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Whenintense lightwaves accelerate electrons through asolid, the emerging
high-order harmonic (HH) radiation offers key insights into the material* ™.,

Sub-optical-cycle dynamics—such as dynamical Bloch oscillations®, quasiparticle
collisions®?, valley pseudospin switching® and heating of Dirac gases'°—leave
fingerprints in the HH spectra of conventional solids. Topologically non-trivial

matter*%

with invariants that are robust against imperfections has been predicted to

supportunconventional HH generation'®?°, Here we experimentally demonstrate HH
generationin athree-dimensional topological insulator—bismuth telluride. The
frequency of the terahertz driving field sharply discriminates between HH generation
from the bulk and from the topological surface, where the unique combination of
long scattering times owing to spin-momentum locking" and the quasi-relativistic
dispersion enables unusually efficient HH generation. Intriguingly, all observed
orders canbe continuously shifted to arbitrary non-integer multiples of the driving
frequency by varying the carrier-envelope phase of the driving field—in line with
quantum theory. The anomalous Berry curvature warranted by the non-trivial
topology enforces meandering ballistic trajectories of the Dirac fermions, causinga
hallmark polarization pattern of the HH emission. Our study provides a platform to
explore topology and relativistic quantum physics in strong-field control, and could
lead to non-dissipative topological electronics at infrared frequencies.

High-order harmonic generation (HHG) in solids' "'is adramatic mani-
festation of strong-field light-matter interaction: anatomically strong
lightwave with a well defined carrier-envelope phase (CEP) acts as an
a.c. bias, which can drive non-perturbative transitions between dif-
ferent electronic bands®*® and charge currents within the bands® ",
Symmetries have a key role. In inversion-symmetric media, positive
and negative half cycles of the driving field induce ultrashort bursts of
electromagnetic radiation, resulting in acomb of odd multiples of the
driving frequency"*®°. In contrast, even and odd orders emerge from
solids with broken inversion symmetry**. For conventional semicon-
ductors®***?, dielectrics** and graphene®'*?* efficient scattering and
dephasing destroys the electronic quantummemory on extremely short
timescales' ', setting narrow limits to strong-field quantum control.
Non-trivial topology promises a paradigm change®2°?*% |n
three-dimensional topological insulators (TIs), spin-orbit interac-
tion and time-reversal symmetry lead to a unique scenario, where an
insulating bulk with an inverted band order is inseparably connected
with conducting surface states™ 7%, The latter feature an odd number
of gapless Dirac cones with helical spin texture™ that are topologically
protected against non-magnetic perturbations. Spin-momentum lock-
ingsuppresses electronic backscattering and facilitates scattering times
of morethan1ps (ref.”). Moreover, acceleration through the Dirac point

should abruptly reverse the group velocity®'*?2263 causing dramatic
optical nonlinearities" and making Tls a prime medium for HHG. Topo-
logicalinvariants have been predicted toimprint a characteristic polari-
zation on the HH emission'®'*?282 Despite these exciting prospects,
HH studies of three-dimensional TIs have been hampered by the chal-
lenge toselectively investigate the surface topological Dirac fermions,
the response of which is often overwhelmed by the bulk contribution.

Here we explore HHG from the prototypical three-dimensional TI
bismuth telluride (Bi,Te;). By tuning the driving frequency, we select
between HHG dominated by the bulk or the surface state and discover a
novel mechanism of HHG: ballistic acceleration of Dirac currentsin the
topologically protected surface state (TSS). These dynamics manifestin
asmooth continuous shift of the HH spectra with the CEP of the driving
field, allowing for purely non-integer HHG. A characteristic alternating
polarization of adjacent harmonic orders reflects the unusual shape
of the Berry curvature in the vicinity of the Dirac point warranted by
the topological invariant.

Separating bulk and surface HHG

The low photon energy of driving fields in the multi-terahertz
(multi-THz) spectral window has proven particularly suitable to
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Fig.1|HHemissionfromaTI.a, Experimental scheme. Anintense s-polarized
THz pulse (black curve) is focused onto single-crystalline Bi,Te, kept at room
temperature; emerging HH radiation polarized parallel (E5}}*, red waveform)
and perpendicular (£, blue waveform) to the driving field is collected in
reflection geometry. Inset: schematic band structure, featuring the Dirac-like
dispersion of the TSS (light grey) and parabolic bulk bands (dark grey). The top
and bottom sketchesrepresent HHG from the bulk and the surface,
respectively. b, HH spectral intensity, /,,,, for five driving frequencies between
25THzand 42 THz (Ey, =20 MV cm™). Neighbouring spectra are vertically
offset by afactor of 10 for clarity. ¢, Amplitude transmission, ¢,, of a
6.5-pm-thick Bi,Te; crystal, obtained by THz time-domain spectroscopy. The

investigate semiconductors and Dirac materials!>#8101213.17.22.24-262930_
We focus CEP-stable, few-cycle pulses featuring a tunable centre fre-
quency of 25 THz < vy, <42 THz onto a freshly cleaved (0001) surface
of Bi,Te; kept at room temperature (Fig. 1a). The bulk single crystal
hosts a TSS with a Fermi level about 200 meV above the Dirac point
(Methods). The incident peak THz electric field can be tuned up to
Er, =29 MV ecm ™ without damaging the sample. Owing to the large
mid-infrared dielectric function of Bi, Te,, these fields are reduced
inside the material to peak values below 3MV cm™ (Methods), whichis
smaller than typical peak fields used for HHG in conventional dielectrics
by approximately one order of magnitude.

Despite these moderate THz field strengths, distinct HH radiationis
detectedina45°reflection geometry. Figure 1b depicts the HH spectral
intensity, I, for five THz driving frequencies, vy,,,. All spectra cover the
infrared, visible and near-ultraviolet window, with harmonic orders up
to n =31. Interestingly, for v;,,=42 THz, 37 THz and 33 THz, the emis-
sion is dominated by odd-order harmonics. With decreasing vy,,, the
overall HH intensity drops and faint even orders emerge; even-order
and odd-order harmonics are emitted with comparable strength, for
Vi, =28 THz and vy, =25 THz. As the inversion symmetry of Bi,Te, is
broken at the surface only, the emergence of even orders indicates
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edgeatabout37 THz corresponds to the bulk bandgap. Coloured arrows mark
the frequencies of the THz waveforms used for HHG in b. d, Intensity of
harmonicordern=7 (HH7,red, v;;;,=42 THz) and n=14 (HH14, blue,

Vi, =28 THz) asafunction of the peak THz electric field, E,,,. The black dashed
lineindicates a perturbative scaling law /,;,,« E>*= E*, At higher field strengths,
the intensity of the seventh harmonic scales much weaker with /< E? (red
brokenline). For vy, =28 THz, the intensity of the emitted harmonics follows
thescaling law I, < E>8%1 (black dashed line), forintermediate field strength,
beforeitstartstoscaleas /= E£>7*°3 (blue broken line), for the highest field
strengths.

that the spectra recorded for vy, <28 THz predominantly stem from
the Tl surface. Conversely, the odd-order HH radiation obtained for
Vrn, = 35 THZz originates from the inversion-symmetric bulk.

The linear THz transmission spectrum of our Bi,Te; sample
(Fig. 1c) reveals how the choice of v, selects between bulk and
surface HHG. The drop in transmission for frequencies above 35 THz
coincides with the bulk bandgap of Bi,Te;, E, (Methods). Hence, THz
pulses with hvyy, 2 E, (Where h is Planck’s constant) can photoex-
cite electron-hole pairsin the bulk material by resonantinterband
transitions. These charge carriers may subsequently be accelerated
by the THz carrier wave for efficient HHG (Fig. 1a, top right inset).
Conversely, for hvyy,, < E,, the photon energies are too small for
one-photon interband transitions in the bulk and for the moder-
ate THz fields used here, non-resonant interband transitions are
not efficient enough to allow for strong HHG from the bulk either
(see Methods for a quantitative estimate). Hence, the odd-order
harmonic generation from the bulk becomes too weak to dominate
our spectra. Yet the surface band contains a sizeable density (about
4.5x 10" cm™) of Dirac fermions that can be directly accelerated
by the THz wave (Fig. 1a, bottom right inset). This suggests that
lightwave acceleration of Dirac fermions in the TSS governs HHG
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Fig.2|Dependence of the HH emission onthe CEP of the driving field. a,
Surface HH spectra for three different CEPs, @ =0 (blue curve), @, = 0.5
(red curve) and @ =Tt (black curve) of the driving THz waveform (vy,,=25THz,
Ery,=21MVcm™). Inset: electro-optically detected THz waveform for ¢ =0
(blue curve) and @ = 0.51 (red curve). b, Full CEP dependence of the HH
spectra (colour map) from the TSS. The spectral position of the individual HH
orders continuously changes while varying the CEP. The black dashed lines
indicate the slope of the shift of /,;,, with the CEP. ¢, Bulk-generated HH spectra,
for three different CEPs of the driving waveform (v,;,=42 THz,

for vy, <35 THz, despite the low thickness of the TSS (about 1 nm)
compared with typical optical absorption lengths in the bulk (about
30 to 100 nm, corresponding to a thickness ratio of about 107%). A
detailed comparison of /,;;; obtained for above- and below-bandgap
driving is shown in Extended Data Fig. 3.

This scenario is further supported by the power scaling of HHG. In
bulk semiconductors, HHG has been shown to scale perturbatively?”,
forintermediate field strengths, such that the intensity of the nth har-
monic grows as /, = E;,,,”". For yet stronger fields, non-perturbative
nonlinearities set in and /, increases more slowly, owing to subcycle
interband Rabi oscillations*. I, follows this pattern very well for
hvyy, 2 E, (Fig.1d, red data points), corroborating that bulk HHG domi-
nates for large vqy,. In contrast, surface-dominated HHG (hvqy, < Ey)
scales differently (Fig. 1d, blue data points), reflecting the different
nature of this process.
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Ery,=29MVcem™). The observed odd-order harmonicsn=7,9,11and 13 show
virtually no CEP dependence.d, A full scanreveals nostronginfluence of the
CEPon/y,, (colourscale). e, Asimulation of /,,,, from the TSS with a full quantum
mechanical model based on the SBEs reproduces the strong CEP dependence,
including the quantitative slope of the frequency shift (dashed lines). The
waveform parameters, including pulse duration, field strength and spectral
phase, have been adapted from the experiment.f, A simulation of the CEP
dependence of bulk HHG confirms a negligible shift of the harmonic orders.

Non-integer HHG from the surface state

Yet more intriguingly, HHG in the bulk and the TSS show fundamen-
tally different dependences on the CEP of the THz waveform, @ .
Whereas the HH spectra from the bulk crystal (Fig. 2c, d) show virtually
no dependence on the CEP, acceleration of Dirac electrons in the TSS
(Fig.2a, b) reveals apronounced shift of the harmonic orders with ¢gp.
In the TSS (Fig. 2a), the spectra for @ = 0 and @ = 0.51 (see THz
waveformsin the inset) feature maxima and minima at complementary
positions, whereas the spectra for ¢ = 0 and @ = Tt are practically
identical. More systematically, all harmonic orders can be continu-
ously shifted with the CEP (Fig.2b) by Av=vy,,, X (/1) (black dashed
lines). Notably, @, canbe set such that the local maxima of /,,;are not
related to any integer multiple of vy,,,. Also, any observed harmonic of
order n can be continuously shifted to order n + s by offsetting ¢, by
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Fig.3|Microscopic origin of high-efficiency HHG from the TSS.a, The
Dirac-like electron dispersion of the TSS leads to an abrupt change of the group
velocity (slope of theband) whenelectrons are accelerated through the vicinity
oftheT point (blue trajectory). b, Lightwave-driven currents in the TSS. Top:
THzdriving waveform (frequency vy, =25 THz, internal peak THz field,
Ery,=3MVcm™) used for the simulations. Middle: the semiclassically
computed average momentum excursion, k(t), of the Fermisurface of Dirac
fermions (black curve, left axis) follows the vector potential, A(t) (red data
points, right axis), of thedriving field. Bottom: corresponding group velocity
components of the Dirac electronsin the TSS parallel (v,, blue) and

sx T, where s can be any real number. This CEP effect is qualitatively
different from HH spectra reported for conventional insulators and
semiconductors®*®, where CEP-dependent spectral features are super-
imposed on CEP-independentinteger-order harmonicradiationin the
vicinity of the cut-offregion. In contrast, allharmonic orders observed
in Fig. 2a smoothly and continuously shift with ¢, without a trace
of CEP-independent integer-order harmonics. This unique situation
manifests in a featureless decrease of the intensity of each spectral
maximum with ¢, (Extended Data Fig. 4). Importantly, this strong
CEP dependence occurs only for HHG from the TSS (hvqy,, <E,), and is
entirely absent for bulk HHG (hvyy,, > E,).

To pinpoint the unique nature of the underlying microscopic
lightwave-driven dynamics in the TI, we simulate the experimental find-
ings with a full quantum theory. We first compute the electronic band
structure of bulk and surface states of Bi, Te; and describe the TSS with
an effective model Hamiltonian that reproduces the symmetry of our
system, its band structure, the hexagonal warping of the spin texture,
theinterband dipole moments and the Berry curvature (Methods). To
describe HHG from the TSS and the bulk on equal footing, we account
for the possibility of both interband and intraband dynamics by solv-
ing the semiconductor Bloch equations® (SBEs, see Methods). The
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perpendicular (v, red) to the THz driving field. Both components abruptly
reverse sign during zero crossings of the momentum space trajectories, that s,
whentheelectrons traverse the Dirac point (dashed vertical lines), efficiently
emitting broadband HH radiation. ¢, Out-of-plane component of the Berry
curvature, Q,, of the TSS of Bi, Te,. Accelerating Dirac electrons along thelK
direction canlead toananomalous velocity contribution by the Berry
curvature.d, Real-space trajectory of lightwave-driven Diracelectrons
computed semiclassically (black curve). The blue and red lines represent
projections of the trajectory onto thexandydirections.

computed HH spectraattest to the fundamental difference betweenthe
TSS (Fig. 2e) and the bulk (Fig. 2f). The pronounced CEP dependence
of surface-generated HH spectra, including the quantitative slope of
the CEP-dependent frequency shift (black dashed lines), is faithfully
confirmed. Conversely, CEP effects are negligible in the bulk HH spectra
(Fig. 2f) for the orders depicted, in line with our experiment (Fig. 2d)
and literature on conventional semiconductors?.

Asin other undoped semiconductors, HHG in bulk Bi,Te; requires
interband transitions to promote charge carriers into incompletely
filled bands by subcycle Rabi oscillations, which tie the HH emis-
sion events temporally to the field crests of the carrier wave*’. For
Eqi, <3 MV cm™, non-resonant interband tunnelling is extremely
unlikely (Extended Data Fig. 2), which explains why bulk contribu-
tions to HHG are weak for hvy,, < E,. In contrast, a sizeable interband
polarizationis directly created by resonant excitation for vy, > E,. The
polarization then undergoes intraband acceleration or other anhar-
monic dynamics'*%7°, The intraband current becomes particularly
anharmonic away from the parabolic band extrema where the electron-
hole polarization initially emerges. Subcycle electron scattering and
averaging over the spatially inhomogeneous transverse beam profile™
suppressthe effect of the driving waveform onintraband contributions.



a Harmonic order, n
14 15 16 17 18 19 20
1 1 1 1 1 1
T
(]
N
©
£
o]
£
I
\I
2
‘@
=
[0
£
Cc
c 2] )
: 3 a
5 10 . SN )
= 4 \\ ’ \ s
8 .7 \ ’ \ s
5 4 \\ / \\ //
S O0T-Q@--------- SRR AR N o7
'3 g
d 10 : i f i : :
[*
. 204 ) ,»Q\ /
[ 7N , \ /
3 / AN 4 N /
pr ’ \ ,/ \ /
K] 101 ,/ \\ ’ \ 4
= ’ \ ’ N /
- V2 N _/ N 4
g 5] o %
S Of------——"——- - ________
_10 T T T T T T
15 16 17 18 19 20

Harmonic order, n

Fig.4|Tracing geometric phase effectsin HH radiation from the TSS.

a, Polarization-resolved intensity, Iy, (Vry, =25 THz, E7y,=24 MV cm™) along the
K direction, as measured witha polarimetry setup consisting of arotatable
quarter-wave plate and afixed Glan-Thompson polarizer. Representative
spectrafor two angles of the quarter-wave plate, 6=0° (blue curve) and 6=50°
(red curve).Inset: polarization ellipse defining the orientation angle, a, and the
ellipticity angle, y.b, Spectrally integrated intensity of harmonic orders n=15

Thus, shifting @ typically affects only the highest harmonic orders
while leaving the spectral shape and position of intermediate orders
untouched (Fig. 2¢, d, f).

HHG in the TSS is qualitatively different. (1) The pre-existing Fermi
surface canbeaccelerated without the need for strong-field interband
transitions. Indeed, switching off interband transitions in the SBEs
yields qualitatively identical HH spectraand CEP dependence (Extended
DataFig. 5). (2) As spin-momentum locking suppresses scattering,
Diracfermionsin Bi,Te, can be accelerated ballistically over timescales
exceeding1ps (ref.”). (3) The Dirac-like dispersion entails an extremely
anharmonic response to even weak driving because the largest non-
linearity occursinthe centre of the surface Brillouin zone (I'point, see
Extended DataFig. 6), where the slope of the conduction band abruptly
flips sign (Fig. 3a). According to Bloch’s acceleration theorem, the THz
drivingfield (Fig. 3b, top) shifts the centre of the Fermi circlein momen-
tum space (Fig. 3b, centre, black curve) and the excursion follows the
vector potential of the driving field (Fig. 3b, centre, red spheres). When
the Dirac fermions are accelerated through the vicinity of thel point,
their group velocity abruptly flips (Fig. 3b, bottom), generating
high-frequency radiation at the Brillouin zone centre (see also Extended
DataFig. 6).Forillustration, these curves were obtained with the sem-
iclassical Boltzmann equation, but quantum mechanical wave-packet
dynamicsyield comparableresults (Extended DataFig. 7). If the Dirac

HH16

Polarizer angle, 6

HH17 HH18
HH19 HH20

AT

ton=20asafunction of 6.Black curvesrepresentafit to the experimental data
employing the Stokes formalism (Methods). ¢, The orientation angle, a,
alternates between neighbouring harmonic orders, characteristic of the effect
ofthe Berry curvature. Error bars indicate the average 95% confidence interval
ofthe numerical extraction of a from the experimental data.d, The orientation
angle, a, extracted fromasolution of the SBEs* reproduces the alternating
polarization patternobservedinc.

fermions move ballistically between successive cycles of the driving
field, the instance when they pass the ' point depends on their accel-
eration history. Thus, the action of the THz wave accumulates over
multiple oscillation periods and the exact timing of the HH train
changes withthe THz waveform, chirp and CEP, causing the shift of the
HH spectra observedinFig.2a, b, e.

Tracing geometric phase effects

These ballistic dynamics open avery rare view onto coherent transport
intopological matter. As afirst exciting example, we investigate a finite
geometric phase effect on HHG. Figure 3c depicts the Berry curvature?”
Q=V, x ¥|V,|¥,), along different crystal directions, with ¥, being
the positive-energy eigenstate of the surface state Hamiltonian (Meth-
ods) and k denoting the crystal momentum . Q vanishes along the
high-symmetry directionI'M, where net effects on HHG cancel. In con-
trast, for an acceleration in the 'K direction, the Berry curvature can
induce an average perpendicular velocity component, v, (Fig. 3b, red
curve), which abruptly changes upon acceleration through the centre
of the Brillouin zone. The resulting meandering trajectory (Fig. 3d)
should manifestin aperpendicular polarization component ofthe HH
spectra. Note that v, flips sign with alternating positive and negative
slopes in successive THz half cycles, whereas v, shows the same
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negative slope forall zero crossings (Fig. 3b). Therefore, v, and v, cause
odd-order and even-order harmonics, respectively,and odd and even
orders should feature different polarizations®.

To test this conjecture, we performed systematic polarimetry?
byrecording the HH intensity after a fixed polarizer, while aquarter-
wave plate placed before the polarizer was continuously rotated by
anangle 6 (see exemplary spectrain Fig. 4a). The resulting polar dia-
gramretrieved for each harmonic order nencodes the polarization
state (Fig.4b). For n=15,aregular four-lobe pattern aligned with the
driving field is obtained; the patterns of all other orders are rotated.
Fromthese data, we can uniquely extract the degree of polarization,
o, the orientation angle, a, and the ellipticity angle, y (Fig. 4a, inset,
Extended DataFig. 8), which perfectly describe the polarimetry data
(Fig. 4b, black lines). Strikingly, « alternates between adjacent orders
(Fig. 4c); it remains small for odd orders and reaches values of up
to 20° for even orders. Because the ellipticity angle y remains small
throughout (Extended Data Fig. 8), these modulations describe a
polarizationrotation of adjacent HH orders—in qualitative agreement
with the above prediction and a quantum simulation (Fig. 4d). Our
results corroborate that the surface-based HH emission originates
from the ballistic motion of quasi-relativistic fermions through the
Dirac point while the electron wavefunctions accumulate ageomet-
ric phase.

Concluding remarks

We have demonstrated HHG ina T1. By choosing a driving frequency
above the bulk bandgap, bulk-dominated odd-order HHG featuring
no CEP dependence is observed. If vy, is tuned below E,/h, inter-
band excitation across the bulk bandgap is strongly suppressed and
the HH spectra are dominated by contributions from the metallic
surface state, resulting in even-order and odd-order harmonics.
An unprecedented dependence of the emitted spectra on the CEP
of the driving field reveals that HHG in the surface state is directly
linked to the presence of a Dirac point. Moreover, an anomalous
polarization component unveils the influence of the Berry curvature
inthe TSS. Strong-field ballistic control of topologically protected
surface states opens a unique laboratory to test fundamental pre-
dictions of relativistic quantum physics. Specifically, the abrupt
spin flip occurring directly at the Dirac point deserves additional
experimental and theoretical attention. Going beyond the domi-
nant intraband currents studied here, intriguing signatures of Zit-
terbewegung (see quantum simulations in Extended Data Fig. 9),
Landau-Zener tunnelling and strong-field axion dynamics in a topo-
logically non-trivial environment may soon become accessible to
experimental observation.
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Methods

Experimental setup

A femtosecond titanium-sapphire laser amplifier (repetition rate,
3 kHz; pulse energy, 5.5 mJ; pulse duration, 33 fs; centre wavelength,
808 nm) is used to pump two parallel dual-stage optical paramet-
ric amplifiers, which deliver two signal pulses with tunable output
wavelengths between 1.1 pm and 1.7 pm (pulse energy 0.5 m}). Dif-
ference frequency generation between the two spectrally detuned
phase-correlated near-infrared pulses from the optical paramet-
ric amplifiers generates intense, phase-locked waveforms in the
multi-THz spectralregion. The subcycle time delay between the near-
infrared generation pulses sets the CEP of the THz pulses. The centre
frequency of the few-cycle THz pulses is varied between 25 THz
and 42 THz, while the electric peak fields reach values of multiple
10 MV cm™ (ref. 3). The field transients are focused onto the Bi,Te,
sample under an angle of incidence of 45°. The emitted HH radiationis
collimated and the corresponding spectraarerecorded withaspectro-
graph coupledto athermoelectrically cooled silicon charge-coupled
device camera, setting a natural long-wavelength limit of detection of
about1.2 um. The diffraction efficiency of the grating and the quan-
tum efficiency of the detector are corrected for in all spectra. The
THz waveforms are electro-optically sampled in a 6.5-um-thin zinc
telluride crystal. For the spectrum shown in Fig. 1c, an ultrabroad-
band THz transient was transmitted through a thin Bi,Te; window
(thickness, 6.5 pm) under normal incidence and electro-optically
detected. Recording a reference waveform transmitted through air
allowed for the extraction of the transmission coefficient (Fig. 1c),
whichindicates abandgap of about 150 meV, ingood agreement with
literature values®. Moreover, the transmission coefficient allows us
to calculate the refractive index of the Bi, Te, crystal, which was found
tobe n, =10, in line with literature values of n, = 9.2 (ref. **). Using
this value of the refractive index as well as the experimental angle
of incidence of 45°, we retrieve a peak field strength in the bismuth
telluride crystal of roughly £,,,=3 MV cm™.

Sample preparation

The Bi,Te; sample was grown by a floating zone Bridgman technique.
By choosing anappropriate solidification condition, agradationin the
carrier concentration was realized in aningot naturally formingap-n
junction®*. A clean and well-ordered surface was obtained by cleaving
the sample using the Scotch tape method. The samples were slightly
p-doped and the Dirac point was found to be located 200 meV below
the Fermienergy, by angle-resolved photoemission spectroscopy. The
sample orientation was determined by low-energy electron diffraction
(Extended DataFig.1).

Model Hamiltonian for Bi,Te;

Arealistic description of the energy landscape of charge carriers in
the TSSis the starting point for the simulation of the lightwave-driven
electron dynamics. Tothisend, we set up amodel k- p Hamiltonianthat
features the correct symmetry properties™:

Hiss(K) = Co+ CUOK* + Aok, = 0,k,) + 2RI (K3 - 3K3k )0, (1)

Here g,, 0,and 0, describe the Pauli matrices and k, and k, represent
the wave vectors along the x (F'K) and y ('M) directions, respectively.
The coefficients C,, C(k), A and R(k) were determined by fitting the
corresponding eigenenergies €(k) to a band structure calculated by
density functional theory as follows:

c 1
cl)=—3—73,
Koym 1 + (ij ()
sym

[ P —

4 ’
kasyml + k
kasym

wherec,=0.32eV, k=K, kyy=0.12A",r,=1.57 eV Aand k., =0.215A7".
The values for the remaining coefficients are given by C,=0.176 eV and
A=0.609 eV A. Using the Hamiltonian in equation (1), we also calculated
the Berry curvature??** Q(K) in reciprocal space (Fig. 3c).

(3)

Carrier-injection into bulk states and comparison of bulk- and
surface-state HHG

Althoughresonantinjection of charge carriers into the bulk conduction
bandis not possible, for vy, <E,, electrons can still undergo Zener tun-
nelling. Withaninternal peak THz electric field of about 3MV cm ™ and
acarrier frequency of 25 THz, we obtain a Keldysh parameter of y <1,
whereinterband excitations are well described by a tunnelling integral.
Assuming a realistic value for the reduced effective band mass in the
bulk m, = m, (m,, bare electron mass), we can easily estimate®* the
density of electrons tunnelling from the valence into the conduction
band within one half cycle of the driving field. Inserting the electric
field strength E;,,, =3 MV cm™ applied in the experiment, we calcu-
lated a three-dimensional electron-hole pair density of the order of
5x10" cm™ (Extended DataFig. 2a). This value corresponds to asheet
density of 5x10”2cm~2inal-nm-thick layer, comparable to the density
of Dirac fermions (4.5 x 10" cm™) in our topological surface layer. Yet,
massive band electrons and holes in the bulk are much less efficient in
HHG than Dirac fermions: for intraband currents of massive electron-
hole pairs to contribute to HHG in the visible spectral range, the charge
carrierswould have to be accelerated far out of the parabolic region of
their band structure. In sharp contrast, Dirac fermions feature by far
the strongest nonlinearity in the vicinity of the centre of the Brillouin
zone. Atthemoderate THz fields used inthe experiment, the efficiency
of HHG with massive electron-hole pairs in bulk is therefore strongly
suppressed compared with the case of the Dirac fermions in the topo-
logical surface state (compare Extended Data Fig. 2b).

Conversely, if resonant one-photon absorption becomes possible,
the electron-hole pair density strongly rises. For excitation at 40 THz
andaTHzabsorptionlength of 1um, one obtains a three-dimensional
electron-hole pair density of as much as 5 x 10* cm, At these densi-
ties, the transition should be strongly driveninto anonlinear response
regime*®—all of which boosts the efficiency of HHG. This explains why
the efficiency of HHG from the bulk abruptly increases for THz driving
frequencies exceeding the bulk bandgap.

Simulation of HHG in bulk and TSS with the SBEs

The CEP dependence of the HH spectra was modelled by SBEs?** using
the two-band model (equation (1)) of the Bi,Te; surface state. For a
realistic description of the experiments, we drove the dynamics by an
ultrashort Gaussian pulse

2

E(t)=Epppe o SinQuuvp t0+fo 0 = 0, (4)

withtime, ¢, pulse duration, 7, a variable CEP, ¢, and a fixed chirp,
Senirp» adapted to fit the experimentally measured waveform. For
instance, the below-bandgap simulations of Fig. 2 were carried out
for Ery, =3 MV cm™, vy, =25 THz, T=45 fs and f,,;,, = —1.25 THz. The
Fermi level was set to 0.2 eV above the band crossing at the I point
confirmed with angle-resolved photoemission spectroscopy of the
sample used in the experiment. The decay of off-diagonal density
matrix elements towards equilibrium was modelled with a time con-
stant of 10 fs, which represents an accepted simulation value™. Intra-
band currents (diagonal density matrix elements) decay towards their
equilibrium distribution with a scattering time 7, = 1 ps as
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demonstratedin ref.". The dephasing thus introduced should be con-
sidered as anapproximative means to account for experimental effects
that cause decoherence and that are not explicitly included in our
modelling. As an example, we mention the spatial inhomogeneity of
thelaser intensity, which leads to anincoherent superposition of sig-
nalsirradiated from different sample regions. We employed a 420 x 42
k-point grid for sampling the hexagonal two-dimensional Brillouin
zone. Although the shape of the emission spectrumis sensitive to the
specific parameter choice, the CEP dependence of the harmonic orders
(Fig.2e, f) and the polarization pattern (Fig. 4d) remain robust under
parameter variation.

For the CEP dependence of the HH spectra in the bulk Bi,Te;, we
employed a two-band model with the band structure

Hiyui(k) = 0.05eV0, +2.0 V| 2.033-cos(1.5ak,) -cos(L.5ak,) |o,, (5)

where o, and o, are Pauli matrices and a=4.38 A is the lattice constant
of Bi,Te,. The parameters are chosen such that the maximum dipole
moment computed from the Hamiltonian is 2 eA—a typical value for
semiconductors®*. We drove the dynamics by an ultrashort Gauss-
ian pulse (equation (4)) with a peak field strength inside the medium,
Ery,=3MVcm™andafrequency vy, =40 THz. The pulse duration and
chirp of the pulses was adapted to match the experimentally measured
transient (seeinset Fig. 2c). For simulating the bulk emission, we started
the dynamics with afilled valence band and an empty conductionband.
Here, diagonal density matrix elements decay with a time constant of
10fs, whereas off-diagonal terms are damped with a decay time of 1fs.
For the SBE simulations, we have used our in-house program package
CUED (see ‘Code availability’).

HHG in the semiclassical limit

By solving the SBEs?°, we fully account for intraband and interband
dynamics on equal footing, whichis a prerequisite for HHG inintrinsic
semiconductors featuringafinite bandgap. In these semiconductors,
there would beno HHG inthe absence of interband excitations—a pro-
cess not covered by semiclassical intraband currents. In contrast, HHG
from the topological surface state can occur even without interband
transitions, merely by ballistically accelerating the pre-existing Fermi
circle, which canbe consistently modelled by the Boltzmann equation.
Indeed, by switching off all dipole moments in the SBEs®, they morph
into the Boltzmann equation, which yield qualitatively identical HH
spectra and CEP dependence (Extended Data Fig. 5) as the full SBE
approach.

Semiclassical simulation of HHG in the topological surface
Foranintuitive first-order approximation, the microscopic mechanism
of HHGinthe TSS can be modelled starting with the semiclassical equa-
tions of motion for an electron in an electric field, E (ref. ¥):

. 10e(k)
= A ok kxQ(k), (6)
hk =-eE. (7

Here, f describes the real space velocity and k is the time derivative
of the electrons’ crystal momentum. Moreover, £ is the reduced
Planck’s constant, eis the elementary charge, and e and Q describe
thebandstructure and the corresponding Berry curvature extracted
fromthe Hamiltonian of equation (1). Aswe are interested in the accel-
eration within the two-dimensional surface state, we focus on the
in-plane motion. Thus, the velocities in real and reciprocal space are
givenby = (f,, r,, 0)'and k=(k, ky, 0)', where the superscript T indi-
cates transpose. Todescribe the motion of electrons within the topo-
logical surface state in reciprocal space, we employed the Boltzmann
equation*:

of (k, )
ot

% flk,£)=- %E(t)Vk k0 +[ ) ®)

]scattering

with f(k, ) denoting the distribution of electrons in momentum
space. The first term on the right-hand side describes the redistribu-
tion of electronsinthe presence of an electromagnetic field (compare
equation (7)), whereas the second term includes all changes of f(k, t)
caused by scattering within the surface state. Owing to spin-momen-
tum locking, which leads to extremely large scattering times of more
than1 ps (ref. "), this term is almost negligible. Solving equation (8)
for a THz waveform similar to the experimental condition (peak field
strengthinside the medium, £,,,=3MV cm™, vy,,,=25THz), we obtained
the full temporal evolution of the momentum distribution functionin
the TSS. From the velocity of the charge carriers averaged over momen-
tum space::

() = fIORK)), 9)

and its Fourier transform, we can calculate the emitted HH spectra
and their CEP dependence.

To demonstrate where an individual order is generated in momen-
tum space, we solved equations (6) and (7) under the action of a tran-
sient electric field pointing along the x direction. We avoided trivial
perpendicular velocity contributions by symmetrically placing two
test charges with a separation of k,=+0.001 A7 from the Dirac point
(perpendiculartothe direction of the driving field) and calculated the
emitted HH spectra (Extended Data Fig. 6a). The momentum space
origin of HHG can be located by tracking the intensity of a given har-
monic of order nas afunction of the starting point of the momentum
space trajectory (k,, k). Extended Data Fig. 6b shows the intensity of
harmonicorder n=15 (colour scale) as afunction of the starting point
inmomentumspace. Electrons placed close to the Dirac point perceive
the strongest nonlinearity whereas electrons starting far away from
the Dirac point do not significantly contribute to the HHG emission.

Stokes-Mueller formalism

Tomeasure the polarization state of the emitted HH radiation, we used
apolarimetry setup consisting of a quarter-wave plate on arotating
mount and a fixed Glan-Thompson polarizer oriented parallel to the
THz driving field. Employing the Stokes formalism with the Stokes
parameters S,, S;, S, and S; and the Mueller matrices for quarter-wave
plate and polarizer, we find the following expression for the intensity,
1(0) (ref. *):

16)=S,- %(1 + cos(8)) - S5 sin(6)sin(26) - %(1 - cos(6))
) (10)
cos(46) - 52(1 - cos(6))sin(46).

Here O represents the rotation angle and 6 represents the retard-
ance of the quarter-wave plate. The wavelength dependence of § was
measured and corrected for. Fitting equation (10) to the experimental
dataallowed ustoretrieve the complete polarization state defined by
the Stokes parameters. To identify possible anomalous polarization
components from the Berry curvature, we extracted the spherical
coordinates a and y, which span the polarization ellipse, as well as the
degree of polarization o (ref. %):

2a= arctan[%j, (11)
1
S3
2y=arctan| ————|, (12)
[Js% -5 J
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(13)

InExtended DataFig. 8, the extracted parameters are shown for the
polarization-resolved measurement illustrated in Fig. 4a, b.

Quantum mechanical wave-packet dynamicsin Bi,Te,

The fundamental HHG mechanism by ballistic Dirac currents computed
semiclassically in Fig.3b can be confirmed more rigorously by numeri-
cally propagating quantum mechanical wave packets of select test
charges. To this end, we solved the full time-dependent Schrodinger
equation* including the electric field of the THz pulse (E;,,=1MVcm™,
Vn, = 25 THZ), that is, H(K, t) = Hyss(K) + eE(£)x. We employed the C++
library ‘time-dependent quantum transport’ by Krueckl* for our simu-
lations. A more detailed description of the library is given in ref. *, Using
the model Hamiltonian for Bi,Te, from equation (1), we computed the
total evolution of two Gaussian wave packets centred at k,,=0A™and
k,o=20.04 A7

.

1 1 2 2
Wk, t)= %}ﬂ exp [—m[(kx—kxlo) +(ky=ky,0) D -¢(k,0), (14)

where ¢(k, 0) is the positive eigenstate of Hy(k) and Ak=0.002 A",
Similar to the semiclassical model, v, exhibits a strongly anharmonic
evolution (Extended Data Fig. 7), explaining efficient HHG even in
the presence of transitions between the two bands, asincluded in the
wave-packet calculations. The qualitative features of v, also resemble
the semiclassical model, but are smoother and show an amplitude of
similar order of magnitude as v,. As we did not include Pauli blocking
mechanisms and decoherence inthe model, it might overestimate inter-
band contributions but clearly confirms the influence of the Dirac-like
band structure and the Berry curvature on carrier motion.

Potential signatures of Zitterbewegung

The influence of interband transitions on the wave-packet
motion becomes evident when increasing the driving field above
E;y,=3MVcecm™and considering the same wave packets as in the last
section. We obtain a similar temporal evolution of v, (not shown) asin
Fig.3b with stronger anharmonic features than for £7,,=1MVcm™ In
v, (Extended Data Fig. 9), however, additional oscillations in the fre-
quency window between harmonic ordern=2and n=5are expected
toarise, whicharenotyetobservedin our experiment. They are easy to
distinguish from Berry curvature effects as they peak at zero crossings
ofthe THz field and show two key characteristics of Zitterbewegung.
(1) They only occur when states living in the different branches of a
Dirac system interfere with each other. The high-frequency oscilla-
tions start to appear after the electric field becomes strong enough
to drive Landau-Zener transitions between both bands. (2) The fre-
quency of Zitterbewegung depends on the energy separation of the
interfering states. As one would expect from this, the frequency of
theoscillationsincreases as long as the amplitude of the driving THz
field Ey,y, increases and decreases again when the amplitude of £,
returnsto zero. Observable signatures of Zitterbewegung are certainly
overestimated in this model calculation because of the neglection of
decoherence and the use of only two test charges instead of the full
Fermi surface. Yet, these predictions forecast which signatures one

may have to search for in future experiments of ballistic strong-field
Dirac control.

Data availability

The data supporting the findings of this study are available from the
corresponding authors upon request. Source data are provided with
this paper.

Code availability

The in-house program package CUED that was used to solve the SBE
isfreely available from GitHub (https://github.com/ccmt-regensburg/
CUED).
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b Reciprocal lattice

1% Brillouin zone

Extended DataFig.1|Crystallographicorientation of the Bi,Te;sample.
a, Low-energy electron diffraction of the Bi,Te; sample measured with an
electronenergy of 78 eV. The white spots mark the reciprocal lattice vectors.
b, Schematic of the reciprocal lattice vectors (blue) overlaid with the surface
Brillouin zone (red) and the corresponding high-symmetry directions.
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Vi, =28 THz (blue curve) resonantinterband transitionsin the bulk are not
possible and the peak electric THz field (about 3MV cm™) is too low for efficient
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reduced withrespecttothe above-bandgap bulk HH intensity by only one order
of magnitude.b, Adirect comparison of the same spectra/,,, asafunction of
the harmonic order, n, instead of the harmonic frequency, evenreveals aslight
enhancementof HHG in the TSS (v;;,=28 THz) withrespect to the
above-bandgap bulk HHG (v, =37 THz). Considering the low effective
thickness of the TSS of about 1 nm compared with the optical penetration
depth ofabout30nmto100 nmover whichbulk HHG s collected, this
comparison attests to the strong nonlinearity of Dirac electrons.
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Extended DataFig.7| Quantum mechanical wave-packet motionintheTSS.  parallel (v,, blue) and perpendicular (v), red) to the THz driving field calculated

a, Top: normalized vector potential, Ay, of the driving multi-THz waveform by solving the full time-dependent Schrodinger equation. Both components
(frequency vy, =25 THz; peak electric field E7,,,=1MV cm™). Dashed lines reverse sign during zero crossings of the momentum space trajectories. b, Real
highlight the zero crossings of the vector potential and the momentum space space trajectory of lightwave-driven Diracelectrons calculated by the

trajectories. Bottom: group velocity components of the electronsin the TSS velocitiesina.
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Extended DataFig. 8| Extended analysis of the polarimetry measurements.
Extracted orientationangle, a, ellipticity angle, y,and degree of polarization, g,
asafunction of the harmonic order, n. Although a shows an alternating
behaviour forevenand odd orders, the ellipticity remains relatively small for all
orders. The degree of polarization, g, decreases with increasing order, but still
remains sufficiently high to guarantee areliable extractionof aand y.
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Extended DataFig.9|Zitterbewegunginatopological surfacestate. Left:
three-dimensional scheme of the Dirac-like electron dispersion of the TSS. The
blue arrow highlights the quantum interference of different branches of the
Dirac system. Right: high-frequency oscillations (blue waveform) indicative of

Zitterbewegung depend on the energy separation of the interfering states
residing at different energy branches in our quantum mechanical calculations.
Theblack waveformrepresents the driving THz field Evy,.
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