations in the elec-
tronic and vibrational structures are expected to play a
greater role compared to free-standing GNRs. A further
motivation to examine the incorporation of strain is the
prospect of bandgap opening [15]. Theoretically, the po-
tential of uniaxial strain on the energy gap of GNRs has
been widely adopted based on ab initio approaches and
tight-binding approximation [15-18]. It has been shown
that ZGNRs and AGNRs possess distinct energy gap
properties under strain. Despite the fact that there have
been many studies on the strain effect in graphene and
GNRs, most of the previous works focused on the elec-
tronic band structure particularly the energy bandgap,
while the effect of strain on the carrier density has sel-
dom been studied. Analytical carrier density expressions
will find widespread use in determining equilibrium or
quasi equilibrium electronics and transport properties in
a semiconductor. The carrier density can be determined
without having to perform extensive time-consuming
numerical simulations. It can also be utilized in the de-
velopment of fast compact models for circuit simulation.
Although the strain effects on the energy bandgap of
GNRs has been explored, a comparative study between
different families of AGNRs n =3m and n =3m +1 is
still lacking. Therefore, in this paper we theoretically ex-
plore the influence of uniaxial strain on the band struc-
tures and carrier density of AGNRs for both the n =3m
and n =3m +1 families using tight-binding calculations
and formulate a universal explanation for the effect of
strain. In addition, we also investigated the effect of
quantum confinement on the drain-current performance
of n =3m AGNRs and compared the analytical results
against experimental data.

Methods
Theoretical model for electronic properties
In order to investigate the uniaxial strain effect on
AGNRs, we adopted the energy dispersion established
by Mei et al. [19], which is based on tight-binding ap-
proximation. The band energy throughout the entire
Brillouin zone of AGNRs is expressed as follows:
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where t1 = t0/(1 + ε)2 and t2 = t0/(1 + ε/4) with t0 = −2.7 eV
are the nearest hopping integral without strain, acc =1.42 Å
is the carbon-carbon bond length, kx is the wave vector in
the x-direction, n is the number of dimmer lines across the
ribbon widths, and p is the band index running from 1
to n. The positive and negative prefixes are the band
structures for the π* (conduction) and π (valence) bands,
respectively [20]. Here, ε denotes as the magnitude of uni-
axial strain. The width of AGNRs, w, is proportional to n
given by the following expression:

w ¼ n−1ð Þ
ffiffiffi
3

p

2
acc ð2Þ

GNRs' valence and conduction bands are degenerate
at six points located on the corners of the Brillouin zone,
also called as K and K′ valleys. The electronic properties
of GNRs are invariant by interchanging the K and K′
states which mean that the two valleys are related by
time-reversal symmetry. The energy separation between
the conduction band top and valence band top occurs at
Γ points (kx =0); hence, the energy bandgap results in
the following:

Eg ¼ 2 t1 þ 2t2 cos
pπ

nþ 1

� �� �
ð3Þ

Using a Taylor expansion to the first order, the energy
dispersion relation in Equation 1 can be further approxi-
mated as follows:

E kð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eg

2

� �2

−
9
2
t1t2 cos

pπ
nþ 1

� �
acckx

2

" #vuut ð4Þ

The energy dispersion in Equation 4 shows a non-
parabolic relation with the wave vector. For low-lying
energy states in which the majority of the electrons are
likely to reside, the band structure is approximated to
parabolic characteristics using the square root approxi-

mation model
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
≈ 1þ α2=2; α ≈ 1 in a macro-

channel and α <1 for a nanochannel. Therefore, the
conduction band energy in the low-energy limit is re-
duced to as follows:

E kð Þ ¼ Eg

2
−

9
2Eg

t1t2 cos
pπ

nþ 1

� �
acc

2kx
2 ð5Þ

Theoretical model for carrier density
In this section, we further derive the carrier density of
AGRNs directly from the density of states (DOS) and
Fermi-Dirac distribution in the energy space. In the
parabolic part of the energy structure, the DOS reveals
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the number of available states to be occupied [21]. The
DOS of AGNRs can be expressed as follows:

D Eð Þ ¼ ΔN
ΔE:L

¼ 1
4π
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where N is the quantum number and L is the ribbon
length. The DOS of AGNRs under uniaxial strain reveals
that the energy states in both low and high regions are
affected by the strain.
The carrier density is the fundamental parameter to

describe the electrostatics and transport properties of
electrons and holes in a semiconductor. The electron
carrier density (n) is formally given as follows:

n ¼
ZEtop

Ec

D Eð Þf Eð ÞdE ð7Þ

with

f Eð Þ ¼ 1
1þ eE−EF=kBT

ð8Þ

Here, f(E) is the Fermi-Dirac distribution which de-
scribes the degeneracy of the electron concentration, EF
is the Fermi energy, kB is the Boltzmann constant, and T
is the ambient temperature in Kelvin. Etop and Ec are the
top and bottom of the conduction band, respectively. By
making some substitutions for simplicity x = (E − Eg/2)/
kBT and ηF = (EF − Eg/2)/kBT, the carrier density integral
is simplified as follows:

n ¼ 1
4π
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The Fermi-Dirac integral of order i − is defined as
follows:

ℑ i ηFð Þ ¼ 1
Γ iþ 1ð Þ

Z∞
0
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ex−ηF þ 1
dx ð10Þ

where Γ (i +1) is a gamma function. The Fermi integral
with Maxwellian approximation is always an exponential
for all values of i and is given by

ℑ i ηFð Þ ≈ eη nondegenerateð Þ ð11Þ

In the strongly degenerate regime, the Fermi integral
transforms to
ℑ i ηFð Þ ¼ 1
Γ iþ 1ð Þ
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Based on the Fermi-Dirac integral approximation de-

scribed above, the electron carrier density can be ob-
tained as follows:

n ¼
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The Fermi-Dirac integral of half-order with a closed-
form solution in the degenerate regime in which the
Fermi level is located 3 kBT within the conduction or
valence band edges, is given as follows:
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The definition of nondegenerate and degenerate re-
gimes of GNR capacitance maybe understood through
the position of Fermi energy, EF level in the energy band
diagram, as illustrated in Figure 1. It is referred to as a
nondegenerate regime when the Fermi level is located
greater than 3 kBT in the energy gap, while the degener-
ate occurs if the Fermi level is located at 3 kBT within
the energy band from either band edge.
The quantum capacitance at charge neutrality is calcu-

lated by differentiating the carrier density with respect
to the states of energy level, resulting in the following:

CQ ¼ e2

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Eg

B 2E−Eg
	 


s
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At room temperature, the quantum capacitance in nano-
scale GNRs is considered in series with the insulator cap-
acitance. Therefore, the total gate capacitance CG is given
by the following [22]:

CG ¼ CinsCQ= Cins þ CQ
	 
 ð16Þ

with Cins as the gate insulator capacitance obtained as
follows [23]:

Cins ¼ NGκε0
W
tins

þ α

� �
ð17Þ

where NG is the number of gates (1 for the single-gate
geometry and 2 for the double-gate geometry), κ is the
relative dielectric constant of the gate insulator, tins is
the thickness of the gate insulator, W is the ribbon
width, and α ≈ 0 is a dimensionless fitting parameter.
An accurate and precise current-voltage (ID-VD) char-

acteristic of uniaxial strained AGNRs can be obtained by



Figure 1 Energy band diagram showing the nondegenerate and degenerate regions.
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including the quantum capacitance due to the quantum
confinement effect. In general, the drain current, ID as a
function of the drain voltage,VD, and gate voltage,VGS is
given as follows:

ID ¼ μeff CG

2L
2 VGS−VTð ÞVD−VD

2

1þ VD=VC

� �
ð18Þ

for 0 ≤ VD ≤ VDsat

where VT is the threshold voltage and VDsat is the drain
voltage at which the drain carrier concentration becomes
maximum, consistent with the drain saturation current.
Vc is the critical voltage that is much smaller than the
drain voltage enhancing the role of velocity saturation in
the nanochannel.
All the carriers in the channel travel at the saturation

velocity by the onset of the current saturation, where the
electric field is extremely high. The saturation current,
IDsat, is given by the following:

IDsat ¼ CG VGS−VT−VDsatð Þvsat ð19Þ
for VD ≥ VDsat
Figure 2 The calculated energy bandgap Eg under various uniaxial str
Equations 18 and 19 must reconcile at the onset of
current saturation. This reconciliation gives VDsat and
IDsat the following expressions:

VDsat ¼ VC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 VGs−VTð Þ
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s
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" #
ð20Þ

IDsat ¼ 1
2
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L
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Results and discussion
To clearly present the energy gap modulation due to uni-
axial strain, the variations of bandgap energy for n =3m
and n =3m +1 AGNRs as a function of strain are shown
in Figure 2 with good agreement with the published data
[19,24]. The calculated results for unstrained and strained
AGNRs are compared. It can be observed that the effect-
ive energy bandgaps are modified in a periodic zig-zag
pattern for both families and there is distinct behavior be-
tween the two families. This phenomenon can best be ex-
plained by the shift of the Fermi point perpendicular to
ain ε for two different families. (a) n =3m and (b) n =3m +1.
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the allowed k lines. When a uniaxial strain is applied, the
Fermi point deviates from K and hence makes some bands
towards or away from the Fermi point [25]. In addition,
the allowed lines for both families of AGNRs have differ-
ent crossing situations with the K point, resulting in a
different energy gap [17]. For the purpose of further evalu-
ation, the dependence of the bandgap as a function of rib-
bon width is depicted in Figure 3 with remarkably good
agreement compared to the published data. In general, Eg
decreases smoothly as the width of AGNRs increases, in-
dependent of the family structure. This observation can be
understood by the weaker confinement in the width dir-
ection. It is worth noting that unlike the n =3m family
of AGNRs which are semiconducting, the n =3m +1
AGNRs family could lead to a semiconductor-metal-
semiconductor transition at ε =8% due to the subband
spacing effect [26], as displayed by the turning point in
Figure 2b.
Figure 4 plots the analytical carrier density at room

temperature as a function of the normalized Fermi en-
ergy ηF at different magnitudes of strain. While the non-
degenerate case has a strict linear curve (in logarithmic
scale) with a high slope, the degenerate carrier density
has a quasi linear curve and a reduced slope. More pre-
cisely, the slope of log(n) in the degenerate case is not
constant but rather gradually decreases with EF − Ec/kBT.
The influence of uniaxial strain on the carrier density of
AGNRs is significant and quantitatively different for the
two families. These figures show that for n =3m AGNRs,
uniaxial strain increases the carrier density, while on the
contrary, n =3m +1 AGNRs show a reduction in carrier
density upon strain. Figure 5 plots the dependence of car-
rier density of different widths on the uniaxial strain at
room temperature. The AGNRs with narrow ribbon width
Figure 3 The plot of ribbons' width versus the energy bandgap for tw
with the calculation based on density functional theory by Khaliji et al. [18]
exhibit large charge modulation due to the existence of a
gap, and the effect of the uniaxial strain on the character-
istics of the carrier density of AGNRs shows family behav-
ior. The carrier densities of the two families of AGNRs
change accordingly to the magnitude of the strain, but for
n =3m +1 AGNRs, the carrier density does not change
linearly, as in n =3m AGNRs. Instead, one can observe
turning points for w =2.090 nm and w =3.197 nm, as sup-
ported by previous observations in Figures 2 and 3.
Downscaling of the device dimensions has stimulated

extensive efforts to further reduce the gate oxide thickness
when a strong quantum confinement effect is expected.
Based on the energy band structure, the analytical model
of quantum capacitance of uniaxial strained n =3m
AGNRs is derived as in Equation 15 to achieve a better
understanding of the atomic behaviors. Figure 6 displays
the dependence of quantum capacitance on the strain
effect for n =3m AGNRs of several ribbon widths. As can
be seen from the plot, the quantum capacitance increases
linearly with the increase of strain. The obtained small
values of the quantum capacitance at lower strain are at-
tributed to low DOS characterization of the atomically
thin quasi 1D channel [27]; the further reduction of the
DOS is due to quantum confinement boundary conditions
in the AGNRs' transverse direction. It is also important to
note that the quantum capacitance significantly increases
with the decrease in the size of ribbon width, which is a
direct consequence of energy bandgap widening.
In order to validate the proposed analytical model, the

MATLAB simulation results were compared with the ex-
perimental data [28] for a range of strain effect of uniaxial
strained n =3m AGNRs, as demonstrated in Figure 7. A
good agreement was observed with no artificial parameters
used in obtaining these curves. Significant drain current
o different families. (a) n =3m and (b) n =3m +1. The comparison
shows excellent agreement.



Figure 4 Variation of carrier density at room temperature in AGNRs. The variation of carrier density at room temperature in AGNRs in
respect to the normalized Fermi energy for two different families (a) n =3m and (b) n =3m +1.
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reduction in the proposed model was observed, resulting
from the threshold voltage shift and total gate capacitance
degradation due to quantum confinement. It should be
noted that the influence of quantum confinement depends
on the increment of gate-source voltage. Under VGS =1.2 V
conditions, the drain current for the proposed model drops
to 1.452 μA compared to the classical value. Meanwhile,
for VGS =0.8 V and VGS =0.4 V, the current losses are 0.798
and 0.191 μA respectively. The energy of the microscopic
particles is not constant but fluctuates around some aver-
age value due to the quantum mechanical effects. The fluc-
tuation may introduce extra energy to pump the electrons
to states with higher energy.
Figure 5 Carrier density at room temperature in AGNRs. Carrier densit
function of uniaxial strain for two different families (a) n =3m and (b) n =3
Conclusions
In this paper, we have calculated the electronic band
structure as well as carrier density under uniaxial strain
effect for both n =3m and n =3m +1 AGNRs families
by applying a modification to the tight-binding nearest
neighbor hopping integral. We observed that for n =3m
AGNRs, the bandgap increases with an increase in the
magnitude of strain but tends to reduce for n =3m +1
AGNRs family. These phenomena are caused by the
moving of the Fermi point between discrete k lines of
allowed electronics states. In addition, it is also found
that the uniaxial strain gives substantial effect to the car-
rier density within the two families. It is also interesting
y at room temperature in AGNRs for different ribbon widths as a
m +1.



Figure 6 ID-VD characteristic of uniaxial strained AGNRs model for different strain effects compared to unstrained AGNRs.

Figure 7 The ID-VD characteristic of uniaxial strained AGNRs compared to experimental data [28].
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to observe a semiconductor-metal-semiconductor tran-
sition phase at ε =8% for the n =3m +1 AGNRs family.
While the introduction of strain imposes changes in
the bandgap and current values, the incorporation of
quantum confinement effect also results in dramatic re-
duction in the drain current performance. The discrep-
ancies between the classical calculation and quantum
calculation can be best explained by the threshold volt-
age shift and total gate capacitance degradation due to
quantum confinement. Our analytical findings provide
critical insight into the importance of quantum confine-
ment for nanoscale GNRs' FET, and the proposed
model gives a better assessment of nanoscale GNRs'
FET performance.
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