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Abstract

This dissertation focuses on problems related to integer partitions under various finite-
ness restrictions. Much of our work involves the collection of partitions fitting inside

a fixed partition A, and the associated generating function G,.

In Chapter [2| we discuss the flawlessness of such generating functions, as proved by
Pouzet using the Multicolor Theorem [25, 26]. We give novel applications of the Mul-
ticolor Theorem to re-prove flawlessness of pure O-sequences, and show original flaw-
lessness results for other combinatorial sequences. We also present a linear-algebraic

generalization of the Multicolor Theorem that may have far-reaching applications.

In Chapter , we extend a technique due to Stanton [37] to prove unimodality of G

for certain infinite families of partitions A in 5 and 6 parts.

Our most substantial work is presented in Chapter [4 where we initiate the study of
the novel poset P, = {G\| A +n}. We describe some general structural properties of
this poset. Of greatest significance is our result that two “balancing” operations on
the principal hooks of a partition A produce generating functions at least as large
as G (in the ordering of P,), hereby imposing a strong necessary condition on the
maxima of P,. We conjecture an asymptotic value of | P,|, and show that determining

|P,| exactly appears to be nontrivial. This we demonstrate by providing an infinite

Xix



family of non-conjugate pairs of partitions that have the same generating function.

Finally, we prove asymptotic results on the number of maxima in this poset.



Chapter 1

Introduction

1.1 Partitions

An integer partition of a positive integer n is a non-increasing sequence of positive
integers that sums to n. For example, 4, 2, 1, 1 is a partition of 8 since 4+2+1+1 = 8.
The Swiss mathematician Leonhard Euler was the first to begin a systematic study of
partitions, although some problems regarding partitions had been considered before
Euler [3]. Despite the fact that partitions are, at face value, a simple number-theoretic
concept, their study quickly developed into a rich research area of its own with deep
ties to other branches of mathematics such as combinatorics, algebra and analysis.

We refer the reader to [3] 4] [I1), B3] for fuller historical details and the basics of the



theory of partitions. In this dissertation, we will give some new results on partitions

subject to various finiteness restrictions.

We begin by providing some definitions and notation used throughout the work. We
denote the positive integers by P, and for n € P, [n] denotes the set {1, 2,...,n}. We
use the vector notation A = (A1, Ag, ..., A;) to represent a partition of a number n € P,
where \{ > Ay >---> A\, >1and A\ + \a +...+ )\, =n. For example, the partitions of 1
through 5 are given in the table below.

Table 1.1

Partitions of 1 through 5

n Partitions of n

| (1)
2 (2), (1,1)

3 (3), (2,1), (1,1, 1)

4 (4), (3,1), (2,2), (2,1,1),(1,1,1, 1)

51(5), (4,1), (3,2), (3,1,1), (2,2,1), (2,1,1,1), (1,1,1,1, 1)

Alternatively, we sometimes use the multiplicity notation (a}', a?,...,aé’f) (where
aj; > as > -+ > ay) to represent the partition having ¢, parts of size ay, to parts of size

a9, etc.



For a partition A = (A1,...,\;), the \; are called the parts of the partition, and the
parameter « is called the length. We say that A partitions n, denoted by A +n, and
that the size of A (denoted by |)\|) is n. For example, the partition (5, 3, 3, 1, 1, 1) of

n =14 has length 6 and contains parts 1, 3 and 5.

The number of partitions of n is given by the partition function, denoted by p(n).
Motivated by ring-theoretic considerations, we say p(0) = 1, and consider 0 to be
partitioned by the “empty” partition, @. Thus from Table [I.I| we see that the first

several values of the partition function are 1, 1, 2, 3, 5, 7.

The Ferrers diagram (or Ferrers shape) of A = (A1,...,Ax) is a left-justified array
of unit boxes (called cells) having \; cells in the ith row. For example, the Ferrers

diagram of the partition (7, 4, 4, 2, 1) is given below:

Figure 1.1: Ferrers diagram of the partition (7, 4, 4, 2, 1)

Reflecting the Ferrers diagram of A about the main (northwest to southeast) diagonal
results in a new Ferrers diagram. We call the associated partition the conjugate of
A, denoted X. More formally, A’ is the partition having \; — A\;;1 parts of size ¢ for

1 <i< Kk (where A4y is defined to be 0).

The conjugate of (7,4, 4,2, 1) is (5, 4, 3, 3, 1, 1, 1), as visualized below:



Figure 1.2: Ferrers diagrams of (7,4, 4, 2, 1) and (5, 4, 3,3,1,1, 1)

If A=), we say that X is self-conjugate.

The Durfee square is the largest square that can fit inside the Ferrers diagram of A.
(In the diagram above, the Durfee square has a side length of 3.) The (7, j) hook of A
is the portion of the Ferrers diagram consisting of the (i, j) cell together with all cells
directly to the right of and below it. The hook length is the number of cells in the
hook. Cells strictly to the right are the arm of the hook, while cells strictly below are
called the leg. For example, the diagram below shows the (3, 1) cell (shaded black)

and the corresponding hook of length 6 (in bold).

| [1]

Arm: 04 Leg: H

Figure 1.3: The (3, 1) hook in (7, 4, 4, 2, 1)

The (i,7) hooks (those along the main diagonal) are called principal. It follows that
the number of principal hooks of X is equal to the length of the Durfee square. A

view of partitions that will prove useful is to regard a partition as the “interlocking”



of its principal hooks. For example, (7, 4, 4, 2, 1) is composed of its principal hooks

as seen below:

i

Figure 1.4: Principal hooks of (7, 4, 4, 2, 1)

Throughout the rest of this dissertation we will assume all hooks are principal, even

if not explicitly denoted as such.

An alternative notation for partitions is the Frobenius notation. For a partition A
having k principal hooks, let Ay, ..., A; be the arm lengths of these hooks (proceeding
southeast from the (1, 1) cell), and similarly let By, ..., By be the lengths of the legs.
Then the Frobenius notation for A is the following 2 x k array:
(5 50 5 )

Note that we will occasionally add commas for clarity, and that decreasing indices are
chosen because of a particular representation of partitions used heavily in Chapter
[ As visualized in the decomposition given in Fig. [I.4] the Frobenius notation for
(7,4,4,2,1) is (§2}). Note that the A;’s and B;’s are strictly decreasing for all ¢,
and furthermore A, B; > 0. If A partitions n, then we have Zk:(Az + B;+1) =n. Also,

i=1

: _ Ak Ag-1 - A1) 1 _ ( Bk Bg-1 -+ B1
if A= (Bk By_1 - B1 then A" = (Ak Ap_r - Ax )



A major focus of this dissertation is the study of collections of partitions satisfying
certain finiteness conditions. In particular, we are interested in the set of partitions
whose Ferrers diagrams are restricted to fitting inside the Ferrers diagram of some
fixed partition. We say that a partition p = (u1,..., 1) fits inside a partition \ =
(A1, M), denoted p < A, if n <k and p; < \; for all 4. The relation < indicates the

so-called Young order (see [43, p. 597]). If p < X and p # A\, we write p < .

This can be visualized as the Ferrers diagram for p fitting entirely inside that of A.
For example, (3,3,1) and (5,4,4,1,1) are two (of many) partitions that fit inside

(7,4,4,2,1), as illustrated below.

11 L1

(3,3.1) < (7.4,4,2,1) (5.4,4,1,1) < (7,4,4,2,1)

Figure 1.5: Examples of inclusion in (7, 4, 4, 2, 1)

The relation < on the set of all partitions that fit inside some fixed partition A produces
a partially ordered set, or poset. In general, a poset is a nonempty set together with a
relation defined on the set that is reflexive, antisymmetric and transitive. (For more
background on the theory of posets, see [33, Ch. 3].) We denote by P, the poset of

partitions fitting inside A\ and ordered by <.

For example, the Ferrers diagrams of all partitions in P4 9 1) are shown below:



Figure 1.6: The Hasse diagram for Py o 1)

Note in the diagram above that partitions are arranged vertically by size, and a
connecting line drawn between a partition p of ¢ and a partition A of ¢ + 1 indicates

p < A. This is called the Hasse diagram for the poset Py o 1).

A chain in a poset is a subset of totally ordered elements. For example the following

is a chain in P4 9 1)

<(1)<(1,1)<(2,1)<(3,1)<(3,1,1)<(3,2,1) < (4,2, 1).

A chain is called saturated if there is no element that can be inserted into the chain

(except possibly at the beginning or end). The chain shown above is clearly saturated.



A poset is graded (or ranked) if every maximal chain has the same number of elements,
or equivalently, if every saturated chain between two fixed elements has the same
length. This means that each element in the poset is some distance (rank) above the

smallest element(s).

It is not hard to see that the poset Py is graded for any partition A. In this context
specifically, let a; be the number of partitions p of ¢ that fit inside A\. Then the

generating function for X is given by

Gr=Gi(q) = Y. ¢" = aig".
=0

[T

For example, the generating function for (4, 2, 1) is

G,2,1) = 1+qg+2¢° +3¢3 +4¢* +4¢° + 3¢° + ¢.

Note that the coefficient of degree i is the number of Ferrers diagrams in row ¢ in
Fig. [1.6] Since p < X if and only if u/ < X, we see that G = Gy. Thus in studying
these generating functions, it suffices to consider partitions A = (A1, Ag, ..., A,) where

A 2 K.

We will extensively study the following properties that are potentially relevant for the



coefficients of G and other related sequences. A sequence ag, ay,...,a, is symmetric
if a; = a,_; for all 7, where 0 < i < n. A sequence is unimodal if it is of the form
ap <ay <--<aj > >a, for some j (that is, the sequence never strictly increases

after a strict decrease).

For example, the following sequence is unimodal:

1,2,4,5,6,6,5,3.

The following sequence is symmetric but not unimodal:

2,3,4,3,53,4,3,2.

Unimodality is a well-studied property in combinatorics. For an exposition on the im-
portance and ubiquity of unimodality in combinatorics, algebra and related subjects,
see R. Stanley’s survey [31], and F. Brenti’s update [9]. The most desirable method
for proving unimodality (which is often very difficult to apply) is to give a combina-
torial proof. More generally, finding a combinatorial argument of some result (even
if it has already been verified with, say, an algebraic argument) remains one of the
most important types of open problems in combinatorics. For a comprehensive survey

(updated to 2003) about combinatorial techniques in partition theory specifically, see



24).

We define a sequence to be flawless if a; < a;,; for any nonnegative integers ¢ and j
such that 2¢ + j < n. We note that our definition of flawless is stronger than what
has been commonly given in the literature (e.g., [7], where this property is defined
as a; < an_; for all ¢ < [gJ) This stronger definition has been referred to as strongly
flawless [19]. However, the two definitions are equivalent if the sequence is increasing
throughout the “first half” (that is, ag < a3 < -+ < ajz 1)- Many well-studied and

significant sequences for which flawlessness holds in the weaker sense also increase

throughout the first half. Thus it seems natural to define the flawless property as we

do here.

For example, the following sequence is flawless:

1,2,4,5,8,8,6,5,2, 1.

The following sequence is unimodal but not flawless:

1,3,4,5, 5,4, 4,3, 2.

Observe that if a flawless sequence is non-unimodal, then this pathology must occur

in the second half. Also, proving that a symmetric sequence is flawless immediately

10



implies unimodality.

Flawlessness — though not as well-studied as unimodality — is a property enjoyed by
many important sequences in combinatorics and algebra. Motivation for studying
flawlessness typically comes from commutative algebra [15, 17, 29]. As an aside, we
remark that highlighting the presence of flawlessness in this area of combinatorics (see
Section may hopefully lead to the discovery of more connections between the
subject areas. In general, flawlessness of a sequence seems to suggest the existence of

an underlying algebraic structure, or at least a linear-algebraic explanation [15], 34].

Notably, as we are going to re-prove in Chapter , pure O-sequences (the Hilbert
functions of pure monomial order ideals), and also in particular the f-vectors of
pure simplicial complexes (or equivalently, square-free monomial order ideals whose
maximal monomials all have the same degree) are flawless 7, [15], [I7]. Certain other
Artinian level Hilbert functions of interest specifically in commutative algebra also
satisfy flawlessness. Also, h-vectors of matroid complexes are flawless, as conjectured
by T. Hibi [1§] and proved by M. Chari [10] and T. Hausel [15]. For any unexplained

terminology from commutative algebra, we refer the reader to 5] [16], 22, [32].

In general, Hilbert functions that are not flawless suggest the existence of an un-
derlying algebraic pathology in those algebras which have that Hilbert function. In
particular, it is believed that all Artinian level Hilbert functions in 3 variables sat-

isfy flawlessness. Note that, should that fail, any level algebra with such a Hilbert

11



function has a Gorenstein quotient that fails the Strong Lefschetz Property [§]. In
characteristic 0, this would contradict a famous conjecture in this area: that every

Gorenstein algebra in three variables has the Strong Lefschetz Property.

A g-analogue of a mathematical quantity is an expression in the variable ¢ that
simplifies to the original quantity when ¢ — 1. The standard g-analogue of n € P,
denoted [n],, is 1+q+¢>+...+¢" ! = %qn. (Note that E_I)Ill[n]q =n.) Consequently,
the g-factorial of n is [n],! = [1],[2]4:[n],- We can then define the g-binomial, or

Gaussian coefficient, [Z]q, by
[n] ~ [n],!
klg  [k]g!n - k]!

The g-binomial coefficients appear in many combinatorial contexts, but our interest is
in their connection to partitions. A standard result in partition theory is that [“Zb]

is the generating function enumerating all partitions fitting inside the “rectangle”
r—g‘

partition (%) = (b, ...,b) (see e.g. [33] for a proof of this result). From this fact, it is

easy to see that any g-binomial is a symmetric polynomial with coefficients in PP.

It is a well-known and important result in combinatorics that the coefficients of [Z]q
form a unimodal sequence. This was first shown by J. Sylvester using the theory
of invariants [38], and proved in simpler linear-algebraic terms by R. Proctor [27].

Stanley (crediting the result to A. larrobino) also noted that unimodality is implied

12



by the Hard Lefschetz Theorem [30]. Then in 1990, K. O’Hara provided a celebrated

combinatorial proof of this result [23] [43].

1.2 Outline of the Dissertation

Chapterof this dissertation focuses on applications of a result (originally given in the
language of relation theory) due to M. Pouzet [12] 25], called the Multicolor Theorem.
We will show how this theorem brings under the same umbrella the flawlessness of a
broad range of combinatorial sequences. In particular, we show how flawlessness can

be proved using the Multicolor Theorem in each of the following settings:

1. The generating function of the order ideal generated by a single monic monomial

(known trivially by other techniques).

2. Pure O-sequences (first shown by Hibi [I7], then Hausel [15] and re-proven here

using the results from the first application).

3. The generating function of compositions embedded inside a fixed composition

(our result).

4. The generating function of partitions fitting inside a fixed Ferrers diagram (first

observed by Pouzet in [20]).

5. The generating function of the poset of partitions fitting inside several fixed

13



Ferrers diagrams of the same size (our result).

In particular, we will note that the Multicolor Theorem places the proof of the uni-

modality of the ¢-binomial coefficients in a much broader context.

The background of Chapter [3|is a paper by D. Stanton [37], in which he initiated
the study of the generating functions G for arbitrary A. His main interest was to
answer questions regarding the unimodality of these generating functions. We extend
a technique used by Stanton to prove unimodality for some novel infinite families of

partitions.

Chapter 4] contains the most significant and novel results of the dissertation. In that

chapter, we introduce the study of a new poset,

Pn={G)\|)\I—n},

the set of distinct generating functions of partitions of n ordered in the following
natural manner: G, < G, if and only if G - G,, has nonnegative coefficients. We
discuss some general structural properties of P,. Most significantly, we prove that a
certain two “balancing” procedures on a partition A produce partitions whose gen-
erating functions are at least as great (in the ordering of P,) as G. This gives a
necessary condition for the maximal elements in F,. We then give a family of pairs of

non-conjugate partitions that have the same generating function, and conjecture the

14



existence of more general families. Finally, we prove that the number of maxima in
P, tends to infinity as n grows, and provide both a nontrivial lower and upper bound

(the latter assuming a certain conjecture) on this quantity.

15






Chapter 2

Combinatorial Applications of the

Multicolor Theorem

2.1 Introduction

In this chapter we consider some results stemming from work by Pouzet [25], written

in French. This topic was subsequently presented in English by R. Fraissé [12].

Our interest in this area was motivated by a letter written by Pouzet to Stanton (]26],
reproduced in Appendix @ with permission from Stanton). In this letter, Pouzet ex-

plained a combinatorial application of his results, which were phrased in [25] using the

17



language of relation theory. We generalize this application to several other combina-
torial settings. This gives a powerful new method of showing flawlessness for certain
sequences. (Recall that a sequence ay,...,a, is called flawless if a; < a;; whenever
2i+j <n.) In particular, while some of the flawlessness results we discuss are already
known by other means, we demonstrate that they may be regarded as falling under

the same overarching umbrella.

Perhaps more significantly, we translate the key principle behind Pouzet’s result and
extend it to a simple yet crucial linear algebra framework. This is discussed in detail

in the next section.

In the last chapter of this dissertation, we mention some significant open problems
related to our work. There is hope that modifying the techniques discussed in this

chapter may lead to progress on those important questions.

2.2 The Full Rank Lemma

In this section, we present the general linear-algebraic idea that we distilled from
Pouzet’s work, which will be discussed in the next section. For any unexplained

linear algebra concepts, we refer the reader to [I3, Ch. 3].

Consider two positive integers a and b where a <b. Let U and V' be vector spaces of
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dimensions a and b, respectively, over some field k. Then, given any injective linear
map 17 : U - V and bases U for U and V for V, we can create the a x b matrix M
corresponding to 7" with respect to bases U and V. (Note a slight deviation from [13];
we adopt the convention of representing 7" by an a x b matrix operating on elements
of U by multiplying them on the left of the matrix, whereas conventional notation
represents T by a b x a matrix with elements in U multiplied on the right.) Since T
is injective, it follows that M has full rank (that is, Rank(M) = a), or equivalently
(under our convention), that the rows of M are linearly independent. We now state

our generalization of Pouzet’s theorem.

Lemma 2.2.1 (Full Rank Lemma). Let a < b, and let M be an a x b matriz having
full rank. Consider taking a collection of t rows of M, and replace one of these rows
with a nonzero linear combination of the t rows, while eliminating the rest. Then the

resulting (a —t+ 1) x b matriz has full rank.

Equivalently, we may say that the rows of the resulting matrix retain linear indepen-
dence. The proof of this lemma follows easily from basic linear algebra. Clearly this
procedure of combining/replacing rows can be repeated multiple times with other

collections of rows. At the end of this process, we are left with a full rank matrix,

which we call M.

From this very general observation from linear algebra, we consider the following

application to combinatorics. Suppose we have a collection of combinatorial objects,
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to each of which we can apply some statistic (call it degree as a generic term for
simplicity of notation) that yields a sequence: ayg, ai,...,a,. Suppose moreover that

this sequence is flawless.

As we saw in the previous discussion, we can create an a; x a;,; matrix M with linearly
independent rows. (Ideally, we wish to exploit some relationship between the two sets
of combinatorial objects counted by a; and a;,; that gives us a natural way of forming
this full rank matrix M as a sort of “incidence matrix” induced by the underlying

structure. )

Suppose furthermore that we have some “coarser” way to view this collection of
combinatorial objects. That is, consider partitioning the objects into equivalence
classes “modulo” some condition. This in turn yields a natural combining of rows of
M (as discussed above) to form a new matrix M’. The number of rows would then
be the number of equivalence classes of degree i. If it can be demonstrated that the
number of columns of M’ is no more than the number of equivalence classes of degree
1+ 7, then we have successfully shown that the generating function corresponding to

this new collection of objects is flawless.
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2.3 The Multicolor Theorem

All of the applications that we present of the concept discussed in the previous section
will begin with taking our collection of combinatorial objects to be the boolean algebra
B,,: all subsets of the set S = [n] ={1,2,...,n}. The sequence ay, ay,...,a, is the
binomial coefficients ("), ("),,(Z) We follow Fraissé’s [12] terminology in the

0 1

following definition.

For positive integers ¢ and j where 2i + j < n, define the adjacency matriz, M, to be
the (?) X (Zf]) matrix with rows labeled by the i-subsets of S and columns labeled

by the (i + j)-subsets of S, where M, ; is 1 if the i-subset corresponding to row s is

contained inside the (i + j)-subset corresponding to row ¢, and 0 otherwise.

It is well known that the sequence of binomial coefficients is symmetric and unimodal,
and thus in particular flawless [31]. The next lemma implies this result by claiming
the stronger fact that the associated adjacency matrix has full rank. The proof of

this lemma can be found in [12].
Lemma 2.3.1 (Linear Independence Lemma). The rows of the adjacency matriz M

are linearly independent.

Lemma [2.3.1] implies that M produces an injection from the collection of i-subsets of
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S into the collection of (i + j)-subsets. In particular, we have the following:

Corollary 2.3.2. M determines an injection that maps each i-subset X to an (i+j)-

subset, Y of S that contains X.

Proof. Take an (’;) X (T;) square submatrix of M having full rank, or equivalently,
whose determinant is nonzero. Such a square submatrix exists since M itself has full
rank. We assert that, for any r, the r*t row of M intersects some c** column in a
nonzero entry such that deleting the r*" row and ¢t! column yields an (’;‘) -1x (’Z) -1
submatrix with nonzero determinant. For if this were not the case, then finding
det(M) using the recursive determinant formula with co-factor expansion along the

r row would yield det(M) =0, a contradiction.

Thus in the injection, we may take the subset X that labels the r** row to be mapped
to the subset Y which labels the ¢t! column, where M, . # 0. Recall that by definition,
M, . =1 exactly when the i-subset labeling row c¢ is contained in the (i + j)-subset
labeling column ¢. Thus we have that X ¢ Y. The rest of this subset-preserving

injection can be completed inductively. O]

We can now begin discussing more precisely the concept of “coarsening” the collection
of subsets of S to some other collection of combinatorial objects of interest. Recall
that S has size n, and always in the following discussion we have arbitrary (but fixed)

degrees 7 and ¢+ 7 such that 2i+j <n. We use the notation (f ) to denote the collection
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of i-subsets of S.

Fix a set U = {uq, ua, ..., Uy} of indeterminants, called colors, where m < (’Z) These
“colors” correspond to the collection of new combinatorial objects of degree i. Let
¢ (f) — U be any surjective function (called the i-color function). Note that ¢;

induces a partitioning of the collection of i-subsets of S into m nonempty classes

labeled by the colors in U.

Let Y be a subset of S of size i + j. Given an i-color function c¢;, the t-multicolor of
Y, denoted by mult;(Y), is the m-tuple y = (y1, Y2, - . .,Ym), where g, is the number
of i-subsets of Y having color u,. We say u, figures in the multicolor y if y, # 0. Note

that ¢; uniquely determines mult;, and the sum of the elements of mult; is (Z:] )

Ezample 2.3.3. Consider S = {1, 2, 3, 4, 5}, and fix colors U = {1, 2, 3, 4}. Fix i =2
and j = 2 (following the notation above). For any 2-subset {a, b} of S, suppose we
define the color function ¢y to be co({a, b}) = |a—0b|. (That is, the “color” of a subset
is the absolute value of the difference of its elements.) To see how the multicolor
function multy acts, consider the specific subset Y = {1, 3, 4, 5}. The 2-subsets of
Y are {1, 3}, {1, 4}, {1,5}, {3,4}, {3,5}, {4, 5} having colors 2, 3, 4, 1, 2, 1,

respectively. Hence multo(Y') = (2, 2, 1, 1).

We can now state Pouzet’s original theorem, as presented in Fraissé’s work [12].

Theorem 2.3.4 (The Multicolor Theorem). Let S = [n] and let i and j be positive
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integers where 2i + j < n. Fix any surjective i-color function

ci:(S)»U={u1,u2,...,um}.

]

Then the number of i-multicolors of (i+ 7)-subsets of S is greater than or equal to the

number of colors of i-subsets of S.

More specifically, there exists an injection which associates each color uy of i-subsets
to a multicolor of (i+ j)-subsets in which u, figures (and moreover there is an (i +7)-

subset having this multicolor).

We note that the first part of this theorem follows from Lemma [2.2.1] as applied
to the adjacency matrix M to form a new matrix M’. The rows of this matrix are
labeled by the i-colors, and the columns are exactly the i-multicolors. Note that M’
may have duplicate columns arising from multiple (i + j)-subsets having the same
t-multicolor. However, it is a simple result from linear algebra that deleting any
subsequently repeated columns does not change the linear independence of the rows.
After deleting these, we obtain a full rank matrix with rows labeled by the i-colors
and distinct columns equal to the i-multicolors. Thus we have at least as many

t-multicolors as i-colors. We will refer to this matrix as the reduced adjacency matriz.

The second part of the theorem follows from a similar argument as that used in the

proof of Corollary [2.3.2, Obviously a color u (labeling a row) figures in a multicolor
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(a column) if and only if the row and column in question intersect in a nonzero entry.

We can summarize the usefulness of the Multicolor Theorem in combinatorial settings
as follows (note that this is a specialization of the discussion from Section[2.2): Let C
be a collection of combinatorial objects with some statistic, deg: C - [n]. Let C; = {c e
C| deg(c) =1}. Assume that we suspect a priori that the sequence |Cy|, [Cal,...,|Cp| is

flawless. Again take S =[n]. Our goal is to find a surjective color function

C; - (S) - C;
1

which uniquely defines the i-multicolor function
S
mult; : ( ) - PlGil,
i+

and also to find an (i + j)-color function

5i+j : (.S ) - Ci+j

1+

which together satisfy the following property: if for any two (i + j)-subsets Y and Y’
we have ¢;,;(Y) = ¢;,;(Y"), then mult;(Y) = mult;(Y"). We note that this property
could be verified by exhibiting an i-color preserving bijection between (}Z/) and (i,)

We also note that ¢;,; acts analogously to ¢; in the applications we consider.
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Alternatively, this condition can be stated as follows: if we know ¢ ;(Y") for some
unknown subset Y, then we can uniquely determine mult;(Y"). That is, there are at
least as many (i + j)-colors as i-multicolors of (i + j)-subsets. Then if 2i + j < n, we
have an injection from C; into C;,; by the Multicolor Theorem. As a consequence, this

would show that |Cy], [Cal, .. .,|Cy| is flawless.

Recall that the reduced adjacency matrix has linearly independent rows labeled by
the i-colors, with distinct columns that are equal to the ¢-multicolors. Each column
is labeled by some (7 + j)-subset, Y, as inherited from the original adjacency matrix.
Consider re-labeling each column by ¢&.;(Y"). Then if the condition discussed in the
previous paragraph holds, these (i + j)-color labels are all distinct. It will be useful
in the applications given in the next section to regard the columns as labeled in this

way.

2.4 Combinatorial Applications

2.4.1 The Order Ideal Generated by a Single Monomial

Borrowing language from combinatorial commutative algebra, we define a mono-
mial order ideal in the variables z1, xo, ...,z to be a set of monic monomials of non-

negative degree which is closed with respect to taking division. For the definitions
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and general theory of such structures, see [7, 22].

Let X = z]'z3?--2* be a monomial of degree n = ny + ny + -+ ny. Our set of
combinatorial objects, C is the order ideal generated by X : the collection of all (monic)
monomials that divide X. This is denoted by C = (X). We define C; = (X ); c (X)) to

be the collection of divisors of X having degree 1.

The generating function for (X) is

k
Fixy(q) = H(1+q+q2+...+q”i).
i=1

It is a well-known fact in combinatorics (see e.g. [31]) that the product of symmetric
unimodal polynomials (with nonnegative coefficients) is again symmetric and uni-
modal. Thus F(x)(¢) is symmetric unimodal, and in particular we trivially have that

Fixy(q) is flawless.

Despite this simple proof, we demonstrate how the flawlessness of Fix)(q) can be
shown using the Multicolor Theorem Indeed, as a consequence of this we will
have the stronger result that the associated injection from (X); to (X),; preserves
divisibility. That is, a degree ¢ monomial A is mapped to a degree i + j monomial B
where A|B. Furthermore, in the next section we will use the corresponding reduced
adjacency matrices to show the non-trivial result that the generating function of the

order ideal generated by multiple monic monomials of the same degree is also flawless.
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This constitutes an original approach to proving this well-known result, which was

first demonstrated by Hibi [17], then Hausel [15].

We proceed to apply the Multicolor Theorem to re-prove the single monomial case.

Given the generating monomial X = z7'zy*---z*, partition S = [n] into k subsets,

Ay, Ay Ay, where Ay = {1, 2,...,n1}, Ay = {ny +1,...,n7 + ny}, etc. For any

subset W of S and any (€ {1,...,k}, denote

Wz=WﬁAz.

We “color” the i-subsets of S using monomials of degree i as follows: for any i-subset

X of S, define ¢;(X) to be the monomial

_ Xl 1 Xe| [ X
ci(X) =y Nay ey,

dividing X . Similarly for any (i + j)-subset Y of [n], define

~ _ oMl Yal (Vi
Cinj (V) = &y Ny *ey *

Suppose that for two (i+j)-subsets Y and Y’ we have ¢;.,;(Y") = ¢;4;(Y”). This implies

Yi| = [Y/| for all t € {1,...,k}. Then for any monomial u = z5'---z% of degree i that
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divides X, the component corresponding to u in the multicolor of both Y and Y is
(|K|)(|33|)__,(|Yk|) i (llﬁ'l)(ll@’l)_,,(lm)
bl bg bk; bl b2 bk '
Thus mult;(Y') = mult;(Y").

Therefore, knowing ¢;,,;(Y") (that is, the degree i + j monomial corresponding to Y)
in turn uniquely determines mult;(Y). Importantly, note that this determination is

independent of the starting monomial X.

Thus there are at least as many (i+7)-colors as i-multicolors, and so by the Multicolor
Theorem (and our discussion at the end of Section [2.3)), the generating function

Fix)(q) is flawless.

2.4.2 An Extension to Pure O-sequences of Arbitrary Type

We now consider the order ideal generated by several monomials,
X17X2a"'aXt7

of the same degree; that is, the collection of all monomials that divide any of the X,.

Such an order ideal is called pure of type t, and the coefficients of the corresponding
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generating function form a pure O-sequence, first introduced by Stanley [29]. We
refer the reader to [7] for the most comprehensive study of pure O-sequences. As
mentioned above, it is well known that pure O-sequences enjoy the flawless property.
We re-prove this fact here using the full rank reduced adjacency matrices given by the
Multicolor Theorem Our proof shares some similarity to Hibi’s [17] in that we
also use induction on the number of monomial generators. However, the real essence
of our proof - showing the existence of injective linear maps - is closer in flavor to
Hausel’s technique from [I5]. Using the Hard Lefschetz Theorem, Hausel showed
injectivity between graded pieces of a suitable quotient ring (namely, the Artinian
monomial level algebra corresponding via Macaulay’s inverse systems to our order

ideal; see [7, [15]).

We will illustrate the proof in the case of 2 and 3 generators, and from this it will
be easy to see that the general case holds by induction. Let X; and X5 be monic
monomials of degree n. For degrees i and i+ j where 20+ j <n, let Mx, and Mx, be
the corresponding reduced adjacency matrices for (X;) and (X5), respectively. Form

the block matrix

Mx, P
N =

O My,

where P and O represent zero matrices of appropriate sizes.

Note that the rows of N are linearly independent since Mx, and Mx, have full rank.
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For every degree i monomial u in (X 1) n (X5,), replace the row of P labeled by u to

be the row of Mx, labeled by u, and then delete the row labeled by w in lO MXQ]'
After this procedure we have a new matrix,

Mx, P’
N' = ,

O My,
where O’ is a zero matrix, and P’ is now not a zero matrix unless (X ) n(X,) = @.
The matrix My is simply Mx, with some rows deleted, and Mx, is unchanged. It

is easy to see that the rows of N’ are linearly independent.

It is important to note that an (i + j)-color (that is, a monomial of degree i + j)
has exactly the same degree ¢ monomial divisors (i-colors), regardless of the degree
n generating monomial. Recall also that the (i + j)-color label, é¢.,;(Y), of a column
in turn uniquely determines the multicolor mult;(Y"), and that this determination is

again independent of the generating monomial.

Mx, P’
This implies that any two columns ¢; and ¢y of and , respectively,

o M,
labeled by the same (7 + j)-color are identical. Deleting these duplicate columns in
pr
preserves the linear independence of the rows of N’. Let us call the resulting
My,

matrix Mx, x,. Then Mx, x, is a matrix whose rows are labeled by the degree ¢
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monomials in (X, X5) and whose columns are labeled by (at least some of) the
degree i+ j monomials in (X, X). Since Mx, x, has full rank, we have at least as
many degree i+ 7 as degree ¢ monomials. Hence a pure O-sequence generated by two

monomials is flawless.

Suppose we have a third monomial, X3, of degree n with associated reduced adjacency
matrix Mx, (using the same ¢ and j). Form the block matrix

Mx, x, P
L= ,

0 Mx

3

which has full rank as before. Repeat an analogous procedure as discussed above: for
every degree i monomial u in (X1, X5)n(X3), replace the row of P labeled by u to

be the row of Mx, labeled by u, and then delete the row labeled by u in lO ng].
After this procedure we have a new matrix,

| M P

o’ My,
with linearly independent rows. Again deleting duplicate-labeled columns, we obtain
a matrix Mx, x, x, with linearly independent rows. The rows are labeled by the

degree i monomials, and the columns by (at least some of) the degree i+ j monomials

of (Xl, X27 Xg)
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Clearly we can continue to add monomials of degree n and repeat this procedure in
a similar fashion. Thus inductively we conclude that the generating function of any

pure monomial order ideal, i.e., any pure O-sequence, is flawless.

Ezample 2.4.1. Consider the three monomials X = 229222, X5 = 22y%*t? and X3 =
y3w3. By simple computations, the pure O-sequence for the order ideal (X, X1, X3)
is ho, hi,...,hg=1,5, 11,16, 14, 8, 3. Takei=2and j =1 (so 2i+j =5<n =6). Then
the corresponding reduced adjacency matrices as given by the Multicolor Theorem

2.3.4] (with rows and columns labeled for clarity) are the following:

Mx, =

1

w12 0 2 0 0 O

1 0 2 0 0 2 0

w=\1 0 0 0 2 0 2
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zy

xt

yt

34

0 0
1 0
0 1
0 0
0 2
2 0

0 0 \

2 0

1 3 )




The initial block matrix N for Mx, and Mx, is

zy

Tz

zy

xt

yt
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After changing rows of P and deleting rows of [O MXQ], we get

w1 2 0 2 0 0 0 1 2 0 2 0 O
N=_.11 0 2 0 0 2 0 0 0 0 0 0 0

w1 0 0 0 2 0 2 0 0 0 0 0 O

0 0O O o0 o0 o0 o 1 0 2 0 0 2
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After deleting duplicate-labeled columns, we finally obtain

Mx, x, =

zy

xt

yt

37

0O 1 0 0
0O 0 1 0
0O 0 0 O
1 0 0 O
0O 0 0 O
0O 0 0 O
0 0 0 1
1 2 0 2
1 0 2 0




Adding in X3 and repeating the above procedure, we obtain

|12 0 2 0 0 0 1 0 0 0 0
10 2 0 0 2 0 0 0 0 0 0

w1 0 0 0 2 0 2 0 0 0 0 0

10 0 0 0 0 0 0 1 2 0 2 0

«{0 0O 0 0 o0 0 0 1 0 2 0 2

Thus ho = 11 is less than or equal to hg = 16, which illustrates

O-sequence between degrees 2 and 3.

2.4.3 Compositions

A composition of a positive integer n is a vector ¢ = (¢, co, ..

Ca+ ...+, =n. We will say that a composition b = (by, bs, ...
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MXLXQ,XB:

v e ye? w?
0O 0 0 O
31 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0O 0 0 O
0 0 0 0
0 0 0 0
0O 0 0 O
0 2 2 0
0o o0 1 3

flawlessness of the pure

.,cx) € Pk where ¢; +

, b ) is embedded in c if



c has m (not necessarily consecutive) parts ¢y, , ¢o,, ..., Cp, With 4 <y <--- < £, such

that b1 SCgl, b2 SCKQ,...,bm SCgm.

For this application, we take C to be the collection of all compositions embedded
inside ¢ = (¢1, ¢a,..., ). The set C; is the set of compositions of i embedded inside c.
We proceed to use the Multicolor Theorem to show that the generating function

Fe(q) =) |Celq" is flawless.
=1

(We note that a different definition of inclusion of compositions is used by G. Andrews
[2] and B. Sagan [2§], namely, that b fits inside ¢ if m < k and by < ¢ for all £. It

remains an open problem to apply the Multicolor Theorem to this scenario.)

First, partition S = [n] into k classes, Ay, Ao, ..., Ay, where A1 ={1,2,...,¢1}, Ay =
{c1+1,...,c1 + o}, etc. For any W c S, denote W, = W n Ay. Then for any i-subset
X, define ¢;(X) by

¢i(X) = (a1, ag,...,ap,)

if there are exactly p nonempty X,’s: X, Xy,,..., X, with {; </ <--- </{, such that

a, = |X,,| for all r e {1,... p}.

Similarly for any (i + j)-subset Y, define ¢.,;(Y") to be

67;+j(Y) = (bl, bg, e ,bs)
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if there are exactly s nonempty Y/’s: Yy, Yo,,..., Y, with ¢; < /{5 <--- < {4 such that

by = |Yy,| for all t € {1,...,s}.

Suppose for two (i + j)-subsets Y and Y’ we have ¢;,;(Y) = ¢;,;(Y’). This implies
that there are indices ¢ < £y < -+ <, and €} < {}, < --- < (), such that |Yy,| =Y} for all

te{l,..., s}

(Note that if £;, < {;,, then £ </ .) Let ¢:Y — Y’ be any bijection satisfying

o(¥) =Yy

for all t € {1,...,s}. Clearly such a bijection can be created since |Yy,| = |Y,/|. Now let
t

X be any i-subset of Y having color ¢;(X) = (a1, as, ..., ap).

This means that there are indices ¢;,, l;,,...,0;, € {1, l3,...,{s} such that {;, </;, <

- </t;, and a, = | Xy, | for all 7€ {1,...,p}. But then since X, ¢V, , we have that

¢(X€ir) < }/Z,;T

for all r € {1,...,p}. Since £;, < {;, <-- < {;,, we have ] </l <--< l; . Also, clearly

0(Xe, )| = [Xe, [ = ar

for all r € {1,...,p}.
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Thus we conclude that ¢;(¢(X)) = (a4,...,a,), so ¢ is an i-color preserving bijection

between Y and Y, and thus mult;(Y) = mult;(Y"), as desired.

2.4.4 Partitions

The result of this section is due to Pouzet. Indeed, the discussion of this application
of the Multicolor Theorem was the very content of the seminal letter written by
Pouzet to Stanton [26]. We rephrase Pouzet’s results in more combinatorial terms,

and add several original observations and implications.

Let n be a positive integer and let A = (A, Ao, ..., \x) be a partition of n. Our set of
combinatorial objects, C, is the collection of partitions fitting inside A. Recall that a
partition p = (g1, f2, . .., i) fits inside A if m <k and p, < Ay for all £. The set C,
is the collection of partitions of ¢ fitting inside A. We will show that the generating

function G = Y |Cil¢" is flawless.
i=1

We again partition S = [n] into k classes, Ay, As,..., Ak, where Ay = {1,2,..., A},
Ay ={A1+1,..., M\ + X2}, etc. For any W c S, denote W, = W n A,. For any i-subset

X of S, define ¢;(X) to be

CZ(X) = (7717 N2, ... 77710)
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if there are exactly p nonempty X,’s: X, Xo,,..., Xy, where | Xy |>|Xp|2 2| X,

with 7, = | X, | for all re {1,...,p}.

Similarly for any (i + j)-subset Y, define é.,;(Y") to be

67:+j(Y) = (Cla <27 s 7(8)

if there are exactly s nonempty Yy’s: Yy, Yo, ..., Y, where |Yy,| > |Yy,| > -+ > Yy, | with

G =Yy | for all te{1,... s}

Suppose for two (i+j)-subsets Y and Y’ we have ¢, ;(Y) = é.;(Y”). This implies that

there are indices (4, (s, ..., 0, and £}, ¢4, ... ¢} such that |Y,,| = |Y, | forallt € {1,...,s}.

Let ¢:Y - Y’ be a bijection satisfying

o(Yi) =Yy

for all ¢ € {1,...,s}. Clearly such a bijection can be defined since |Y,| = |Y,,|. Now let
X be any i-subset of Y having color ¢;(X) = (m1,...,7n,). This means that there are

indices ¢;,, / L, € {1, by,... L} such that n, = |X,, | for all r € {1,...,p}. But

i1y Yigy .-

then since X,, ¢V}, , we have that

QS(X&'T) S YVZ,;
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for all r € {1,...,p}. Also, clearly

|¢(sz‘r )l = |X€1:T

:nT

for all 7€ {1,...,p}.

Thus we conclude that ¢;(¢(X)) = (71,...,m), S0 ¢ is an i-color preserving bijection

between Y and Y, and thus mult;(Y) = mult;(Y").

This shows that the generating function G for the poset of all partitions contained
inside some fixed partition A is flawless. Note how this was essentially the same proof

as the one given for compositions in the previous section.

Recall that a flawless sequence weakly increases throughout the “first half”. Thus, al-
though G, may in general be non-unimodal (see [37]), unimodality may only possibly

fail in the second half.

Consider the special case when A is a rectangle, that is, when A = (b%) where n = ab.
The poset, or more precisely, the lattice associated with this partition is denoted by
L(a, b) [34]. The corresponding generating function is obviously symmetric by the
structure of the b x a rectangle. Since it is also flawless as we have shown, we note in

particular that the generating function is unimodal.

Recall that these generating functions are the ubiquitous g¢-binomial coefficients.
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Hence, the result of this section re-proves the well-known fact that the g-binomial

coefficients are unimodal [23] 27, [38] 43], as mentioned in Chapter

Furthermore, the injective maps from the Multicolor Theorem [2.3.4|assert some strong
structural properties of the poset L(a, b). As implied by the Multicolor Theorem, a
partition u of ¢ inside A is mapped to a partition, 7, of ¢+ j. Furthermore, the “color”
u figures in the multicolor of ¢ + 7. This implies that the partition p fits inside n. In

other words, we have a Young order-preserving injection from degree i to i + j.

This observation gives a sort of “half-way” chain decomposition of L(a, b). In other
words, it is possible to partition the elements in L(a, b) between degrees 1 and ||
into saturated chains that respect the Young order inclusion. Taking complements
of these chains in the rectangle also gives a “mirror image” chain decomposition of
the partitions in L(a, b) from degrees [%] to n. It is not hard to see that this “upper

half” decomposition again preserves the Young order.

It is an outstanding open problem in this area to find a symmetric chain decomposition
of L(a, b) [30]. Such decompositions have been given for a = 3 (see [20]) and a = 4
(see [39]), while the result is trivial for a < 2. The problem remains open for a > 5.
The chains we discussed in the previous paragraph do not imply the existence of such
a decomposition because they are not symmetrically connected in the middle. That
is, we cannot guarantee that chains in the “first half” from degree i to degree | | will

always connect with chains in the “second half”, from degree [%] to n —i.
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Manipulating these chains to construct a symmetric decomposition appears to be
difficult, if not impossible. However, this “half-way” decomposition so far appears to
be the strongest possible result short of actually proving that L(a, b) has a symmetric
chain decomposition. Note that this half-way decomposition also exists in the lower

half of the poset P, for any arbitrary partition \.

2.4.5 Multiple Generators

In this section, we discuss an original result that is analogous to the flawlessness of
pure O-sequences. Note that the argument employed in Section to extend flaw-
lessness from one to many generating monomials can be used in other combinatorial
settings as well. The crux of the proof in that section relied on the following property:
Regardless of the reduced adjacency matrix in which a particular (i + j)-color may
appear (as a column label), that (i+ j)-color gives rise to exactly the same i-colors of
the same multiplicity. That is, the nonzero entries of the -multicolor vector are the

same and labeled by the same i-colors.

It is not hard to see that this same property holds in the case of partitions. For
instance, if

AlaA27"'7AS

are all partitions of n, then the generating function enumerating all partitions A fitting
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inside any of the A, is also flawless. We shall call the sequence of these coefficients a
pure P-sequence. In any other combinatorial setting that has this property, we may
extend the flawlessness of the single “generator” case to that of multiple generators

of the same degree.
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Chapter 3

Some New Families of Unimodal

Partitions

3.1 Introduction

The background of this brief chapter is Stanton’s paper [37], in which he initiated the
study of the generating function G for an arbitrary partition A\ = (Ay,...,\.). His
main interest was to answer questions regarding the unimodality of these generating
functions. (For brevity we will say that A is unimodal if the coefficients of G, are
unimodal.) Note that in this chapter, when discussing G\ (where A\ has k parts), we

always implicitly assume that A\; > k since clearly G = G).
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Stanton showed that partitions having ~ < 3 parts are always unimodal. He gave
several infinite classes of non-unimodal partitions with « = 4 parts. He found no
examples of non-unimodal partitions having 5 or more than 6 parts, and discovered
only a finite number of non-unimodal examples in 6 parts. Stanton also conjectured

that all self-conjugate partitions are unimodal.

S. Zbarsky [42] gave more families of non-unimodal partitions. In fact, he proved
that a positive density (if such density exists) of partitions with x = 4 parts are non-
unimodal. He also anticipated that Stanton’s non-unimodality findings were in some
sense comprehensive by conjecturing that, apart from finitely many examples with

K = 6, there are no non-unimodal partitions with x >4 parts (up to conjugation).

Stanley and F. Zanello studied the analogous question of partitions with distinct parts
fitting inside a fixed Ferrers diagram [35]. Their findings regarding unimodality in
this framework strikingly paralleled Stanton’s results. Further investigation in this
area was done by L. Alpoge [1] and Zbarsky [42]. We note that Zbarsky’s conjecture
mentioned in the previous paragraph was given for both the arbitrary and distinct

part cases.

Returning to the context of Stanton’s original work [37] on partitions with arbitrary
parts fitting inside a fixed Ferrers diagram, our contribution in this area consists of
extending one of Stanton’s techniques for showing unimodality. In particular, we

provide two interesting new families of unimodal partitions. We believe that more
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can be done in this direction.

3.2 Results

For any generating function G, we define the first difference, G; = (1 - ¢)G\, the
polynomial whose coefficients are the consecutive differences of the coefficients of G .
It is clear that G is unimodal if and only if the coefficients of G} are nonnegative up

to some degree t and then nonpositive after degree ¢.

Theorem 3.2.1. For any b € P, partitions with k =5 or 6 parts having all parts of

size b or 2b are unimodal.

Theorem 3.2.2. In k =5 or 6 parts, if \y — A\ <1 then (M1, ..., ) is unimodal,

except for (10,9,9,9,9,9).

Proof. We indicate the proof of Theorem for the partition (b+1, b, b, b, b). The

verifications for the rest of the cases and for Theorem [3.2.1|are performed analogously.
The generating function for A= (b+1, b, b, b, b) is

G = [b+5] +qb*1[b+4]
i) q 4 q

_ (1 _ qb+1) (1 _ qb+2) (1 _ qb+3) (1 _ qb+4) (1 + qb+1 _ qb+5 _ qb+6)
(1-9)(1-¢>)(1-¢*)(1-¢")(1-¢°) '

(3.1)
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b+a

As we have previously observed, it is well known that the g-binomial [ .

] s a
q

symmetric and unimodal polynomial, thus having its highest coefficient (the peak) at
degree(s) [%bJ and [%’] [23, 27, 38, [43]. Since 1' is the sum of two ¢g-binomials (one
shifted) with different peaks, it is easy to see that (3.1)) is non-decreasing from degree
0 to [%b] and then non-increasing from 3b+ 1 to 5b+ 1. Therefore the only interval in

which unimodality could possibly fail is between degrees [%b] and 30+ 1.

Recall that G is unimodal if and only if the coefficients of G} = (1 - ¢)G)\ are

nonnegative up to some degree ¢ and then nonpositive after degree t. Based on what

we observed above, we know that the coefficients of G} are nonnegative for degrees
5b

t< [7] and then nonpositive for all degrees ¢ > 3b + 2.

Notice that we may rewrite (3.1]) as:

G)\ — f5(CI) (1 _ qb+1) (1 _ qb+2) (1 _ qb+3) (1 _ qb+4) (1 n qb+1 _ qb+5 _ qb+6) , (3.2>

5
1
where f5(q) =[] -
=1+~ ¢

- is the generating function for partitions with all parts less

than or equal to 5.

We relied heavily on Mathematica to symbolically prove the desired result (the full
code is provided in Appendix [C.2]). Using the SeriesCoefficient[] command, it is
possible to explicitly write the i*t coefficient of f5(¢) as a quartic polynomial in i

(dependent on the value of i (mod 60)). For example, if i = 1(mod 60), the *h
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coefficient is

i* + 304 + 31002 + 12304 + 1309
2880 '

Multiplying (3.2) by (1 —¢) and expanding gives

G;«\ — f5(q)(1 —q- qb+2 + qb+7 _ q2b+2 + q2b+3 + q2b+5 + q2b+6 + q2b+7 _ q2b+8 _ q2b+10

_ 2b+11

q + q3b+4 _

3b+7 _ 3b+8

q _2q3b+9 + 3b+12 3b+13 3b+14 _ _4b+7

q q +q +q q

4b+10 4b+11 4b+12 _

+q +q 4b+15 _ 4b+16

5b+11
q +q -

5b+12 _  5b+15

q + q5b+17)_

+q q q

Since unimodality might only possibly fail between degrees [%b] and 3b+ 1, we may
truncate the expression in the parenthesis above and need only consider coefficients

of the series
f5(q)(1 —q- qb+2 + qb+7 _ q2b+2 + q2b+3 + q2b+5 + q2b+6 + q2b+7 _ q2b+8 _ q2b+10 _ q2b+11)' (3‘3)

By the definition of series multiplication, the coefficients of the series will agree
with G5 in all degrees ¢ for i < 3b + 3. (Note that we assume b > 8 in order not to
conflate the terms —¢?*+11 + ¢30+4)) In particular, notice that the coefficients of
will be correct from degrees [%’] and 30+ 1. This is the only interval where we need

to show that G does not have a positive term after a negative one in order to prove

unimodality of G).
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Knowing the ith coefficient of f,(6), we used Mathematica to find the coefficients of
(3.3). The k*® coefficient in this expression is a polynomial in b and k that depends
on the value of both b and k (mod 60). For instance, if b = k = 1 (mod 60), the kth
coefficient is

1
300 (61 -100b + 55b* + 25b° + (33 = 700 - 356%) k + (18 + 15b)k* + 2k%) . (3.4)

For example, if b =61 and k = 181, the expression above yields a coefficient of -1001.
Computationally, one can independently verify that the corresponding terms of the
generating function for (62, 61, 61, 61, 61) are 75831¢'8" and 74830¢'®!, which yield
the term —1001¢'8! in the first difference. This coefficient matches the output from

(3.4) using k=181 and b = 61.

There are potentially 3600 such expressions as ([3.4]), but with duplicates there happen

to be only 72 that are unique.

We used Mathematica to symbolically verify that the coefficient expressions found
in the previous paragraph are nonnegative on the interval from [%bJ to [%T%J and

nonpositive in the interval from [%J to 3b+ 1.

Perhaps rather surprisingly, this did not require a significant breakdown into many

cases. We merely had to consider separate cases for the parity of b, and assumed b > 33
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in order for the program to symbolically verify the desired result. The statement of
the theorem for b < 32 is easily verified by direct computation. O

Remark 3.2.3.

1. Note that this proof also yields the degrees of the peaks in the associated gen-
erating functions. Once again, we mention that the approach employed in our
argument is based on the technique Stanton developed in [37] for some of his
unimodality results. We are particularly grateful to him for a personal corre-

spondence in which he explained this technique in great detail.

2. The proof of Theorem is completed by naturally extending the method
discussed above. We took the expressions for the k! coefficients of G (of a form
similar to (3.4)) and, viewing them as cubics in k, determined the roots. These
cubics gave exactly one root in the relevant intervals. These roots correspond to
the degree in which G7} switched from nonnegative to nonpositive in the sense
that the root and the actual peak differ by less than 1. Although these roots
were not generally identical for the various values of b and k (mod 60), they
appeared to be asymptotically equal, and linear in b. To find this slope, we
differentiated the appropriate root of one of these cubics (with respect to b)
and then took the limit of the root as b - oo. This indeed produced a desired

constant slope, r. For example, with the partition (20, b, b, b, b), the slope r is

4 1 1 13v11 1 13v11
1—2 + ésin (5 tan™! ( 3\/_)) - 1—53\/§cos (5 tan™! ( 3\4/_)) =3.42046 . ..
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Having this precise slope for this asymptotic linear expression was requisite for
Mathematica to symbolically check that the coefficients for G} were nonnegative
up to rb and nonpositive after rb+1. Using even a “close” decimal approximation
such as 3.4205 would not produce the correct root for a sufficiently large value of
b. Using this precise linear asymptotic for the root, Mathematica showed that
G can never have a positive value followed by a negative one, thus proving

unimodality of G).

. We feel completely confident that Theorems [3.2.1| and [3.2.2] also hold for x > 7

parts. Applying the method discussed in the proof above may be possible for

smaller values of k, but quickly becomes computationally infeasible as x grows.
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Chapter 4

The Poset of Generating Functions

of Partitions of n

4.1 Introduction

The research presented in this chapter was inspired by an intriguing question posed by

F. Bergeron [6], and first related to the author by Stanley. Given integers a <b<c<d

b+c]
¢ g

such that ad = be, Bergeron conjectured that the polynomial [ - [“;d]q (which is
clearly symmetric) has nonnegative coefficients. It furthermore appears that the
coefficients of this polynomial form a unimodal sequence. This was conjectured by

Stanley and Zanello and first formally stated in [41] (see also [36]). Special cases of
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Bergeron’s conjecture have been proven by Stanley (for ¢ = 1) and Zanello (for a < 3)
(see [41], where in fact unimodality is also shown). We have found another simple

yet neat family for which both positivity and unimodality clearly hold.

Proposition 4.1.1. Takinga=m,b=m+1,c=2m and d =2m+2 (so ad = bc =

2m? +2m), we have
[3m+1] _[3m+2] ~ m+1[3m+1]
om I, Lem+2l,”% lm-1l,

Proof. This can be proved by a straightforward application of the definition of the

g-binomial coefficients. O

Remark 4.1.2. Tt is natural to wonder if there are any other such elegant cases where

[b+c] - [‘”d] is a shifted g-binomial. We note the following trivial case:
q d lq

[n+2] [2n+ 1] B Q[n]
2 P S T A Y
Computationally, we found no such example up to ad = be = 1000 that was not a case

of either the preceding identity or the one given in Proposition 4.1.1]

In this chapter, we introduce the study of a poset that naturally places Bergeron’s pos-
itivity problem in a broader context. Recall that we define the poset P, = {G\ |\ + n},
the distinct generating functions of partitions of n. This set is partially ordered in

the following manner: G, < G} if and only if G\ - G, has nonnegative coefficients in
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every degree. We will see that Bergeron’s conjecture is equivalent to showing that
the generating functions of rectangles of size n form a chain in this poset, where the

chain increases to progressively more “square-like” rectangles.

We will give a number of results on this poset. Our main result is to prove that
a certain “balancing” procedure on the principal hooks of a partition yields a new
partition with a generating function at least as large (in the ordering on P,) as that
of the original partition. This result agrees with the spirit of Bergeron’s conjecture,
which remains unproven. We will give a second balancing procedure of a slightly

different flavor which also yields a “better” generating function.

As noted before, for any partition A\ of n, we have G = G, (that is, A and N

correspond to the same element of P,). We will give some families of non-conjugate

pairs of partition having the same generating function. Despite these results, we
p(n)

conjecture that the size of P, is approximately ==, which is equivalent to saying

that “almost all” non-conjugate partitions have different generating functions.

We will also give some constructions showing that the number of maxima in P, tends
to infinity as n grows. The balancing procedures mentioned previously also give a
strong restriction on the structure of partitions corresponding to maxima in P,. This
restriction reveals a curious connection to the first Rogers-Ramanujan identity from
partition theory [3]. In turn, we obtain an upper bound on the number of maxima

in P,. Conditional to our conjecture on |P,|, we show that the number of maxima is
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negligible with respect to the entire size of the poset.

4.2 Discussion of the General Structure of P,

Our goal in this section is to give an overview of some structural properties of P,.
We encourage the reader to refer to the diagram provided at the end of this section

to aid in an intuitive understanding of the concepts discussed.

First, we observe that P, is not graded. For example, in P, the following are both

saturated chains having the same first and last elements:

Gy < G333 <Gr1,1)

G9) <Gs,1) <G50y < Gr2) < Grn

Although the poset is not graded, there is still a heuristic sense of generating func-
tions being “large” (or “small”) relative to the whole, in the sense of having “many”
generating functions above (or below) them in the poset. It is in this sense that we

use these and similar terms for the remainder of this section.

Given some partition A of n, we proceed to define two “balancing” operations on A. In

the next section, we will prove the two Balancing Theorems (4.3.2] and |4.3.25|) which
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assert that these balancing operations produce partitions with generating functions
at least as great as that of A\. In this sense, we have a method for “moving up” in the
poset P, starting at the generating function corresponding to A. This also allows us to
describe the location of generating functions associated with certain Ferrers shapes
in P,. Furthermore, as mentioned above, the Balancing Theorems give a strong
restriction on the structure of partitions corresponding to maxima in P,, which we

will discuss in more detail in Section .5l

Given a partition A\ = (g’; gzj B gi ) (in Frobenius notation), we define

Ai_]- lfAZ>BZ+]_

N Ay Ap_q - Ay ~ ~ ~
A= (g ), where A+ By= Ai+ By, and Ai=1 4. 41 if A, +1<B,

A; otherwise.

Note that the definition of A; determines the values of B;. This map from A\ to A
“balances” any principal hooks of the Ferrers diagram of A that are “off-center” about

the main diagonal. We say that X is balanced to \.

Ezample 4.2.1. If A\ = (251), then A = (852) and 2= (T33). The Ferrers diagrams

are:
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Figure 4.1: Ilustration of the first balancing operation \ — A

We now introduce a second balancing operation on partitions. Note that even in
a completely balanced partition (i.e., A = 5\), hooks of even length cannot be evenly
balanced, but will remain offset by one in either the arm or the leg. For example,
the partition (2 2) is completely balanced, but the first hook is offset by one in the
arm, while the second hook is offset by one in the leg. We now consider offsetting all

hooks in the same direction.

For a partition A = (g: g:‘i - gi ), define \ = <%’“ %"‘-1 %1 )7 where A; = max(A;, B;)
- k k-1 " 1

and B; = min(A;, B;). This map from A to \ takes all principal hooks and offsets

them in the same direction.

Ezample 4.2.2. If X = (12439) then A= (12731). The Ferrers diagrams are:

Figure 4.2: Illustration of the second balancing operation A - A

We re-emphasize that the usefulness of these two balancing operations on \ is that
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they produce generating functions at least as large as G in the ordering of P,. (For
brevity, we say that they “improve” the generating function, even if they yield the
same function.) This is the assertion of the two Balancing Theorems, which we will

prove in the following section. In other words, these theorems claim that

Gr< @G (Theorem {.3.2))

>

and

Gr <Gy (Theorem 4.3.25)).

The Balancing Theorems give a necessary condition that maxima in F, must corre-
spond to partitions whose principal hooks are completely balanced and then offset in
the same direction. However, this condition is by no means sufficient to guarantee

that a partition yields a maximum in P,, as we show in the following example.

Example 4.2.3. The partition (mnzl) (in Frobenius notation) of 2m + 2 is completely
balanced. However, for m > 2 its generating function in P, s is not a maximum: the

partition (™ 9) yields a greater one. Indeed, standard calculations show that

G( )~ G(mwtl) = q'[m]g[m-2]+ ™ [m - 1],

m 0
m 0

(recall that [m],=1+¢+...+¢™ ! is the standard g-analogue of m).
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Similarly in the odd case for Ps,,.1, we have

Next, we consider the g-binomials in P,, which are the generating functions cor-
responding to rectangles. For a partition A, rectangle or otherwise, note that the
penultimate coefficient in GG is the number of distinct part sizes in A. This is equal
to the number of cells that can be removed from the Ferrers diagram of A while
leaving behind a valid diagram. Such cells are called outer corners. Thus, the coeffi-
cient of the penultimate term for a rectangle is 1, while the corresponding term for a

non-rectangular partition is at least two.

From the previous paragraph, we see that the g-binomials are in some sense all at
the “bottom” of P,; they cannot be larger than any non-rectangular shape. Un-
surprisingly, rectangles never yield maxima. For example, the rectangle (b*) (where
we can assume a > 1) has a strictly smaller generating function than the partition

(b+1,0%2 b-1). Indeed, we have

Gos1,p52,5-1) = Gooy = " G a2 1) — ¢

Bergeron’s conjecture asserts that these form a chain in P, that progresses towards
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¢-binomials arising from more square-like rectangles. This chain (if it exists) is satu-

rated.

In addition to the ¢-binomials near the bottom of the poset, other small generating
functions are those that arise from partitions having a single hook or exactly 2 parts.
As we saw above, partitions with single hooks will not produce maxima (for n > 6).
The First Balancing Theorem 4.3.2] which we prove in the next section, claims that
balancing a partition improves the generating function. Furthermore since balancing
any partition with exactly 2 parts (which is not a single hook) always yields a partition
with exactly one more outer corner (as long as n > 8), this inequality is strict in the
penultimate degree. So partitions with exactly 2 parts can never yield maxima for

n > 8.

Note that the small generating functions discussed above come from partitions with

few outer corners. In general, staircases (partitions of the form (k, k—-1,...,3, 2, 1),

k+1

5 )) yield the largest possible number of outer corners. Thus, a

which have size (

ventl-l 8”; 1‘1J outer corners. Heuristically, it appears

partition of n can have as many as [
that generating functions corresponding to partitions with many outer corners tend

to be larger in the poset than those corresponding to partitions with fewer outer

corners.

To give a more intuitive sense of these observations, we illustrate the Hasse diagram of

the poset Pig in Fig. below. The nodes are labeled by Ferrers shapes of partitions

63



having the associated generating function of the element in the poset. These labels
are not necessarily unique. For example, the node labeled by (6, 6, 4) could also
be labeled by (3, 3, 2, 2, 2, 2), the conjugate of (6, 6, 4). The labels in the diagram

below were chosen by first appearance in reverse lexicographical order.

Note that neither the partition (8, 5, 3) nor its conjugate appear as labels in the
diagram below. This is because G(s 53 = G(g,5,2), 50 both (8, 5,3) and (9, 5, 2)
correspond to the same node, which is labeled below by the latter partition. This
concept of non-conjugate partitions of n yielding the same generating function (and
thus corresponding to the same element in P,) will be discussed in more depth in

Section [4.4]
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Figure 4.3: Hasse diagram for Pjg
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4.3 The Balancing Theorems

The purpose of this section is to prove the two Balancing Theorems, which were

mentioned in the previous section.

4.3.1 The First Balancing Theorem

Recall the balancing operation A — A defined in the previous section. Given a partition

_ Ak Ag-1 - A1
A= (Bk B B ), we define

Ai—l lfAz>BZ+1

5\:(%’“%’“‘1 m{il), WhereAi-f-Bi:Ai-f-Bi, aHdAZ‘={Ai+1 1fA1+1<Bz

By, Bg-1 + B1

A; otherwise.

Note that the number and sizes of principal hooks are preserved from \ to A. For
a partition p = (Zf S ), call w; = a; + b; the weight of the " principal hook

(w; is simply hook length minus 1), and define the weight vector of pu by wt(u) =

(ag+by,...,a; +b1). We will show the following:
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Lemma 4.3.1. For any integer vector w, we have

#{p < M| wi(u) =w} <#{fo < X wi(fi) = w}.

A few remarks on this lemma are in order. First, partitions of weight w € P* exist
in A (or 5\) if and only if w; < A; + B; and w; > w;_; + 1 for all 4. In this case we say
that w is a valid weight vector for A\. Also, without loss of generality we may assume
that the length of w is equal to the number of principal hooks of A. For if not (say, if
A had k hooks and the length of w were ¢ < k), then any partition with weight w in
A (or \) would occupy only the ¢ outermost hooks of A\. Thus we could discard the
k — ¢ excess (inner) hooks of A to obtain a partition with ¢ principal hooks, and the

resulting counts would be the same as those in the inequality above.

Theorem 4.3.2 (The First Balancing Theorem).

Gy < G;\.

Remark 4.3.3. This theorem is easily verified in the single hook case (i.e., A = (g)) by

a simple injection. Without loss of generality we may assume A > B+1, so A= (gi)

Map p = (‘g) < \to fi <\ as follows: If a < A, set fi = . Otherwise (if a = A), set

)

We will prove Lemma by means of two rather technical lemmas. We proceed to
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provide the background necessary to state and prove these lemmas.

Given a partition \ = (g: g:j - ‘gi ) and valid weight vector w = (wy, ..., w;), we can

represent all partitions g < X\ of weight wt(x) = w in the following way:

On the coordinate axes, consider the diagonal x+y = w;, and place points (z, y) (with
nonnegative integer-valued coordinates) on this diagonal whenever x < A; and y < B;.
Such a point (z, y) corresponds to an ith principal hook of y with arm length z and
leg length y. By construction this hook fits inside the 7t principal hook of A and has

weight w;.

Figure 4.4: Correspondence between points and hooks

After placing such points on each diagonal line z +y = wy,...,x +y = wy, join any
point (z, y) on the ith diagonal to a point (X, Y") on the (i+ 1) diagonal if and only
if x < X and y <Y. This connection corresponds to an " principal hook properly
“nesting under” an (i+1)% principal hook to form a valid portion of a Ferrers diagram,

as shown in Fig. [4.5
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Figure 4.5: Correspondence between diagonals and consecutive hooks

Next, beginning at the second diagonal (x +y = ws) and proceeding to subsequent
ones, discard any points that do not connect to the lower adjacent diagonal. This
produces precisely the structure whose points on the line x + y = w; are inside the
A; x B; rectangle for each i, with strictly northeast paths. We call this structure the

trellis for A determined by w, denoted by 7Ty w.

Ezample 4.3.4. Let A= (¥864) with w = (16,10,6,1). We have A = (©763). The

trellises Ty w and 7}\7“, are given below:

Thw:

Figure 4.6: Trellises for (¥ §%3) and (Y 7¢3) with w = (16,10,6,1)
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Consider points Q)q,...,Q on the diagonals x +y = wy,...,r +y = wg, respectively,
where each @); is connected to ;,1. The path formed by traversing Q)1 — Q2 —--- — Qx

corresponds to a partition with weight w whose ** principal hook is given by Q; =

(xz', yi) < (= 5’ :::)'

Ezxample 4.3.5. The path (0,1) - (4,2) - (5,5) — (10,6) in the trellis 7,  from Fig.

corresponds to (1 239) < X having weight (16, 10,6,1), as illustrated below:

Figure 4.7: Correspondence between trellis paths and partitions

We make the following important observation: the total number of partitions p of
weight w in A corresponds to the total number of paths Q)1 — Qo —--- — @ through the

trellis 7y, w-

Ezample 4.3.6. Consider the construction of the trellis for A = (13 % 73) with w =

(19, 14, 8, 4):
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Figure 4.8: Construction of the trellis for (13 {} £ 5) with w = (19, 14, 8, 4)

For comparison with the trellis diagrams given above, consider the progression of the
more “balanced” trellis diagrams corresponding to A = (13 96 3) with the same weight

vector:

Figure 4.9: Construction of the trellis for (13§ 83) with w = (19, 14, 8, 4)

Denote the points on the Jt* diagonal of 7y w by P” = {(21, v1), - -, (Zm, Ym)}, Where
i1 = x; — 1. Define C(PJ) = 21 — Ym- (The function C' measures the “centeredness”

of the points of P’ along the line y = z.)

Comparing Fig. to Fig. leads us to the following lemma:
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Lemma 4.3.7. Let \ be any partition and let w be a weight vector that is valid for
\. Define P as above, and similarly let p’ be the points on the J™ diagonal of T w-

Then the following hold:

o IfC(P!) <1, then {(z1+ 1, y1-1),. .. (Zors Y1)y S P7.
o IFIC(PY) <1, then {(z1, y1),- -, (Tms ym)} € P

o IfC(P7)>1, then {(22, y2), ..., (T — 1, Y + 1)} C P’

In particular, for all cases we have #PJ > #P7.

Remark 4.3.8. Visually, Lemma [4.3.7] claims that the number of points on a diagonal
never decreases after balancing A to ), and the points on a diagonal are never less

balanced around y = z. Later, we will without loss of generality assume #PJ = #P’.

Proof of Lemma[4.3.7. We proceed by induction on the number of principal hooks of
A. Suppose A is a partition with 1 principal hook, A\ = (g), and let w = (w) (where
w < A+ B). Without loss of generality we may assume A > B (if not, conjugate \).
If A= B, then A= X and C(P') = 0 so the statement is true. Likewise if A = B +1,
0 < C(P') <1 and the statement is again easily verified since A = . If A> B+1,
then \ = (A_l) and we have the following possibilities:

B+1

e If w< B, then P' = {(w, 0),...,(0, w)} -p'.
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o If B<w< A, then P' = {(w, 0),...,(w- B, B)} (so C(P')>1) and

P' = {(w,0),....(w-B-1, B+1)}.

e Ifw>A, then P' = {(4, w-A),...,(w-B, B)} (so C(P')>1) and

P ={(A-1,w-A+1),...,(w-B-1,B+1)}.

In each instance we see that the statement of the lemma is true, thus verifying the

single hook case. (Note that this also follows from Remark 4.3.3])

For some specific k > 2, we assume now that the property holds for any partition
with & — 1 hooks. Let A\ = (g: ‘gz:i - gi) be any partition with k& hooks, and let
w = (wy, ..., wp) be any valid weight vector for A\. Represent the points of P*! and
P" as P*! = {(21, 11),..., (@m, Ym)} and P* = {(X1, Y)),...,(Xn, Y3} for Tx w.
Analogously let P™ ™ = {(Z1, §1),. .., (@, §)} and P* = (X1, V1),...,(Xa, ¥3)} in

T5.w- Furthermore, set d = C(P* ') and e = C(P").

Observe that the inductive hypothesis can be restated as follows:

o [fd<-1,thenzy>21+1and 25 <z, + 1.
e If |d| <1, then 1 > x1 and Zz < T,

e Ifd>1,then z; >x; -1 and 75 < x,, — 1.
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~ o
Similarly, the conditions we must prove for P relative to P* can be restated as

follows:

o If e < -1, show that X; > X; +1 and X5 < X, + 1.

e If |e| < 1 show that X1 > X, and X; < X,

o If ¢ > 1 show that XlZXl_landXﬁSXn_]..

To prove these inequalities, we need to determine constraints on the values of
X1, Xa, X, and X;. Notice that adding a k" principal outer hook (together with a
valid weight to the weight vector) does not alter the original points and connections
of the trellis for the partition with & — 1 hooks (refer to Figs. and for an
illustration of this). With this in mind, we have bounds on the values of X; and X,

as discussed below.

To guarantee connectivity between the (k—1)st and k" diagonals, we see that Y7 > i
(equivalently, wy — X7 > w1 — 1) and X,, > x,,,. Furthermore, since the points on
the k* diagonal correspond to hooks fitting in the outermost hook of A, we have that

X < Ay and Y, < By (equivalently, wy — X,, < By).

Thus X7 = min(wy — wy_1 + x1 - 1, Ag) and X,, = max(wy, — By, &, + 1). Similarly for

Ts w We have X, = min(wy — wg_q + 1 — 1, flk) and X; = max(wy — By, T + 1).

W

74



Clearly the values of X, X, Xl and Xﬁ break apart into many cases based on the
interdependencies of the other parameters. We now consider what the cases for those
other parameters may be. Recall that flk + Bk = Ay + By, and the values of flk and

Bk are determined as follows:

(Ak—l,Bk-i-l) lfAk>Bk+1
(Aka Bk): (Ak-l-l, Bk—l) if AL,+1< By,

(Ag, Br) otherwise.

Next, notice that the conclusion given by the inductive hypothesis depends on the
-
value of d, and similarly the property that we wish to show for P~ with respect to P*

is dependent on e.

To summarize, we have two cases for determining each of the values Xy, X,,, X1, Xa;
three cases for the values of Ay (also determining By); three cases for d and three cases
for e. Thus, there are altogether 432 different possible cases that must be considered.
We relied on symbolic logic computations in Mathematica to verify the inequalities
in question for each of these cases (in fact, it turned out that 331 of these cases yield
contradictory assumptions and can therefore be ignored, while for each of the valid

101 cases the desired result holds). The full code used for this verification is provided

in Appendix [C.2] O
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Example 4.3.9. It is beneficial to illustrate the verification of one of the cases in the

previous proof by hand. Consider the case where:

1. d>1 (so &1 >x1 -1 and %3 < z,,, — 1 by the inductive hypothesis)
2. le| <1 (so we wish to show that X; > X; and X; < X,,)

3. Ag+1< By (implying A=A, +1and By, = By, — 1)

4. A <wy —wg_q + 1 — 1 (implying X = Ay)

5. wg — By < xp + 1 (implying X, =, + 1)

6. Ay <wp—wy_q +i -1 (implying X, =A,= A + 1)

7. Fm+ 1 <wy — By (implyingf(ﬁ:wk—ék=wk—Bk+1)

From the cases above, we easily see that X =AL+1> A4, =X,.

From (5) and (7) above, we have Xs=w,-By+1<x,+2=2X,+1. Note that
e = X1 + X,, —wy, by definition. If X=X, + 1, then X,, = w, — By, and e = A, — By,

which contradicts the assumption that |e| < 1. So we have Xj < X,,, as desired.

Mathematica symbolically performed these types of comparisons for this and the
other 100 viable cases, and verified that the desired inequalities for each case were

true.
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Remark 4.3.10. From now on, we choose to discard any (potential) excess points in

P’ that are (in general) not guaranteed to exist by Lemma |4.3.7, In other words, we

assume the following.

o If C(P’) < -1, then P’ - {(e1+ 1, 010-1), .., (X1, Yme1) }-
o If [C(P7)| < 1 then P’ = {(21, 51), -, (Zoms ym) }-

e If C(P7) > 1, then . {(z2, y2),- s (& =1, ym + 1) }.

We move on to define more concepts and tools that will be used in the next lemma.
Let p’/ = (p1,...,Pm), where p; is the number of paths from any point on the first
diagonal of the trellis 7, w to the point (x;, y;) € P’. In other words, p; is the number
of partitions with outer hook (zz) fitting inside the innermost J hooks of A and having
weight (wy,...,wy). We call p’ the path-counting vector to the Jt diagonal, and we
define p’ for p’ similarly.

Remark 4.3.11. Note that in:pi = p”’ - 1 is the total number of paths Q; - Qs —---Q

i=1
through 7, w from the first to the J* diagonal. (Here “-” denotes the ordinary dot

product and 1 is the all one vector of appropriate size.) Because of Remark |4.3.10]

p’ and p’ have the same length. Note that Lemma can be expressed as

(recall that k is the number of principal hooks of A).
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Ezample 4.3.12. From Example 4.3.4] p* = (15,20,19,16) and p* = (14,19,22,19).

Thus pt-1=70<74=p* 1.

Remark 4.3.13. For the remainder of this section, we will be working in a sufficient
level of generality that the connection of these trellis structures to partitions may in
a sense be ignored. We may simply regard a given trellis as a collection of vertices
and edges, with the property that points balance along y = x as given by Remark
[4.3.10l Much of what follows will be dealing with relationships between certain 0-1

matrices. These more general results may be of some independent interest.

We now consider the correlation between these path-counting vectors in suc-
cessive diagonals. As before, P7' = {(z1,1),...,(@m, Ym)} and P’ =
{(X1, Y1),...,(X,, Y,)} are the points on successive diagonals of 7 . Also, de-
fine 0 = X; — 2y and 7 = Y] —y;. (We similarly define PJ_l and PJ, together with

=X, -& and 7= Y] - §j;.)

Viewing P’ and P’ as the vertices of a bipartite graph (together with edge set
corresponding to the connections between P”~* and P7), we consider the m x n biad-
jacency matrix, M. Its rows are labeled (in order) by the points of P’ and columns

by the points of P7. In particular, M; ;=1if z; < X; and y; <Y}, and 0 otherwise.

Remark 4.3.14. Note that M (of dimensions m x n) has the following properties:

1. Entries in any parallel of the main diagonal of M are the same, ie., M, ; =
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M;.i¢ jre whenever 1<i+{¢<mand 1<j+{<n.

2. M has s = min(o, n) ones in the first row (in columns 1 through s). This is
because we have an edge from (z1, y1) to (X;, Y;) € P7 whenever z; < X; < X,

(note that y; <Y; <Y for all j).

3. Similarly to (2), M has ¢ = min(7, m) ones in the first column (in rows 1 through

).

4. It follows from (1)-(3) that M is completely determined by s and ¢. Visually, s
is the number of edges from (z1, y;) to the points of P/, and ¢ is the number

of edges from (X7, Y;) to points of P’~*. This is illustrated in Fig. [4.10}

= T 1h3
(L

g : :}3
RIS | e

m-t  n-m+t

(71, 1)

Figure 4.10: Correspondence between diagonals and biadjacency matrix

Remark 4.3.15. We derive a simple identity to be used later. Recall that o = X| — 2,

and 7 = Y] —y;. Furthermore, Y,, =Y;+n-1 and y,, =y +m-1. Since d = 1 - ¥,, and
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e=X1-Y,, we have that e+n+7 =X -Y,+n+Y,-yy =v1+0+1-y,,+m—-1=d+m+o.
Thus we have

e+n+7=d+m+o. (4.1)

The biadjacency matrix M provides the correlation between the path-counting vectors
p’/~! and p’ as follows: Consider the matrix product p/~'M. This yields a vector
with n components whose j** entry is p7/=t- M, (where M; is the j* column of M).
M; has a 1 in the i'h entry if and only if (x4, y;) € P?~" is connected to (X, Y;) € P.
In other words, the j*™ entry of p/~'M is the number of trellis paths starting from

the first diagonal and ending at (X, Y;). Thus we have the important identity

p/'M=p’. (4.2)

We analogously define M for P’ and P’ in the more balanced trellis. Because
of Remark [4.3.10[ M and M have the same dimensions. The m x n matrix M is

completely determined by = min(&, n) and ¢ = min(7, m).

Remark 4.3.16. Because of Remark [4.3.10, 6 and 7 are completely determined by —
and can be expressed in terms of — the parameters of the pre-balanced trellis. These
expressions for the various cases (and the corresponding expressions for § and t) are

included in Appendix [A] for completeness sake. The conclusions given there follow

from Lemma A.3.7.
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a0 b>1 c20
—— — Y ——

Let x be a vector of the form (0,...,0, 1,...,1, 0,...,0). We will call such vectors
admissible. Define D(x) = a — ¢, the centeredness of x. Define B(x), the centering of

x, to be the admissible vector X with numbers @, b = b, ¢ such that

(a-1,¢+1) ifa>c

(daé):*(a+1,c—1) ifa<c

(a, c) if a=c.

Note that x and B(x) have the same number of 1’s.

Ezample 4.3.17. For a = 4,b = 3,¢ = 1, we have x = (0,0,0,0,1,1,1,0) and
D(x) = 3. Then B(x) = (0,0,0,1,1,1,0,0), B*(x) = (0,0,1,1,1,0,0,0) and

B3(x) =(0,0,0,1,1,1,0,0), where B? is the function B applied i times.

We now have the language necessary to state a general lemma that immediately

implies Lemma 4.3.1}

Lemma 4.3.18. Define p’ and p’ as above, and let d = C(P”). Let u be an ad-
missible vector with a +b+c = #P’. Then p? -u < p’ -0, where  is defined by the

following cases:

o [fd< -1, then:
— If D(u)>d+1, thenu=u.
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— Ifd-1<D(u)<d+1, then = B(u).

— If D(u) <d-1, then = B%(u).
o If|d <1, then:

— Ifd-1<D(u)<d+1, then G =u.

— If D(u)<d-1 or D(u)>d+1, then u = B(u).

o [fd>1, then:

— If D(u)<d-1, thenu=u.
— Ifd-1<D(u)<d+1, then = B(u).

— If D(u) >d+1, then u = B%(u).

We will prove Lemma by induction on the number of principal hooks of A.
However, before giving the proof, we first show how it implies Lemma and in

turn how Lemma implies the First Balancing Theorem

Proof of Lemma[{.3.1. In each of the three cases of Lemma [£.3.18 notice that if
D(u) =0, then @ = u. Thus since D(1) = 0, we have in every case that p*-1 <p”-1.

As noted in Remark [4.3.11] this is a restatement of the inequality in Lemma[d.3.1] O

Remark 4.3.19. Note that the proof of Lemma only required the assertion of

Lemma specifically for u = 1. However, the full generality of Lemma
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(allowing for any admissible vector u) seems to be necessary in order for the proof
by induction to be possible. Determining the appropriate conditions for induction to

work in the proof of Lemma was a significant part of discovering the proof.

Proof of Theorem[{.3.9 (The First Balancing Theorem). All i < X, with g of given
weight w, partition the same number. Thus they contribute to the coefficient of the

same degree in G, (similarly for fi < X, with wt(fz) = w). Thus the result follows from

Lemma 4311 O

The remainder of this section will be devoted to proving Lemma [4.3.18]

Proof of Lemma[{.3.18 We proceed by induction on the number of principal hooks

of \.

Note that there are no “paths” leading to the points of P! in the single hook case.
Because of the correspondence to partitions, the " entry of p! is the number of
partitions in A having outer hook (x;, 7). This number is simply 1. So p! =p' =1
and the inequalities in the lemma are trivially true (since u and B(u) always have

the same number of 1s).

We assume now that Lemma [4.3.18] is true for any partition having some specific

number, k£ — 1, of principal hooks.
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Let A\ be any partition with k& hooks, and let w be a valid weight vector for A.
As before, P*' and P* are the points on the (k—1)%t and k" diagonals of Ty w,
respectively, and p*~! and p* are the corresponding path-counting vectors. Similarly,
we have 15k_1, f’k, p" ! and p* for Tiw- Let d= C(P* ') and e = C(P").

For any admissible n-vector v (with a+b+ ¢ =n), we wish to show that p*-v < p*-v.
Define V' to be the n x b matrix whose i*" column is all zero except for a 1 in the
(a+1)t™ position (note that this corresponds to a position of a 1 in v). We define V
based on v similarly. Then MV is the m x b matrix consisting of the columns of M

whose indices correspond to 1’s in v, as illustrated below:

Ss—-u

m—t

S+U—-W

L]

m—1 n-mtt

MV
Figure 4.11: Structure of MV from M and v

Note that since pF = p*1M (Equation (4.2))), the sum of the entries of p* MV is
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p¥-v. That is,

pF-v=pFtMV.1. (4.3)

Observe that any permutation of the entries within a row of MV does not affect the
expression on the right-hand side of (4.3). With this in mind, we define MV to be
the matrix obtained from MV by “justifying” the 1’s in each row of MV to the left

(the number of 1’s in each row remains the same). So we have

p"-v=p"'MV-1. (4.4)

Let B (M V) be the matrix obtained by replacing each nonzero column u of MV by

1, as dictated by the lemma. By the inductive hypothesis, p*~1-u < p*-u. Together

with (4.4]), this implies that

p"-v<p"'B(MV)-1. (4.5)

From (4.2)), we have p* = p*"1M. We also consider MV (the matrix consisting of the
columns of M corresponding to 1's in ¥ with the 1's in each row then justified left).

Analogously to (4.4]), we have

prev=p"lMV -1 (4.6)

Thus, in order to prove p*-v < p¥- v, it suffices to show that p*'B (MV) -1 <
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f)k”_lM_f/- 1. We will in fact demonstrate that MV — B (M_V) has nonnegative entries,
which produces the desired inequality since ]\7[_‘7 and B (]\/[_V) are both 0-1 matrices.
We represent this claim simply as ]\Zf_f/ -B (M_V) > 0 (where 0 denotes the all-zero
matrix of appropriate size). We will continue the proof of Lemma after the

next remark and an example.

Remark 4.3.20. The preceding discussion allows us to no longer deal with path-
counting vectors and instead simply work with comparing 0-1 matrices that arise

from connections between the last two diagonals of a trellis diagram.

Ezxample 4.3.21. Before continuing with the proof, we provide an example to give

some evidence and intuition to this claim.

E
5

RHRRPRERERERO
oo R

Suppose in some trellis structure we have m = 8 points in P! and n

P*. Moreover, suppose C(P* 1) =d=-2, C(P*)=e=3 and M =

[elelelelelele)
OO
coocoorrr
OO0 HHF
oo RIR O
S e o)
O RE S
= e e

1111110000
1111111000
. 1111111100
This implies M = | 3511111119 ]. (An example with these specific values can be
0001111111
0000111111
0000011111 . .
: . : N d
seen in the trellis 7’(16 8 7)7(2071178) in the 274 and 3 diagonals.)
13 10 8
It can be verified for these specific matrices that, for any v, we have MV-B (M V) >0
111111
111111
111111
We illustrate the case v = (0,0,1,1,1,1,1,1,0,0). We have MV = | 8¢11i11], so
000111
000011
000001
111111
111111
111111
MV = 111188 ] Because of the inductive hypothesis, any column u with D(u) <
111000
110000
100000 o ' '
d-1=-3 “balances” twice (a = B?(u)), which applies to the last two columns. Any
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column with -3 < D(u) < -1 balances once (applied to all other columns except the

first).

So we have B (M_V) =

e e e e
P e e e e e e O
OHRRHRRHRRFHRO
OOHRRHEFO
OO HHROO
OO~ OO

111100 111100
111110 111110

v R BREERE! = _|iiii1t

Since D(v)=0<e-1, we have v=v,so MV =|t1i1{lland MV =] 111111
011111 111110

001111 111100

000111 111000

011100

000010

——= _ 000000
Therefore MV - B(MV) =19358888 | >0, as desired.

000000

000100

001000

Proof of Lemma continued. It remains to prove in general the claim that
MV - B (M_V) > 0. We begin by developing a simple method for representing and
comparing matrices MV and B (M_V) Note that by construction, the row sums of
MYV (and therefore of M_V) form a unimodal sequence where consecutive terms differ
by at most 1. Moreover this sequence is strictly unimodal except for possibly admit-
ting a peak with multiplicity greater than 1. Also, because of the left-justification of
rows in M_f/, the column sums form a weakly decreasing sequence where consecutive
terms first repeat (if the sequence starts with m), then decrease by exactly 1 (if the
first and last rows of MV do not have the same number of zeros), then decrease by
exactly 2 for the remaining positive terms. So we conclude that if the (i, j) entry
of MV is a 1, then the (i -1, j - 1), the (¢, 7 — 1) and the (¢ + 1, j — 1) entries (if
they exist) are also 1’s. We remark that these claims can readily be visualized in the

illustrations in Appendix [B.2]
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Thus M_f/ of fixed dimensions m x b can be described by the three numbers «, 3, 7,
where o (with 1 < o < b) indicates the index position of the last nonzero column, 3
(with 1 < 8 <m) indicates the row of the first 1 in column «, and 7 (with <~y <m)
indicates the row of the last 1 in column . Since MV is uniquely determined by
these three numbers, we write ]\7[_‘7 = («, B, v). Note that this 3-tuple representation

is completely determined by the last nonzero column of the matrix.

Ezxample 4.3.22. The 8x6 matrix from Example|4.3.21|can be represented

el
b
e
O

OO FHEFO
OO HOO

as (6, 3, 5).

Proof of Lemma continued. Analogously, we see that MV (of fixed dimensions

m x b) can also be uniquely expressed by a 3-tuple.

For the matrix B (M_V), we similarly let p be the index position of the last nonzero
column, and let n and ( indicate the row of the first and last 1, respectively, in
column p. Unfortunately B (M_V) is not in general equal to the matrix determined
(as above) by (p, 1, ¢). An instance of this can be seen in Example [4.3.21] However,
note that columns, u, of MV either all have nonnegative centeredness, or else they
all have nonpositive centeredness (i.e., either D(u) > 0 or else D(u) < 0 for all u).
Furthermore, the sequence of centeredness numbers of the columns weakly increases in
absolute value, from left to right, by at most 1. Under the assumptions of the inductive

hypothesis, namely the result of the lemma applied to columns of B(MV'), we infer
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from these observations that a column centered by two under B cannot be adjacent to
a (nonzero) column that is fixed under B. Also, if a column of MV is centered under
B, then nonzero columns to the right of it are also centered. Furthermore, notice
that consecutive columns with 0’s in the first and last entries always have the same

centeredness. (We remark that these observations are clearly illustrated in Appendix
) From this discussion, we conclude that, although B (M V) +(p,n, (), we do

have (p, n, () - B(MV) > 0.

So to show that MV - B (MV) > 0, it suffices to show that («, 8, v) - (p, n, () > 0.
Based on the structure of these matrices, we have that (a, 3, v) - (p, 1, ¢) > 0 if and

only if p < a and

o If p=q, then n > and ( <+, or else

o I[f p<a,then f-n<a-pand (-y<a-p.

In order to determine (o, f8,7) and (p,n, (), it is necessary to examine a
rather large number of cases based on the comparative values of the parameters

n, m,s, t,a, b, c, d,e.

We first examine various cases for precisely determining the structure of MV. From
these we will obtain the form of MV (also MV by extension), and subsequently

determine the various possibilities for B (M V). We refer the reader to Fig. W.11
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for understanding why the following cases are relevant, and why the corresponding

implications hold.

Case 1. ¢ >n—s (implying the first row of MV is all 1’s)

Case 2. a< s and c<n—s (first row of MV contains 0’s and 1’s)

Case 3. a > s (first row of MV is all 0’s)

For each of Cases 1.-3., we must also consider the following;:

Case A. a >m —t (implying the last row of MV is all 1’s)

Case B. a<m -t and c<n—-m+t (last row of MV contains 0’s and 1’s)

Case C. c>n-m+t (last row of MV is all 0’s)

Nlustrations of the 9 possible forms of MV are given in Appendix [B.1]

From these, we can describe the structure of MV. The form of MV in Case 1. or
Case A. can be determined immediately. However, in order to determine the form of

MYV in Cases 2.B., 3.B., 2.C., or 3.C., the following subcases must also be considered:

Case i. s+t <b (implying the final column of MV is all 0’s)
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Case ii. s+t >b (implying the final column of MV contains 1’s)

[lustrations of the 13 possible forms of MV are given in Appendix .

Since M and V are matrices having the same structural properties as M and V', note

that replacing all parameter names (other than n, m and b, which are fixed under

balancing) with their respective “tilde” names (i.e., m—t-a - m—t-a) produces all

possible cases for MV. Thus (noting some symmetries in the various cases) we have

from Appendix

B.2

the following possible values for the matrix MV = (a, B, 7).

Table g
Possible cases for MV = («, 3, )

Case ]\Zf_f/

LA (b, 1, m)

1.B., 1.C. (b, 1,1 +a)

2.A., 3.A. (byn—-§-¢+1,m)

2.Bi, 2.Ci, 3Bi, 3.C.L (3+t-1,t+a,n-5-c+1)
2.B.i., 2.Cii., 3.Bii., 3.Cil. | (b,n—-§-¢+1,1+a)

We now turn our attention to determining (p, n, ¢) for the various cases. Note that

we need only consider how the function B affects the last nonzero column of MV'.

Once again, we have a further breakdown of the cases, dependent on the centeredness
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of this last nonzero column compared with C(P*™) = d as directed by the inductive
hypothesis. In each case, we use d to represent the centeredness of this final nonzero
column of MV.

We are again able to take advantage of some symmetries (noticeable in Appendix

B.2)) between the various cases. We have the following:

e For Case 1.A., B(MV) < (b, 1, m).

e For Cases 1.B. and 1.C., we have j = —(m —t —a).

— If d < -1, then:
% If § > d + 1, then: B(MV)< (b, 1,t+a)
x Ifd-1<6<d+1, then: B(MV)<(b,2,t+a+1)
« If 6 <d -1, then: B(MV)<(b,3,t+a+2)
— If |d| < 1, then:
« If § >d -1, then: B(MV)< (b, 1,t+a)
x If 0 <d -1, then: B(MV)<(b,2,t+a+1)
— If d > 1, then: B(MV)< (b, 1,t+a)

e For Cases 2.A. and 3.A., we have 6 =n—s-c.
— If d < -1, then: B(MV)<(b,n-s-c+1,m)
— If |d| < 1, then:
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« If § <d+1, then: B(MV)<(b,n-s—c+1,m)

« If 0 >d+1, then: B(MV)<(byn-s-c, m-1)
— If d > 1, then:

x If 6 <d -1, then: B(MV)<(byn-s-c+1,m)

x* If d-1<6<d+1, then: B(MV)<(byn-s-c,m-1)

% If > d+1, then: B(MV)<(b,n-s-c-1,m-2)

Before continuing to describe B(MYV) for Cases 2.B., 2.C., 3.B. and 3.C., we note a
few simplifications. In any of these cases we have § = (t+a-1)-(m-n+s+c-1).
Furthermore, since s = ¢ and t = 7 in these cases, the simple identity we noted
in Remark is equivalent to e+ n+t=d+m+s. It follows that § =a—c+d - e.
Consequently, note that the cases (§ <d-1, d-1<d<d+1, 6 >d+1) are equivalent
to(a-c<e-1,e-1<a-c<e+1,a-c>e+1). We proceed now with listing the

representations of B(MV') for these remaining cases.

e For Cases 2.B.i., 2.C.i., 3.B.i. and 3.C.i. [and for 2.B.ii., 2.C.ii., 3.B.ii. and

3.C.ii., as given below in brackets|, we have § =a—c+d -e.
— If 6 = 0, then: B(MV)<(s+t-1,t+a,n-s-c+1)
[(byn-s—c+1,a+1)]
— If § < -1, then:

x If d < -1, then:
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- Ifd<d-1, then:

B(MV)<(s+t-1,t+a+2,n—s-c+3)

[(byn-s—c+3,a+t+2)]

- Ifd-1<6<d+1,then: B(MV)<(s+t-1,t+a+1,n-s-c+2)

- If 6 >d+1, then:

« If |d| < 1, then:

- If 6 <d-1, then:

- Ifo>d-1, then:

x If d > 1, then:

— If 6 > 1, then:

x If d < -1, then:

« If |d| < 1, then:

- Ifo<d+1, then:

- If 6 >d+1, then:

[(byn-s—c+2,a+t+1)]
B(MV)<(s+t-1,t+a,n-s—-c+1)

[(byn-s—c+1,a+1)]

B(MV)<(s+t-1,t+a+1,n-s-c+2)
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[(byn-s—c+2,a+t+1)]
B(MV)<(s+t-1,t+a,n-s-c+1)
[(byn-s—c+1,a+1)]
B(MV)<(s+t-1,t+a,n-s-c+1)

[(byn-s—c+1,a+1)]

B(MV)<(s+t-1,t+a,n-s—c+1)

[(byn-s—c+1,a+1)]

B(MV)<(s+t-1,t+a,n-s—c+1)
[(byn-s—c+1,a+1)]
B(MV)<(s+t-1,t+a-1,n-s-c)

[(by,n-s—c,a+t-1)]



x If d > 1, then:
- If § <d -1, then: B(MV)<(s+t-1,t+a,n-s—c+1)
[(b,n-s—c+1,a+t)]
S Ifd-1<6<d+1,then: BMV)<(s+t-1,t+a-1,n-s5-c)
[(bbn-s—c,a+t-1)]
- If 6 >d +1, then: B(MV)<(s+t-1,t+a-2,n-s—-c—1)

[(byn-s—c-1,a+t-2)]

We again turned to Mathematica to symbolically compare (p, 1, ¢) and («, 3, ) for
the many possible valid cases (there are 1990 of them). In each case, Mathematica
verified that (o, 5, 7) - (p, n, () > 0, thus completing the proof. The full code used

for this verification is provided in Appendix [C.3| O

Example 4.3.23. We illustrate the proof of Lemma [4.3.18 for two cases.

e Example [4.3.23|a.
Suppose we are in the following case for the various parameters (assuming as

always some arbitrary but fixed positive integer values of m and n):

—Jd<1land e>1
—o=n-land7<m-1(so s=n-1and t=r1)
— Case 2.B.i. holds
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Recall that in any case, b <n and t > 1. Since we are assuming that s =n -1
and s+t < b (Case 1.), it follows that s+t =b,sot =1 and b = n (this also implies
a=c=0). Since e > 1 we have a—c < e—1, which we noted is equivalent to § < d-1
in Cases 2.B.,2.C., 3.B., or 3.C.. Thus B(MV) < (s+t-1,t+a+1, n-s—c+2) =
(b-1,2,3).

We now determine MV for the current case. Since |d| <1 and e > 1, we have
(from the cases given in Appendix A) that (&, 7) = (6—1, 7+1) and also § = n-2
and t =t+1=2. Also, since D(v) =a—-c=0, we have that v=vsoa=a=0
and ¢ =c¢=0. So we are in Case 2.B. Also, since §+1 = s+t < b, Case 1. still
holds. Thus we have MV = (3+t-1,t+a,n-5-¢+1)=(b-1,2,3). So we

see that MV = B(MV) and we have the expected result.

e Example [4.3.23.b.

Suppose we have the following case:

—d>1lande<-1
— D(v)>e+1 (ie,a-c>e+1)
—o<n-land 7=m+1 (so s=0 and t =m)
— Case 2.A. holds and d-1<n-s-c<d+1
We immediately see that B(MV) < (b, n—s—c, m—1).

From Appendix A, we determine that § = s+2 and £ = m—1. Also, since e < -1

and D(v)>e+1 we have v=v, so @a=a and ¢ = c.
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The case that holds true for the “tilde” parameters is not completely determined
by the assumptions we made about the “non-tilde” ones, but we can rule out

some possibilities.
Note that since a < s (Case 2.), we have that a < 3, so Case 3. cannot hold.

Also, Case C. cannot hold, for if it did then we would have &> n—m +{, which
is equivalent to ¢ > n — 1. But this contradicts the fact that s> 1 and c<n-s

(from Case 2.).

Case 1.B. cannot hold. For if it did, then Case B. gives @ < m — which implies
a <1, s0 a=0. Thus the general equality n =a+ b+ c gives n = b+ ¢, and the
identity from Remark is equivalent in this case to d =b-s+e+c+ 1.
Furthermore, since we are assuming a—c > e+ 1, we have e+c+1 < 0. Assuming
Case 1. gives ¢ > n—3, which is equivalent to b—s < 2. Combining the (in)equalites
from the end of the last three sentences gives d = b—s+e+c+ 1 < 2, which

contradicts our assumption at the beginning of this example that d > 1.

So one of Cases 1.A., 2.A., or 2.B. holds. Note that §+¢=s+m+1>b, so we

do know that Case ii. holds. We consider each of the possibilities:
— If Case 1.A. holds, then MV = (b, 1, m)
— If Case 2.A. holds, then MV = (b,n-5-¢+1,m)=(b,n-s—c-1,m)
— If Case 2.B.ii. holds, then MV = (b, n—§-¢+1, t+a) = (b, n—s—c-1, m+a-1)
In each case, we have MV - B(MV) >0, as expected.
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4.3.2 The Second Balancing Theorem

We now consider the second balancing operation on partitions, as introduced in Sec-
tion [£.2] As we proceed to prove, this balancing operation also improves the gener-

ating function of a partition.

For a partition \ = (g: ‘gﬁ o gi ), define \ = (%’“ %’H %1 ), where 4; = max(4;, B;)
- k Br-1 -

and El = Hlil’l(Ai, Bz)
Note that the number and sizes of principal hooks are preserved from X to .

Lemma 4.3.24. For any integer vector w, we have

< A wt(p) = wh < #{7 < A wt(z) = w}.

The theorem given below follows from Lemma in exactly the same way that

Theorem [4.3.2] follows from Lemma [4.31]

Theorem 4.3.25 (The Second Balancing Theorem).

Gy < GX'

Remark 4.3.26. The two Balancing Theorems (4.3.2/and [4.3.25)) produce sequences of
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partitions with successively improved generating functions. This is illustrated below.
The first inequality is from the Second Balancing Theorem; the second and third

follow from the First Balancing Theorem [4.3.2]

Gopesyy < G
|
|
|

1
0
11111
|

8 72

G(1243(1)) < G(12
I

L o~
H
IN

Figure 4.12: Successively improved generating functions

Proof of Lemma |4.53.24]. We prove the desired inequality with an injective argument.
For any partition p < A, let h; = (‘;) represent the 7 hook of u. Since p < X, we have

that a; < A; and b; < B;.

We define a map from the set of partitions fitting inside A to those fitting inside
X as follows. Take any partition p where p < A\. Any hook of p that fits in the
corresponding hook of X is (initially) unchanged. Note that a hook h; = (Z) will not

fit in A if and only if B; = A; and b; > B;. All such hooks are “flipped”, that is,

()~ ()
bi a; ’
Clearly, all the hooks produced by this “flip/no flip” procedure will fit inside .

However, it is possible that the rows of the resulting array may not strictly decrease,
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meaning the array does not give a partition. For instance, if the ¢* hook is flipped
and the (i — 1) is not, then there could be hooks (Z oo ), where a; < b;_;. To
correct this, we simply flip the (i — 1)** hook to obtain (% %-1). This clearly fixes
the non-decreasing issue between the i** and (i — 1)%t hooks. Furthermore, because
ai-y < a; < by < Biy < Ai_y, we see that the flipped (i — 1)5¢ hook fits inside X\. We

continue flipping subsequent hooks (h;_o, etc) until we reach a hook where the rows

of the array are strictly decreasing.

This issue of non-decreasing rows could also have happened between the (i + 1)t and
1™ hooks. We correct this in an analogous way by flipping hooks h;,1, hio, etc. The

argument for this case is essentially the same as that given in the paragraph above.

When this procedure is complete, we will be left with a partition 7 in X. It is not
hard to see that this map is indeed an injection. Suppose that 7 < X is the image of
some partition u < A as constructed by the map described above. To recover p, first
flip all hooks in & that do not fit inside A\. Once again we will, in general, be left
with an invalid array. To fix this, we incrementally flip any hooks before or after any
particular flipped hook that caused an issue until the array gives a valid partition.
The hooks that are flipped in this reversal are exactly those that were flipped from u

to obtain . O]
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Example 4.3.27. To illustrate the map from the proof, consider

)\ = (28, 26, 25, 17, 14, 12, 4, 3, 0)
—\ 31, 23, 22, 19, 16, 10, 7, 3,1 /) »

which gives

N - (31, 26, 25, 19, 16, 12, 7, 3, 1)
=128, 23 22,17, 14, 10, 4, 3,0 ) -

Consider the following partition p < A:

_ (22, 20, 19, 17, 11, 7, 4, 2, 0)
29, 22, 21, 17, 13,9, 7, 2,1 ) -

We show in detail how to obtain 1, emphasizing the flipped hooks for clarity. We

first flip the hooks of 4 that do not fit inside the corresponding hooks of \:
29, 20, 19, 17, 11, 7, 7, 2, 1
(22, 22, 21, 17, 13, 9, 4, 2, 0) :

Next we iteratively flip adjacent hooks until the result is a valid partition:

(29, 22,19, 17, 11, 9, 7, 2, 1)
22,20, 21, 17, 13, 7,4, 2,0 ) »

(29, 22,21,17, 11,9, 7, 2, 1)
22,20,19, 17,13, 7,4,2,0 />

so we conclude that

— (29,22,21,17,11,9, 7,2, 1
22,20, 19, 17, 13, 7,4, 2,0 ) -
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For completeness’ sake, we show how to go backwards to recover pu. We first flip the
hooks of 1z that do not fit in A and proceed from there:

(22, 22, 21, 17, 11, 9, 4, 2, 0)
29,20, 19, 17,13, 7,7, 2,1 ) »

22,20, 21, 17, 11, 7, 4, 2, 0
29, 22, 19, 17, 13,9, 7, 2,1 ) >

)

(22, 20, 19, 17, 11, 7, 4, 2, 0)
29, 22, 21, 17, 13,9, 7,2, 1 )

which is p.

As a final point of interest, note that the injection described here is not generally a

bijection. For example, the partition (3;1 gg) fits inside A, but attempting to find a

preimage by reversing the map from the proof gives (?2)11 32) , which is not in .

We now consider a certain refinement (which we call the principal hook refinement)

of partition generating functions. For a partition \ = (g: g:j - 21 ), we can write the

generating function G as

149G 4,-1)G (B-1)*0* G (a2, 4y, -1) G (Bo-2, Byy-1)*- - ~+qk2G(Ak—k,...,Al—l)G(Bk—k,...,Bl—l)-
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The polynomial associated with the term ¢ in the expansion above is

2
q G(Ak_i»Ak—l_(i_l)m:Ak—i—l_l)G(Bk_i7Bk—l_(i_l)m:Bk—i—l_l)'

This term counts the partitions inside A having Durfee square of size i (that is, having

exactly ¢ principal hooks).

Example 4.3.28. The generating function for (Y §81) can be written as

G(lO % g 421) =1+ C]G(g)G(s) + C]4G(8, 7)G(7,5) + CI9G(7,6,5)G(6,4,4) + q16G(6,5,4,3)G(5,3,3,1)~

Proposition 4.3.29. For any partitions po = (i1, ..., e, ) andn = (n1,...,me,) (where

without loss of generality (1 > (), let fi; and 7; be as follows:

(=1, mi+ 1) if > +1
(Rjo ) =3 (s + 1= 1) if py <+ 1

(145, m5) otherwise.

(If L1 > by, we define ng,41 =Negs2 = =ng, =0.) Then

Gan < G(ﬂl,ﬂq,...,ﬂgl )G(ﬁhfnz"':fiél ) )

Proof. Let A be any partition whose ¢i° term in the principal hook refinement is
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@G .Gy Note that the ¢ term in the refinement of \ will be

-2
YA
4" G (v, fiz,orfie) G it refie, ) -

These polynomials are the generating functions for partitions inside A and 5\, respec-

tively having ¢ principal hooks.

Recall that the First Balancing Theorem implies that there is an injection from
partitions g in A to partitions fi in A such that || = |f. This followed from Lemma
[4.3.7] which more strongly guarantees that this injection also preserves the number

and sizes of principal hooks. Thus we have the desired inequality. O]

Proposition 4.3.30. For any partitions po = (pu1, ..., e, ) andn = (n1,...,me,) (where

without loss of generality (1 > ls), let @i, = max(p;, 1;) and 7; = min(u;, n;). Then

G#GU nS G(ﬁl:ﬁ%"'vﬁél )G(ﬁlvﬁ%"'vﬁ(l)'

The proof of Proposition |4.3.30| (using Lemma [4.3.24)) is completely analogous to the

proof of Proposition and is therefore omitted.
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4.4 Non-conjugate Partitions With the Same Gen-

erating Function

In this section, we consider the size of P,: the number of distinct generating functions
of partitions of n. As we have seen before, any partition and its conjugate have the
same generating function. Representing the number of self-conjugate partitions of n

by sc(n), we have that

p(n) + SC(?’L).

|P,| <
2

As we will see, it is also possible for two non-conjugate partitions A and 7 to share
the same generating function. Despite the existence of such partitions, computational
evidence suggests that the number of such examples is negligible with respect to the
total number of partitions of n. In other words, we expect that |P,| ~ w. (We

say that two arbitrary functions f(n) and g(n) are asymptotic and write f(n) ~ g(n)

i 1m M =
s g(n) L)

The asymptotic formula for p(n), due to G. Hardy and S. Ramanujan [3] [14], is a

famous result from partition theory:

1 m/2n/3
n) ~ e )
p(n) Y
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M. Wildon proved in [40] that

e™/n/6

)~ g

Since \/n/6 < +/2n/3, this easily implies the asymptotic

p(n) +sc(n) ~p(n).

This leads us to conjecture the following:

Conjecture 4.4.1.

Py~ p(n)

We now proceed to give an infinite family of pairs of non-conjugate partitions having

the same generating function.

Proposition 4.4.2. Let m, k, i € P with i <m, and let x = (1, xa,...,x) be a binary

vector. Then setting

A=(km-1,(k-1)m-1,....2m-1,m-1,i-1) +i(xy, xa,...,2p_1, T, 0)

and

n=(~Gkm-1,(k-1)m-1,....2m-1,m-1,i-1) +i(xg, T_1,-.., T2, T1, 0),
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we have Gy = G,,.

In the case when i = 1, we simply ignore the part of size 0 at the end of the partition.
Note that the condition ¢ < m guarantees that A\ and n are indeed partitions. Before

proving Proposition [4.4.2, we give a quick example:

Ezample 4.4.3. Let k=5, m =3, i =2 and (z1, T2, x3, T4, x5,0) = (1,0, 1, 1, 0, 0).

Then we have

A=(14,11,8,5,2,1)+2(1,0, 1, 1,0,0) = (16, 11, 10, 7, 2, 1)

and

n=(14,11,8,5,2,1)+2(0, 1, 1,0, 1, 0) = (14, 13, 10, 5, 4, 1)

The associated Ferrers shapes are:

Figure 4.13: Ferrers diagrams for (16, 11,10,7,2,1) and
(14, 13, 10, 5, 4, 1)

It can be easily verified by a computer that

G'1(16, 11,10,7,2,1) = G!(14, 13,10,5,4,1)-

107



Proof of Proposition[4.4.3. For simplicity, let p = (km-1, (k-1)m-1,...,2m-1, m-

1, i-1) denote the “base” partition to which we are adding the vector of 0’s and i’s.

If x =0, then A =7 and the result is trivial. So we may assume that ¢ > 0 entries of
X are NONZEro: Tj,, Tj,,...,T;,. For any subset {ji, 75,...,7.} of {J1, ja,...,je}, there
are partitions in A (and n) that “extend beyond” p in exactly rows ji, j5,...,7.. We
will demonstrate that A and n both have an equal number of such partitions. Thus
we can expand the generating functions for A and 75 into 2¢ matching components,

which gives G = G,,.

Consider the partitions fitting inside A that extend beyond p in exactly s parts:
J1s J2s- .-, Js (that is, precisely the entries z;,, z,,...,z;, in x are nonzero). Similarly,
consider the partitions in 7 that extend beyond p in parts ji, jo,...,Js (appearing in
reverse order in 7). It is not difficult to see (by the symmetry of the part sizes) that
the contribution from these two classes of partitions to Gy and G, respectively, is

the same.

Indeed, the associated partitions in A contribute to GG the following amount:

S

M
q HG((\]’;H-jﬂ—l)m—L(\jgﬂ—jg|—2)m—1,...,2m—1,m—1,z‘—1)a (4-7)
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where

M =m(ji(k=j1+1)+ (o —g)(k-ja+ 1) +...+ (i —je) (k= ji+ 1))

and we define j) =0 and j.,, =k + 1.

By construction, replacing each j; above with k - j; + 1 produces the associated par-
titions in 7 (since these indices label rows of 7 in reverse order). Careful inspection
shows that the corresponding portion of the generating function contributing to G,

is the same as (4.7)).

For example, consider k =12, m =5, ¢ = 4 together with the binary vector

(1,1,0,0,1,1,1,0,1,1,1, 1, 0).

This yields the partitions

A= (63, 58, 49, 44, 43, 38, 33, 24, 23, 18, 13, 8, 3)

and

n = (63, 58, 53, 48, 39, 38, 33, 28, 19, 14, 13, 8, 3).

The partitions in A having part sizes that extend beyond p in exactly rows 2, 6, 11

109



and 12 are counted by

PG, 3G (14,9,4,3)G (19,14,9,4,3)G(3)G (3), (4.8)

as illustrated in the Ferrers shape below. (For clarity, the base partition pu is high-
lighted in light gray. All dark gray cells within the bold border must contribute to

wy”

the partitions being counted, while none of the cells with an “x” can contribute.)

XXX

BT

T

Figure 4.14: Counting q305G(4’3)G(14’ 974’3)G(19714’974’3)G(3)G(3) in A

Similarly, the partitions in 1 having part sizes that extend beyond p in the “symmet-

ric” rows 1, 2, 7 and 11 are also counted by (4.8)), as illustrated below:
S N

Figure 4.15: Counting q305G(473)G(1479’473)G(19714797473)G(3)G(3) in n

As an example of the complete expansion, the generating functions for A and 7 from
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Example 4.4.3| can be expressed as
Gr=Guai1,s521) 0 GyGaiss2y + @ Ge21)Gir21) + G 521G

+q33G(1)G(2,1)G(5,2,1) + qggG(l)G(5,2,1)G(2,1) + q33G(5,2,1)G(1)G(2,1)
+¢¥G1)G 21 G1)Ga

and
G, = G(14,11,8,5,2,1) + QQ4G(2,1)G(8,5,2,1) + q27G(5,2,1)G(5,2,1) + q15G(11,8,5,2,1)G(1)

+q33G(2,1)G(1)G(5,2,1) + qggG(Q,l)G(5,2,1)G(1) + q330(5,2,1)G(2, 1)G(1)

+¢7G (2,1)G(1)G2,1)G 21)-

We only remark here that it can easily be shown that the family given above does
not affect the asymptotics of |P,| as speculated in Conjecture However, this
family does not cover all instances when two non-conjugate partitions have the same
generating function. For instance, computational evidence suggests that

((2m+2j+z)7, (m+j5)i-1, (m+j*1)“'l) ((2m+2j+1).7‘1, 2m+27, (m+])1”)
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for any ¢, 7, m € P.

An exhaustive classification of all such cases of distinct partitions A and 1 where
Gy = G, (and X # 1) seems quite difficult. Despite this, computational evidence
suggests that such cases are negligible with respect to the asymptotics of |P,|, as

given in Conjecture [£.4.1]

4.5 Maxima in P,

In this section, we study the number of maxima in P,, which we denote by M,,. From

the Balancing Theorems (4.3.2 and [4.3.25)), we have a necessary condition on the

structure of partitions that yield maxima in P,. This restriction on possible maxima

gives an upper bound on M,,.

Later in this section, we will describe a certain infinite family of partitions of n that

gives maximal generating functions in P,. In particular, this will show that M, >

n'/4 which implies lim M, = oo (if f and g are positive value functions, f(n) > g(n)
n—oo

means f(n) > Cg(n) for some positive constant C' and all n large).
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4.5.1 An Upper Bound On M,

For any positive integer n, let sd(n) be the number of “super-distinct” partitions of
n, that is, partitions of n with consecutive parts differing by at least 2 (see [4, p. 23]).
Also, let Bal,, be the set of completely balanced (and all offset in the same direction)

partitions of n. In other words,

Bal, = {(g: ggj 4 )Fn|A; =B or A= B;+1 for all 4}.

By the Balancing Theorems (4.3.2] and |4.3.25), any maximum in P, must be the
generating function of some partition in Bal,. In other words, M, < |Bal,|. We will

use this to prove the following proposition.

Proposition 4.5.1.

M, <sd(n).

Proof. Tt suffices to show that |Bal,| = sd(n). This follows from the following bi-
jective correspondence between partitions counted by sd(n) and partitions in Bal,,

respectively:

o=
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Fxample 4.5.2. We illustrate this bijection for clarity sake. Consider
(18, 14, 11, 9, 4, 1), a partition in sd(57). Subtract one from each part size and divide
by two to form the columns of the Frobenius notation for the completely balanced

partition in Balsy:

(18,14, 11,9, 4, 1) (

[eelNe)
(2R
arot
NN
Ll
[esfen)
~—

Figure 4.16: Correspondence between (18, 14,11, 9,4, 1) and (252229)

To illustrate the other direction, consider (131 319) in Balgg. Sum the columns and

add one to each result to get the parts of the corresponding partition in sd(60):

(139'110) (26, 20, 10, 3, 1)
mm,
11

Figure 4.17: Correspondence between (13 13 19) and (26, 20, 10, 3, 1)

The first Rogers-Ramanujan identity (see for example [3]) asserts that sd(n) is equal

to the number of partitions of n with parts equal to 1 or 4 (mod 5). So the generating
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function for sd(n) is

> 1
sd(n)q" = ; —
7; ( ) g (1_q5z+1)(1_q5z+4)

M. Lugo showed in [21] that

sd(n) ~ cse(m/5) =314 pm/An]15
47 - 151/4

Recall the well-known asymptotics for p(n), the partition function [3} [14]:

1 m/2n/3
n)~ e .
p(n) ~ 7

Thus if we assume Conjecture from the previous section, then M, is negligible

with respect to |P,|. In other words, we have

Mn Sd(n) Sd(n) n1/467r\/4n/15
< < <«
|Pn| |Pn| p(n) 67r\/2n/3

Then since \/4n/15 < \/2n/3, this discussion proves the following fact:

Theorem 4.5.3. If Conjecture [{.4.1] is true, then

.M,
lim — =
n—oo |Pn|

0.
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4.5.2 A Lower Bound On M,

We now show that the number of maxima in P, tends to infinity as n grows. We
begin by showing how one particular partition yields a maximum in P,, and then

discuss how to generate more maxima from this starting point.

For any positive integer n, it is easy to see that there exist unique positive integers k

and m such that
(k’+2)_3sns(k+3)_4’
2 2

where n can be written in the form

(5 =051

Indeed, from the inequality above we can determine that k = [—V 8”;25‘3J

, and we also

have that k-2 <m <2k -1.
Lemma 4.5.4. ForneP, let k and m be as defined above. Then the partition
A:(k+[%], k-1,k-2,....3,2, 1VSJ+1)

yields a maximum in P,, where 1541 denotes the part of size 1 repeated [%J +1

times.
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Proof. Note that the shape of A is that of one large outer hook enclosing a “staircase”

of size k — 2. We observe two facts about G:

e Since A has k outer corners, the penultimate term of G is kg™ .

e Since m < 2k — 1, it is not hard to see that the coefficients of G), match the
partition function up to and including degree k + l%J (the number of parts of

A). Furthermore, in the case when m is odd, the coefficient of q’”[%] in Gy is

p(k+[5])-1.

We claim that A is the only partition of n — up to conjugation — that satisfies these
two conditions. Indeed, in order to satisfy the second condition, the arm of the outer
principal hook must be at least &k + [%] -1, and leg at least k+ [%J -1 (recall that the
corner of the hook is not counted). Sharply meeting these bounds leaves us with (k;)
more cells for the portion of the partition within the outer hook. In order to satisfy
the first condition, the shape within the outer hook must have k-2 distinct part sizes.
This can only be obtained by constructing the k — 2 staircase within the outer hook,
so A is uniquely determined. It is clear from this discussion that no other partition of
n can have a coefficient at least k in the penultimate term and simultaneously satisfy

the second condition. Thus A yields a maximum in P,.
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Our next goal is to show how more maxima in P, can be generated starting from this
partition A. To do this, we require the concept of double outer corners of a partition.
A double outer corner is a pair of two adjacent cells in a partition such that, if both
are removed, a valid Ferrers diagram will be left. Therefore, a double outer corner
can arise either from a part that is at least 2 larger than the next part, or from a

repeated part size.

This concept is useful because it determines how many partitions of n — 2 fit inside a
given partition of n. In particular, if some partition has k£ outer corners and m double
outer corners, then the coefficient of the antepenultimate (third to last) degree in the

generating function is (];) +m.

Example 4.5.5. The partition of n = 217 whose Ferrers diagram is shown below has

k =10 outer corners and m =6 +5 = 11 double outer corners.

Figure 4.18: A partition with 10 outer corners and 11 double outer corners

Hence the number of partitions of size n — 2 = 215 that fit inside this partition (i.e.,

the coefficient of the ¢! term in the generating function) is (120) +11 = 56.
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Lemma 4.5.6. For nonnegative integers k and t with 2t < k, the smallest partition
having k outer corners and 2t double outer corners is

(k:+t—1, kt+t—4, k+t—7, -  k-2t—1, k-2¢t-3, k—2t-5, )
k+t-1, k+t—4, k+t=7, -, k=2t-1, k-2t-3, k=2t-5, - ) *

The last hook of this partition is either G) or (8), depending on the parity of k.

Before proving Lemma [4.5.6] we give a small example.

FExample 4.5.7. The smallest partition having k£ = 13 outer corners and 2t = 8 double

outer corners is (1813107429) of size 111.

Figure 4.19: The smallest partition with 13 outer corners and 8 double
outer corners

In particular, no other partition of size less than or equal to 111 produces a generating
function that simultaneously has a penultimate term of £ = 13 and an antepenultimate

term of (’;) + 2t = 86.

Proof of Lemma[{.5.0. Let n be a partition of smallest size having k outer corners

119



and 2t double outer corners. We do not assume a priori that 7 is unique.

By minimality, we may assume that no part of n is repeated three or more times,
since removing all but two of a repeated part size does not alter the number of outer
(or double outer) corners. Analogously, no part is more than two larger than the

subsequent part.

Furthermore, if some part 7n; is repeated, then all parts smaller than 7; are also
repeated. Otherwise, we could reduce the size of the partition by eliminating one of
the parts of size n; and instead repeating the smaller part. (This reduction clearly
preserves the number of outer and double outer corners.) Analogously, if some part
7n; is two more than the subsequent part, then each of the parts greater than 7; is

also two more than the subsequent parts.

By the preceding paragraphs and under the assumption that 2t < k, the first part of
the partition is distinct and the last part is 1. Thus for some r, s > 0 where r + s = 2t,
each of the first r parts of 1 are exactly two larger than the next part, and the last
2s parts of n are (s, s, s—1,s—-1,...,2,2, 1, 1). Since n has exactly k distinct part

sizes, it follows from this discussion that 7 is of the form

(k+r, k+r=2,...0k=r+2, k-r,k-r—-1,...;8+1,8,8,s-1,s-1,...,2,2 1, 1).

r k-2t 2s
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Hence the total size of n is

|77|=2(551)+s(k—2t)+(k_22t+1)+r(k_r)+2(r;1)'

Replacing s with 2¢ — r and simplifying, we obtain
kE+1
Il = 12 = (20)r + 20( + 1) +( . )

Regarding k and ¢ as fixed and treating this expression as a quadratic in r, it is easy
to see that |n| is minimized precisely when r = ¢. This implies that there is a unique
partition of smallest size having k£ outer corners and 2t double outer corners. It is

easily checked that setting s = r =t gives the partition in Lemma [£.5.6] O

We are now in a position to state the following:

8| 552 |+1+1

Proposition 4.5.8. The poset P, has at least [ 5

| -1 maxima, where k =

|

Before proving Proposition 4.5.8, we give an important corollary that follows imme-

diately from it.

Corollary 4.5.9. The number of mazima in P, goes to infinity as n increases. That
18,

lim M, = .

n—oo
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Proof. From Proposition [4.5.8] there are at least asymptotically (2n)'/* maxima in

P,. ]

Proof of Proposition[{.5.8. Let

A:(k+[%],k—1,k—2,...,3, 9, 1l2~”J+1),

[ol k=2
as in Lemma [4.5.4, We construct ¢ = {w‘ — 1 partitions: Ag,..., A, 1, that

yield maxima in P,. This is done by an iterative process on A of removing cells
from the outermost (principal) hook and distributing these cells to the interior & — 2

staircase.

We first take Ag = A. Then form A; by removing one cell from both the arm and leg
of the outer hook of Ay and adding them to the second part and to the first part of

size 1 in Ay.

Next, form Ay by removing two cells from both the arm and leg of the outer hook of
A7 and adding one to the second and third parts, and to the first parts of sizes 2 and

1lin Al.

In general, the partition A; is formed by removing j cells from both the arm and leg
of the outer hook of A;_;. Each of the first j parts of the inner staircase is increased

by one, as is each of the first occurrences of parts of size j, 7-1,...,11in A;_;.
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The generating function of A; satisfies the following:

J+1

5 ), and is one less

e (), matches the partition function up to degree k + [%J - (

j+1)

than the partition function in degree k + [%] - ( 5

o (4 A, has coefficient k in the penultimate term.

e (75, has coefficient (’;) + 27 + 2 in the antepenultimate term.

No other partition of n (up to conjugation) satisfies these three conditions. To see
this, note that the first condition above dictates precisely what the outer principal
hook of the partition is. In order to satisfy the last two conditions, the portion of the
partition within the outer hook must have k — 2 outer corners and 2j double outer
corners. This interior shape as constructed above is precisely the modified staircase
shape demanded by Lemma m Thus no other partition of n (up to conjugation)

satisfies these three conditions. OJ

Example 4.5.10. Applying the argument given above to Pg; produces four partitions

corresponding to maxima, whose Ferrers diagrams are illustrated below.
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Figure 4.20: Some partitions yielding maxima in Pgy
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Chapter 5

Conclusion

In this brief chapter, we summarize the main results of this dissertation and pro-
pose questions for future work. Rather than redefine the terms and notation in the

following discussions, we refer the reader to the appropriate chapter for the context.

5.1 Results and Questions for Chapter |2

5.1.1 Summary of Results

In Section [2.2] we presented the Full Rank Lemma [2.2.1] which is a linear-algebraic

generalization of Pouzet’s Multicolor Theorem [2.3.4]
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In Section [2.3) we demonstrated how the Multicolor Theorem can be applied to
prove the flawlessness of several significant combinatorial sequences. In particular, we
leveraged the Multicolor Theorem in the case of the order ideal generated by a single
monomial. We then extended this to multiple generators to re-prove flawlessness of
arbitrary pure O-sequences. Our next application was to the generating function
of compositions embedded inside a larger composition. We then discussed how the
Multicolor Theorem implies the flawlessness of Gy, which had originally been observed
by Pouzet. Finally, we discussed an analogy of multiple generators (as in the case of

pure O-sequences) that carries over to other settings as well, including partitions.

5.1.2 Questions

In each case where we proved flawlessness, the full rank matrix M we started with

was the adjacency matrix from the boolean algebra.

It seems certain that further interesting flawlessness results can be obtained using the
Full Rank Lemma without relying on the adjacency matrix from the boolean

algebra as the Multicolor Theorem does. Broadly, we ask:

Question 5.1.1. What meaningful applications can be drawn from the Full Rank

Lemma that do not follow from the Multicolor Theorem?

Our second question deals with a conjecture of Stanley and Zanello (Conjecture 3.9
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in [35]).

Question 5.1.2. Can the Multicolor Theorem or the Full Rank Lemma be used to
prove that the generating function associated with a partition into distinct parts is

flawless?

Based on our efforts, it seems likely that working within the context of the Multicolor
Theorem is not the appropriate approach to answering this question. We believe that
the Full Rank Lemma could be applied to show this result, but to do this appears to

require some new ideas.

As mentioned in Section [2.4.3] our definition of composition “embedding” is not
the natural inclusion of compositions as defined by Andrews [2] and Sagan [2§]. In

particular, the generating functions of the associated posets do not coincide.

Question 5.1.3. Are the generating functions corresponding to the poset of composi-

tions (under the Andrews-Sagan inclusion) also flawless?

Again we believe that the answer is yes, but suspect that the result falls under the

Full Rank Lemma and outside of the Multicolor Theorem.

Arguably the most significant open problem discussed here is the following:

Question 5.1.4. Can the “half-way” chain decomposition that we discussed in Section

be manipulated to create a full symmetric chain decomposition of L(a, b)?
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Finally, we observe that the extension from order ideals generated by a single mono-
mial to pure O-sequences is analogous to the extension from the poset generated by
a single partition to pure P-sequences. Pure O-sequences enjoy a rich connection to
such areas as algebraic combinatorics and combinatorial commutative algebra. Given

the interest in the poset P, generated by a single partition A\, we ask:

Question 5.1.5. What can be said about the general properties of pure P-sequences,

and what connections do they share with other areas of interest?

5.2 Results and Questions for Chapter 3

5.2.1 Summary of Results

In Chapter [3| we extended a technique due to Stanton to provide some new infinite
families of partitions A where G is unimodal. In particular, we proved that any
partition in 5 or 6 parts is unimodal if the difference between the first and last part
is at most one, with the single exception of (10,9, 9,9, 9,9). We also proved that

any partition in 5 or 6 parts with part sizes b and 2b is unimodal for any given b > 1.

128



5.2.2 Questions

We expect that more results along the lines of these theorems could be obtained by

adaptations and /or generalizations of the technique discussed in the proof of Theorem

3.2.2| In particular, we ask:

Question 5.2.1. Can this technique be generalized to show the unimodality of any
partition in k =5, 6 or 7 parts where A\; — \, is bounded by a suitable constant (with

finitely many exceptions when x =6)?

We anticipate that this is feasible with more computations, but it would require some

additional analysis of the peaks. More ambitiously, we wonder:

Question 5.2.2. Can this technique be generalized to show that all partitions (with

finitely many exceptions when x =6) in kK =5, 6 or 7 parts are unimodal?

A proof of this by the method discussed previously would likely break down into a vast
number of potential cases. It also appears unlikely in this situation that the peaks

could be explicitly found, thus requiring significant modification to the technique.

Therefore, applying this method to more general cases (multiple parameters, parti-
tions with many parts, etc.) appears intractable. A new approach seems necessary

in order to obtain more general unimodality results.
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5.3 Results and Questions for Chapter 4

5.3.1 Summary of Results

In Chapter [, we introduced the study of the poset P,, a natural context for Bergeron’s
conjecture. In Section 4.2, we demonstrated that P, is not graded and gave a general
overview of some of its structural properties. We explained that partitions with
single hooks or only two parts give “small” generating functions, while heuristically,

partitions with more outer corners tend to be “higher” in the poset.

Our most significant results on the structure of P, were the two Balancing Theorems

(4.3.2] and [4.3.2F)) from Section .3l These asserted that certain balancing opera-

tions on the hooks of a partition will improve the generating function. Proving the
First Balancing Theorem [4.3.2| involved translating the problem into the language
of trellis diagrams. Ultimately, we reduced the desired properties of these trellises
to claims about certain 0-1 matrices. Finally, analyzing and proving every possible
case involving these matrices required the help of Mathematica’s symbolic compar-
ison tools. The proof of the Second Balancing Theorem [4.3.25| was a much simpler

injective argument.

In Section [4.4] we considered some concepts related to the size of P,. Based on

130



computational evidence, we gave the conjecture that the size of P, is asymptotically
@ (Conjecture . We provided an example of an infinite family of pairs of
non-conjugate partitions that have the same generating function (Proposition .
Other examples outside this family exist, but giving a complete classification seems
to be very difficult. As we observed, such examples do not appear to affect the

asymptotics of |P,|.

Finally, Section [4.5| dealt with maxima in F,. We demonstrated a neat connection to
the first Rogers-Ramanujan identity, which gave an upper bound on M,, (Proposition
4.5.1). Conditional to our conjecture on |P,|, we showed that asymptotically 100%
of the elements in P, are not maxima (Theorem . On the other hand, we gave
a construction showing that M, goes to infinity as n grows by bounding M, from

below (Proposition 4.5.8]).

5.3.2 Questions

Recall that the motivation behind the poset P, was Bergeron’s conjecture. The
First Balancing Theorem [4.3.2| in particular appears to be of a similar flavor to that

conjecture.

Question 5.3.1. Can a modification or clever application of the First Balancing The-

orem be useful for making progress towards proving Bergeron’s positivity conjecture?
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Recall that Lemma trivially implies the First Balancing Theorem. The proof of
this lemma — though it made use of some novel and intrinsically interesting concepts
— was long and complicated. We would like to see a simpler, more elegant proof. For

instance, we ask:

Question 5.3.2. Is there a combinatorial proof of Lemma [4.3.1/

In particular, it would be interesting to find an explicit injection that maps partitions
w=<Atop < A in which every principal hook of ji is at least as balanced as the

corresponding hook of .

One of the more interesting open problems arising from this work deals with the size
of P,. In Conjecture we guessed that |P,| ~ @. This appears to be a difficult
question to answer, and such a solution would be of general interest. A more complete
study of the topics in Section [4.4] may help shed light on this conjecture. A positive

answer to the following question would be a significant step in this direction.

uestion 5.3.3. Is it possible to classify all pairs A, n where M #7n and G = G,
Q on 5.3.3. Is i ibl lassify all pairs A here N d Gy=G,?

Recall that Proposition gave infinitely many pairs of non-conjugate partitions
having the same generating function. We also found instances of more than two (all
pairwise non-conjugate) partitions having this property. The smallest such example
occurs when n = 18: (10, 5, 2, 1), (8, 5,4, 1) and (7, 6, 3, 2) all have the same gener-

ating function. We also found examples of 4 such partitions for larger n. This leads
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us to ask:

Question 5.3.4. For n > 0, are there arbitrarily many (non-conjugate) partitions of

n that have the same generating function?

Finally, while we gave a lower bound and an upper bound (assuming Conjecture|4.4. 1))

on M, we have no guess as to an asymptotic estimate.

Question 5.3.5. What is the size of M,7
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Appendix A

Cases for 0 and 7

The cases for expressing ¢ and 7 (as defined after Remark [4.3.15) in terms of the

parameters of the unbalanced trellis are given (by Remark [4.3.10)) as follows:

e If d< -1, then
— If e< -1, then (7, 7) = (0, 7).
— Ifle| <1, then (6, 7) = (o0 -1, 7+ 1).
— Ife>1, then (6, 7) = (0 -2, 7+2).
o If -1<d<1, then
— Ife<—-1, then (6, 7)=(c+1, 7-1).
— If le| < 1, then (6, 7) = (0, 7).
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— Ife>1, then (6,7)=(c-1,7+1).

o If d>1, then

— If e< -1, then (6, 7) = (0 +2, 7-2).
— Ifle| <1, then (6, 7) = (o0 + 1, 7-1).

— If e> 1, then (¢, 7) = (o, 7).

These give us the cases to consider for full determination of s:

e [f c<n-1, then s =0 and

— If6=0-2, then s=5-2.

—Ifo=0-1,then s=s-1.

If 6 =0, then s =s.

—Ifo=0+1, then s=s5+1.

—Ifo=0+2, then s=s+2<n.

e [fo=n-1,then s=n-1 and

— If6=0-2,then s=n-3.

—Ifo=0-1, then s=n-2.

If 6=0,then §=n-1.

—Ifo=0+1,0+2, then s=n.
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e If o =n, then s=n and

— Ifg=0-2, then s=n-2.
—Ifo=0-1,then s=n-1.

—Ifo=0,0+1,0+2, then s=n.

e [f c=n+1, then s =n and

—Ifo=0-2,then s=n-1.

—Ife=0-1,0,0+1, 0+2, then §=n.

e [fo>n+1, then s=n and s=n.

Similarly, the cases for ¢ are:

o If T<m—1, then t =7 and

~ IfF=7-2 thent=t-2.

— If7=7-1,thent=1¢t-1.

If #=7, then t =¢.
—If7=7+1,thent=t+1.

~ If7=7+2,thent=t+2<m.

e IfrT=m-1,thent=m-1 and
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— If7=7-2,thent=m-3.
— If7=7-1,thent=m-2.

If 7=7, then t=m - 1.

— If7=7+1,7+2, thent=m.

e If 7 =m, then t = m and

— If7=7-2,thent=m-2.
—If7=7-1,thent=m-1.

— If7=7,7+1,7+2, then t = m.

o [f r=m+1, then t =m and

— If7=7-2 thent=m-1.

—If7=7-1,7,7+1, 7+2, then t = m.

o If r>m+1, then t =m and t = m.
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Appendix B

Cases for MV and MV

B.1 Cases for MV

Case 1.A. Case 1.B. Case 1.C.
i o o o i '1 . . . . . 1' '1 . . .
: : . HI§
1 - - -1 : _ 1
oE
o v
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1 =
b
.
1 - - -1
—-t- m+t

145




n—-s-—c

Cas_g 2.A.

Case 3.A.

{

a-s+1

m-a+s—1

D=8 -=U

I+S+U—-W

D=8 -U

I+S+U—-U

n-s-c

Case 2.B.

S
z
1
v
T

m-t-a

Case 3.B.

~r
+
@
I
S
1
—
|
-
T
@
= {1
! .
-
)
g

n-m+t-c

n-m+t-c

146

2—-S—-U

I2+S+UuU-w

D—=8-=U

DI+S+U—-U

n-s-c¢

Case 2.C.

t+a

m-t-a

Case 3.C.

— r
+
w
&
Sl

s+t-1

m-t-a

[——

T+qQ-v—-3—-w

PRV

1=1+s

[——

T+Q-D—7-w

D2=8-U

1-72+s



B.2 Cases for MV

Case 1.A.
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Appendix C

Mathematica Code

C.1 Code for Proof of Theorem [3.2.2

IsUnimodal[sequence ] := Module[{result, pastPeak},
Do[
result = True;
pastPeak = False;
Do[
If [pastPeak && sequence[[i -1]] < sequence[[i1]], result = False];
If[sequence[[1-1]] > sequence[[1]], pastPeak = True],
{i, 2, Length[sequence]}];
Return[result], 1]]
QB[a , b ] := QBinomial[a, b, q];
QB[a_, b_] :=Product[(1-q*i), {i, a-b+1, a}] /Product[(1-q*i), {i, 1, b}]
Peaks[genfun_] := Flattene
Position[CoefficientList[genfun, q]1[[2 ;3;]1], Max@CoefficientList[genfun, q]]
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The following cell is the generating function, G(q), for (b + 1, b, b, b, b). We know that this is non-
decreasing up to degree [ 52—bj and non-increasing from degree 3b+1 onward.
originalG = SimplifyeFunctionExpand[QB[b+5, 5] +q” (b+1) «QB[b + 4, 4]]

gf[bb_] := Expande@Cancel[originalG /. b » bb];

gfStar[bb_] := Expande@Cancel[(1-q) »originalG /. b - bb];

This simplifies to the fraction below:

(1-q2) (1-g2b) (1-63P) (1-q*b) (1+qih - g5+ - qo+b)
(1-¢°) (1-0%) (2-0%) (1-0?) A-q)

We can check equality with the line below:

G =

.
b

Simplify[originalG == G, Assumptions - q # 1]

The following cell makes a list (of size 60) that gives the it" coefficient of the denominator of G(q)
(depending on the value of i (mod 60)). This is the series f5(q), the generating function for all partitions
with 5 parts or fewer.

list = {};
Dynamic[progl]
Do

AppendTo[list, Together[Expand [FullSimplify[SeriesCoefficient[(Denominator[G]) -1
{9, 0, n}, Assumptions » Mod[n, 60] == Mod[1i, 60] ] ,
Assumptions - Mod[n, 60] = Mod[i, 60] &&n 2> 0]]]];
progl =1, {i, 1, 60}]

The function coeff[] below gives the actual i coefficient of f5(q) symbolically in terms of /, if the
value of i (mod 60) is known. The first argument is the congruence class of the index (mod60) (in other
words, telling us which value to pull from the list defined above). The second argument is the actual
coefficient that we want. For example, if we want the it" coefficient of f5(q) where =9 (mod 60), then
we compute c(9, /).

coeff[77_, 7] := list[[Mod[77-1, 60] +1]] /. n— T}

The following cell contains the numerator of G*(q) := (1 - q) G(q).
numerator = Expand[(1-q) * Numerator[G]]

Note that a truncation of the numerator to some degree n (when multiplied by the terms from f5(g)) will give
the correct coefficients of G*(q) for all degrees k where n — 14 < k<N — 1. Here, N is the lowest power
greater than n appearing in numerator. The upper bound N is obvious , for in the multiplication of
numerator by f5(g), addingin the g" term from the numerator can only contribute to terms with degree
greater than or equal to N. Thus all coefficients from the truncation must be correct up to degree N — 1.

The reason why the coefficients are correct even down to n — 14 is because the contribution to those terms by
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the kth coefficient formula we found for fs(q) is 0. From the definition of multiplication of two series, for a
term with degree less than n (say n — i), we would need to take expressions of the form coeff [Mod [60-
i,60],-1] (before simplification) corresponding to coefficients of f5(g). Of course, these terms with
negative degree do not truly exist in fs(q) when i < 0, but calling for coefficients of the form
coeff[Mod[j,60],71 (when we do not know a priori that j is negative) may still give some nonzero value.
However, it turns out that the first 14 of these values from coeff are indeed 0 (see the verification of this in
the next cell). Thatis, coeff[Mod[60-1,60],-1]= 0 forall iwhere —14 </<0. Since these coefficients
of 0 agree with the (non-existent) negative degree terms from f5(q), it follows that the truncation of

numerator at degree n yields correct coefficients of G*(q) for all degrees k where n — 14 < k < N.
Table[coeff[-1i, -11, {i, 1, 14}]

Based on the discussion from the previous paragraph, the following truncation of numerator (multiplied by
fs(q)) will yield the correct coefficients of G*(q) for all degrees kwhere2b—-3<k<3b+3.

(Note: we assume b = 8, or else we conflate the terms — q*1*2? + q**3 b from numerator).
truncatedNumerator =
1- q- q2+b + q7+b _ q2+2 b + q3+2 b + q5+2 b + q6+2 b + q7+2 b _ q8+2 b _ q10+2 b _ q11+2 b;

The next cell finds the actual coefficients of G*(g), correct for all degrees kwhere2b-3<k<3b+3.
Note that the sum in the following code is precisely the definition of multiplication of two series.

lister = {};
Dynamic[prog2]
Do [

prog2 = bb;

Do

AppendTo[lister, Simplifye
Sum[Coeff-ic-ient[truncatedNumerator [[11], 9, Exponent[truncatedNumerator[[i]],
ql] = coeff[ (kk - (Exponent[truncatedNumerator[[i]], q] /. b - bb)),
k - (Exponent[truncatedNumerator[[i]], q1)],
{i, 1, Length[truncatedNumerator]}]], {kk, 1, 60}], {bb, 1, 60}]

valuesModB[7_] := lister[[(Mod[7-1, 60]) x60+1 ;; 60+ (1+Mod[7-1, 60])]];
coefficient[bb_, kk ] := valuesModB[bb][[1+Mod[kk -1, 60]1]1] /. k> kk /. b - bb;

The cell below gives numeric illustration that the coefficients of G*(q) found above actually are correct
for the coefficients of g from 2 b —=3 < k<3 b + 3 (any value of b = 8 can be tested).

b = RandomInteger[{100, 200}]
CoefficientList[gfStar[b], q][[2b-2;;3b+4]] ==
Table[coefficient[b, k], {k, 2b-3, 3b+3}]
Clear|[
b]

We now split the coefficients of G*(g) found above into the categories for even and odd values of b and
eliminate duplicates:
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evens = Catenate@Table[valuesModB[2 1], {i, 1, 30}];
odds = Catenatee@Table[valuesModB[2 i -1], {i, 1, 30}];
uniqueEvens = DeleteDuplicates[evens];

uniqueOdds = DeleteDuplicates[odds];
Length[uniqueEvens];

Length[unique0Odds];

The following two cells check symbolically that the coefficients of G*(q) found above are nonnegative

for | 2 Z’ZJ <k < L“’T*SJ and nonpositive for | 2 g”J < k < 3 b + 3, for b 233, thus finishing the

proof. (Note that this handles the only interval we need to check: between degrees [ Sz—bJ and
3b+ 1)

(xNext two lines shows that all coefficients of G*(gq) are
- 5b-2 5b+5 | _ 5bs4
positive between degrees l—;—J and l—;—J_ . (for b even)x)

5b-2 5b+4
<kzs

And @e Table[Assuming[b 2 12 && , Fullsimplify[coeff 2 0]],

{coeff, uniqueEvens}]

(xNext line shows that all coefficients of G*(q) are
negative between degrees li%ljzé%ﬁ and 3b+3 (for b even)x)

5b+6
And @e Table[Assuming[b 2 8 && s

sks3b+3, Simplify[coeff <0]],

{coeff, uniqueEvens}]

(xNext line shows that all coefficients of G*(q) are
. 5b-2 5b+5 | _ 5bs5
positive between degrees | . | and | . |= . (for b odd)«)

_3sk55b+5

5b
And @e Table[Assuming[b 2 33 && , Fullsimplify[coeff 2 0]],

{coeff, unique0Odds}]
(*Next line shows that all coefficients of G*(q) are

negative between degrees li%ljzé%l and 3b+3 (for b odd)x)

+7

And @e Table[Assuming[b 2 8 && 5b sks3b+3, Simplify[coeff <0]],
{coeff, unique0Odds}]

The following cell shows the partitions are unimodal for b <32.

And @@ Table[IsUnimodal@CoefficientList[gf[b], q], {b, 1, 32}]

The next cell verifies that the peak is always at L “’T*SJ forb =22

5b+5

And ee Table[Peaks[gf[b]][[-1]] == Floor | ] b, 22, 32}]
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C.2 Code for Proof of Lemma 4.3.7

Assumptions:

$Assumptions =
(xCoordinates of points (and their weight, i.e., w) in (k-1)
st diagonal are nonnegative -integers (could be zero if k=2):*)

(x1 | xm | x1p | xmp | w) € NonNegativeIntegers &&

(xCoordinates of points
(and their weight, 1i.e., W) in kth diagonal are positive 1integers:x)

(X1 | Xn | X1p | Xnp | A | B | Ap | Bp | W) € PositiveIntegers&&W < A+B&&

(xDefinitions of d and e:x)
(d]e) eIntegers&&e = X1- (W-Xn) &&d = x1 - (w- xm) &

(*Following conditions must hold
to maintain connectivity of successive diagonals:x)

X1 < X1 && xm < Xn && x1p < X1p && xmp < Xnp &&w - x1 < W - X1 &&
w=-xm<W-Xn&&w-x1p <W-X1lp&&w-xmp <W-Xnp;

(*These are assumptions that must hold in general,
but they are somehow not needed for proving the result:

Nonnegativity of y-values
wW-X1208&8&wW-xm20&&w-Xx1p20&8&w-xmp208&&

Points in the diaganals are orientated this way with respect to each other

X12xm&&x1p2xmp&&X12Xn&&X1p2Xnp&&

A+B==Ap +Bp&&W2w+2&&

*)
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Defining the cases and generating all possible
combinations:

X1lCases = {(W-A>w-x1&& X1 =A, W-Asw-Xx1&& X1 =W- (wW-x1+1)};
XnCases = {B<W-xm&&Xn=W-B, B>2W-xm&&Xn == xm+1};
X1lpCases = {(W-Ap >w-x1p&&X1lp == Ap, W-Ap s w-Xx1p&&X1lp ==W- (w-x1p+1)};
XnpCases = {Bp < W- xmp && Xnp == W- Bp, Bp 2 W- xmp && Xnp == xmp + 1} ;
ApBpCases = {A<B-1&&Ap==A+1&&%Bp=B-1,
B-1<A<B+1&%Ap==A&&Bp =B, A>B+1&%Ap==A-1&&Bp =B +1};
dCases = {d < -1&&xmp < xm+1&&x1lp 2 x1+1, -1 <d =< 1&&xmp < xm&&x1lp = x1,
d>1&&xmp < xm-1&&x1p 2 x1-1};
eCases ={e<-1,-1<ex<1l,e>1};
result :=
Which[
Simplify[eCases[[1]]],
Xnp < Xn+1&&X1p 2 X1+1,
Simplify[eCases[[2]]],
Xnp < Xn && X1p 2 X1,
Simplify[eCases[[3]1]],
Xnp < Xn-1&&X1p 2 X1-1
15
allCases = {};
Do[
Do[
Do [
Do[
Do[
Do[
Do [
AppendTo[allCases, {i, j, k, L, my n, 0}],
{0, 1, 3}1,
{n, 1, 3}1,
{m, 1, 3}1,
{1, 1, 2}1,
{k, 1, 2}1,
{i, 1, 231,
{i, 1, 2}]
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Eliminating Self-contradictory statements:

tempAllCases = allCases;
allCases = {};

prog = 0;

Dynamic[prog]

Do[

prog++;

aCase = tempAllCases[[i]]};

If[Simplify[X1Cases[[aCase[[1]]]] & XnCases[[aCase[[2]]]] &&
XlpCases[[aCase[[3]]1]] && XnpCases[[aCase[[4]]]] &&
ApBpCases[[aCase[[5]]]] && dCases[[aCase[[6]]]] &k eCases[[aCase[[7]]1]]],

Print["Well that's surprising"], Null, AppendTo[allCases, aCase]],

{i, 1, Length[tempAllCases]}];

Print[StringForm["Original number of cases: """, Length[tempAllCases]]]
Print[StringForm["Number of cases with non self-contradictory assumptions: """,
Length[allCases]]]

Completion of the Proof:

ticker = 03
Dynamic[ticker]
Do
ticker ++;
aCase = allCases[[i]];
theCase = X1Cases[[aCase[[1]]]] && XnCases[[aCase[[2]]]] &&
XlpCases[[aCase[[3]]]] && XnpCases[[aCase[[4]]]] &&
ApBpCases[[aCase[[5]]]] && dCases[[aCase[[6]]]] & eCases[[aCase[[7]]1]1]}
If[Assuming[theCase, Simplify[result]] # True, Print["Counterexample'"],
Null, Print["Can't decide with those assumptions'"]],
{i, 1, Length[allCases]}]
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C.3 Code for Proof of Lemma 4.3.18

Introduction

This code completes the proof of Lemma 4.3.18. The cells should be evaluated in order (full runtime is
likely to be anywhere from 15 minutes to 1 hour, depending on the computer).

The main purpose of the code is to compare two 3-tuples: BMV={p,n,2} and MVTilde={a,B,¥} (these
uniquely determine two matrices). This comparison is performed by the function Compare (defined in
Section 1a).

The values of BMV and MVT+ilde are determined by 9 parameters: my, n, o, =z, s, t, a, b, c, d,
e. The known assumptions that we can make about these parameters (e.g., that mand n are positive
integers) are defined as fixedAssumptions in Section 1la.

There are a host of cases that must be considered for determining the exact form of BMV and MVT1i lde
(based on bounds of, and relations among these parameters). The value for BMV (as given in Section 2a)
can be determined directly from explicitly knowing which case holds for the 9 parameters. To deter-
ables (denoted in the code as sigmaTilde, tauT+ilde, etc.,) are completely determined by the other 9
“non-tilde” parameters (as given in Section 2b). Once the values of these “tilde” parameters are
decided, we can then determine MVTi lde (although this determination sometimes requires consider-
ing further cases, which will be implicitly considered by Simplify in Section 3).

To shorten runtime, we explicitly tell the computer the various cases to assume for the bounds on, and
relations among the parameters. These individual cases are represented as lists of mutually exclusive
(in)equalities. For example, for the parameter d we want to consider separately the following cases:
either d<-1orelse -1<d<1 orelse d>1. So we set dCases={d<-1,-1<d<1,d>1}. To operate under the
assumption d<-1, for example, we would add dCases[[1]] to $Assumptions. There are a total of 11
such lists of individual cases, as given in Section 1a. Certain of these cases should only be considered if
a certain other case holds (or does not hold), as commented in the corresponding code. Section 1b
creates all possible combinations of these cases. This is done by representing each combination of
cases as a “case vector” (an integer-valued list). Forexample, {3,1,2,...} isinterpreted as meaning
that the 3™ expression in the first case list (dCases) is true, the 1%t expression in the second case list
(eCases)is true, the 2" expression in the third case list (vCases) is true, etc. The cases are encoded in
this way rather than created outright as logic statements (i.e., as
dCases[[3]]&&eCases[[1]]&&vCases[[2]]&&...)inorderto speed up runtime and more easily
deal with the fact that some cases should only be considered if a certain other case holds (or does not
hold).

Section 1c converts the completed “case vectors” created in Section 1b to the corresponding logic
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statements involving the 9 parameters (for example, {3,1,2,...} is converted to
dCases[[3]]&&eCases[[1]]&&vCases[[2]]&&... ). Some of these statements yield self-contradic-
tory assumptions, which are also eliminated in Section 1c (this is in fact the most time-consuming code
in the notebook).

Section 3 contains the actual verification of the lemma. For all the possible (non-self-contradictory)
cases, the values of BMV and MVT1ilde are compared by Compare. Using TrueQ demands that a value of
True explicitly be returned by Compare in order to verify the lemma for any particular case. (Thus
Compare can never return that an expression is undecidable or False without us noticingit.) Running
the code shows that the desired comparison always holds, thus the proof of the lemma is complete.

Section 1: Setting the Assumptions and
Creating all Cases

la: Assignment of fixedAssumptions, definition of
Compare, definition of the 11 lists of cases

(*These are the general assumptions
that we may make about the various parametersx)
fixedAssumptions = (m|[n|o|c|s|t|a|b|c|d|e)eIntegers&&
m>1&&n21&&e+n+t==d+m+0c&&s 2Max[n-m+1, 1] & s == Min[o, n] &&
t2Max[m-n+1, 1]&&t == Min[t, m] & a > 0&&b > 0&&c > 0&&a+b+c=n;
$Assumptions = fixedAssumptions;

(*This function compares 3-tuples that represent 0-
1 matrices and returns True if {a_,B_,¥_}-{po_,n_,&_}20 and False otherwise.x)
Compare[{o_, 7_, &}, {a_, B, v_}] i=
Which[
Simplify[o > a],
Return[False],
Simplify[o == a],
If[Simplify[7 > f&& £ < ¥], Return[True], Return[False]],
Simplify[po < a],
If[Simplify[f-/7<a-p&& & -y < a-p], Return[True], Return[False]]
13
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(*These are the cases that should be considered:x)
dCases = {d<-1,-1=<d=<1,d>1};
eCases={e<-1,-1<se<l,e>1};

vCases = {a-c<e-1l,e-1<a-c<e+l,a-c>e+l};
sigmaCases = {oc<n-1,0=n-1,0=Nn,0=n+1, 0>n+1};
tauCases = {t<m-1,t=m-1, t==m, T=m+1, T>m+1};

casesl23 ={c2n-s,a<s&&c<n-s, azs};
(*[[2]] and [[3]] are only possible if o<n (s-igmaCases[[l or 2]])*)

casesABC={azm-t,a<m-t&&c<n-m+t,c2n-m+t};
(*[[2]] and [[3]] are only possible if t<m (tauCases[[l or 2]])*)

casesiAndii = {s+t<b, s+t >b, True};
(*These cases do not need to be considered 1in
Case 1. (casesl23[[1]]) or Case A. (casesABC[[1]]).x)

colBalanceCasesl = {-(m-t-a) <d-1,d-1<-(m-t-a) <d+1, -(m-t-2a) >d+1, True};
(*These cases should only be considered in Case 1. (case5123[[1]])*)

colBalanceCases2 = {n-s-c<d-1,d-1<n-s-c=<d+1l,n-s-c>d+1, True};
(xThese cases should only be considered in Case A. (casesABC[[l]])*)

colBalanceCases3 = {a-c-e+d=0,a-c-e+d=<-1,a-c-e+d21, True};
(*These cases do not need to be considered 1in
Case 1. (case5123[[1]]) or Case A. (casesABC[[l]]).*)

1b: All potential combinations of the cases

(*The following nested loops create all possible combinations of dCases,
eCases, vCases, sigmaCases, and tauCases %)
allCaseVectors = {};
Do[
Do[
Do[
Do [
Do [
AppendTo[allCaseVectors, {h, i, j, k, 1}1,
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{L, 1, 5}1,
{k, 1, 5}1,
{i, 1, 3}1,
{i, 1, 3}1,
{h, 1, 3}1;

(*Some of the lists created in the preceeding loop may give rise to self-
contradictory statements. This next loop
eliminates those (at least some of them). «)
tempAllCaseVectors = allCaseVectors;
allCaseVectors = {};
Do[
aCase = tempAllCaseVectors[[i]]};
If[Simplify[dCases[[aCase[[1]]]] && eCases[[aCase[[2]]]] &&
vCases[[aCase[[3]]]] && sigmaCases[[aCase[[4]]]] && tauCases[[aCase[[5]]111],
Print["This should not happen. If it does, it means that
<aCase> 1is trivially true, or that $Assumptions
implies <aCase> (which should never be the case)"],
Null, (x<aCase> gives self-contradictory assumptions,
and will not be added to allCasesVectorsx)
AppendTo[allCaseVectors, aCase]
(x<aCase> appears to not be self-contradictoryx)

1
{i, 1, Length[tempAllCaseVectors]}];

(xThis next loop adds in all possibilities of cases123 (6th list)x)
tempAllCaseVectors = allCaseVectors;

allCaseVectors = {};

Do[

If[tempAllCaseVectors[[i]1]1[[4]] =2, (xcheck that o<nx)
Do[AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]l]l, 711, {j, 1, 3}1,
AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], 1111,

{i, 1, Length[tempAllCaseVectors]}];

(xThis next loop adds in all possibilities of casesABC (7th list)sx)
tempAllCaseVectors = allCaseVectors;
allCaseVectors = {};
Do[
If [tempAllCaseVectors[[i1]][[5]] <2, (xcheck that t<mx)
Do[AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]l]l, 711, {j, 1, 3}1,
AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], 1]]],
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{i, 1, Length[tempAllCaseVectors]}];

(*This next loop adds 1in all possibilities of casesiAndii (Sth l'ist)*)

tempAllCaseVectors = allCaseVectors;
allCaseVectors = {};

Do[
If[tempAllCaseVectors[[i1]][[6]] > 1&& tempAllCaseVectors[[i]][[7]] > 1,

Do[AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]l]l, j11, {j, 1, 2}1,
AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], 3111,
{i, 1, Length[tempAllCaseVectors]}];

(*This next loop adds 1in all possibilities of colBalanceCasesl (9th I'ist)*)

tempAllCaseVectors = allCaseVectors;
allCaseVectors = {};

Do[
If[tempAllCaseVectors[[i1]][[6]] == 1,
Do[AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], j11, {j, 1, 3}],

AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], 4111,
{i, 1, Length[tempAllCaseVectors]}];

(*xThis next loop adds 1in all possibilities of colBalanceCases2 (10th 'L'ist)*)

tempAllCaseVectors = allCaseVectors;
allCaseVectors = {};

Do[
If[tempAllCaseVectors[[i]][[7]] ==1,
Do[AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], j11, {J, 1, 3}],

AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], 4111,
{i, 1, Length[tempAllCaseVectors]}];

(*This next loop adds 1in all possibilities of co'LBalanceCases3(llth list)*)

tempAllCaseVectors = allCaseVectors;
allCaseVectors = {};

Do[
If[tempAllCaseVectors[[i]][[6]] > 1&&tempAllCaseVectors[[i]][[7]] > 1,

Do[AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], j11, {J, 1, 3}],
AppendTo[allCaseVectors, Append[tempAllCaseVectors[[i]], 4111,
{i, 1, Length[tempAllCaseVectors]}];
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1c: Conversion to logic statements and elimination of self-
contradictory statements

(*This converts the cases encoded by the lists in <allCaseVectors>
to a list of actual logic statements involving the various parametersx)
allCases = Table[
dCases[[allCaseVectors[[i]]1[[1]]]] &&
eCases[[allCaseVectors[[i]]1[[2]]]1] &&
vCases[[allCaseVectors[[i]]1[[3]1]1]] &&
sigmaCases[[allCaseVectors[[i]][[4]]]] &&
tauCases[[allCaseVectors[[i1]1]1[[5]1]1]1] &&
casesl23[[allCaseVectors[[i1]1]1[[6]1]1]1] &&
casesABC[[allCaseVectors[[i1]1]1[[7]1]1]1] &&
casesiAndii[[allCaseVectors[[i]]1[[8]]1]1] &&
colBalanceCasesl[[allCaseVectors[[i]]1[[9]1]1]1] &&
colBalanceCases2[[allCaseVectors[[i]][[10]]1]] &&
colBalanceCases3[[allCaseVectors[[i]]1[[11]]1]1],
{i, 1, Length[allCaseVectors]}];

(*This next loop eliminates some self-contradictory statements in <allCases>%)

tempAllCases = allCases;
allCases = {};
progl =03
Dynamic[{progl, Length[tempAllCases]}]
(*This simply keeps track of the progress of the loopx)
Do

progl = 1i;

If[Simplify[tempAllCases[[i]]],

Print["This should not happen. If it does, it means that
<tempAllCases[[i]]> 1is trivially true, or that $Assumptions
implies <tempAllCases[[i]]> (which should never be the case)"];

Break[],

Null, (x<tempAllCases[[i]]> is self-contradictory,

and will not be added to allCasesx)

AppendTo[allCases, tempAllCases[[i]]]

(x<tempAllCases[[i]]> appears to not be self-contradictoryx)

1
{i, 1, Length[tempAllCases]}] // AbsoluteTiming
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(*This next loop 1is exactly the same as the one in the previous cell,
except that it uses FullSimplify[] to eliminate any self-
contradictory statements that Simplify[] missed in the previous cell.x)
tempAllCases = allCases;
allCases = {};
prog2 = 0;
Dynamic[{prog2, Length[tempAllCases]}]
(*This simply keeps track of the progress of the loopx)
Do[
prog2 = i;
If[FullSimplify[tempAllCases[[i]]],

Print["This should not happen. If it does, it means that
<tempAllCases[[i]]> is trivially true, or that $Assumptions
implies <tempAllCases[[i]]> (which should never be the case)"];

Break[],

Null, (x<tempAllCases[[i]]> 1is self-contradictory,

and will not be added to allCasesx)

AppendTo[allCases, tempAllCases[[i]]]
(x<tempAllCases[[i1]]> appears to not be self-contradictoryx)

1,
{i, 1, Length[tempAllCases]}] // AbsoluteTiming

Section 2: Determinations of BMV and
MVT1lde

2a: Determination of BMV

(*xThe code below gives the value of BMV (i.e., B(ﬁV))*)

BMV :=
SimplifyeWhich]|
cases123[[1]] && casesABC[[1]],
{b, 1, m},
cases123[[1]] && (casesABC[[2]] || casesABC[[3]]),
Which[
dCases[[1]],
Which[
colBalanceCases1[[1]],
{b, 3, t+a+2},
colBalanceCases1[[2]],
{b, 2, t+a+1},
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colBalanceCases1[[3]],
{b, 1, t+a}

]’

dCases[[2]],

Which[
colBalanceCases1[[1]],
{b, 2, t+a+1},
colBalanceCases1[[2]] | | colBalanceCasesl1[[3]],
{b, 1, t+a}

]’

dCases[[3]],

{b, 1, t+a}

]’

casesABC[[1]] && (cases123[[2]] || cases123[[3]]),
Which[

dCases[[1]],

{byn-s-c+1, m},

dCases[[2]],

Which[
colBalanceCases2[[1]] | | colBalanceCases2[[2]],
{byn-s-c+1, m},
colBalanceCases2[[3]],
{byn-s-c,m-1}

]’

dCases[[3]],

Which[
colBalanceCases2[[1]],
{byn-s-c+1, m},
colBalanceCases2[[2]],
{byn-s-c,m-1},
colBalanceCases2[[3]],
{byn-s-c-1,m-2}

]

]’
(casesABC[[2]] || casesABC[[3]]) && (cases123[[2]] || cases123[[3]]),
Which[

casesiAndii[[1]],

Which[
colBalanceCases3[[1]],
{s+t-1,t+a,n-s-c+1},
colBalanceCases3[[2]],
Which[
dCases[[1]],
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Which[
vCases[[1]],
{s+t-1,t+a+2,n-s-c+3},
vCases[[2]],
{s+t-1,t+a+1l,n-s-c+2},
vCases[[3]],
{s+t-1,t+a,n-s-c+1}
]’
dCases[[2]],
Which[
vCases[[1]],
{s+t-1,t+a+1l,n-s-c+2},
vCases[[2]] | | vCases[[3]],
{s+t-1,t+a,n-s-c+1}
]’
dCases[[3]],
{s+t-1,t+a,n-s-c+1}
1
colBalanceCases3[[3]],
Which[
dCases[[1]],
{s+t-1,t+a,n-s-c+1},
dCases[[2]],
Which[
vCases[[1]] || vCases[[2]],
{s+t-1,t+a,n-s-c+1},
vCases[[3]],
{s+t-1,t+a-1,n-s-c}
]’
dCases[[3]],
Which[
vCases[[1]],
{s+t-1,t+a,n-s-c+1},
vCases[[2]],
{s+t-1,t+a-1,n-s-c},
vCases[[3]],
{s+t-1,t+a-2,n-s-c-1}
1
1
]’

casesiAndii[[2]],
Which[
colBalanceCases3[[1]],
{byn-s-c+1, a+t},
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colBalanceCases3[[2]],
Which[
dCases[[1]],
Which[
vCases[[1]],
{byn-s-c+3,a+t+2},
vCases[[2]],
{b,n-s-c+2,a+t+1},
vCases[[3]],
{byn-s-c+1, a+t}
1,
dCases[[2]],
Which[
vCases[[1]],
{b,n-s-c+2,a+t+1},
vCases[[2]] || vCases[[3]],
{byn-s-c+1, a+t}
1,
dCases[[3]],
{byn-s-c+1, a+t}
1,
colBalanceCases3[[3]],
Which[
dCases[[1]],
{byn-s-c+1, a+t},
dCases[[2]],
Which[
vCases[[1]] || vCases[[2]],
{byn-s-c+1, a+t},
vCases[[3]],
{byn-s-c,a+t-1}
1,
dCases[[3]],
Which[
vCases[[1]],
{byn-s-c+1, a+t},
vCases[[2]],
{byn-s-c,a+t-1},
vCases[[3]],
{byn-s-c-1,a+t-2}
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2b: Determinationof &, ¥,5,t,d and ¢

sigmaTilde := Simplifye
Which[

dCases[[1]],

Which[
eCases[[1]],
Oy
eCases[[2]],
o-1,
eCases[[3]],
o-2

])

dCases[[2]],

Which[
eCases[[1]],
o+1l,
eCases[[2]],
Oy
eCases[[3]],
o-1

1

dCases[[3]],

Which[
eCases[[1]],
o+2,
eCases[[2]],
o+1,
eCases[[3]],
g

115

tauTilde := Simplifye
Which[

dCases[[1]],

Which[
eCases[[1]],
Ty
eCases[[2]],
t+l,
eCases[[3]],

T+2

1
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dCases[[2]],

Which[
eCases[[1]],
t-1,
eCases[[2]],
Ty
eCases[[3]],
T+l

]’

dCases[[3]],

Which[
eCases[[1]],
T-2,
eCases[[2]],
t-1,
eCases[[3]],

T

115

sTilde := Simplifye
Which[
sigmaCases[[1]],
Which[
sigmaTilde == 0-2,
s-2,
sigmaTilde == 0-1,
s-1,
sigmaTilde == o,
S,
sigmaTilde == o+1,
s+1,
sigmaTilde == o+ 2,
S+2
]’
sigmaCases[[2]],
Which[
sigmaTilde == - 2,
n-3,
sigmaTilde ==0-1,
n-2,
sigmaTilde == o,
n-1,
sigmaTilde2o0+1,
n
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1,

sigmaCases[[3]],
Which[
sigmaTilde ==0-2,
n-2,
sigmaTilde =o0-1,
n-1,
sigmaTilde 2 o,
n
] b
sigmaCases[[4]],
Which[
sigmaTilde == o0-2,
n-1,
sigmaTilde20-1,
n
] b
sigmaCases[[5]],
n

15

tTilde := Simplifye

Which[
tauCases[[1]],
Which[

tauTilde =t -2,
t-2,

tauTilde ==t -1,
t-1,

tauTilde == ¢,
t,

tauTilde =t +1,
t+1,

tauTilde ==t + 2,
t+2

]’
tauCases[[2]],
Which[
tauTilde ==t -2,
m-3,
tauTilde =t -1,
m-2,
tauTilde = ¢,
m-1,
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tauTilde2t+1,
m

1,
tauCases[[3]],

Which[
tauTilde ==t -2,
m-2,
tauTilde ==t-1,
m-1,

tauTilde 2 ¢,
m

1,
tauCases[[4]],

Which[
tauTilde ==t -2,
m-1,
tauTildex2t-1,
m

1,
tauCases[[5]],
m

13

aTilde := Simplifye
Which[

eCases[[1]],

Which[
vCases[[1]],
a+2,
vCases[[2]],
a+l,
vCases[[3]],
a

]’
eCases[[2]],

Which[
vCases[[1]],
a+l,
vCases[[2]],
a,
vCases[[3]],
a-1

1,
eCases[[3]],
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Which[
vCases[[1]],
a,
vCases[[2]],
a-1,
vCases[[3]],
a-2

1

15
cTilde := Simplifye
Which[
eCases[[1]],

Which[
vCases[[1]],
c-2,
vCases[[2]],
c-1,
vCases[[3]],
c

]’

eCases[[2]],

Which[
vCases[[1]],
c-1,
vCases[[2]],
C,
vCases[[3]],
c+1

]’

eCases[[3]],

Which[
vCases[[1]],
C,
vCases[[2]],
c+1,
vCases[[3]],
c+2

15

2¢: Determination of MVTilde
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cases123Tilde =
{cTilde 2 n-sTilde, aTilde < sTilde&&cTilde < n-sTilde, aTilde 2 sTilde};

casesABCTilde = {aTilde > m- tTilde,
aTilde <m-tTilde & & cTilde < n-m+ tTilde, cTilde 2 n-m+ tTilde};

casesiAndiiTilde = {sTilde + tTilde < b, sTilde + tTilde > b}

(*The code below gives the value of
MVTilde(i.e., MV)for specific cases of 3, ¥, 3, Cx)

MVTilde :=
SimplifyeWhich|
Simplify[cases123Tilde[[1]] && casesABCTilde[[1]]],
{b, 1, m},
Simplify[cases123Tilde[[1]] && casesABCTilde[[2]] ||
cases123Tilde[[1]] && casesABCTilde[[3]]],
{b, 1, tTilde + aTilde},
Simplify[cases123Tilde[[2]] && casesABCTilde[[1]] ||
cases123Tilde[[3]] & casesABCTilde[[1]]],
{b, n-sTilde-cTilde +1, m},
Simplify[cases123Tilde[[2]] && casesABCTilde[[2]] ||
casesl123Tilde[[2]] && casesABCTilde[[3]] || casesl23Tilde[[3]] &&
casesABCTilde[[2]] || cases123Tilde[[3]] && casesABCTilde[[3]]],
Which[
Simplify[casesiAndiiTilde[[1]]],
{sTilde + tTilde -1, tTilde + aTilde, n-sTilde - cTilde +1},
Simplify[casesiAndiiTilde[[2]]],
{b, n-sTilde-cTilde + 1, tTilde + aTilde}
1
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Section 3: Verification of the lemma using
Compare

prog3 = 0;
Dynamic[prog3]
Do[
prog3 =13
$Assumptions = True;
$Assumptions = fixedAssumptions &&allCases[[1]]};
If[! TrueQ[Simplify[Compare[BMV, MVTilde]]], Print["The verification failed"];
Break[]],
{i, 1, Length[allCases]}] // AbsoluteTiming
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Appendix D

Letter from Pouzet to Stanton

The following letter was reproduced with written permission from D. Stan-

ton.
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Université Claude Bernard

Groupe LOGIQUE, MATHEMATIQUES DISCRETES, INFORMATIQUE

B4t. Doyen Jean Braconnier
43, bd du 11 novembre 1918
69622 Villeurbanne Cedex
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