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Abstract

We study on the Cauchy problem for non-degenerate Kirchhoff
type dissipative wave equations pu” + a (||AY?u(t)||?) Au+u' =0
and (u(0),4/(0)) = (ug, u1), where ug # 0 and the nonlocal nonlin-
ear term a(M) = 1+ M7 with v > 0. Under the suitably smallness
condition, we derive the upper decay estimates of the solution w(t)
for the case of 0 < vy < 1 in addition to v > 1.

2010 Mathematics Subject Classification. 35B40, 35L15

1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm | - |.
In this paper we investigate on the upper decay estimates of the solution
u(t) for the non-degenerate Kirchhoff type dissipative wave equations :
{ pu”+a(||A1/2u(t)H2) Au+u' =0, t>0 (1)

(w(0),w/(0)) = (uo, ur) € D(A) x D(AY?),

where u = wu(t) is an unknown real value function, p is a positive constant,
"'=d/dt, Ais a linear operator on H with dense domain D(A).

We assume that the operator A is self-adjoint and nonnegative such that
(Av,v) > 0 for v € D(A). The a-th power of A with dense domain D(A®) is
denoted by A for > 0, and the graph-norm of A® is denoted by ||v||o =
(Jlv]* + ||Aav|\2)% for v € D(A®). We use that |AY/20|? = (Av,v) for v €
D(AY?).

For the non-local nonlinear term a(M) € C°(]0,00)) N C?((0,0)), we as-
sume that as follows :
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Hyp.l K;<a(M)<K;+ KzM” forM >0
Hyp2 0<d(M)M < Kya(M) for M >0
Hyp.3 a/(M)M + |a"(M)|M? < KsM?  for M >0
withy>0and K; >0 (j =1,2,3,4,5).

From Hyp.1, we see that

M K
KM < / a(p) dp < <K2 + =3 M”) M. (1.2)
0 y+1

For typical examples, we have that
a(M)=1+M" with ~>0.

When the dimension is one, (1.1) describes small amplitude vibrations of
an elastic string (see [3], [6]).
We denote the energy E(¢) for (1.1) by

M(2)
E(t) = plld' 0] + / a(pydu with M) = [Au@.  (L3)

By fundamental calculation, we have the energy identity

d / 2 _
S B + 2l (1)) =0 (14)
and
E(t) + 2/0 I/ (s)|2 ds = E(0) (1.5)
with

A2 uo]|?
P0) = sl +2 a(y) dy.
Moreover, we introduce the quantities G(0) and B(0) on the initial data
(uo,u1) :

G(0) = [ Auol® A 2ol A 2uy ||* — [(A'2uo, AV Zuy)|
T A2 "0 af[| A 2uo|[?) [ A 2uq |4

and

[ual® 1+ Kq
[AM2ugl? " Ky

B(0) = max{ (Ks + K3(K{ 'E(0))7)2G(0)} .

In the previous paper [12], we have proved the following the global existence
theorem (see [1], [2], [9], [13] for local solutions).
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Theorem 1.1 Suppose that Hyp.1 and Hyp.2 are fulfilled. If the initial data
(1o, u1) belong to D(A) x D(AY?) and ug # 0, and moreover, the coefficient p
and the nitial data (ug,u1) satisfy

1

9 B0)S <« —
pG(0)2 B(0) <Kl

then the problem (1.1) admits a unique global solution u(t) in the class
([0, 00); D(A)) N C'([0, 00); D(A?)) N C*([0, 00); H)

and the solution u(t) satisfies

[u(®)]? < C(lluol® + E(0)), (1.6)
K\ M(t) < E(t) < E(0), (17)
|M'(t)] 1
PME) SKitl (1.8)
| Au(®)]? [’ ()11
S <00, LR < B, (19)

and M (t) > Ce™t with some a > 0 for t > 0.

We do not need the assumption that v > 1 in our argument (see [4] for
v > 1 that is, a(-) € C1([0,00)), and a’'(M) > Ko > 0 for v > 0 (see [11] for
a(M) = (1+ M) with v > 0).

The purpose of this paper to derive upper decay estimates of the solution
u(t) of (1.1) for the case of 0 < v < 1 in addition to v > 1, under Hyp.1, Hyp.2,
Hyp.3.

Our main result is as follows.

Theorem 1.2 Suppose that the assumption of Theorem 1.1 and Hyp.3 are
fulfilled. Then, the solution u(t) of (1.1) satisfies

AV 2u()* < C(L+6)7,

CA+t)~0+20) 4f 0<y< i

I 2 2 2>
Iu@W—HMMMIS{Cu+w4 ioasl,

HNA+29) 4f 0<y < i

li i C(]‘ +t)7(
[AY 24/ ()] + lu” ()| < { _ )
C(1+t)3 if v>3

fort>0.

The proof of Theorem 1.2 will be given by Propositions 2.2-2.5 in the next
section.

The notations we use in the paper are standard. Positive constants will be
denoted by C' and will change from line to line.
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2 Decay Rates

The following generalized Nakao type inequality is useful to derive decay
estimates of energies (see [5], [7], [8], [10] for the proof).

Lemma 2.1 Let ¢(t) be a non-negative function on [0,00) and satisfy

S $(s)' < (kod(t)™ + ka(L+ 1)) (@(t) — ot + 1)) + ko (L +1)77

with certain constants kg, k1,ko > 0, a« > 0, 8 > —1, and v > 0. Then, the
function ¢(t) satisfies

—9 B8y
o(t) < Co(14+1t)77, 6 = min{ " 'i+a

}

fort >0 with some constant Cy depending on ¢(0).

Using Lemma 2.1, we obtain the following energy decay for the energy E(t).

Proposition 2.2 Under the assumption of Theorem 1.1, the energy E(t) sat-
isfies

M(t)
B0 =l @)+ [ alwdn <140, (21)
0
and the solution u(t) satisfies
A 2u()]? + [ Au(®) | + [|AV2d @) + " @) < CA+8) " (22)
fort>0.
Proof. Integrating (1.4) over [t,t + 1], we have
t+1
2/ ' (s)||>ds = E(t) — E(t+1) (=2D(t)?). (2.3)
t
Then there exist two numbers ¢, € [t,t+ 1/4] and t2 € [t +3/4,¢+ 1] such that
/()| < 4D@)? for j=1,2. (2.4)

On the other hand, taking the inner product of (1.1) with u(t), we have

1010 = p (WO = H0/0,00)) ~ Wu). (25)
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Integrating (2.5) over [t1,%2], we have that

/ " a(M(s))M(s) ds

t1
t+1

t+1
Sp/t [’ (s ||2ds+p2\|u )t )H+/t [l () [lu(s)]l ds

and from (2.3), (2.4), and Hyp.1 that

Kl/zM(s)dsng(t)2+CD(t) sup g(s) with g(t)2 = [[u(t)|, (2.6)

t<s<t+1

and from (1.2), (1.3), (1.7), (2.3), (2.6) that

to t41 to K;
E(s)ds < p/ | (s)|%ds +/ (K2 + M(s)’Y) M(s)ds
t t v+1

t1 b1

<CD(t)?*+CD(t) sup g(s). (2.7)

t<s<t+1

Integrating (2.3) over [t,t2], we have (2.3) and (2.7) that

B(t) = B(tz) + 2 / ()2 ds

ta t+41
<2 E(s) ds+/ |’ (s)]|? ds
t

ty
<OD(t)*+COD(t) sup g(s).
t<s<t+1

Since it holds that 2D(t)? = E(t) — E(t + 1) < E(t) by (2.3), we observe

2

<C (D t<zg§+lg( 5) ) D(t)?
<o(BO+ sw o6?)EO-Be+1). @8

t<s<t+1
Thus, using E(t) < E(0) and g(t) = ||u(t)||* < C by (1.6) and (1.7), we have
E(t) < C(E(t) - E(t+1)), (2.9)

and hence, applying Lemma 2.1 to (2.9), we obtain (2.1).

Moreover, we obtain that M (t) < K *E(t) < C(1+t)~ by (1.7), || Au(t)||*+
lu'()]> < CM(t) < C(1+t)~! by (2.4), and furthermore, |u”(¢)||*> < C(1 +
t)~! by (1.1), that is, the desired estimate (2.2) holds true. O
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Proposition 2.3 Under the assumption of Theorem 1.2, it holds that
F(t) = pl|AY2d (0)]|? + a(M ()| Au(®)|> < CA + )% for t>0 (2.10)
with w = min{2, 1 4 2v}.

Proof. Taking the inner product of (1.1) with 2A4u/(¢), we have that

%F(t) + 2| AV (1|7 = o' (M (8)) M (1) Au(t)[|? (2.11)
< CM(t)’H-% ”A]\Z((?)” ||A1/2u'(t)||

and from the Young inequality that

SEO+ 1A O < oie? w67 =y Ol @

Integrating (2.12) over [t,¢ + 1], we have

t+1
/t A2/ (5)|2ds = F(t) — F(t+1)+ C sup f(s)2 (= D(H)?). (2.13)

t<s<t+1
Then, there exist two numbers ¢ € [t,t+1/4] and to € [t+3/4,t+ 1] such that
|AY24/ (t;)||> < 4D(t)* for j=1,2. (2.14)
On the other hand, taking the inner product of (1.1) with Au(t), we have

d

IONAO? = p (1472 O = FAV2 A0 ) = (412 412

and hence
F(t) = 2p| A2/ (1) || - p%(Al/zu’, AV2u) — (A2 AV ) (2.15)

Integrating (2.15) over [t1,%2], we have from (2.13) and (2.14) that

/tlt2 F(s)ds

t+1 2
< 2p/ | A2 (5)[1 ds + p ) A2 () [[|AY 2u(ty)|
t

j=1
t+1

[ @A ) ds
t

< CD(t)* +CD(t) sup 1g(s) with g(t)* = M(t). (2.16)
t<s<t+
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Moreover, there exists t, € [t1,%2] such that

F@QgQ/QF@d& (2.17)
For 7 € [t,t + 1], integrating (2.11) over [r,t.] (or [ts,T]), we have from
(2.12) and (2.17) that
F(r) = F(t) + [ (214720 ) @ )M ()| Au(s)|) ds

to t+1 t+1
gz/ ng@+c/'|mww@w@+c/ f(s)2ds
t1 t t

<CD@t)?*+CD(t) sup g(s)+C sup f(s)?.
t<s<t+1 t<s<t+1

Since it holds that

D) =F({t)—F(t+1)+C sup f(s)><F(t)+ sup f(s)?

1<s<t+1 t<s<t+1
by (2.13), we observe
sup  F(s)?
1<s<t+1
<C <D(t)2 + sup g(5)2> D(t)*+C sup f(s)*
t<s<t+1 t<s<t+1

<C (F(t) + sup f(s)*+ sup g(s)2> (F(t)— F(t+1))

t<s<t+1 t<s<t+1

LOF() sup f(8)2+0< sup f(s)+ sup g<s>2) sup f(s)?

t<s<t+1 t<s<t+1 t<s<t+1 t<s<t+1
and hence
sup  F(s)?
t<s<t+1
<o (FO+ sw J6P+ s o6?) (PO - F+1)
t<s<t+1 t<s<t+1
+C< sup f(s)*+ sup g(s)2) sup  f(s)%. (2.18)
t<s<t+1 t<s<t+1 t<s<t+1

Since it holds that

4
M(t)2'y+1 H"?‘\;L(t)H S CM(t)2'y+1 S C(]. + t)—(1+2'y)

TO* =Y au()]

MO™ 7 [Au(®)|* < CM (> Au(t)[|* < C(1+ )" F(¢)
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and g(t)? = M(t) < C(1+t)~!, we have
sup F(s)? <C(Ft)+ (1+t) ") (F(t) - F(t+1))

t<s<t+1
+CA+t)"0+) sup  F(s)
t<s<t+1
and hence
sup F(s)? <C(F@t)+(1+t) ") (F(t)—F(t+1))
1<s<t+1

+ C(141)20+27) (2.19)
Thus, applying Lemma 2.1 to (2.19), we obtain
Ft)<C(l+t)™ with w=min{2, 1+ 2v}
which implies the desired estimate (2.10). O
Proposition 2.4 Under the assumption of Theorem 1.2, it holds that
/()] < CA+8)"% for t>0 (2.20)
with w = min{2, 1 4+ 2v}.
Proof. Taking the inner product of (1.1) with 2u/(¢), we have

/J%HU'@)II2 +2]W ()] = —2a(M (1) (Au(t), v’ (1)),

and by the Young inequality we observe
d

Pt

Thus, from (1.7) and (2.10) we drive the desired estimate (2.20). O

Il (D11 + [l (D11 < a(M(1))*]| Au(b)]* -

Proposition 2.5 Under the assumption of Theorem 1.2, it holds that

L) = ol @ + a1 472 1) + CE O g

<C(l+t)77 for t>0 (2.21)
with o = min{3, (1 +v)(1+2v)}.

Proof. Taking the inner product of (1.1) differentiated with respect to ¢ with
2u"(t), we have

d 1"
D 1)+ 202

= s )M 014720 1)1 + T gy (2.22)
<cfw? win g0 = v e oP. )
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Integrating (2.23) over [t,t + 1], we have
t+1
2/ () |Pds < L(t) = L(t+ 1)+ C sup f(s)2 (=2D(t)). (2.24)
t t<s<t+1
Then, there exist two numbers ¢, € [t,t+1/4] and ¢5 € [t +3/4,¢+ 1] such that
W’ ()| <4D(t)? for j=1,2. (2.25)

On the other hand, taking the inner product of (1.1) differentiated with
respect to t with u/(t), we have

a1 4/2 12 + )

=0 (@I - F" O 0)) - @ Ol 0)

M (t)]?

and hence

L(t) = 2p||u” (t)]* ~ p%(ﬂ”(t),w(t)) = (" (t),u'(1)) - (2.26)

Integrating (2.26) over [t1,t2], we observe from (2.24) and (2.25) that

/:2 L(s)ds

< OD(t)* + OD(t) t<SL<IE)+1 g(s) with  g(t)? = ||[u/()|)*. (2.27)

Moreover, there exists t, € [t1,%2] such that

L(t,) < 2/t2 L(s)ds. (2.28)

t1

For 7 € [t,t + 1], integrating (2.22) over [r,t.] (or [t.,T]), we have from
(2.23) and (2.28) that

L(7) = L(t,)

. " 2 ’ ’ 1/2, 7 o, a(M(s)) ’
# [ (2ol IR - 30 oy a2 9 + S 0r ) ) as

to t+1 t+1
< 2/ L(s) ds+0/ ||u”(s)H2ds—|—C/ F(s)2ds
t t t

1

<CD@t)?*+CD(t) sup g(s)+C sup f(s)?.
t<s<t+1 t<s<t+1
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Since it holds that

D) =L({t)—Lt+1)+C sup f(s)> <L)+ sup f(s)?

t<s<t+1 t<s<t+1
by (2.24), we observe
2
sup L(s)
1<s<t+1
<C <D(t)2 + sup g(s)2> D) +C sup f(s)?
t<s<t+1 t<s<t+1

<c (L(t) Lo [+ t<231§+19(5>2> (L(t) — L(t + 1))

L oL@ swp f(s)2+0< sup f(s)° + sup g<s>2) sup £(5)?

t<s<t+1 t<s<t+1 t<s<t+1 t<s<t+1
and hence
sup  L(s)?
t<s<t+1
SC’(L(t)+ sup  f(s)*+ sup g(s)Q) (L(t) — L(t+ 1))
t<s<t+1 t<s<t+1l
co( sw foP e s o6?) sw (92, (2.20)
t<s<t+1 t<s<t+1 t<s<t+1

(i) When 0 < v < %, we put w = 1 + 27. Since it holds that

2 [Au)]] [Jo' ()] u (D127 AV 20 (0112
stop < LGN oo

C(l + t)f(1+'y)w

o 29| A1/ 2/ 2
< Clla/ () A2 (1) s{C(M)WL(t)

and g(t)? = [/ (#)[|* < C(1 +t)~*, we have
sup L(t)> < C(L(t) + (L +¢)7) (L(t) — L(t + 1))
t<s<t+1

+CA+t)~ Y sup  L(s)
t<s<t+1

and hence

sup  L(t)2 < C(L(t) + (1 +)7%) (L(t) — L(t + 1))
t<s<t+1

+C(1 + )20 (2.30)
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Thus, applying Lemma 2.1 to (2.30), we obtain
L) <O+t with o={w+1,(1+yw}=(1+7)(1+2v)

which implies the desired estimate (2.21) for 0 < v < 3.
(ii) When v > 1, we put w = 2. Since it holds that
—3 [Au(®)]]
02 < 2nr (e 1A ypar2e e
f)7 <2M(t) M)} [l ()11 Il
3w—1

C(1+1t)~ 0+

T3 || 12y -1
SCM@)" =2l ()] A @Ol < {C(l +1)~OF= L)

and g(t)? = ||/ (t)]|* < C(1 +t)~*, we have
sup L(t)> <O (L(t) + (L+¢)7) (L(t) — L(t + 1))

t<s<t+1

FO+t)" ) sup L(s)
t<s<t+1

and hence

sup L(t)2 < C(L(t)+ (1 +1)7%) (L(t) — L(t + 1))

t<s<t+1

37-1

+O(1+)720F 72 (2.31)

Thus, applying Lemma 2.1 to (2.31), we obtain

3y -1
LE) CU+67 with o={w+1,7+ L~} =3

which implies the desired estimate (2.21) for v > 1. O
Proof of Theorem 1.2. Gathering Propositions 2.2-2.5, we conclude Theorem
1.2. O
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