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Abstract

In this paper, we propose a novel modification to the WENO-family schemes
to reduce its intrinsic dissipation. In this work, we focus on the WENO5
scheme, which is rewritten in terms of a central plus a dissipative part, and
then, the dissipation is controlled based on the flow physics. This is achieved
by using the automatic dissipation adjustment (ADA) method in an a poste-
riori approach. This methodology allows us to greatly increase the accuracy
of the original scheme at the same time ensure the robustness of REV1: the
numerical method. The accuracy and robustness of the proposed scheme are
tested by several selected numerical REV2: benchmarks .

Keywords: high-order schemes, WENO, compressible flows, adaptive
dissipation

1. Introduction

Traditionally, in Computational Fluid Dynamics, second-order numerical
methods are often preferred in practical calculations, the main reasons being
simplicity of implementation and robustness. In the context of compressible
flows, the family of Essentially Non Oscillatory reconstruction schemes, cir-
cumvents Godunov’s theorem by using nonlinear procedures to obtain high-
order reconstructions.
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The key idea of the Essentially Non Oscillatory (ENO) reconstruction [1]
is to systematically avoid the use of the discontinuous cells in the reconstruc-
tion stencil whenever possible. This is achieved by computing the divided
differences [2] of the involved candidate stencils and picking the smoothest
one, which corresponds to that with the smallest value of divided differences.

A considerable improvement to the ENO methodology is the Weighted
ENO (WENO) approximation [3, 4, 5]. This approach uses a convex combi-
nation of all the different stencils that are used in the ENO approximation.
This is done in a nonlinear fashion through a set of nonlinear weights called
ωk. In [3] the divided differences that are used in the ENO approach are
replaced by a more efficient way to compute the relative smoothness of the
different stencils via the smoothness detectors βk, which are a scaled L2-norm
of the involved polynomials for each stencil.

The original WENO scheme, usually referred to as WENO-JS, EDTR:
has several deficiencies that have been pointed out and corrected later on. The
first one is that they do not preserve monotonicity, this gave rise to the MP-
WENO schemes of Balsara et al. [6] that have high phase accuracy and high
order of accuracy. The higher-order members of this family are almost spec-
trally accurate for smooth problems while maintaining robust shock capturing
abilities. The second one is that it usually fails to obtain the expected order
of accuracy around smooth extrema, where low-order derivatives vanish. In
[7] it is pointed out that this fact is due to the excessively slow convergence
of the nonlinear weights towards their optimal values. To solve this problem,
the authors propose a mapping function that makes the nonlinear weights
ωk to converge faster to their optimal counterparts, reducing the dissipa-
tion of the original WENO-JS formulation. This approach, usually referred
to as WENO-M is more computationally demanding than the original one,
remarkably increasing the computational cost of the numerical simulation.

In [8] it is argued that the improved results of the WENO-M for shock-
capturing problems are due to the non-linear adaptation, that is, the non-
smooth stencils should obtain larger weights in order to obtain less-dissipative
results. In [8, 9] a novel fifth-order WENO scheme, WENO-Z, was proposed
by adding a higher-order smoothness indicator τ5 = |β0 − β2| which is an
inexpensive linear combination of the already existing smoothness indicators.
This approach is more cost-efficient when compared with the WENO-M and
yields similar less-dissipative results. A similar technique, called WENO-Z+,
was recently proposed in [10]. This approach increases the relevance of the
non-smooth stencils by adding a new term to the WENO-Z weights that uses
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information which is already available in the formulation.
Several other approaches to reduce the excessive dissipation of the WENO-

JS are worth mentioning. In [11] the strategy is to freeze the weights when
the ratio of the largest to the smallest smoothness indicator does not ex-
ceed a certain threshold value. Since the smoothness detectors βk are not
bounded and vary significantly from one test case to another, this threshold
is likely to be problem-dependent in order to produce quality results. An-
other source of dissipation is that of the underlying linear scheme. In [12], a
low-dissipation third-order scheme is proposed, this approach considers the
addition of a downwind stencil. Another possible approach is to optimize
the dispersion-dissipation relation as in [13], or the more general approach of
[14] where the authors give a general condition for the relation of dispersion
and dissipation on finite difference schemes.

In order to reduce nonlinear adaption while retaining high-order, in [15] a
sixth-order hybrid central-upwind WENO-CU6 was introduced and further
enhanced with a scale separation method to be of application to turbulence
problems [16]. Another recent development that is particularly suitable for
DNS and LES of shock-turbulence interactions is a family of Targeted ENO
schemes of [17, 18, 19] coupled with an improved scale separation procedure
based on the one described in [16]. The main difference of these schemes with
respect to the original WENO formulation is that the nonlinear weights are
either applied with the corresponding optimal value or entirely eliminated
(ENO-like stencil selection). This approach preserves the robustness and
shock-capturing capabilities of the scheme while limiting the numerical dissi-
pation to that of the underlying linear scheme. The optimization proposed in
[14] is used to limit the numerical dissipation, losing one order of accuracy of
the scheme. Other hybrid approaches such as [20, 21, 22] propose to combine
a WENO scheme with a fixed-stencil finite difference scheme, applying the
former only in regions with shocks. EDTR: Yet another form of hybridiza-
tion is the one proposed by the adaptive order WENO schemes of [23], where
a higher order centered stencil is combined with lower order stencils in a non-
linear fashion. They have also optimized the classical finite difference WENO
schemes by using Legendre polynomial basis and writing the smoothness in-
dicators as perfect squares, which reduces the computational requirements as
the order of the WENO scheme scales up.

Another approach within the WENO family is to use a compact recon-
struction scheme as in [24]. This approach uses the same smoothness indi-
cators and weighting system as the WENO-M approach, but uses compact
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candidate stencils that relate neighboring interfaces. By doing so, a block-
tridiagonal system of equations needs to be solved in order to obtain the
reconstructed values. Because of using implicit stencils, in [24] is argued
that the compact WENO5 (CRWENO5) achieves higher resolution by using
an smaller stencil when compared to the explicit WENO5, however the com-
pact scheme needs boundary closures for non-periodic boundary conditions
(usually in the form of the explicit WENO5), and since it uses the same
smoothness indicators as the WENO5 for the stencils, in practice the stencil
width remains the same as in the explicit WENO scheme.

In this paper, we propose a novel modification to the WENO scheme to
reduce its intrinsic dissipation. The WENO5 scheme is rewritten in terms of
a central plus a dissipative part, and then, the dissipation is controlled based
on the energy ratio [25, 26]. The idea is that the dissipation of the WENO
scheme is adapted to the physics of the flow. The a posteriori approach of
[27, 28] is used in order to ensure the robustness of the approach.

The structure of this paper is as follows: firstly the governing equations
are presented. Next we review the WENO reconstruction and perform a
dissipation analysis of the WENO5 scheme, splitting the dissipation from
the central part. Afterwards we review the ADA method and propose an
extension for compressible flows of the original incompressible formulation.
Finally, the mathematical formulation for the WENO5 ADA scheme is pre-
sented along with some numerical examples. Finally, conclusions are drawn.

2. Governing equations

For this paper, the compressible Navier–Stokes equations in non-dimensional
conservative variables will be considered, as in [29]. This system can be ex-
pressed in vector form as:

∂U

∂t
+
∂F

∂x
+
∂G

∂y
+
∂H

∂z
=
∂Fv

∂x
+
∂Gv

∂y
+
∂Hv

∂z
. (1)

The vector quantities are defined as:

U =


ρ
ρu
ρv
ρw
ρE

 F =


ρu

ρu2 + p
ρuv
ρuw

(ρE + p)u

 G =


ρv
ρvu

ρv2 + p
ρvw

(ρE + p)v

 H =


ρw
ρwu
ρwv

ρw2 + p
(ρE + p)w

 (2)
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Fv =


0
τxx
τxy
τxz

τxkuk − qx

 Gv =


0
τyx
τyy
τyz

τykuk − qy

 Hv =


0
τzx
τzy
τzz

τzkuk − qz

 (3)

where the repeated index k on equation (3) stands for Einstein’s summation
over x,y and z. Vector U is called the conserved variables vector, whereas F,
G and H are called the x−, y− and z− inviscid fluxes respectively. On the
RHS are the viscous fluxes denoted as Fv, Gv and Hv, that depend on the
conserved variables vector and its gradient. The physical quantities involved
are the mass density ρ, the Cartesian components of the velocity vector
V = (u, v, w)T (also expressed as (ux, uy, uz)

T for abbreviated summation

purposes), the pressure p and ρE =
p

γ − 1
+

1

2
ρ ‖V‖2 the total energy per

unit volume. The non-dimensional coefficient γ is the ratio of specific heat
coefficients of the gas/fluid (for an ideal, monatomic gas, γ = 7/5). These
conserved quantities arise naturally from the application of the fundamental
laws of conservation of mass, REV2: Newton’s Second Law and the law of
conservation of energy.

The flow variables have been non-dimensionalized, denoted with a star
(∗) superscript, by their corresponding free-stream values, denoted with an
∞ subscript, as

ρ∗ =
ρ

ρ∞
, p∗ =

p

ρ∞V 2
∞
, V∗ =

V

V∞
, x∗ =

x

L
, t∗ =

t

L/V∞
, T ∗ =

T

T∞
, µ∗ =

µ

µ∞
. (4)

The important flow parameters are the Reynolds number Re∞ = ρ∞V∞L
µ∞

and REV2: the free-stream Mach number M∞ = V∞
√

ρ∞
γp∞

. The reference

length L will be equal to 1, unless otherwise noted.
The viscous stress tensor and the heat flux vector are non-dimensionalized

as

τ ∗ =
µ∗

Re∞

[
−2

3
(div∗V∗) I + grad∗V∗ + (grad∗V∗)T

]
, (5)

q∗ = − µ∗

(γ − 1)Re∞M2
∞Pr

grad∗ T ∗. (6)
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For convenience, the star (∗) notation will be dropped. The Prandtl
number Pr = 0.72 is supposed constant. The ideal non-dimensional equation
of state is used:

p = ρRT =
ρT

γM2
∞
. (7)

3. Review on the WENO reconstruction

REV1: In this work, we will focus on the fifth-order WENO scheme with
the mappings proposed in [7], since it achieves less dissipative results than
the original from Jiang and Shu [3] as it was explained in the introduction.
But it is important to explain the WENO framework in detail, since the new
methodology presented here takes advantage of some of its properties. The
philosophy behind the WENO family is to obtain a high-order reconstruction
of the flux at the interfaces xi±1/2, that is fi±1/2, and compute the derivative
of the flux at each grid point xi = i∆x as

∂f

∂x
(xi) ≈

fi+1/2 − fi−1/2

∆x
. (8)

REV1: The conservative approximation to the derivative in equation
(8) is of high-order provided the flux reconstruction at the interfaces fi±1/2 is
obtained using a high-order scheme, as explained in [3, 30]. To this end, the
general form of a finite difference (2r − 1)th-order WENO scheme reads

fi+1/2 =
r∑

k=1

ωkf
k
i+1/2, (9)

where the candidate stencils fki+1/2 depend on a set of neighboring points

(fi+k−r, . . . , fi+k−1) and r stands for the number of candidate stencils of r-th
order that the scheme uses. Each of the fluxes obtained by interpolation in
the k-th substencil are represented as fki+1/2, and ωk are the corresponding
nonlinear weights associated with each substencil. REV1: For the particular
case of the WENO5 (r = 3), the candidate stencils, portrayed in figure 1, are

f 1
i+1/2 =

1

3
fi−2 −

7

6
fi−1 +

11

6
fi

f 2
i+1/2 =

−1

6
fi−1 +

5

6
fi +

1

3
fi+1

f 3
i+1/2 =

1

3
fi +

5

6
fi+1 −

1

6
fi+2

. (10)
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i i+ 1i− 1 i+ 2i− 2

i+ 1/2

f1
i+1/2

f2
i+1/2

f3
i+1/2

Figure 1: Sketch of the original and present REV1: WENO5 approaches.

There exist optimal weights {ck}, with k = 1, . . . , r, such that if ωk =
ck ∀k, a (2r−1)-th accurate reconstruction is obtained. If this situation hap-
pens, the retrieved scheme is called the underlying scheme, and corresponds
to a (2r−1)-th upwind biased finite difference scheme. Otherwise, the scheme
behaves in a non-oscillatory way by adapting the nonlinear weights so that
the smoothest stencils obtain larger weights through the smoothness indica-
tors. REV1: The WENO5 optimal values are c1 = 0.1, c2 = 0.6, c3 = 0.3.

The smoothness indicators, βk as stated in [31], correspond to a square
sum of scaled L2 norms of all the derivatives of the interpolating polynomial
over the cell taken into consideration, as it can be seen in equation (11).

βk =
r−1∑
l=1

∆x2l−1

∫ x
i+1

2

x
i− 1

2

(
dl

dxl
pk(x)

)2

dx. (11)

REV1: In the particular case of the WENO5 (r = 3), the smoothness
indicators can be expressed as

β1 =
13

12
(fi−2 − 2fi−1 + fi)

2 +
1

4
(fi−2 − 4fi−1 + 3fi)

2

β2 =
13

12
(fi−1 − 2fi + fi+1)2 +

1

4
(fi−1 − fi+1)2

β3 =
13

12
(fi − 2fi+1 + fi+2)2 +

1

4
(3fi − 4fi+1 + fi+2)2 .

(12)

The optimal weights REV1: ck are then scaled according to βk as

αk =
ck

(βk + ε)m
, (13)
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where, in the original WENO-JS [3], m = 2 and ε is a small number to
prevent division by zero, usually 1E-6. To guarantee the convexity of the
weights (ωk > 0 ∀k), the weights αk are normalized as:

ωk =
αk
r∑
l=1

αl

. (14)

REV1: Once the candidate stencils and the nonlinear weights have been
defined, using equation (9) the value at the interface can be computed with
the desired accuracy.

REV1: As commented in the introduction, instead of using the origi-
nal WENO-JS [3], we will focus on the fifth-order WENO scheme with the
mappings proposed in [7], since it achieves less dissipative results than the
original scheme. The only modification is to apply the mapping function
Hk(ω) of equation (15) to each nonlinear weight and renormalize them as in
equation (16).

Hk(ω) =
ω (ck + c2

k − 3ckω + ω2)

c2
k + ω (1− 2ck)

(15)

αMk = Hk (ωk) ωMk =
αMk
r∑
l=1

αMl

(16)

Computing the mapped nonlinear weights this way, ensures less dissipative
results, since the nonlinear adaption is reduced, as explained. REV1: Once
the mapped nonlinear weights are defined in equation (16), the resulting flux
at the interface, can be computed by substituting the original weights by the
mapped ones in equation (9).

4. Dissipation analysis of the WENO5 scheme

Any upwind-biased Finite Difference scheme can be separated into a cen-
tral plus a dissipation part. As an example, let us consider the underlying
scheme for the WENO5, written at an interface for a generic scalar variable
u as:

ui+1/2 =
1

30
ui−2 −

13

60
ui−1 +

47

60
ui +

9

20
ui+1 −

1

20
ui+2. (17)
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The scheme of equation (17) can be written as an even-order, central
scheme plus some other terms that conform the dissipative part. This can
be re-ordered as:

ui+1/2 =
1

12
(−ui−1 + 7ui + 7ui+1 − ui+2)︸ ︷︷ ︸

central scheme

+
1

30
(ui−2 − 4ui−1 + 6ui − 4ui+1 + ui+2)︸ ︷︷ ︸

dissipation

. (18)

As usual, to compute the derivative, equation (18) can be evaluated at two
consecutive interfaces, and by approximating the derivative as in equation
(8), yields:

∂u

∂x
≈ ui−2 − 8ui−1 + 8ui+1 − ui+2

12∆x︸ ︷︷ ︸
central scheme

+
−ui−3 + 5ui−2 − 10ui−1 + 10ui − 5ui+1 + ui+2

30∆x︸ ︷︷ ︸
dissipation

. (19)

Given the linear properties of the underlying scheme for the WENO5, it
is fairly easy to segregate the central and dissipative parts. But a similar
analysis can be performed for the non-linear part of the WENO5 scheme for
the scalar and vector cases as in [32].

4.1. Scalar conservation laws

Let us assume that we need to solve the scalar transport equation

∂φ

∂t
+
∂f

∂x
= 0 (20)

where the flux f = aφ. After splitting the flux f , the positive and nega-
tive part of the flux approximated at the interface can be written, with the
shorthand notation ∆f±k+1/2 = f±k+1 − f

±
k , as:

f+
i+1/2 =

1

12

(
−f+

i−1 + 7f+
i + 7f+

i+1 − f+
i+2

)
− ϕN

(
∆f+

i−3/2,∆f
+
i−1/2,∆f

+
i+1/2,∆f

+
i+3/2

)
(21)

f−i+1/2 =
1

12

(
−f−i−1 + 7f−i + 7f−i+1 − f−i+2

)
+ ϕN

(
∆f−i+5/2,∆f

−
i+3/2,∆f

−
i+1/2,∆f

−
i−1/2

)
(22)

REV2: Taking into account that any WENO scheme satisfies
∑
ωk = 1,

in the WENO5 scheme we can solve for ω2 = 1 − ω1 − ω3 and define the
dissipation function

ϕN(a, b, c, d) =
1

3
ω1(a− 2b+ c) +

1

6

(
ω3 −

1

2

)
(b− 2c+ d). (23)
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REV2: Equation (23) obtains the dissipative part of the WENO5 scheme,
and is obtained by plugging equation (10) into equation (9) and the subtract-
ing the central part of the flux.

In the end, the reconstructed flux at the interface can be expressed as:

fi+1/2 =
1

12
(−fi−1 + 7fi + 7fi+1 − fi+2)

− ϕN
(

∆f+
i−3/2,∆f

+
i−1/2,∆f

+
i+1/2,∆f

+
i+3/2

)
+ ϕN

(
∆f−i+5/2,∆f

−
i+3/2,∆f

−
i+1/2,∆f

−
i−1/2

) (24)

where the same structure of central scheme plus dissipation part can be
observed.

4.2. Systems of conservation laws

Since the WENO5 scheme is used for the inviscid part of the Navier-
Stokes equations, the same procedure as for the Euler equations can be used.
We perform a global Lax–Friedrichs flux splitting procedure on the inviscid
fluxes as:

F± =
1

2
(F± αU) (25)

where α = max
R

(
max
m

∣∣λ(m)
∣∣) can be seen as a dissipation coefficient, being

R the stencil that is taken into account around the point in consideration.
The λ(m) are the eigenvalues of the system, and R is taken as the whole line
(row or column) where the point lies.

Since the WENO5 characteristic-wise approach is employed, the matrices
of REV2: eigenvectors are used to transform the vector of conserved vari-
ables onto the characteristic space. The left eigenvector matrix Li+1/2 and
the right eigenvector matrix Ri+1/2 are inverse of each other. The transfor-
mation between the characteristic space and the original space for the fluxes
is:

Fk = Li+1/2Fk k = {i− 2, ..., i+ 2}

Fk = Ri+1/2Fk

(26)

we end up with the corresponding vector expression:
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Fi+1/2 =
1

12
(−Fi−1 + 7Fi + 7Fi+1 − Fi+2)

−Ri+1/2ϕN

(
∆F+

i−3/2,∆F+
i−1/2,∆F+

i+1/2,∆F+
i+3/2

)
+ Ri+1/2ϕN

(
∆F−i+5/2,∆F−i+3/2,∆F−i+1/2,∆F−i−1/2

)
.

(27)

where ϕN is the vector-valued counterpart of the function defined in equation
(23). Again, the analogous structure of central scheme plus dissipation part
is apparent.

This procedure can be extended to higher-order WENO schemes by only
changing the function ϕN of equation (27). For a (2r − 1) WENO scheme,
the central scheme will be of order 2(r − 1), that is, one order less than the
WENO scheme.

5. Automatic Dissipation Adjustment (ADA) method

The Automatic Dissipation Adjustment (ADA) method regulates the lo-
cal dissipation adaptively based on some measurement of how well-resolved is
the flow. This measurement is called the local energy ratio (ER) introduced
in [25, 26]. The ER can be seen as a ratio of the high-frequency velocity
components using two different filters with different filtering widths.

ER =

∑
(ui − ũi)2∑
(ui − ûi)2

(28)

In equation (28), ui is the velocity field that comes from solving the in-
compressible Navier-Stokes equations, whereas ûi and ũi are filtered velocities
that result from applying filters with different widths. In this work, to ac-
count for the compressible effects, we follow [33] and we reformulate equation
(28) as:

ER =

∑
(ρui − ρ̃ui)

2∑
(ρui − ρ̂ui)

2
(29)

In particular, the filters used to obtain ρ̃ui and ρ̂ui are REV1: based
on Moving Least Squares. In the following we briefly decribe the procedure

11



to approximate a generic variable ϕ by ϕ using MLS. The formulation, as
derived in [34], yields

ϕ(x) = pT (x)
[
PT (x)W(x)P(x)

]−1
PT (x)W(x)ϕ(x) (30)

REV1: where pT (x) = {1, x, y, z, xy, xz, yz, x2, . . . } is the selected polyno-
mial basis, PT (x) =

[
pT (xj)

]
j

gathers the evaluation of the basis functions

in the points of the stencil, and W(x) = diag (Wj(|x− xj| , κ)) is the kernel
matrix, that weights the relative importance of the points in the stencil. In
this work, an exponential kernel is used, and its mathematical definition is
given by

Wj (|x− xj| , κ) =

exp

(
−
(
κ

|x− xj|
2 max (|x− xj|)

)2
)
− exp (−κ2)

1− exp (−κ2)
. (31)

REV1: We use two different different parameters κ equal to 4 and 3 respec-
tively as done in [33]. By varying the κ parameter, different filtered fields are
obtained. Subtracting them from the unfiltered field, yields an estimate of
the high frequency content in the solution at that point. Note that the ER
gives an indication about whether the flow is under-resolved or not. When
there is an abundant high-frequency content, it means the existence of flow
structures which are not well captured by the numerical scheme and the nu-
merical grid. The energy at these scales cannot be correctly transferred to
the smaller scales, and must be removed from the simulation in a way that
mimics the procedure of the energy cascade. In order to do this, the proposed
methodology decreases the numerical dissipation of the scheme.

6. Mathematical formulation. WENO5 ADA scheme.

The way of implementing the ADA mechanism into the WENO5 scheme
is via a multiplicative coefficient ε ∈ [0, 1] that regulates the amount of dis-
sipation introduced by the scheme. By adjusting the value of ε dynamically
at each time step and for every point in the grid, the scheme can adjust itself
in a better fashion to the turbulent flow. The regions where the flow is well
resolved, in the sense that the scales of the flow are properly captured by the
numerical scheme and numerical grid, are going to have lower ER values com-
pared to those where the flow is not well resolved. Thus, two threshold values
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are proposed in order to dissipate the excessive energy that accumulates on
the smallest scales and to reduce the amount of dissipation on those locations
where it is not needed. REV1: The threshold values have been selected after
performing several numerical experiments. Note that these values have been
adjusted for this numerical method and filters, and should remain unchanged
for all the simulations. Note that the threshold values have been chosen to
design a numerical scheme which is able to reproduce the Kolmogorov’s law.

εn+1
i =


max[(εni − φ), 0] ER ≤ 1.50
min[(εni + φ), 1] ER ≥ 2.00

unmodified case else

∣∣∣∣∣∣ φ = 0.05 (32)

where value of φ is selected to allow a smooth variation on the value of ε over
time. At first, the ADA mechanism can be thought to be implemented into
the WENO5 scheme at two different stages. Namely, during the flux splitting
or during the WENO reconstruction. The former approach, although seem-
ingly valid at first glance, would imply a violation of the necessary condition
explained in [31] where the flux splitting needs to have at least the same
number of continuous derivatives as the order of the scheme. Thus, inserting

a new ε into the flux splitting procedure, as F±i =
1

2

(
Fi ± εi+1/2αiUi

)
intro-

duces a discontinuity that rules out this possibility. This is clearly seen by
supposing a constant flux F, with different values of ε. The fluxes resulting
from the splitting vary when the value of ε varies, forming discontinuities
and making the flux splitting of class C0.

The latter approach, introduces the ε as a multiplicative coefficient to
modify the dissipative part of the WENO scheme, without modifying the
flux splitting procedure. This way, the condition on the derivative remains
untouched and the dissipation can be adjusted according to the properties
of the flow. Thus, the formulation would be modified as

Fi+1/2 =
1

12
(−Fi−1 + 7Fi + 7Fi+1 − Fi+2)

− εi+1/2Ri+1/2ϕN

(
∆F+

i−3/2,∆F+
i−1/2,∆F+

i+1/2,∆F+
i+3/2

)
+ εi+1/2Ri+1/2ϕN

(
∆F−i+5/2,∆F−i+3/2,∆F−i+1/2,∆F−i−1/2

)
.

(33)

Since εi+1/2 ∈ [0, 1], the scheme ranges from a central fourth-order Finite
Difference scheme to a fully fifth-order WENO scheme. In order not to priv-
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ilege any sweeping direction over any other, we take εi+1/2 = max (εi, εi+1).
This way, we ensure that the reconstructed value is the same regardless of
the sweeping direction (left to right or right to left).

This scheme may be unstable and may generate oscillations on regions
with high gradients of pressure and/or density due to the fact that the original
amount of dissipation is reduced. Thus, to design a robust and reliable
scheme, an a posteriori approach will be used. This approach is based on the
MOOD framework of [27, 35, 28, 36]. In [37] there is an extensive descriptions
of the detectors that are commonly used in the REV2: Multidimensional
Optimal Order Detection (MOOD) framework. In this work, REV2: we will
only detail the ones employed in our formulation.

Physical Admissible Detector (PAD): This detector checks that
all points in the solution have positive density and pressure at all times.
In practice, it also accounts for points with NaN values.

Numerical Admissible Detector (NAD) [38]: relaxed version of
the Discrete Maximum Principle (DMP)[27]. It checks that no new ex-
trema are created and thus, the solution is monotonic. It compares the
candidate solution with the solution obtained in the previous Runge-
Kutta step.

min
y∈Vi

(
URK (y)

)
− δ 6 U∗(x) 6 max

y∈Vi

(
URK (y)

)
+ δ (34)

δ = max

(
10−4, 10−3 ·

(
max
y∈Vi

(
URK (y)

)
−min

y∈Vi

(
URK (y)

)))
(35)

The collection of points Vi represents the set of first neighbors of the point
in consideration. This implies that the candidate value remains between the
local minimum and local maximum of the previous time step.

If the PAD and/or NAD are activated, we recalculate the interfaces values
of the cell using εi+1/2 = 1, that is, forcing to use the full fifth-order WENO
scheme. This way, a correct treatment of shock regions is guaranteed.REV2:
In figure 2, the present approach is described in pseudocode.
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Input: URK

Output: URK+1

1 for each coordinate direction x, y, z // x coord. shown

2 Fi = F(URK
i ) // build inviscid flux

3 F±i = 1
2

(
Fi + αURK

i

)
// split inviscid flux

4 Fcentral
i+1/2 = WENOc (Fi−1, . . . ,Fi+2) // central part

5 Fdissip
i+1/2 = WENOd

(
F±i−3, . . . ,F

±
i+2

)
// dissipative part

6 Fi+1/2 = Fcentral
i+1/2 + εRK

i+1/2F
dissip
i+1/2 // interface flux

7
∂Fi

∂x
=
(
Fi+1/2 − Fi−1/2

)
/∆x

8 end for each

9 U∗ = RKstage(∂F
∂x
, ∂G
∂y
, ∂H
∂z

) // candidate solution

10 for each grid point
11 ρ̃u, ρ̃v, ρ̃w = MLS (ρu, ρv, ρw, κ = 4) // MLS filter κ = 4
12 ρ̂u, ρ̂v, ρ̂w = MLS (ρu, ρv, ρw, κ = 3) // MLS filter κ = 3
13 ER = EnergyRatio (ρ̃u, ρ̃v, ρ̃w, ρ̂u, ρ̂v, ρ̂w)
14 εRK+1 = ADA (ER)
15 MOOD = CheckPAD&NAD (U∗)
16 if MOOD = 1 then
17 εRK+1 = 1 // if PAD or NAD flag point as invalid

18 end if

19 end for each
20 for each grid interface
21 εRK+1

i+1/2 = max(εRK+1
i , εRK+1

i+1 )

22 εRK+1
j+1/2 = max(εRK+1

j , εRK+1
j+1 )

23 εRK+1
k+1/2 = max(εRK+1

k , εRK+1
k+1 )

24 end for each
25 for each grid point where εRK+1 6= εRK // only x coord. shown

26 Fi+1/2 = Fcentral
i+1/2 + εRK+1

i+1/2 Fdissip
i+1/2

27
∂Fi

∂x
=
(
Fi+1/2 − Fi−1/2

)
/∆x

28 end for each

29 URK+1 = RKstage(∂F
∂x
, ∂G
∂y
, ∂H
∂z

) // solution at next time step

Figure 2: REV2: Pseudocode algorithm of the WENO5 ADA procedure. For brevity, the
reconstruction of the viscous fluxes is omitted.
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7. Discretization of the viscous fluxes

REV2: The proposed methodology only applies to the inviscid part of the
Navier-Stokes equations. The viscous fluxes will be treated as in [39],which
is briefly described in the following. The main advantage of this procedure is
that it uses the same WENO5 stencil, thus there is no need of using additional
ghost points. The derivative of a generic viscous flux R along the x coordinate
(same applies for y and z directions) is computed as

∂R

∂x

∣∣∣∣
ijk

= R̂i+1/2,j,k − R̂i−1/2,j,k. (36)

REV2: where R̂i−1/2,j,k is computed with at least fourth order of accuracy
as

R̂i−1/2,j,k =
1

24∆x

(
−Ri+1/2,j,k + 26Ri−1/2,j,k −Ri−3/2,j,k

)
. (37)

REV2: All entries of the viscous flux vectors are interpolated to the cor-
responding set of interfaces I = {i− 3/2, i− 1/2, i+ 1/2} using the following
formulas

uI =
1∑

l=−2

CI
l ui+l,j,k (38)

∂u

∂ξ

∣∣∣∣
I

=
1

∆ξ

2∑
l=−3

DI
l ui+l,j,k (39)

∂u

∂η

∣∣∣∣
I

=
1∑

l=−2

CI
l

∂u

∂η

∣∣∣∣
i+l,j,k

(40)

∂u

∂η

∣∣∣∣
i,j,k

=
1

∆η

2∑
l=−2

Cc
l ui,j+l,k (41)

REV2: Equation (38) is used to interpolate the variables’ values at the
interfaces, equation (39) is used to interpolate the derivative along the corre-
sponding direction, whereas equations (40) and (41) are used for interpolating
derivatives along any traversal direction. The coefficients for the interpola-
tions can be seen in tables 1 to 3.
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I CI
−2 CI

−1 CI
0 CI

1

i− 3/2 5/16 15/16 -5/16 1/16
i− 1/2 -1/16 9/16 9/16 -1/16
i+ 1/2 1/16 -5/16 15/16 5/16

Table 1: The coefficients CI
l taken from [39]

I DI
−3 DI

−2 DI
−1 DI

0 DI
1 DI

2

i− 3/2 71/1920 -141/128 69/64 1/192 -3/128 3/640
i− 1/2 -3/640 25/384 -75/64 75/64 -25/384 3/640
i+ 1/2 -3/640 3/128 -1/192 -69/64 141/128 -71/1920

Table 2: The coefficients DI
l taken from [39]

Cc
−2 Cc

−1 Cc
0 Cc

1 Cc
2

1/12 -8/12 0 8/12 -1/12

Table 3: The coefficients Cc
l taken from [39]

8. Numerical examples

In the following section different one- and three-dimensional problems
will be tested in order to assess the proposed WENO5 ADA scheme. All
the simulations are run using the explicit TVDRK3 of [3] as time integration
scheme, and γ = 1.4 unless otherwise noted.

8.1. One-dimensional test cases

In order to validate the proposed scheme, several one-dimensional test
cases will be analyzed with the WENO5 ADA and compared to the results
obtained by the classical WENO5M scheme. The focus is placed on inviscid
cases, since the ADA mechanism modifies the convective part of the equa-
tions.
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8.1.1. Double shock test case

This test case involves two shocks moving away from each other. The
initial data is a slight variation of the one that can be found in [40] and can
be expressed as:

(ρ, u, p) =

{
(ρL, uL, pL) if x ≤ 0.5
(ρR, uR, pR) if x > 0.5

where
(ρL, uL, pL) = (6.0, 20.0, 250.0)
(ρR, uR, pR) = (6.0,−6.0, 45.0)

(42)

The simulation will be run until the final time of t = 0.02 and the CFL
will be held constant at a value of 0.5. Neumann boundary conditions are
applied on both ends of the domain [0, 1].
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Figure 3: Double shock test case. Obtained results for a 100-point grid at the final time
of t = 0.02.

Figure 3 shows the results for the WENO5 and WENO5 ADA schemes. A
very similar solution is obtained with both schemes, while the latter has bet-
ter performance around discontinuities. No numerical issues are observed on
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the performance of the WENO ADA scheme such as dispersion or dissipation
errors.

8.1.2. Left expansion and right strong shock test case

This test case involves a right-moving shock and a left-moving rarefaction.
The initial data is a slight variation of the ones that can be found in [40] and
can be expressed as:

(ρ, u, p) =

{
(ρL, uL, pL) if x ≤ 0.5
(ρR, uR, pR) if x > 0.5

with
(ρL, uL, pL) = (3.0, 0.0, 1000.0)
(ρR, uR, pR) = (2.0, 0.0, 0.1)

(43)

The simulation will be run until the final time of t = 0.02 with a CFL
value of 0.5. Neumann boundary conditions are applied on both ends of the
domain [0, 1].
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Figure 4: Left expansion and right strong shock test case. Obtained results for a 100-point
grid at the final time of t = 0.02.
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From Figure 4, similar conclusions to those of the previous test case can
be drawn for the WENO5 and WENO5 ADA schemes.

8.1.3. Shock/Density oscillation interaction test case

This one-dimensional test case, proposed in [30], is a Mach 3 shock wave
interacting with upstream sinusoidal density waves. The domain is defined
in −5 ≤ x ≤ 5 and the boundary conditions are set as inflow at x = −5 and
outflow at x = 5. The solution is computed with a CFL number equal to 0.5
and the final time of the simulation is t = 1.8. The non-dimensional initial
condition is defined as:

(ρ, u, p) =

{
(3.857143, 2.629369, 10.33333) if x < −4

(1 + 0.2 sin(5x), 0, 1) if x ≥ −4
(44)
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Figure 5: Shock/Density oscillation interaction test case. Obtained results for a REV3:
200-point grid at the final time of t = 1.8. Density (top left), Velocity (top right), Pressure
(bottom left) and value of epsilon for the WENO5 ADA scheme (bottom right).
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This test measures the ability of the schemes for capturing both small-
scale smooth flow and shocks. It is a common benchmark in the context of
turbulence solvers. The overall performance of the WENO5 ADA scheme
can be seen in figure 5 and with more detail for the density plot in figure 6.
Since this test case is designed to be a turbulence benchmark, an important
improvement can be observed in the oscillatory region, where the WENO5
ADA scheme performs better than its original counterpart.
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Figure 6: Shock/Density oscillation interaction test case. Obtained results for a REV3:
200-point grid at the final time of t = 1.8. Density details.

As seen in the presented one-dimensional test cases, the ADA mechanism
delivers a really similar solution to that of the WENO5 scheme, achieving a
sharper resolution around contact discontinuities and shocks. There are no
phase or dissipation errors in the solutions obtained with the WENO5 ADA
method and, thus, REV3: two-dimensional and three-dimensional test cases
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will be studied on the following sections.

8.2. Two-dimensional test cases

8.2.1. Entropy Wave 2D

REV1: In order to assess the accuracy of the proposed scheme, we per-
form a mesh refinement study using the advection of a two-dimensional en-
tropy wave with periodic boundary conditions. This test case can be consulted
in [41] and takes place in a 2-by-2 square domain. The time evolution of the
wave can be expressed as

ρ(x, y, t) = ρ∞ + A sin [π (x+ y − (u∞ + v∞) t)]
u(x, y, t) = u∞
v(x, y, t) = v∞
p(x, y, t) = p∞

(45)

REV1: where A = 0.2, ρ∞ = 1, u∞ = 1, v∞ = 1 and p∞ = 1. The
simulation is carried out until t = 2, thus completing a full revolution around
the domain. In order to measure the accuracy, we compare the solution at
the end of the simulation with the analytic one. We obtain the L1, L2 and
L∞ error norms, defined respectively as

L1(φ) =
1

|Ω|
∑
k∈Ω

|φk| , L2(φ) =

√
1

|Ω|
∑
k∈Ω

|φk|2, L∞(φ) = max
k∈Ω
|φk| . (46)

WENO5

Mesh L1 r1 L2 r2 L∞ r∞ Time (s)

25x25 2.205E-05 — 3.014E-05 — 9.384E-05 — 4.23

50x50 6.756E-07 5.03 9.254E-07 5.03 2.979E-06 4.98 19.87

100x100 2.152E-08 4.98 2.937E-08 4.98 9.636E-08 4.95 127.60

200x200 7.484E-10 4.86 1.010E-09 4.86 3.518E-09 4.78 1192.47

Table 4: Entropy Wave 2D. WENO5 order convergence results.
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WENO5 ADA

Mesh L1 r1 L2 r2 L∞ r∞ Time (s)

25x25 6.885E-05 — 9.812E-05 — 5.024E-04 — 5.61

50x50 4.809E-06 3.84 6.410E-06 3.94 2.739E-05 4.20 26.53

100x100 3.043E-07 3.98 4.037E-07 3.99 1.893E-06 3.85 175.15

200x200 1.913E-08 3.99 2.533E-08 3.99 1.247E-07 3.92 1312.93

Table 5: Entropy Wave 2D. WENO5 ADA order convergence results.

REV1: It can be seen in tables 4 and 5 that for smooth test cases like this
one, the WENO5 ADA behaves as the fourth-order central finite difference
scheme, since the NAD does not activate after the first few iterations and
ε = 0 thereafter. This effect has some impact in the overall accuracy of
the proposed scheme, but remaining at least fourth-order at all times. In
real test cases, the expected accuracy will vary between fourth- and fifth-order
depending on the flow characteristics.

8.2.2. 2D Riemann problem

REV3: The two-dimensional Riemann problems constitute a family of
different configurations that take place in a unitary square divided into four
quadrants. Each quadrant has a different initial configuration. Among all the
possible test cases, we chose case 12 of [42], whose initial setup is described
in the equation (47).


ρ2

u2

v2

p2

 =


1.0000

0.7276

0.0000

1.0000




ρ1

u1

v1

p1

 =


0.5313

0.0000

0.0000

0.4000




ρ3

u3

v3

p3

 =


0.8000

0.0000

0.0000

1.0000




ρ4

u4

v4

p4

 =


1.0000

0.0000

0.7276

1.0000


(47)

REV3: The initial condition for this test case presents two shocks and
two contact discontinuities and the solution evolves while conserving the sym-
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metry around the y = x line until the final time of the simulation t = 0.25.

REV3: In figures 7 and 8, the WENO5 versus WENO5 ADA results are
shown. The proposed approach is stable, accurately captures contact disconti-
nuities (as opposed to its original counterpart that tends to spread them), at
the price of allowing certain oscillations near the shock regions. These oscil-
lations do not compromise the stability of the overall scheme, as mentioned,
due to the a posterior detection method that was incorporated.

REV3: The detection for the final instant is shown in figure 9, and it
is seen that the detection is gathered around the shock regions with small
occurrences in other parts of the domain, as expected. This is more apparent
in the finer grid.
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Figure 7: 2D Riemann problem. WENO5 (left) vs. WENO5 ADA (right). 25 equally
spaced density contours from 0.53 to 1.72 at t = 0.25. 200x200 mesh.
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Figure 8: 2D Riemann problem. WENO5 (left) vs. WENO5 ADA (right). 25 equally
spaced density contours from 0.53 to 1.72 at t = 0.25. 400x400 mesh.

Figure 9: 2D Riemann problem. WENO5 ADA epsilon value distribution at t = 0.2.
200x200 mesh (left) and 400x400 mesh (right).
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Figure 10: 2D Riemann problem. WENO5 ADA % of detected cells during the simulation.
200x200 and 400x400 meshes.

REV3: The evolution of the detected cells along the simulation is shown
in figure 10. For this test case, the troubled cells constitute a fraction of the
total domain that is under 0.5%, after the first few iterations have passed.

8.2.3. Double Mach reflection

REV3: This two-dimensional test case is used as a benchmark for Euler
codes to assess their performance in the presence of strong discontinuities
[43]. A Mach 10 shock reflects from an inviscid wall, resulting in secondary
shock waves and contact discontinuities. It takes place in a [0, 4] × [0, 1]
rectangular domain. The initial condition is an oblique Mach 10 shock that
forms 60 degrees with the x axis, intersecting the lower boundary at x = 1/6.

REV3: The flow conditions upstream and downstream of the shock are
respectively

(ρu, uu, vu, pu) = (8.000, 7.145,−4.125, 116.500)
(ρd, ud, vd, pd) = (1.400, 0.000, 0.000, 1.000).

(48)
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REV3: The bottom boundary (y = 0) is divided into two different re-
gions: the first one (0 < x < 1/6) takes the upstream flow conditions, while
the second one (x ≥ 1/6) is an inviscid wall. The upper boundary (y = 1)
takes the analytic values of a Mach 10 oblique shock. The left and right bound-
aries take up- and downstream flow conditions respectively. The simulation
is run until t = 0.2.

REV3: In figures 11 and 12, the WENO5 versus WENO5 ADA results
are shown. The proposed approach, once again, is stable, and obtains really
similar results to the WENO5

REV3: The detection for the final instant is shown in figure 13, and it
is seen that it is gathered around the shock regions but also in the inner area
between the shoch and the bottom wall. This behavior is explained because
a Mach 10 shock is really strong and the initial shock going into the wall
generates oscillations that trigger the NAD detector in that region.
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Figure 11: Double Mach reflection. WENO5 (top) vs. WENO5 ADA (bottom). 30 equally
spaced density contours from 1.4 to 21.6 at t = 0.2. 480x120 mesh.
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Figure 12: Double Mach reflection. WENO5 (top) vs. WENO5 ADA (bottom). 30 equally
spaced density contours from 1.4 to 21.6 at t = 0.2. 960x240 mesh.
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Figure 13: Double Mach reflection. WENO5 ADA epsilon value distribution at t = 0.2.
480x120 (top) and 960x240 (bottom) meshes.
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Figure 14: Double Mach reflection. WENO5 ADA % of detected cells during the simula-
tion. 480x120 and 960x240 meshes.

REV3: The evolution of the detected cells along the simulation is shown
in figure 14. For this test case, the troubled cells constitute a fraction of the
total domain that grows from below 0.05 % to 0.4% for the final time, this
behavior matches what is explained in the previous paragraph.

8.2.4. Mach 3 tunnel with a step

REV3: This test case, as described in [43], begins with a Mach 3 flow in
a wall-bounded wind tunnel containing a forward step. The tunnel is 3 units
long and 1 unit wide, and the step is located at x = 0.2 with a height of 0.6
units. At the left end there is a inflow boundary condition, and at the right
end all gradients are assumed to vanish. Since the flow is supersonic, the
exit boundary condition has no effect on the flow. The simulation is carried
out until the final time t = 4.0. This case is used to test the proposed scheme
against wall-bounded supersonic flows. Two different grid resolutions are
used, namely: 300x100 and 600x200, with a constant ∆t of 1E-3 and 5E-4
respectively. In order to minimize entropy errors, we employ the treatment
for the expansion corner described in [44] and we set the epsilon value to 1
on the cells around the expansion corner. Please note that anywhere else, the
epsilon value is not fixed and can be modified freely.

REV3: In figures 15 and 16 the obtained results for the two different
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meshes are presented. A numerical Schlieren of the density variable is plotted.
The Schlieren values are calculated as

Sch = exp

{
−β
(
|∇ρ| −min |∇ρ|

max |∇ρ| −min |∇ρ|

)}
(49)

REV3: where β = 15 is the exposure factor and the maximum and
minimum are taken over the whole calculable domain, that is, excluding ghost
points.

REV3: It is seen that the WENO5 ADA scheme triggers the Kelvin-
Helmholtz instability that occurs around y = 0.8 in both meshes, which is
barely captured by the WENO5 scheme. The results of the WENO5 ADA
scheme in the finer grid we observe a fully developed instability which would
require a very fine grid for the WENO5 scheme to obtain similar results.

Figure 15: Mach 3 tunnel with a step. WENO5 (top) vs. WENO5 ADA (bottom) density
schlieren distribution at t = 4. 300x100 mesh.
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Figure 16: Mach 3 tunnel with a step. WENO5 (top) vs. WENO5 ADA (bottom) density
schlieren distribution at t = 4. 600x200 mesh.

REV3: In figure 17, the epsilon value for the final time is plotted for
both test meshes. It can be seen that the highest values of epsilon are gathered
around shock zones, as expected.
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Figure 17: Mach 3 tunnel with a step WENO5 ADA epsilon value distribution at t = 4.
300x100 mesh (top) vs. 600x200 mesh (bottom).
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Figure 18: Mach 3 tunnel with a step. WENO5 ADA % of detected cells during the
simulation. 300x100 and 600x200 meshes.

REV3: The evolution of the detected cells along the simulation is shown
in figure 10. For this test case, the troubled cells constitute a fraction of the
total domain that is under 0.8%.

REV3: In this section we have validated the proposed methodology using
two-dimensional benchmarks. Next section will be devoted to study three-
dimensional test cases.

8.3. Three-dimensional test cases

8.3.1. Incompressible isotropic Taylor-Green vortex

Incompressible isotropic Taylor-Green vortex The Taylor-Green vortex is
the simplest model for the analysis of the nonlinear transfer of kinetic energy
among the different scales of the flow. Even if it is simple to construct, it con-
tains several physical processes that are key to understand turbulence. The
inviscid version (infinite Reynolds number) of this test case is solved in order
to assess the behavior of the proposed method in under-resolved simulations,
which are commonly found in industrial computations of turbulent flows
at high Reynolds numbers, and to examine the capability of the proposed
ILES scheme to reproduce transition to turbulence. For very large Reynolds
numbers (Re → ∞), it is known that statistically isotropic turbulence of
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incompressible flows develops following the (−5/3) decay Kolmogorov’s law
of the kinetic-energy spectra within the inertial subrange around t ≈ 9 [45].
A physically consistent numerical method developed for ILES should recover
this behavior. In this test case, γ = 5/3 is used. The initial conditions of the
Taylor-Green vortex are:

ρ(x, y, z, 0) = 1

u(x, y, z, 0) = sin(x) cos(y) cos(z)

v(x, y, z, 0) = − cos(x) sin(y) cos(z) (50)

w(x, y, z, 0) = 0

p(x, y, z, 0) = 100 + 1
16

[(cos(2x) + cos(2y))(2 + cos(2z))− 2]

We solve these equations in a periodic [0, 2π]3 domain, using a 643 grid,
until a final time of t = 10. This grid is used in order to check the behavior
of the method for an under-resolved turbulent simulation. Since the density
must remain constant in this test case, the kinetic energy is used as the
variable to detect oscillations with the a posteriori method.

The evolution of the normalized total kinetic energy and enstrophy using
the proposed scheme is shown in figure 19, where the present approach is
compared with the results using the unmodified WENO5 scheme.

The non-linear interactions generate successively smaller scales, but the
kinetic energy remains constant until t ≈ 4. The results obtained by the pro-
posed approach, are in excellent agreement with the reference solution, both
in terms of the kinetic energy and enstrophy. The use of the ADA method
greatly improves the results obtained with the original WENO5 scheme, and
it allows to obtain comparable results other schemes presented in the liter-
ature [46]. REV1: Even for the coarser grid, the method reproduces the
semi-analytical results presented in [47], and gets closer to the 81923 mesh
results of [48] .
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Figure 19: Incompressible isotropic Taylor-Green vortex. Evolution of the normalized ki-
netic energy (left), evolution of the normalized enstrophy compared with the semi-analytic
results of [47] (right). We also present a solution on a very fine grid of 81923 digitized
from [48] which was computed with a Discontinuous Galerking method. Obtained results
for 643- and 1283-point grids.

In figure 20 the velocity spectrum is shown for the WENO5 and WENO5-
ADA schemes. The proposed approach, contrary to the unmodified WENO5,
approximates really accurately the theoretical slope of (-5/3). This can be
explained because the WENO5 adds too much dissipation, making the sim-
ulation stable but not physical. Indeed, in figure 21 bottom the really differ-
ent behavior of WENO5 and WENO5 ADA can be seen at an earlier time
of t = 5. The WENO5 ADA approaches the DNS and yields better results
than the WENO5.
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Figure 20: Incompressible isotropic Taylor-Green vortex. Comparative velocity spectrum
at t = 10 for 643 and 1283 point grids.

In figure 21 the vorticity of WENO5 and WENO5 ADA is plotted for two
different time instants of t = 3 and t = 5, before and after the aforementioned
critical time of t = 4. The results show that for t = 3 we obtain similar
vorticity results, that match the little observable difference on the enstrophy
plot of figure 20, but on t = 5 the difference is really noticeable. Due to the
reduction of viscosity, the vorticity increases. In figure 22 the kinetic energy
of WENO5 and WENO5 ADA is plotted for the same times as before. This
figure shows that the kinetic energy decay starts later using the WENO5
ADA approach. REV1: This implies that the WENO5 ADA approach starts
to introduce additional viscosity when the first subgrid scales appear in the
flow at t ≈ 4.1.

In figures 21 and 22, a visualization of the vorticity and kinetic energy
iso-contours for t = 3 and t = 5 is presented for a 643-point grid. Once the
invisicid part is validated, the next test case will involve the full 3D Navier
Stokes equations.
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Figure 21: Incompressible isotropic Taylor-Green vortex. Visualization of the vortex
stretching through iso-contours of vorticity at t = 3 (top) and t = 5 (bottom) for the
WENO5 (left) and the WENO5 ADA (right). Obtained results for a 643-point grid.
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Figure 22: Incompressible isotropic Taylor-Green vortex. Plane cut-away views of the
kinetic energy field at t = 3 (top) and t = 5 (bottom) for the WENO5 (left) and the
WENO5 ADA (right). Obtained results for a 643-point grid.

8.3.2. Incompressible isotropic Taylor-Green vortex with Re = 1600

REV3: In order to analyze the effect of the ADA mechanism on the
viscous terms, a finite Reynolds Taylor Green Vortex is also presented. The
same domain as in the inviscid version is used, but the initial condition is
slightly varied to match the case description provided in [49]. The initial
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condition is set up as

u(x, y, z, 0) = sin(x) cos(y) cos(z) (51)

v(x, y, z, 0) = − cos(x) sin(y) cos(z) (52)

w(x, y, z, 0) = 0 (53)

p(x, y, z, 0) =
1

γM2
0

+
1

16
[cos(2x) + cos(2y)][cos(2z) + 2] (54)

ρ(x, y, z, 0) = γM2
0p(x, y, z, 0) (55)

REV3: The reference Mach number is chosen as M0 = 0.1 to mini-
mize compressibility effects. A constant Prandtl number of Pr = 0.71 and a
Reynolds number of Re = 1600 are used. The simulation is carried out until
t = 10.
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Figure 23: Incompressible isotropic Taylor-Green vortex with Re = 1600. Evolution of the
kinetic energy (left) and evolution of the enstrophy (right). In both cases the reference
DNS solution is digitized from [49].

REV3: In figure 23 the evolution in time of kinetic energy and enstrophy
is shown for two meshes, 643 and 1283. It can be seen that the ADA procedure
on the coarser mesh outperforms the original WENO in the finer mesh, while
being in fairly good agreement with the reference solution for the finer mesh.
In both cases, we obtain remarkable improvements with respect to the original
approach.
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8.3.3. Decay of compressible homogeneous isotropic turbulence

This test is a widely used benchmark [50, 51, 52, 53] that models a simple
viscous turbulent flow , but it allows to assess the ability of the numerical
scheme for Large Eddy Simulations (LES). The problem takes place in a pe-
riodic [0, 2π]3 domain. The initial three-dimensional kinetic energy spectrum
is defined as

E(k) ∼ k4 exp

(
−2

(
k

k0

)2
)

(56)

where k is the magnitude of the wave number vector, and k0 = 4 is the
wavenumber at the peak of the spectrum. Using this initial energy spectrum,
λ0 = 0.5k0. Two different configurations will be tested in order to assess the
performance of the method.

HIT1 test case

The first test case, referred to as HIT1, and is taken from [51, 53]. Initial
velocity fluctuations are parametrized by the turbulent Mach number, and
also by the fraction of energy in the dilatational part of the velocity, χ = 0.2
[54]. The initial turbulent Mach number is taken as Mt0 = 0.4 and the initial
Taylor microscale Reynolds number Reλ0 = 2157, which corresponds to a
Reynolds number Re = 536.9 [55]. The initial density and temperature fields
are given by:

(ρ′rms)
2
/〈ρ〉2 = 0.032

(T ′rms)
2
/〈T 〉2 = 0.005

(57)

The symbol 〈〉 refers to mean value and primes denote fluctuating vari-
ables. Subscript rms stands for root mean square. In the case of the velocity,
we define vrms as

vrms =

√
〈v′iv′i〉

3
(58)

Two different grids of 323 and 643 points are used. The time stepping for
the coarser grid is ∆t = 0.05 which corresponds to 300 iterations until the
final eddy turnover time t/τ = 1.2. REV2: For the finer grid ∆t = 0.025 is
used, which corresponds to 600 iterations..
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These grids correspond to under-resolved simulations, since we are in-
terested in the behavior of the scheme in LES simulations. The results are
compared with a reference solution computed with a sixth-order compact Fi-
nite Difference scheme, with explicit filtering using a tenth-order Padé filter
[56]. This solution closely follows the DNS results presented in [29].
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Figure 24: Decay of compressible homogeneous isotropic turbulence. HIT1 case. Evolution
of kinetic energy (top left), mean-square density fluctuations (top right), normalized mean-
square temperature fluctuations (bottom left) and energy spectrum (bottom right) for a
323- and 643-point grids. DNS results obtained by using a 1283-point grid with a sixth-
order compact differences plus a tenth-order filter as in [29].

In figure 24 the results for this test case are plotted. A real improvement
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of the WENO5 ADA scheme is observed, achieving even better results than
those of the WENO5 on a finer grid. For the finest 643-point grid, the results
follow the DNS really closely over time for all plotted variables. Concerning
the energy spectrum, the two different slopes that were described earlier
are captured by the numerical simulation. Thus, the slope k−5/3 holds on
the inertial range and k−11/3 holds on the smallest scales. It is seen that
the results obtained by both numerical schemes follow these slopes, but the
WENO5 ADA achieves closer results to the DNS on the finer grid, and on
the coarser grid performs slightly better than the WENO5 on the finer grid.

HIT2 test case

The second configuration is taken from [46, 57]. The initial flow param-
eters are Reλ0 = 100 and Mt0 = 0.6. In this case the density and pressure
fields are initially constant. We take ρ = 1 and the pressure is computed
accordingly.

This setup corresponds to the nonlinear subsonic regime and weak shock-
lets develop spontaneously from the turbulent motion. This fact poses a
challenge to the accuracy of any numerical scheme, as explained in [46, 57].

In figure 25 the results of the WENO5 and WENO5 ADA are plotted
along with the results for the DNS from [46]. For this test case, the WENO5
ADA scheme is in really good agreement with the DNS, and greatly outper-
forms the results obtained by the original scheme. It is remarkable the ex-
cellent agreement between the results of the proposed WENO ADA scheme
and the DNS solutions for the mean-square velocity, enstrophy, dilatation
and temperature fluctuations. We note the excellent behavior of the pro-
posed scheme to reproduce the thermodynamic variables of the flow.

The energy spectra for the WENO ADA and the original WENO5 schemes
are plotted in figure 26. Using the proposed scheme, the obtained spectrum
closely follows that of the DNS in the whole range of scales under the Nyquist
frequency.
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Figure 25: Decay of compressible homogeneous isotropic turbulence. HIT2 case. Evo-
lution of mean-square velocity (top left), dilatation (top right), normalized mean-square
temperature fluctuations (bottom left) and enstrophy (bottom right) for a 643-point grid.
DNS results digitized from [46].
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Figure 26: Decay of compressible homogeneous isotropic turbulence. HIT2 case. Instan-
taneous three-dimensional velocity spectrum at t/τ = 4 for a 643-point grid. DNS results
digitized from [46].

9. Conclusions

In this work a coupling of the Adaptive Dissipation Adjustment (ADA)
with the WENO5 numerical scheme is proposed in conjunction with the
a posteriori paradigm. This is achieved by separating the WENO recon-
struction into a central and a dissipative part and inserting a multiplicative
coefficient ε ∈ [0, 1] on the latter. This coefficient regulates the amount of
dissipation introduced in the inviscid flux reconstruction, adjusting its value
by evaluating the content of high frequencies of the solution with the aid of
the energy ratio. It achieves similar results to the original scheme in the one-
dimensional test cases that have been presented, and greatly improves the
results for the turbulent three-dimensional ones. By looking at the WENO5
results, it is clearly seen that the stability of the scheme does not necessarily
imply any physical correctness at all, since the WENO5 results, although
numerically stable, does not exhibit the physical features of the DNS results.
On the contrary, the obtained results of the WENO5 ADA method are in
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really good agreement with the DNS, outperforming other reference schemes
for some of the test cases.

The present formulation, although it is explained for the WENO5 scheme,
it can be readily extended to other members of the WENO family, the only
changes being the function ϕN of equation (33) and the central scheme that
will be applied.
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