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ABSTRACT In this paper, a constant speed control of slider-crank mechanisms for machine tools is
proposed. A joint-task space hybrid controller based on a second-order sliding mode control and time-base
generator was used to guarantee a constant speed trajectory tracking and a complete turn of the mechanism
crank. A switching criterion was implemented in order to avoid the singularities located at the two extreme
positions of the slider stroke. A trapezoidal speed profile with parabolic blends was designed directly over
task space slider trajectory considering a constant cutting speed, the workpiece dimensions and the slider
stroke length. Stability of the second-order sliding mode control was validated with the Lyapunov stability
theory. Simulations were carried out to verify this approach.

INDEX TERMS Slider-crank mechanism, singularity points, sliding mode control, time-based generator,
constant cutting speed, switching criterion.

I. INTRODUCTION
The slider-crank mechanism is also known as quick-return
mechanism. It is a closed-chain mechanism and is widely
used in machines and cutting tools. The dynamic instability
of the cutting process is reduced. Besides, high cutting speeds
with higher contact forces can be obtained at low cost [1].
Its main stroke is slow, while the return stroke is fast. It is
commonly used in shapers, motorized saws, bombs, among
others [2].

The output-link is controlled indirectly by means of the
input-crank in joint-space [2], [3]. Although, the control task
is performed by the output link (slider) in task space. Joint
space control does not deal with the singularity points at the
beginning and the end of the slider stroke [4]. The joint space
controller can take advantage of themechanical advantage1 of
themechanismwithout losing controllability [5] and ensuring
a complete turn of the mechanism crank.

The associate editor coordinating the review of this manuscript and

approving it for publication was Bo Shen .
1The mechanical advantage is a measure of the output force amplification.

The movement of the slider is linear due to the mechanism
configuration [6]. So, it is advisable to control the mechanism
in task space. For cutting tasks, the slider has contact with
the workpiece (usually the workpiece is modeled as a spring
system or a spring-damper system [7]). This contact gener-
ates an external force in the opposite direction to the slider
movement, which can be seen as a perturbation [8]–[10].
Since this perturbation occurs in task space, it requires
that the Jacobian component of the slider maps the contact
force from task space to joint space with the virtual work
principle.

The main problem of the Jacobian is that it is equal to zero
at the singularity points. Therefore, the complete turn of the
input crank cannot be guaranteed; in consequence, the mech-
anism mechanical advantage is not used [11]. In order to
avoid the Jacobian, it is proposed the use of robust joint space
controllers [12]–[14], such as sliding mode control. In this
case, the perturbation is compensated [15]–[17]. Although
task space controllers can deal more properly with the slider
position control, they are avoided due to the presence of
singularities [18], [19].
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A common objective of the slider-crank mechanisms in
manufacture applications is to achieve a constant cutting
speed at the slider link, ẋ = v, in order to get uniform
cuts throughout the workpiece [20], [21]. Here v denotes a
constant cutting speed which determines the final surface
roughness of the machined workpiece [20].

This problem has a wide interest and there are several
approaches to solve it. Classical approaches use the recipro-
cating method [22], [23] where a constant angular velocity,
q̇ = ω, is applied at the input link such as an approximate
constant linear velocity, ẋ ≈ v, is generated at the out-
put link. However, it depends on the mechanism geometric
configuration. Some authors use mechanism synthesis [9],
[24] in the reciprocating method. This approach uses some
relevant points of the desired trajectory in order to determine
the kinematic parameters and the mechanism configuration;
then a constant speed of the output link is obtained. The
solution of the synthesismethod is a fixed configuration of the
mechanism. It has an inherent structural error which causes
low versatility. In addition, the range of the cutting velocities
is reduced.

In [25], flexibility of the output motion is obtained by
the variation of the input-speed. The desired output motion
is obtained by varying the crank speed. However, a kine-
matic analysis and an optimization are required [2], [3],
[26], [27] for the design of an adequate trajectory. The
approach also fails to consider singularities of slider stroke,
contact force and the mechanical advantage in the analy-
sis [28]. The solution of this method has a fixed mechanism
configuration and an approximate constant velocity profile
is obtained by the control of both, the cutting and return
stroke.

In summary, the areas of opportunity or problems to be
exploited in this work are:
a. The reciprocating method is in joint space and does not

guarantee a constant cutting velocity at the cutting tool .
b. The final output of a mechanism synthesis procedure is

a fixed mechanism configuration with low versatility.
c. The above approaches do not consider the type of mate-

rial, length, cutting forces and velocities.
d. The mechanical advantage of the return stroke is not

exploited.
In this paper, a constant speed control of slider-crank

mechanism which addresses the above areas of opportunity
is obtained, in order to generate uniform cuts throughout the
workpiece by means of an hybrid joint-task space controller.
Figure 1 shows the closed-loop diagram of the proposed
approach. This approach integrates some geometric prop-
erties of slider-crank mechanisms in the task-space control
design. The cutting stroke is controlled by a task space con-
troller based on a second-order sliding mode controller and a
time-based generator (TBG). The return stroke is controlled
in open-loop by a constant joint space torque τ = T , T ∈ R.
In order to avoid the singularity points and ensure a complete
turn of the input crank, a switching criterion is proposed
which switches the task space controller into the open loop

FIGURE 1. Closed-loop system diagram of the proposed approach.

FIGURE 2. Slider-crank mechanism considered in the development of the
constant speed control.

joint space controller and vice versa. The switching criterion
is applied in two points which are near to the singularity
points. Numerical simulations have been carried out to verify
our approach using a Whitworth mechanism.

The contributions of this work are:

1) The cutting stroke is controlled in closed-loop and
ensures a constant cutting speed. Meanwhile, the return
stroke is controlled in open-loop by a constant torque
(Solution of problems a. and d.).

2) The proposed approach can be applied to any slider-
crank mechanism (Solution of problem b.).

3) The velocity profile is designed in accordance with the
slider stroke and workpiece (Solution of problem c.).

4) The complete turn of the crank is guaranteed and the
Jacobian singularities are avoided using the proposed
switching criterion (Solution of problems a. and d.).

The outline of the paper is as follows: Section II is related
with the statement of the problem, Section III shows the
switching criterion for the singularity points avoidance; the
speed profile design is proposed in Section IV and the con-
troller design is shown in Section V; the simulation studies
are discussed in Section VI, and Section VII concludes the
paper.

II. STATEMENT OF THE PROBLEM
Consider the classical slider-crank mechanism illustrated
in Figure 2. The red block is the slider or cutting tool and
the blue block is the workpiece to be machined.
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FIGURE 3. Singularity problems of a slider-crank mechanism.

The operation of slider-crank mechanisms is divided into
two strokes: (1) cutting stroke and (2) return stroke. The first
one is slow and it has a high mechanical advantage. On the
other hand, the return stroke is fast and does not perform any
operation. The main goal of this paper is to ensure a constant
cutting speed, ẋ = v, of the slider. In this way, uniform cuts
at the workpiece can be obtained. Accordingly, the cutting
stroke is controlled. It is directly related with the mechanism
natural function.

In this paper, a hybrid joint-task space controller for slider-
crank mechanisms is proposed. The task-space controller
generates a constant speed during the cutting stroke. Mean-
while, the return stroke is controlled in open-loop using a
constant torque in joint-space.

One of the main problems of task space controllers are the
singularities. Two of them are well identified for any slider-
crank mechanism. They are located at the beginning and at
the end of the slider stroke (see Figure 3). xmin and xmax are
the singularity points at the beginning and end of the slider
stroke, respectively; qmin and qmax are the inverse kinematics
solution of xmin and xmax. Besides, the points xmin and xmax
define the transitions from the cutting stroke to the return
stroke and vice versa. Since the cutting stroke is controlled
by a task-space controller, then the use of the Jacobian ρx(q)
is mandatory. Nevertheless, the Jacobian is equal to zero at
the singularity points, i.e., ρx(qmin) = ρx(qmax) = 0.
In this paper, it is proposed a switching criterion which

shifts the task-space controller to the joint space controller
and vice versa. In this way, a complete turn of the mechanism
crank takes place.

III. SWITCHING CRITERION DESIGN
Regarding the first contribution, the phase diagram of the
slider link, shown in Figure 4, was considered. The slider link
is controlled by a joint space controller using the reciprocat-
ing method, i.e., a constant angular velocity at the input crank
was supposed such as the slider presents an approximate
constant linear speed.

The phase diagram shows that the cutting stroke and the
return stroke are controlled by the joint space controller.
The singularity points do not affect the closed-loop perfor-
mance. However, this approach does not take advantage of
the mechanical advantage during the return stroke. Also,
there is no sense to control the return stroke because any
operation is developed. There is a small interval during the

FIGURE 4. Phase diagram of the output link in a joint space control
scheme.

FIGURE 5. Phase diagram of the output link. Task space control.

cutting stroke, in which the cutting speed is approximately
constant.In this case, the length of the workpiece is not
considered. As a result, this approach cannot ensure uniform
cuts throughout the workpiece and it affects the final rough-
ness. Furthermore, the slider velocity is not constant in most
cases, since it depends on the geometric configuration of the
mechanism.

To the best of our knowledge, task-space controllers have
not been widely studied in the design of a constant speed con-
trol of slider-crank mechanisms because the controllability at
the singularity points is lost [29].

In order to avoid the singularity points at the ends of
the cutting stroke, a switching criterion has been proposed.
It modifies the operation mode of the controller before the
mechanism arrives at a singularity point, as it is shown in
Figure 5.

At this respect, four new points, pmin, pmax, xa and xb have
been defined. The points pmin and pmax are the left and right
switching limit points, respectively. They are located before
the singularity points at a constant threshold distance xc. The
range of the possible values for the threshold xc should be
based on a prior analysis of the dynamic performance of the
mechanism. At the same time, the following restrictions are
satisfied: xc ∈ (xmin, pmin) and xc ∈ (pmax, xmax). The points
xa and xb are the ends of the workpiece and the center of the
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FIGURE 6. Switching criterion scheme. The diagram is read from bottom
to top.

workpiece matches with the mean position of the complete
slider stroke.

The switching limit points pmax and pmin are obtained by
the following expressions

pmax = xmax − xc (1)

pmin = xmin + xc (2)

Therefore, the switching criterion is defined as

pmin < x < pmax (3)

The switching criterion (3) consists of the following if-else
condition: if the slider position x is between pmin and pmax,
then the task-space controller, which will be discussed in the
future sections, is applied. On the other hand, if (3) is not
satisfied, then a constant torque is applied, τ = T (T is a
constant torque value), to return the mechanism to the left
switching point pmin and start over the cutting stroke.
The main problem of this criterion is to identify when

the mechanism is at the cutting or return stroke. A useful
quality of slider-crank mechanisms is that the direction of the
slider speed at the cutting and return strokes is opposite to
the displacement. Therefore, it is proposed to use the sign of
the slider speed (see Figure 6) to determine which stroke the
mechanism is taken place. The sign can be obtained off-line
by looking to the slider speed at any stroke [30].

Let z be the sign of the slider speed at the cutting stroke.
Consider that z = −1 and the mechanism position satisfies
the switching limits (3), then if the sign of the current slider
speed is positive, sign(ẋ) = +1, the switching criterion
applies a constant torque to return the mechanism to the
switching point pmin. On the other hand, if sign(ẋ) = −1
then the mechanism is in the cutting stroke and the switching
criterion applies the task space controller.

During the return stroke, the switching criterion applies a
constant torque to drive the slider mechanism to the switching
limit point pmin. Nevertheless, this is not true because the
constant torque drives the mechanism to the singularity point

FIGURE 7. Parameters of the Speed profile in terms of the workpiece and
slider stroke lengths.

xmin, since the return stroke is not controlled. So, it is required
to modify the return stroke trajectory, in such a way that it
converges to pmin, instead of xmin. This problem is solved by
using a TBG approach, which is discussed in the following
sections.

IV. CONSTANT SPEED PROFILE
In this section, a constant speed profile is discussed. It is
based on the phase diagram of Figure 5. For this purpose,
the points xa, xb, xmin, xmax, pmin and pmax are obtained in
terms of the length of the workpiece, the desired constant
cutting speed v and the slider stroke length. Figure 7 shows
the main parameters of the speed profile in terms of the
workpiece and slider stroke lengths.

The workpiece length is denoted by Ld = xb − xa and
Lc = xmax − xmin is the length of the slider stroke. In this
paper, a trapezoidal profile with parabolic blends has been
proposed. It has a smooth transient performance between the
switching points (pmin, pmax) and the workpiece ends (xa, xb).
Besides it makes easier the constant cutting speed trajectory
design.

Let ta be the time of the trapezoidal trajectory from pmin to
xa; tc denotes the machining time from xa to xb; and td be the
time from xb to pmax. In most cases, the user must provide an
initial time t0 and a final time tf , in order to design the desired
trajectory. However, the time tf is unknown on these kind of
applications because it depends on the constant cutting speed
v and the length of the workpiece Ld . Therefore, it is proposed
to use a wide interval of time, ta and td , in such a way that the
proposed trapezoidal trajectory is almost symmetric.

In accordance with the schemes shown in Figures 5 and 7,
the times ta, tc and td can be calculated as

tc =
Ld
|v|

ta = td =
Lc
|v|
.

(4)

As a result of the symmetry ta = td . The ends of the piece
xa and xb are obtained in the following way

xa = pmin +
v
2ta
t2a (5)

xb = pmin +
v
2ta
t2a + vtc (6)

Algorithm 1 shows the steps to calculate the parameters of
the proposed constant speed profile.
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Algorithm 1 Determination of the Speed Profile Parameters
Require: Tolerance threshold xc, length of the workpiece Ld ,

length of the slider stroke Lc, desired constant velocity v,
and the forward and inverse kinematics solutions of the
slider-crank mechanism.

1: The joint positions qmax and qmin, where the Jacobian
is singular, i.e., ρx(qmax) = 0 and ρx(qmin) = 0, are
obtained using the inverse kinematics solution.

2: Forward kinematics is used to obtain xmin and xmax with
qmin and qmax, respectively.

3: The switching limit points pmax and pmin are calculated
with (1) and (2).

4: The trajectory times are calculated with (4).
5: The ends of the workpiece xa and xb are obtained with

(5) and (6).
Ensure: xmax, xmin, xa, xb, pmax, pmin, ta, td .

The proposed trapezoidal profile xd ∈ C2
⊂ Rm is

designed with the following restrictions

t0 ≤ t < (t0 + ta)


xd = pmin +

v
2ta

(t − t0)2

ẋd =
v
ta
(t − t0)

ẍd =
v
ta

(7)

A ≤ t < B


xd = pmin +

vta
2
+ v(t − t0 − ta)

ẋd = v
ẍd = 0

(8)

where A = t0 + ta and B = t0 + ta + tc.

C ≤ t < D


xd = pmin +

vta
2
+ vtc −

v
2td

(E2
− t2d )

ẋd = −
v
td
E

ẍd = −
v
td

(9)

where C = B, D = B + td = t0 + ta + tc + td and E =
t − t0 − ta − tc − td .

t < t0


xd = pmin

ẋd = 0
ẍd = 0

(10)

t ≥ D


xd = pmin + (2tc + ta + td )

v
2

ẋd = 0
ẍd = 0

(11)

V. CONTROLLER DESIGN
A first order sliding mode control (SMC) has been pro-
posed. It guarantees a robust trajectory tracking in finite time.
The SMC is based on a time base generator (TBG) which
attracts the return stroke trajectory and forces the convergence
to pmin.

A. SLIDER LINEAR DYNAMICS
Firstly, the slider dynamic model is discussed. Based on
the Euler-Lagrange formulation [31], the extended dynamic
model of a 1-DOF slider-crank mechanism with an external
contact force is

M ′(q′)q̈′ + C ′(q′, q̇′)q̇′ + G′(q′)

= ρ−>(q′)τ − ρ−>(q′)ρx(q′)Fx , (12)

where q′ = [q, s]> ∈ Rn′ are the extended coordinates
whose components are the generalized coordinate q and all
the n secondary variables s ∈ Rn.M ′(q′) ∈ Rn′×n′ denotes a
symmetric positive definite inertia matrix,C ′(q′, q̇′) ∈ Rn′×n′

stands for the centrifugal and Coriolis matrix, G′(q′) ∈ Rn′ is
the gravity vector, ρ(q′) ∈ Rn′ is the Jacobian vector in terms
of q′, ρx(q′) is the Jacobian component that gives the mapping
between the joint velocity q̇ and the slider velocity ẋ, Fx is the
slider contact force and τ ∈ R is the control input.

It has been shown in [32] that the slider dynamics can be
expressed as a linear system with a disturbance as

mẍ + G =

 n′∑
i=1

ρ2i (q
′)

−1 ρx(q′)(τ − ρx(q′)Fx). (13)

where m is the slider mass, G models the slider gravity force
component that depends on the mechanism configuration.
The dynamics (13) can be rewritten as

ẍ = bu+ d (14)

where b = 1/m and

u =

 n′∑
i=1

ρ2i (q
′)

−1 ρx(q′)τ
d = −

1
m

G+
 n′∑
i=1

ρ2i (q
′)

−1 ρ2x (q′)Fx
 .

The control input u is in task space and it has to be trans-
formed into the driven torque for real-time applications as

τ = ρx(q′)u (15)

B. TIME BASE GENERATOR
Consider the following sliding surface manifold,

s(t) = α(t)e+ ė, (16)

where e = xd − x, ė = ẋd − ẋ are the position error and the
velocity error in task space, respectively and

α(t) = α0
ξ̇

(1− ξ )+ δ
(17)

it is a time variable gain, with α0 = 1 + ε, 0 < ε � 1, and
0 < δ � 1. The TBG, ξ (t) ∈ C2, is a terminal attractor [15].
The user must provide it, in such a way that ξ goes smoothly
from 0 to 1 in a finite time t = tb > 0. ξ̇ is a bell shaped
function, such that ξ̇ (t0) = ξ̇ (tb) = 0 with a maximum value

65680 VOLUME 9, 2021



J. A. Flores-Campos et al.: Constant Speed Control of Slider-Crank Mechanisms

in t = 0.5tb and ξ̈ (0.5tb) = 0 at the switching hyperplane
s = 0. So (16) is rewritten as

ė = −α(t)e. (18)

The solution of (18) is

e(t) = e(t0) ((1− ξ )+ δ)α0 . (19)

Keep in mind that tb is independent of any initial condition,
therefore

ξ (tb) = 1 H⇒ e(tb) = e(t0)δα0 > 0 (20)

can be made arbitrarily small in an arbitrary finite time tb.
One way to compute ξ is by means of a 5th order spline [33]
as

ξ (t) = 10
(t − t0)3

(tb − t0)3
− 15

(t − t0)4

(tb − t0)4
+ 6

(t − t0)5

(tb − t0)5
(21)

Note that tb defines the desired time where the mechanism
trajectory of the return stroke converges to the switching point
pmin. Furthermore, the TBG initializes the controller at the
surface manifold in finite time. In this paper, the time tb is
obtained empirically as follows

tb = t0 +
4ta
5
. (22)

C. SLIDING-MODE CONTROL
The proposed second-order SMC is [34]

u = k1(α(t)e+ ė+ k2kx), k1, k2 > 0 (23)

k̇x = sign(σ ) (24)

σ = s(t)− s(t0) exp−λ(t−t0), λ > 0. (25)

sx = σ + k2kx (26)

The dynamics (24) overcomes the chattering effect of the
SMC. The second term in (25) ensures that the SMC always
starts on the sliding manifold. The closed-loop error dynam-
ics between the slider dynamics (14) under the trapezoidal
trajectory (7)-(11) and control (23) is

ë = ẍd − bk1

(
α(t)e+ ė+ k2

∫ t

t0
sign(σ )dς

)
− d . (27)

The following theorem establishes the stability and bound-
edness of the closed-loop error dynamics.
Theorem 1: Consider the error dynamics (27) among the

slider dynamics (14), the trapezoidal trajectory (7)-(11) and
the sliding mode controller (23). Then, the trajectories of (27)
are ultimate uniformly bounded (UUB) if the sliding gain
satisfies

k1 >
η̄

b
+ k0 (28)

where η̄ is the upper bound of the perturbation and k0 > 0.
Furthermore, the tracking error e converges into a small ball
of radius µ = e(t0)δα0 as t → tb and hence ė→ 0.

Proof: Consider the following Lyapunov function

V (sx) =
1
2
s2x (29)

The time derivative of V is:

V̇ (sx) = sx ṡx
= sx(α(t)ė+ α̇(t)e+ λs(t0) exp−λ(t−t0)+ë)

Substituting (27) into V̇ yields:

V̇ = sx(αė+ α̇e+ λs(t0) exp−λ(t−t0)+ẍd − bk1sx − d)

Note that α(t) and its time derivative are bounded because
ξ and ξ̇ are bounded signals. The terms |d | ≤ d̄ ,
|λs(t0) exp−λ(t−t0) | ≤ λ|s(t0)| and |ẍd | are bounded too.
Defining

|α(t)||ė| + |α̇(t)||e| + λ|s(t0)| + |ẍd | + d̄ ≤ η(t) (30)

where η(t) is a state-dependent function. The time derivative
V̇ reduces to

V̇ ≤ −bk1s2x + sxη(t))

≤ −|sx | (bk1|sx | − η̄) (31)

if k1 is chosen such that it satisfies (28) then

|sx | >
η̄

bk1
≡ ε. (32)

The time derivative of V̇ is negative definite and sx con-
verges to a bounded set Sε of radius ε centered in sx = 0 as
t →∞, i.e., sx ≤ ε.
The following is a consequence of the result discussed

above

σ = s(t)− s(t0) exp−λ(t−t0) = 0

When time increases, the second term in σ fades and the
manifold only depends on s(t). Then

σ = s(t) = α(t)e+ ė = 0.

Its solution is given in (19) as

e(t) = e(t0) ((1− ξ )+ δ)α0 .

It means that the error is bounded in a small ball of radius
µ = e(t0)δα0 which can be arbitrarily small. This completes
the proof.

The switching criterion, the trapezoidal velocity profile,
the SMC and the TBG are the elements that constitute the
complete solution, which has been proposed. It can be applied
to any slider-crank mechanism.

D. TEMPERATURES IN CUTTING TASKS
The heat and temperature generated between the workpiece
and the slider (cutting tool) has to be taken into account.
Such heat is generated by the plastic deformation energy that
transforms itself into heat. The heat generation rate, Q (W),
is given by [35]

Q = 1.68af 0.15v0.85 (33)

where a is the depth of the cut, f is the feed rate and v is the
cutting speed. The cutting temperature is given by [36]

2 = v0.5f 0.3 (34)
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FIGURE 8. Whitworth mechanism.

FIGURE 9. Phase diagram of the Whitworth mechanism at the output link.

where 2 is the cutting temperature average. It has to keep in
mind that the cutting speed affects the life of the cutting tool
and it is related with the heat generation.

There is a trade-off between increasing or decreasing the
cutting speed. As the cutting speed gets higher, more heat
is removed, which improves the performance in presence of
friction. However, the temperature of the tool increases [37].
On the other hand, the reduction of the cutting speed increases
the amount of the heat flowing to the workpiece. It rises the
temperature of the workpiece [37], [38].

The proposed approach considers a constant cutting speed
which balances the trade-off of the problem mentioned
above. Uniform cuts are obtained throughout the workpiece
and reduces dimensional errors. Furthermore, the machin-
ing temperature is approximately constant in the whole
process.

VI. SIMULATION STUDIES
The Whitworth mechanism, shown in Figure 8 is analyzed
with the approach mentioned above. There is a main differ-
ence between the slider dynamics of the Whitworth mech-
anism and the classical slider-crank mechanism (Figure 2).
In the first case, the slider moves in the opposite direction,
as it is shown in Figure 9. Hence, the cutting stroke has a
negative sign, i.e., z = −1.

The slider dynamics [32] written as in (14) is

m6ẍ = u−

 n′∑
i=1

ρ2i (q
′)

−1 ρ2x (q′)Fx (35)

where m6 is the slider mass, and ρx(q′) = − r2r4
r3

cos(q −
θ4) sin(θ4 − θ5) sec(θ5); here r1, r2, r4, r5 and r7 stand to
fixed lengths; r3, θ4, θ5 and x are the secondary variables s of
the generalized coordinates vector q′.
The simulations were made with Matlab/Simulinkr. The

Runge Kutta 4th order method was used with a fixed step size
of 1 ms. The mechanism kinematic parameters were chosen
in such a way that the crank has full turn. The mechanism
kinematics is given in the Appendix. The proposed kinematic
parameters are r1 = 0.15 m, r2 = 0.1 m, r4 = 0.35 m,
r5 = 0.2 m and r7 = 0.35 m. The value of the proposed
slider mass is m6 = 1 kg.

A. SIMULATIONS USING DIFFERENT MATERIALS
The simulations evaluated workpieces made with five dif-
ferent materials. Their respective cutting speeds and contact
forces were considered. The length of each workpiece was
Ld = 0.3 m. The contact force between the workpiece and
the slider was applied horizontally in the opposite direction of
the slider movement. The magnitude of the force was defined
in terms of the depth, cutting velocity and the material of the
workpiece [39].
A threshold of xc = 0.0137 m was proposed. The joint

positions, where the Jacobian ρx(·) is equal to zero, were:
qmin = −0.729728 and qmax = −2.4119 rad. Those joint
positions were mapped to the task space singularity points
through the mechanism forward kinematics (see Appendix)
as: xmin = 0.05428 m and xmax = −0.4124 m. Hence,
the length of the slider stroke was Lc = 0.4667 m. The
switching points were pmin = 0.0406 m and pmax =

−0.3987 m.
The parameters of the trapezoidal trajectory and the control

gains of each workpiece are given in Table 1. Here t0 stands
to the initial time of the cutting stroke. The control gains were
chosen in such a way that the contact force and the vanishing
term λs(t0) were compensated. The TBGgains were proposed
as ε = δ = 0.001.

The return stroke was divided into two parts. The first one
considered a torque of τ = 8.65 Nm. In the second part,
a torque of τ = −8 Nm was used. The speed response
was smoothed in such a way that the return stroke trajectory
converges smoothly to the switching point pmin by using the
TBG attraction. After that, the cutting stroke starts again.

Figure 10 shows the speed control results for eachmaterial.
The parameters of Table 1 were used. Each material has a
characteristic cutting speed, which directly affects the dura-
tion of the cutting stroke. Figures 10(a), 10(d),10(g), 10(j) and
10(m) show the complete speed profile of the slider. It has to
be observed that the duration of the cutting stroke increases
for small cutting speeds, as it is shown in Figure 10(d). The
return stroke trajectory was the same for all the materials,
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TABLE 1. Trajectory parameters and Control Gains.

since it did not depend on the cutting speed. Notice that,
the return stroke is faster than the cutting stroke since the
mechanical advantage is exploited by using the joint space
controller in open-loop.

There is a small overshoot due to the switching criterion
and the TBG attraction at the end of the return stroke as it
is shown in the phase diagrams. Figures 10(b), 10(e), 10(h),
10(k) and 10(n) show the tracking velocity error ė of the cut-
ting stroke. In these cases, there were two small overshoots.
They were generated by the impacts between the slider and
theworkpiece at the points xa and xb, respectively. The second
order SMC compensates the contact force and guarantees
the constant speed profile throughout the workpiece. These
impact overshoots can be reduced by increasing the gains
k1 or k2. However, the switching criterion overshoot can be
increased. So, there is a trade-off between the impact and the
switching criterion overshoots. In other words, large control
gains reduce the impact overshoots. However, the switching
criterion overshoot is increased. Conversely, small control
gains increase the impact overshoots and reduces the switch-
ing criterion overshoot.

Figures 10(c), 10(f), 10(i), 10(l) and 10(o) show the phase
diagram of the slider dynamics. Here, the cutting stroke has
a constant velocity profile in the interval [xa, xb]. Outside of
this interval, the trajectory advances smoothly to the switch-
ing point pmax, then the controller is switched into a con-
stant torque that returns the mechanism trajectory to the next
switching limit point pmin with the help of the TBG attraction.
For small cutting speeds, the parabolic blends were almost
linear, as it is shown in Figure 10(f). Hence, the transition
from the task space controller to the constant torque and vice
versa by the switching criterion, would present overshoots at
the beginning and the end of the return stroke.

B. COMPARISONS
The performance of the hybrid joint-task space controller is
compared with the reciprocating method using a joint space
controller. The workpiece is not considered in this simula-
tion in order to make more fair the performance comparison
between these two controllers. The aluminum cutting velocity
of Table 1 is used as desired cutting velocity. The simula-
tion satisfies the aluminum parameters of Table 1 and the
points of the trapezoidal profile of last section. The same
control gains for the hybrid joint-task space controller were
used.

The reciprocating method was designed in the graphic
interface of Working Modelr 2004. A constant joint velocity
of q̇d = 8.95 rad/s was used to achieve an approximate linear

velocity ẋ ≈ −1.25 m/s (Aluminum cutting velocity, see
Table 1) at the output link. Figure 11 exhibits the comparison
results.

The results show that the reciprocating method needs an
optimization procedure, that is, a mechanism synthesis to
guarantee a constant cutting speed profile. Furthermore, dif-
ferent mechanism synthesis have to be done to take into
account different range of cutting velocities which is a tedious
procedure. Furthermore, the reciprocating method did not
consider the workpiece since it assumes that at all times
the crank velocity will be constant and therefore the slider
velocity will also be approximately constant.

One advantage of the reciprocating method is that the
singularities are avoided and the mechanical advantage is
always satisfied due to the mechanism configuration. Notice
that, the return stroke of the reciprocating method is faster
than the hybrid controller due to the choice of constant torque
T ; this torque can be increased as large as the character-
istics of the actuator allow. However, the hybrid controller
does not need an optimization procedure to guarantee a
constant cutting velocity, instead it takes into account the
workpiece and the mechanism configuration for the cutting
velocity profile design which is the major contribution of this
work.

C. DISCUSSIONS
From the previous results, it was shown that the proposed
method has accurate tracking results along the cutting stroke
(see cutting stroke speed error ė results). Since this kind of
mechanisms has a linear movement at the output link, it is
possible to simplify the non-linear dynamics of the complete
mechanism. In this way, the slider dynamics, which is a linear
system with a disturbance, can be used. The cutting stroke
is controlled by the second-order SMC. It compensates the
contact force when the mechanism touches the workpiece.
Since the return stroke does not perform any operation, then it
is not necessary to control it. The TBG forces the mechanism
dynamics converge to the switching limit point pmin. It helps
the SMC to start at the sliding manifold. The switching points
guarantee a full turn of the crank and avoid the singularity
points.

The overshoots at the end of the return stroke can be seen
as a jerk. A significant cumulative damage on the machine
bearings and fatigue damage onmachine parts are caused dur-
ing their life time. Such jerks can be reduced by introducing
some damping at the end of the return stroke or using a neural
network [40]. Furthermore, the time delays and packet losses
in the transmission of the information between the computer,
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FIGURE 10. Speed profile ẋ , Cutting stroke speed error ė, Phase diagram of each material under the parameters of Table 1.
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FIGURE 11. Comparison results between the reciprocating method and
the hybrid joint-task space controller.

sensors and actuators must be taken into account in this kind
of applications [41], [42]. These are topics in future research.

VII. CONCLUSION
In this paper, a constant speed control of slider-crank mech-
anisms for cutting process is presented. An hybrid joint-
task space control law, which guarantees a constant cutting
speed tracking, was considered. The mechanical advantage
was considered and ensures full turn of the crank.

The cutting stroke was controlled by a task-space second-
order SMC. In parallel, the return stroke was controlled in
open-loop by a constant torque. The transitions between the
task space controller and the constant torque was given by
a switching criterion and a time-based generator. It avoids
the singularity points and forces the system trajectories to
converge to the switching point and sliding manifold in
finite time. Stability of the second-order SMC is given using
Lyapunov stability theory.

The speed profile was designed as a trapezoidal pro-
file with parabolic blends. The workpiece and slider stroke
lengths, the constant cutting speed and the singularity points
were considered for the profile design.

Simulation studies were carried out to verify this
approach using different cutting speeds and contact forces

in accordance with the workpiece material. The results
showed that the proposed approach holds for different cutting
speeds and forces and can be extended for any slider-crank
mechanism.

Future work addresses the jerk problem at the beginning
and end of the return stroke, which is caused by the switching
criterion.

APPENDIX. WHITWORTH KINEMATICS
The generalized variable for the Whitworth mechanism is q
and the secondary variables are s =

[
θ4 θ5 r3 x

]>. Its system
of equations is

f1(q, s) = r3 cos(θ4)− r2 cos(q) = 0

f2(q, s) = r3 sin(θ4)− r2 sin(q)− r1 = 0

f3(q, s) = r4 cos(θ4)+ r5 cos(θ5)− x = 0

f4(q, s) = r4 sin(θ4)+ r5 sin(θ5)− r7 = 0 (A.1)

The analytic solutions of (A.1) with respect to the secondary
variables s are

θ4 = arctan
(
r1 + r2 sin(q)
r2 cos(q)

)
r3 =

r2 cos(q)
cos(θ4)

θ5 = π − arcsin
(
r7 − r4 sin(θ4)

r5

)
x = r4 cos(θ4)+ r5 cos(θ5) (A.2)

The Jacobian J (q) is obtained by differentiating (A.2)

J (q) =


r2 cos(q−θ4)

r3
−
r2r4 cos(q−θ4) cos(θ4) sec(θ5)

r3r5
−r2 sin(q− θ4)

−
r2r4 cos(q−θ4) sin(θ4−θ5)

r3 cos(θ5)

 (A.3)

The Jacobian ρx(q) is restricted by the system equations and
the position of the slider as,

ρx(q) = −
r2r4 cos(q− θ4) sin(θ5 − θ4)

r3 cos(θ5)
(A.4)

The extended generalized coordinates are

q′ =
[
q r3 θ4 θ5 x

]>
q̇′ =

[
q̇ ṙ3 θ̇4 θ̇5 ẋ

]> (A.5)

The extended Jacobian ρ(q′) is

q̇′ = ρ(q′)q̇
q̇
ṙ3
θ̇4
θ̇5
ẋ

 =


1
−r2 sin(q− θ4)

r2 cos(q−θ4)
r3

−
r2r4 cos(q−θ4) cos(θ4) sec(θ5)

r3r5
−
r2r4 cos(q−θ4) sin(θ4−θ5)

r3 cos(θ5)


︸ ︷︷ ︸

ρ(q′)

q̇ (A.6)
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