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Abstract

We consider a branching random walk on Z started by n particles at the origin, where
each particle disperses according to a mean-zero random walk with bounded support
and reproduces with mean number of offspring 1 4+ 6/n. For t > 0, we study M,;,
the rightmost position reached by the branching random walk up to generation [nt].
Under certain moment assumptions on the branching law, we prove that M, /\/n
converges weakly to the rightmost support point of the local time of the limiting
super-Brownian motion. The convergence result establishes a sharp exponential decay
of the tail distribution of M,;. We also confirm that when 6 > 0, the support of the
branching random walk grows in a linear speed that is identical to that of the limiting
super-Brownian motion which was studied by Pinsky (Ann Probab 23(4):1748-1754,
1995). The rightmost position over all generations, M := sup, M,;, is also shown to
converge weakly to that of the limiting super-Brownian motion, whose tail is found to
decay like a Gumbel distribution when 6 < 0.

Mathematics Subject Classification 60J80 - 60G70

1 Introduction and main results

The study of extreme values of branching particle systems has attracted a considerable
amount of attention during the last few decades. Early works on the tail behavior of
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branching Brownian motion trace back to Sawyer and Fleischman [14] and Lalley
and Sellke [24]. During the same time period, the strong law of large numbers for the
maxima of branching random walk was studied by Hammersley [15], Kingman [20],
Biggins [5] and Bramson [8].

The tail behavior of the maximal displacement of branching random walk was only
derived recently. We classify these results into three subclasses according to the mean
number of offspring, which we denote by w. In the supercritical case (u > 1), the
asymptotic tail distribution of the position of the rightmost particle was derived by
Aidekon in [2]. It was proved by Aidekon that the maximal displacement converges
weakly to a random shift of the Gumbel distribution (see also [1,4,9,10,17]).

The subcritical case (u < 1) was studied in [29]. It was proved in [29] that the tail
distribution of the position of the rightmost particle decays exponentially. Moreover,
the exact rate of decay was derived.

The case where the branching law is critical, that is © = 1, was studied by Lalley
and Shao in [25]. Let R, be the rightmost position at generation n of a branching
random walk started by one particle at the origin. It was proved in [25] that when the
jump distribution has mean 0, then under some moment assumptions, the distribution
of R, /+/n conditional on the branching process surviving for n generations, converges
weakly to a distribution G given by

G(x) = Ps,(X1[x, 00) = 0] X1(—00, 00) > 0),

where {)N( ¢ }L20 is a sgper—Brownian motion, and Ps, stands for the probability distri-
bution of (X;) with Xo = §p, the Dirac measure at the origin.

In this paper, we consider the near-critical case, namely, when the mean number
of offsprings & = 1 + 6/n for some 6 € R. This is a regime where phase transitions
occur and interesting phenomena arise. Moreover, different from [25], we consider
the rightmost position of the local time process rather than the process itself. The local
time process plays a critical role in some other studies, for example, the study of the
susceptible-infected-recovered (SIR) epidemic model [23,26].

Specifically, let Xz (x) denote the number of particles at site x at generation k.
Recall that the local time process of a spatial particle system X is given by

Ly (x) = Z X (x), forallm € Zso and x € Z.

k<m

Suppose that the branching random walk starts with n particles at the origin and the
mean number of offsprings is 1 + 6/n for some 6 € R. It is well known that if
each particle carries mass 1/n, and if we rescale time by 1/n and space by 1/./n,
then as n — oo, the measure-valued process converges weakly to a super-Brownian
motion with drift 9; see, e.g., [30]. The rescaled process (n_3/2L[n,](\/ﬁx))t>0’ ‘eR
also converges weakly to the local time density of the super-Brownian motion; see
[22,26].

Note that the maxima of the support of L,, equals M,;, the rightmost position
reached by the branching random walk up to generation [nz]. The weak convergence
of the branching random walk to super-Brownian motion, however, does not imply the
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On the maximal displacement of near-critical branching... 201

weak convergence of M,,;/+/n. The reason is that M,,; /\/n is not a continuous function
of measures with respect to the topology of weak convergence (see, for example, the
discussion after Theorem 3 in [25]). Our first main result, Theorem 1.1, confirms
that M, //n converges weakly to M, the rightmost support point of the limiting
super-Brownian up to time .
[25] also studied the tail distribution of the rightmost position over all generations,
namely,
M = sup My. (1.1)
k>0

It was proved in [25] that in the critical case and under some moment assumptions,

o
P(M>x)~—2, as x — oQ. (1.2)
X

Here « is a constant that depends on the standard deviations of the jump distribution and
the offspring distribution. The asymptotics (1.2) implies that for a critical branching
random walk started with n particles at the origin, the tail distribution of M //n, that s
P(M > ﬁx) decays at rate O (1/x?) for large values of n (see Corollary 2 in [25]).
We will show in Corollary 1.5(i) that the corresponding tail distribution of M,;//n
decays with a rate of exp(—c(#)x2). The difference between the two convergence rates
implies that the heavy-tail behavior of M in the critical case is due to particles that
survive more than O (n) generations.

In the supercritical case, precise estimates on the tail distribution of the radius of
the support of a super-Brownian motion were established by Pinsky in [31] and [32].
Let B, (0) be the ball of radius r centered at the origig. It was proved in [32] (see
equation (6) therein) that for a super-Brownian motion X = {X,};>¢ with drift 0 > 0,
diffusion coefficient O’I% and branching coefficient o2, one has

Pg) (ZI(B,(O)C) = 0) = w0,

where Pg) stands for the probability distribution of X with drift 0, )Nfo = Jp, and

t
Lt = / X‘Y ds
0

is the local time process associated with X. As to uy (), forany r > 0, u, (¢, x) is the
minimal positive solution to the following nonlinear PDE:

du o202
B_?ZTRB_;;_FGM_quz’ t>0, |x| <r,
u(0,x)=0on x| <r, (1.3)

lim u(t, x) = oo.
|x|—r

The existence of a positive solution to (1.3) was derived in Theorem 1 of [31] along
with some sharp bounds on the minimal positive solution. The uniqueness of positive
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solutions to (1.3) can be established by a similar argument to the proof of Proposi-
tion 4.4 in this paper.

One important implication of Theorem 1 of [31] is the growth rate of the support
of X. It was proved in Theorem 1 of [32] that the large time growth rate is linear with
rate y := (2901%)_1/ 2. Specifically, one has

Jlim. PY (L, (B,(0))=0) =1, ify <7.
and

Jim P (Xyi(Bi(0)) > 0| ¢g =00) =1, ify > 7,

where {3 is the extinction time of X. The above convergence in probability is strength-
ened to be almost sure convergence in [21].

The aforementioned growth rate result brings up the second aim of this paper,
namely, to derive the growth rate of near-critical branching random walks. As we
mentioned earlier, results on the limiting measure-valued processes in most cases are
not precise enough for the research of discrete particle systems. The motivation for this
work comes from the study of population and epidemic models, where sharp bounds
on the local time are key elements in the proofs of phase transitions. For example, in
[23], a phase transition for the spatial measure-valued susceptible-infected-recovered
(SIR) epidemic models was established. A key ingredient in the proof is the growth
rate of the support of the local time (see the discussion in Section 1.2 of [23]).

Before we state our main results, we define more carefully the branching random
walk that we study.

The model For any fixed n € N and a constant € R, P, stands for the probability
distribution of a discrete time branching random walk X = (X, (x))x>0,xez initiated
by n particles at the origin and with the following properties. In each generation,
particles first jump (independently from each other) according a distribution with a
finite range, Frw = {ax}ke[—r, R}, Which has mean O and variance 01%, and then each
particle branches independently according to an offspring distribution F, = { p? }i=0,
which has pg > 0, expectation 1 + 7, variance 02(77) and third moment y (n). The
o (n) and y (n) satisfy that for some § > 0,

limo(n) =0 >0, sup y(n) < oo. (1.4)
10 n€(0,8)

We remark that (1.4) is the only assumption that we make on F g for different values
of n.

Notation We often use the abbreviated notation P, = P,?, Fp = Fg, PT =
P/ E" = E], etc.

Observe that under this model, particles jump first and then reproduce, just as in
[25]. This does not change the limiting tail behavior of the maximal displacement as
explained in Remark 3 therein and noting the Taylor expansion of function Q given
by (2.3) below.
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On the maximal displacement of near-critical branching... 203

We study the tail behavior of the maximal displacement of X up to generation [n?]
for ¢t > 0, that is,

M,; = max{z € Z| L,;(z) > 0}. (1.5)
Define (uZ (y)) to be function obtained by linear interpolation in y from the values
wl(y) = PI(My > y), y € Z, k € Zzo.

Let & € R and n € N. Our first main result establishes the weak convergence of
M, /+/n under P,,G / " to the rightmost point in the support of the local time L; of the
limiting super-Brownian motion.

Theorem 1.1 Foreveryt > 0 and x > 0,
. 0/n _ pd (T
nll)rrgo Uy (Vnx) = P(;O(Lt([x, 00)) > 0).

Remark 1.2 The convergence in Theorem 1.1 is new even when 6 = 0, i.e., the critical
case. In Corollary 2 of [25], the tail behaviour of the maximal displacement over all
generations was derived for the critical case. However, such results are very different
from the tail behaviour of M,,;, which describes the propagation of the support of
branching random walks. In terms of the proof, Theorem 1.1 requires different methods

for deriving the tightness of the sequence (u'[g,{t"] (Wnx):t>0, x > O) as shown

n>1
in Sect. 3, and for the analysis of the limiting functional which satisfies a singular

parabolic PDE as discussed in Sect. 4.

Remark 1.3 When 6 # 0 and Fg/ " is either Poisson or Binomial with mean 1 + 6 /n,

the convergence of uf,/ " (/n-) follows from the convergence in the critical case and the
convergence of the likelihood ratio between the near-critical and critical systems. We
refer to Section 3.3 of [26] for a similar argument on the convergence of the likelihood
ratio between SIR epidemics and critical branching random walks. In general, such an
argument fails because there may be no likelihood ratio not to mention its convergence.

Remark 1.4 The finite range assumption of the underling random walk facilitates
controlling the overshoot of the random walk in analyzing a discrete Feynman-Kac
formula; see, for example, (3.5), (3.8), (3.12) and (4.3). By using the finite moment
results of the overshoot distribution (Lemma 10 in [25] and Exercise 6, p. 232 of [35]),
one can relax the assumption to be finite 5th moment (the exponential decay in Lemma
3.3 (ii) becomes polynomial decay, but main theorems remain true.) See Remark 3.6
for an example on how to modify the argument under a finite Sth moment assumption.
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204 E. Neuman, X. Zheng

We now describe a corollary to Theorem 1.1. Consider the following Fisher—
Kolmogorov—Petrovskii—Piscounov (FKPP) equation

8¢ 2 2¢

E(t,x)_ 2(t x) 4+ 0¢(t, x)——¢ (t,x), t>0, x>0,
lime¢(t, x) = O, forall x > 0

o (1.6)
lim¢(t, x) = oo, forallt > 0

x}0

lim ¢(t,x) =0 uniformly on [0, T'] for any 7 > 0.
X—>00

The existence and uniqueness of positive solutions to (1.6) will be proved in Sect. 4.

We will also need the following nonlinear ODE. By Proposition 2 in [31], for each
p € (0, «/5), there exists a unique positive increasing solution f = f, € C2([0, 00))
to the equation

%f”—pf/+f—f2=0, xz0
fO)=0 (1.7)
Jim f(o) = L.

Moreover, one has
o1
lim —log(l — f,(x)) = p — (o> +2)'/.
X—>00 X

We will show in Corollary 1.5 that a traveling-wave sub-solution of (1.6) can be
obtained from f,. See Section 1 of [16] for a discussion about the FKPP equation and
traveling-wave solutions.

In the following corollary, we derive some exponential bounds on ug/ ().

Corollary 1.5 Forall x > 0,t > 0, we have
lim W (Jnx) =1— e 90, (1.8)

where the following bounds on ¢ hold:

(i) when 60 > 0, for every ¢ > 0, there exists ¢ > 0 and M, > 0 such that for all
x > M.,

o(t, x)<i<9+ 120 Ig)exp<—(#2+8)t—9t—cg>+), forallt > 0.
R

(ii) when 6 > 0, for each p € (0, \/E), we have

26 0
o, x) > a_zfp ((p@t — ;/—I:x) ) , forallx >0, t>0.
+
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Remark 1.6 The convergence in (1.8) cannot be strengthened to be uniform conver-
gence in (¢, x) over any infinite domain of the form {(¢, x) : t > ty, x > x¢}. The
reason is due to the discontinuity of uz./ " (/n-) near the boundary of the support of
the branching random walk; see the next theorem for the precise statement.

The next main result establishes the large time growth rate of the support of X%/

Theorem 1.7 Let y = (2003) ™! for 6 > 0.
(i) Foranyy <y, there exists N(y) > 0 such that for alln > N(y),

P (Lnyi((+/nt, 00)) = 0 for all t large enough) = 1;

(ii) forany y > y, there exists N(y) > 0 such that for alln > N(y),

P,?/n (Xnyt((ﬁt, o0)) > 0 for all t large enough | X survives) =1.

Remark 1.8 In [32], the author established the linear growth of the support of super-
critical super-Brownian motions by observing that the bounds on (¢ (¢, x)) given in
Corollary 1.5 imply that

ify <y

0
)Z{Paeo(g“;(<oo) if y >y, (1.9

. 0 /(7 _
lim P} (L,:((1,00) =0

where {3 is the extinction time of X. It follows from Corollary 1.5 that for any ¢ > 0,
there exist 7o > O such that for any ¢ > Ty, we can find an Ny = Ny(#) such that for
alln > Ny,

n if %
P (L (Wit 50)) —o){< Py <ot ity—p. (11O

This result, however, is not enough to establish the linear growth of the support of
branching random walk because we would need (1.10) to hold for all t large enough.
Such a uniform convergence seems difficult to prove given the discontinuity of the
limit in (1.9) as a function of y. We prove the linear growth result using another
argument.

Finally, analogous to the critical case in [25], we derive the tail distribution of the
maximal displacement over all generations, namely, M = sup; M.

Theorem 1.9 When 6 # 0, for every xo > 0, uniformly over x € [xq, 00), we have

lim PY"(M > Jnx) =1 — e V&), (1.11)
n—0oo

o )_ |9| (Cothz( ﬂzx) _ 1>, x>0, (1.12)
205
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is the unique solution to

2 a2 2
oR Y 2 )
2oz VY 20

li = o0,
xg&lﬂ(x) 00 (1.13)

. 20+
lim ¥ (x) = —
X—>00 o

Moreover, we have

20 120 216|
Y(x)~—+—F-exp|— [—5x], asx — 00, (1.14)
o o O'R

where 67 = max(6, 0).

Remark 1.10 When 6 = 0, the convergence (1.11) and ODE (1.13) are also true; see
Corollary 2 and Proposition 23 (and its proof) in [25]. The tail behavior of M, however,
is completely different according to whether & = 0 or not. When 6 = 0, by Corollary
2 in [25], the tail distribution of M //n decays at a rate of 1/x2. In fact, by solving
(1.13) with 8 = 0 along the same lines as in the proof of Theorem 1.9, one gets that

602 1
W(x)z—zR—z, x > 0.
0% X

A theorem by Dynkin (see e.g. Theorem 8.6 in [12]) links (1.13) with & = 0 to the
support of super Brownian motion. In contrast, in the sub-near-critical case (or the
super-near-critical case and conditioned on extinction), the tail distribution of M /\/n
is similar to a Gumbel distribution.

Remark 1.11 In [25], the convergence (1.11) was established by first proving the
convergence of a complicated object limy_s o Woo (X + y/Woo(X))/Weo(x), Where
Woo(x) = P1(M > x) for any x; see equation (23) therein for the precise statement.

In this paper, we prove the convergence of P,? /n (M > /nx) directly.

Organization of the paper: The rest of this paper is organized as follows. In Sect. 2,
we establish a discrete Feynman-Kac formula for the tail distribution of the maximal
displacement, which will be used in Sect. 3 to establish the tightness of (n wf,./ "(J/n)),
where wZ/ "x) = Plg /n (My > x) for each k and x. In Sect. 4, we identify the limit
as a unique solution to a nonlinear parabolic PDE with infinite boundary condition,
based on which we establish Theorem 1.1 and Corollary 1.5. In Sect. 5 we prove

Theorem 1.7, and in Sect. 6 we prove Theorem 1.9.
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2 A discrete Feynman-Kac formula

Recall that Fg/ " stands for an offspring distribution with mean 1 + 6/n. Denote by

9/ the probability generating function of Fg/ ". Define

0"(s) =1— f9/"(1 —s), foralls € [0, 1]. (2.1

The function is increasing and concave with 070y =0, (Q?/"Y(0) = 1 4+6/n and
o'y =1- pg/" < 1. We also define

wy"(y) = P{/"(My > y). y € Z. k € Z=o. 2.2)
The derivation of the Feynman—Kac formula uses ideas from Section 2.2 in [25]. The
following lemma (see Lemma 4.1 in [29]) gives a convolution equation for wz/ ")
based on Q?/"(-) and the random walk distribution Fry = {ay}yez. Itis obtained by
conditioning on the first generation, in which a single particle first jumps according

to the step distribution {a;} and then reproduces according to F g/ " which results in
i.i.d. subtrees.

Lemma 2.1 Forall k > 1,

w" () =Y a, 07" (" (x = ).

veZ

Recall that Fg/ " has a bounded third moment, hence by the Taylor expansion
of Q/"(-) at s = 0 we have

) = (14 2)s = 3320 /ms + 06, 2.3)
where 0.2 9
52 /n) = o*(O/n) + (1 + ;) - (1 + ;) ) (2.4)
Define
RO/ (5) = (1 n g)s —0Y(s) = S50 /m)s? + 0(), 2.5)
n 2
and
6/n ~2
HOn sy = 8 97O/ 6, (2.6)

(1+6/n)s  2(1+6/n)

Lemma 2.1 can be rewritten as the following, which is more convenient for our purpose.
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208 E. Neuman, X. Zheng

Lemma 2.2 For all integers x > 1 and k > 1,

w0 = (14 2) Y ayuf i = = Sk w5 = ).

y€EZ yEL

We will also need the following result on the boundedness and monotonicity of
HY/" (see Lemma 4.3 in [29]):

/ +p0/n
0<H"s) < L—20 <1, foralls € [0,1]. 2.7)
146/n

We denote by {Wk},>0 a random walk on Z with the following law:
P(Wk-‘rl_Wk:y'ka Wk—lv--')Za—yv yezv (28)

in other words, {W\}r>0 is a reflection of W, the random walk associated with our
branching system. We use P, and E, to denote the probability measure and expectation
of (Wi }ti=0 with Wp = x, and omit the subscript when x = 0 (and when there is no

confusion). Moreover, to 1mpr0ve readability, we often abbreviate the notation E|_/;

t0 E /s Winr] 10 Wy, w m] to wzl/", etc. We also denote by F?V = (fw)k>0 the

natural filtration of {Wk }x>o.
For any 0 < x < y < oo, define the stopping times

Ty =min{k > 0: Wi <y}, 1y =min{k > 0: W > y}, 2.9)
and
T,y =Ty ATy, T:=Tp.
Further define foreachm > Q0and 0 < k < m,

n 9 n n n
" = (1+ ) 0/n (Wk)ﬂ{pk}]_[ — Bl (W)

- (2.10)

. i—1
+Z(1 +%) K = po "= [T [1 = H" @) (W),

i=1 j=1

where we use the convention that for any k < 0, Zl;zl = 0 and ]_[1;=1 = 1.In

particular, ¥\") = wi" Wo).
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Similarly to Lemma 4.4 in [29], we have that Y = {Y, k(")}ofkfm is a martingale. To
recall why this holds, define

n 9 " "
r =14 ) " (Wk)]l{r>k}l—[ — ="y (W))]

k—1

Y,§n>»2=2(1+§>i (1= po " Liz= z}l_[ — HO" @ (W),

i=1

Note that Yk(i)lz € F)V, 50 Y is a martingale if and only if

.1 2 2
EYINFEY) =y wy (02 -y 2,

which is verified by using Lemma 2.2 and considering T < k, 7 = kand T > &k,
respectively.
Lemma2.3 IfWy = x > 0, then Y is a martingale with respect to F"V.
The following lemma gives a discrete Feynman—Kac formula.
Lemma24 Foranym e N, O <k <mand(0 <y < x < z <00, we have

(i)

0 O\ Ty Am—k) 4
w0 =Ex((1 +;) W0 o onts. Ve, cnnn)
Ty z A(m—k)

< [T =" 0m)),

j=1
(ii)
wy!"(x) = (( + %)fy’zmwfﬁa_ﬂm(ny,zAm)

% 1—[ He/n 0/'1 (W ))D

Proof Notethat T, , < T forevery 0 < y < z < 0o. The conclusions follow by taking
the stopping times 7, ; A (m — k) and 7, ; A m and applying the optional stopping
theorem to the martingale {Y, k(")}. O

3 Tightness

In this section, we establish the tightness of the function sequence (n w[en/ t"] (ﬁx)) g
n=

Becauseat x =0, nwf”/ l’} (/nx) = n — oo, the sequence of functions cannot be tight
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210 E.Neuman, X. Zheng

when allowing (¢, x) to vary over the whole domain {(¢, x) : + > 0, x > 0}. Special
treatments are needed to deal with such a singularity.
We start with some exponential bounds on the distribution of the maximum of W.

Lemma3.1 Let Yy, Y, ... bei.i.d. random variables withmean O and P(Y1 > R) =0
forsome R. Let S, =Y+ ... + Y.

(i) There exist constants C3.1, 3.1 > 0 such that

.....

(it) There exist constants Cj |, 5 | > 0 such that
P('n(}ax S < s\/ﬁ) < Cg_le_ﬂg-l/sz, foralln >0, s > 0.
i=0,...,n

Proof (i) is a special case of as Corollary A.2.7 in [27].
(i1) The result follows from equation (2.51) in Proposition 2.4.5 of [27]; see also
Exercise 2.7 therein. O

In the following lemma, we compute the probability that X (under P,? / ") dies out
asn — oo.

Lemma 3.2 Assume that Fg/n satisfies (1.4). When 0 > 0, we have

lim Pne/n (X dies out) — /07,

n— 00

Proof Recall that f%/" is the probability generating function of FZ/ ", Let g, be the

smallest non-negative root of the equation f%/"(q) = g. By Theorem 2 in Chapter

LA.5 of [3], Pf/”(x dies out ) = g,. By (1.4), forg € (0, 1),

0 2
@ =1+ @-D(1+ =)+ (@ =pH+o((-9?). G
n 2
It follows that
PI"(X dies out) = g = 1 — — 4+ o(1/n) 3.2)
1 n no? ’ ’
and

260 "
lim P,?/"(X dies out) = lim (1 -—+ o(n_l)) — o~ 20/07,
n—00 n—00 no
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Before stating our next lemma, we recall the duality principle which states that
a supercritical branching process conditional on extinction has the same distribution
as its dual subcritical process; see, for example, Theorem 3 in Chapter [.D.12 in [3].
Specifically, let Z = {Z,},>0 be a Galton-Watson process with Zy = 1 and an
offspring distribution F 3 = {p,};>0 that has mean p > 1 and p,, > 0. Define

B = {a):?n(a)) = 0 for some n > 1}

to be the event of extinction, and let ¢ = P(B) € (0, 1). Then the duality principle
says that the process {Z,},>0 conditional on event B has tlle same distribution as a
subcritical Galton-Watson branching process {Z,,},>0 with Z, = 1 and

E(D) = @, £e(0,1),

where f denotes the probability generating function of F p.
In the following lemma, we derive an exponential bound on sup,~ | n Wi ().

Lemma3.3 (i) Foranyd > 0,

sup sup nw,f,/” (V/nx) < oo;
x>8n>1

(ii) there exists B > 0 such that

lim supeﬂxz/’ .nwﬁ{” (v/nx) =0, forallt > 0.

e

Proof (i) We shall only prove the result when 6 > 0. Recall that M = sup,,-( My
stands for the maximal displacement over all generations. From Theorem 1 in [25],
which applies to critical branching random walks, we have

supszlo(M > x) < 0. (3.3)

x>1

Therefore, if we denote by B the event of extinction of the branching random walk X,
then by the duality principle we get

sup supnszle/"(M > /nx|B) < oo.

x>8n>1

Moreover, by (3.2), there exist positive constants ¢ and ¢; independent of n and x
such that

nw!/" (Jnx) <nP!"(B) + nP!™(M > /nx | B)

§n<c_l+c—22>, fOralleS,nZ()’
n nx
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and we get (i).
(i1) By Lemma 2.4(ii) and (2.7), we have
nws,/" (Vnx)
AL
<nE my ((1 + ;) wnt—fﬁx/z/\(m)(Wfﬁx/zA(’”)))
+ 0
< ne’ tEﬁx (wo/”(Wm)]l{fﬁX/zzm})

+ 0
—i—nee tE\/ﬁx (wm/n(Wfﬁx/z)]l{fﬁx/2<nl})- (3.4

Because wg/n(y) =0fory > 1,wehave forallx >0andn > 1,
+ 0
ne? tEﬁx (wo/n(Wm)]l{fﬁx/zzm}) =0.
Recall that W has a range R. From the monotonicity of wz,/ "(x) in x and part (i), we

get that there exists a positive constant C such that

+ 0
nee ! Eﬁx <wm/n (Wf\/ﬁx/z)]l{f\/ﬁx/2<m})

+ 0
< tEﬁx (nwn{"(ﬁx/2 — R)Il{fﬁx/zqzt})
< Ce" P 4 (T gy < 1)

XZ
< CCy1e" e P foralln > 1, x > 2R, (3.5)

where we used Lemma 3.1(i) in the last inequality. The conclusion follows. ]

The following lemmas are key ingredients in proving the tightness of of
0/n
(nw,}" (V/nx)).
Lemma3.4 Forany T > 0, there exists C(T) > 0 such that for all x, y € Z//n with
lx —y| <landt €[0,T],

G\ T myAnt)
sup [z (1+2)™7) = 1] = ey - .
n>1 n

Proof We only need to prove for the case when y > x because otherwise the LHS
equals 0. We will also only prove for the case when 6 > 0; the case when 8 < 0 can
be proved similarly.

Note that

0 rﬁyA(nt) 7] rﬁ./\(m)
E«/Zx(<1 + ;) ) =E nx((l + ;) ' ’ ]l{fﬁyfn(y—x)}>

0 rﬁy/\(nt)
+ Eﬁx(<] + ;) : ]l{rﬁ},>n(y—x)})

= I](nvy _-xvt) +12(nay _-xat)-
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For I1(n, y — x, t), we have
Li(n,y—x,1) < PO,
Because ¢* is a Lipschitz function, we get
Lin,y—x)—1<C(y—x), foral0<y—x<1.
About term I>(n, y — x), using Lemma 3.1(ii) we get

h(n,y —x) < eetPﬁx(tﬁy > n(y —x))
< C(T)e_ﬁ//(y_x),

and the result follows. O

Lemma3.5 Forany 0 <ty < T < o0 and xog > 0, there exist No > 0 and C =
C(to, T, x0) > 0 such that for alln > Ny and t € [ty, T] we have

nluny" (Viy) = wyf" (Vx| < Cly = x|,
forall xo <x,y € Z//nwith|x —y| <1.

Proof Letxg > 0,x90 < x <y < ooandt > ty. It follows from Lemma 2.4(ii) with
m = nt and (2.7) that

wzt/n (V/nx)
O\ Tix/2.my N gy
= Eﬁx((l + ;) wnt—fﬁx/z,ﬁy/\(nt) (Wfﬁx/z,\/yﬂﬂ(”t)))

ot Ty A1)
= Egn((14 =) " (ay)

9+ nt 0/n
+Eﬁx<(1 + 7) Wt W g pnnn) iz ny>(nt)/\fﬁx/2})
= Ii(n,x,y,t)+ L(n,x,y,1), (3.6)

where in the second inequality we used the monotonicity of wzt/ "(x) in x.
We first handle 71 (n, x, y,t). By Lemma 3.4, forall0 <y —x <1,

I x.y.0) = wl" (Vay)| < C(T) (o — 0wl (Vay), (3.7)
which, by Lemma 3.3(i), is bounded by C(y — x)/n.
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Next we bound I>(n, x, y, t). Using the monotonicity of wz,/" (x) in x again we
have

Ln,x,y,t)

+ 0
<"E ;. <wn1/n(W‘Eﬁx/z/\(nt))]l{rﬁy>(nl)/\fﬁx/2)})

ott Q/n
< el (Wnx/2 — R)Pfx(r[y > (nt) A fo/z) (3.8)
0tr. 6
ge t /n(fx/Z R)(P[x(tf} >nt)+P[x(tf} >‘L'fx/2)>
<& Mwpl" (Vnx /2 — R)<C1e*C2t/(x 0L Yoo R)
Vn(y —x/2)
where in the last inequality we used Lemma 3.1(ii) and the Optional Stopping Theorem.
The conclusion follows from Lemma 3.3(i). O

Remark 3.6 The bound in (3.8) is a place where we need the random walk to have
a finite 5th moment. Specifically, when Frw has an unbounded support but a finite
5th moment, we can estimate term I>(n, x, y, t) as follows. Note that to prove the
conclusion in the lemma, by the triangular inequality, it suffices to prove for the case
when y = x + 1/4/n, and we want to show thatnl> (n, x, y, t) = O(1/+/n). We have

L(n, x,y,1)
< ge+tEﬁx< Q/n(Wtfx/z/\(nt)) rf)>(m)fo/z)})
" un" (x4 (P (e > nt) + P(r1 > 7)) G2
+ P (We g < V/x/4)
< 9/n(fx/4)(C1e_C2"’+C3/f> +e 1y (/).

where in the last inequality we used the following estimates.

(i) P(t1 > 7—) = O(1/k) ask — ooc. To see this, note that by the Optional Stopping
Theorem,

EWs Liry<z ) = —EWs  Lig=2,) = kP(rl > ‘L_'_k).

Moreover, by exercise 6, p.232 of [35], E(W,) < oo if Frw has finite variance,
hence P (71 > 7_¢) = O(1/k).

(i) P(Wz, < —ak) = O(1/k?) as k — ooc. This follows from Lemma 10 (and its
proof) in [25], by which we have, if Frw has a finite 5Sth moment, then the limiting
overshoot distribution has a finite 3rd moment.

Lemma3.7 Forany 0 <ty < T < oo and xo > 0, there exist § > 0, No > 0 and
C(to, T, x0) > 0 such that for alln > Ny, t € [to, T], nt < m < n(t + 8) and
Xp < X < 00, we have

n|wp!" (Vnx) — wil" (Vnx)| < e

@ Springer



On the maximal displacement of near-critical branching... 215

Proof From monotonicity it is enough to prove the lemma when m = [n(t + 3)]. Let
xp < x < oo and let £ > 0 be a small number to be chosen later. From the bound
(2.7) and Lemma 2.4(i) with y = x — &€, z = oo and k = [nt] we get

6/n
Wi (\/Ex)
0 fﬁ(xfs)A(m—[nt]) 6/n
<Eam((1+;) Ut -t ey Voia-orm—n))

6\ m—[nt] 0/n
< Eﬁx(<1 —+ ;) w[nt](Wm—[nl])]]-{fﬁ(x,g)>m_[”t]}>

ot \m—Intl 4 /n
+ Eﬁx((l + 7) M= fi(x—¢) (Wfﬁu—é))l{fﬂ(x—afm—[”']})

=:Jim,n,x) + Jo(m,n, x).
(3.10)
Note that m — [nt] < 6n + 1. Using the monotonicity of wz/ " (x) in x we get that
0% (8+1/n) 6/n _
Jim,n,x) <e Eﬁx (wm (Wm—[nt])]l{rﬁ(st)>m—[nt]})

< PO (i~ )
By Lemma 3.5 and Lemma 3.3(i), if £ and § are small enough then
2
Ji0m,n,x) < T EHUm O Ly L8 < WP ey + 22 G.11)
n n
As to Jo(m, n, x), using the monotonicity of wz/n (x) in k and x, the finite range of

W and noting that m — [nt] < dn + 1, we have

+ 6
DH(m,n, x) < 69 (5+1/")Eﬁx (w’"/jf\/ﬁ(x—s) (Wfﬁ(x_g))]l{fﬁ(x_é)55n+]})

o+ (8+1 6/
<e 6+ /n)Eﬁx (wmn(Wfﬁ(x—s))]l{fﬁ(x—s)f‘sn“‘l})

6 (5+1 6 -
< 0F /")wn(?+8)(\/ﬁ(x —&)—R)- Pﬁx(fﬁ(x—s) <dn+1).

(3.12)
By Lemma 3.1(i), there exist C» > 0 and 8 > 0 such that for all x > xq,
_ &2
Pﬁx(fﬁ(x_g) S n5 + 1) S CzeiﬁT.
By choosing § to be small enough and using Lemma 3.3(i) we get
&
J(m,n, x) < —. (3.13)
n
The conclusion follows. O
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Corollary 3.8 Foranye > 0,0 <ty < T < oo and xo > 0, there exist § > 0 and
No > 0 such that for alln > No, to < s,t < T with|s —t| < §andx,y € [xg, 00)
satisfying |x — y| < 6, we have

0/ 0
l’l|wm/l(\/ﬁy) - wns/n(\/;x)| <e.

Proposition 3.9 For any sequence {n;} of positive integers that increase to infinity,

. . . 0/ni;
there exists a subsequence {n;, } along which the functions (n,- i W, ,zj] ( I x))
J t>0,x>0
converge. The convergence is uniform over any compact region inside {(t,x) : t >

0, x > 0}. Moreover, any subsequential limiting function ¢(t, x) is increasing in t,
decreasing and Lipschitz in x with

lim ¢(t,x) =0, foreacht > 0. (3.14)
X—> 00

Proof The conclusions follow from Lemmas 3.3, 3.5, Corollary 3.8, Arzela-Ascoli
Theorem and a standard diagonal argument. O

4 Scaling limit

In this section, we prove that the limiting function ¢ () from Proposition 3.9 satisfies a
nonlinear PDE with an infinite boundary condition at x = 0. Then we prove uniqueness
of solutions to the PDE.

The main difficulty with the analysis of the limiting function is that it satisfies a
nonlinear parabolic PDE with singularity at the origin; see Corollary 4.2 and Lemma
4.3. In Proposition 4.1 and Lemma 4.3, we develop probabilistic arguments to charac-
terize the limiting function. We further use PDE methods to prove uniqueness of the
solution to Eq. (1.6) (Proposition 4.4) and to link the solution with the tail distribution
of the support of super-Brownian motion (Theorem 1.1).

For any continuous process {Y;};>0, define

¥ =min{t >0:Y, <x}, and 7V =17]. 4.1

The following proposition gives a Feynman—Kac representation of ¢ (¢, x).

Proposition 4.1 Let (¢ (¢, x))i>0.x>0 be any sub-sequential limiting function from
Proposition 3.9. Then for any xo > 0 and for all x > xo, t > 0, we have

o1, x) =
( ( AT R o2 5 (4.2)
E. | exp / (9——¢(t—s,0RBS))ds ¢<t—t/\ff’? ,orB ,aks) R
0 2 0 ATy

where under Py, {B;};>0 is a standard Brownian motion starting at x /oR.
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Proof For any x > x¢ and # > 0, by Lemma 2.4(ii), we have

0 ONMAT Sy
/n(\/—x) Efx(( + ;) Ownt/fntAf‘/,;xo (Wnt/\fﬁm)

ntAr\/,;XO
< T [1=#""a@,0m)])-

j=1

Using (2.6) and that log(1 — x) = —x 4+ O (x?) for |x| < 1, we get

O/n( Jux) = E { (MDAT izg 0/n W
nw,; (Vnx) = Jnx +; 'nwnt—ntAfﬁxo( ’”Afﬁxo)

n Af\/ﬁxo ~
o-(0/n) 0/
X exXp = Z(TQ/) nt— ](W )
+(nt A fﬁXO)O((wz{"(ﬁxo - R))2>}). 4.3)

By Lemma 3.3(i), the error term

(m A fﬁxo) (( oI faxg — R)) ) =o(1).

Moreover, by Donsker’s invariance principle (see, e.g., Theorem 8.2 in [7]), under
P /X (Wm / (ﬁaR)) />0 converges to a standard Brownian motion (B;);>o start-

ing at x/og as n — oo. In addition, n~lz Jnxo converges weakly to ffORB; see, for
example, Theorem 1 in [19] and Theorem 3 in [28]. Using the Skorokhod embedding
theorem, strong Markov property and the fact that a Brownian almost surely takes
both positive and negative values in any interval [0, §], one can further strengthen the
previous two convergences to be joint convergence. Therefore, by our assumption on

the convergence of nw[en/:; (V/nx) to ¢(t, x), we get

nw!" (Wn

o —oRrB
ni—niAE gy, ) = ¢t —tA Tyo ,O‘RB[A.E)(:ORB), asn — oo. (44)

t/\fﬁx()

Furthermore, from (1.4) and (2.4) we get 52 /n) — o2, By the same reasoning as
for (4.4) we get

CIOVSHN
~2 0
o (9/’7) 0/n
N (W
2(1 —|—9/n) Igl U)nt—/( ])
N n(t/\(n’lfﬁx ))

_ P "R

2(14+6/n) n — nt=j
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02 ATy,
= 7/ ¢(t —s,0rBy)ds, asn — oo.
0

Finally, we have
O\ NtAT s
(1+—) f0:>exp(9t/\f;)RB), asn — o0.
n

Plugging the above limits into (4.3), together with bounded convergence theorem we
get the conclusion. O

Corollary 4.2 Suppose that (¢ (t, X))i~0.x>0 is a sub-sequential limiting function from
Proposition 3.9. Then it satisfies the following PDE:

2 2
¢( X) = TR—(g(t,x) L0, x) — %¢2(t,x), t>0, x>0, (45)

Proof This follows from Kac’s theorem; see, for example, Section 2.6 in [18] or
Theorem 4.1 in Section 3.4 of [33]. O

In the following lemma, we derive the initial and boundary conditions of ¢ from
Proposition 3.9.

Lemma4.3 (i) Forany x > 0,

li t,x)=0.
zlff)' (1, x)
(ii) Foranyt > 0,
li t =
;?old’( , X)
(iii) Forany T > 0,
lim ¢(t,x) =0, wuniformly on [0, T].
X—>0Q

Proof (i) It is sufficient to show that for any x > 0 and ¢ > 0, there exists zy > 0 such
that

supnwzt/n (Vnx) <e, forall0 <t <t. 4.6)

n>1

This follows from the bounds (3.4) and (3.5).
(i1) We need to prove that for any ¢ > 0,

lim lim nwm "(nx) = “4.7)
x}0n—
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Note that for any x < ¢ we have

nwy" (Vix) = nwpl" (v/nx)
> npfn (X survives to generation [nx]) - P(Wux) > Jnx)

> n P (X survives to generation [nx])(1 — cpe /%),

where we used Lemma 3.1(ii) in the last inequality. To bound the probability in the
last term, note that by the weak convergence of X to X we have

lim inf P,? / "(X survives to generation [nx]) > Pg)(i survives to time x),
n

which goes to 1 as x — 0. Hence

lim inf lim inf n P?/ "(X survives to generation [nx]) = o0o.
xiO n—o00

The conclusion follows.
(iii) Part (iii) follows from Lemma 3.3(ii) and the monotonicity of ¢ in 7. O

Next we prove uniqueness of positive solutions to (4.5), with the initial and boundary
conditions from Lemma 4.3. Note that this equation was presented in (1.6).

Proposition 4.4 There exists at most one positive solution ¢ to equation (1.6).

Proof Without loss of generality, we set og = o = 1 in (1.6). Define
u(t,x) = 6_0'¢(t,x -1, x>1,t>0,
which satisfies

) 1 92 1
gt x) = jfg(t,x) — ie‘)’uz(t,x), t>0, x>1,

lim; o u(t,x) =0, forall x > 1, (4.8)
limy 1 u(t, x) = oo, forallt > O, '
limy oo SUPg<,<T u(t,x) =0, forall 7 > 0.

Suppose that (4.8) has two positive solutions u#; and u, such that uj(f, xo) #*
uz(tg, xo) for some xo > 1 and 1y € (0, T). Without loss of generality, suppose
u1(tg, xo) < uz(tp, xo). Then by continuity, for ¢ > 1 that is close enough to 1 we
have

ui(fo, x0) < u2(cty, cxo). (4.9)

Define
_ . _ 2 2
v (t, x) = va(t, x; ¢) = c“up(c’t, cx).
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Then v, satisfies

%(r,x) = %%(I,x) — %eczetvg(t,x), t>0, x>1,
hmtl() Uz(t, X) = 0, for all x > 1, (4 10)
limy 1 v2(2, x) < 00, forallt > 0,
limy s oo sup,¢o.7y v2(#, x) = 0, forall T > 0.
Let
f,x)=ft,x;¢) =ui(t, x) —va(z, x).
We have

liII} f(t,x) =00, forallt > 0. 4.11)
X

By (4.9),6 = 6(c) := —inf; x f(t,x;c) > 0.By(4.8)and (4.10), there exists M > 0
such that

sup  (u1(t, x) +v2(t, x)) < 8/4,
x>M,0<t<T

and therefore
inf t, —8/2. 4.12
xZMl,r(l)<t§T f( x) = / ( )
It follows that the infimum of f(-) = f(:; ¢) must be attained at some point (¢*, x*) =
((t*(c), x*(c))) € (1, M) x (0, T], and we have
—2(t ,x7) >0, and E(t ,x¥) <0. 4.13)

However, by (4.8) and (4.10) we have

2
%%(r*, x*) — 88—{@*, x*) = %e“*u%(t*, x*) — %gcz@f*vg(z*, ). (4.14)
When 6 > 0, the last term is negative due to that 0 < u (¢*, x*) < vo(¢t*, x*). This
contradicts (4.13), and we conclude the proof.

Consider now the case when 6 < 0. Take any sequence (c,) such that (4.9) holds
for all ¢, and ¢,, | 1. Note that by continuity we can choose M independent of ¢, such
that for all n large enough,

sup (w1 (t, x) +va(t, x; cn)) < (ua(to, x0) — ui(to, X0))/4.
x>M,0<t<T

Consider the point sequence (t*(c,), x*(cp)) S (1, M) x (0, T], and suppose that
(t°, x°) is a limiting point. Note that

liminf §(c,) > ua(ty, x0) — u1(tg, xo) > 0.
n—00
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It follows that (#, x?) must be also inside (1, M) x (0, T'], and by (4.14), when n is
large enough,

2
°f af
3o =5 (" (cn), x*(cn); cn) — —(t (cn), x™(cn); en) < 0,

and we again get contradiction with (4.13). O
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Proposition 3.9, Corollary 4.2, Lemma 4.3 and Proposition
4.4, (nwzt/" (/1) 0,x>0 converges to (¢ (1, x))r=0.x>0, which is the unique positive
solution to (1.6). Recall that w?/ "(-) is for the case with a single initial particle, while
um (+) is for the case with n initial particles. We have

ul!" (Jnx) =1 — (1 —wi"(Vnx))", forallx >0, t > 0.
Therefore,

lim u?/"(Vnx) =1 — e ®C9 forallx > 0, 1 > 0. (4.15)
n—o0

To finish the proof of Theorem 1.1, in the below we analyze the exit probability
of the limiting super-Brownian motion X with drift 6, diffusion coefficient O’I% and
branching coefficient 2.

Forany r > 0, choose a sequence of functions {y; ,, (x) }f,om=1 € C®(R) satisfying
the following:

Vymx)=qm, ifr+

and

0< lpr,m =m
Let v, , be the solution to

OV (t.x) = 01% 82v, m
Jat 2

o2
(t, X)+0vy (¢, x)——v @ X)+ Y m(x), >0, x R, (4.16)

with the initial condition v, ,,(0, x) = 0. By the same argument as for the conver-
gence (5) in [32], v,y s increasing in m, and we can define

v (t, x) = mli_)mOo Vrm(t,x), foreveryx e R, t > 0. 4.17)
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Moreover, by repeating the argument for equation (6) in [32], with §, as the initial
measure, we have ~
P{ (Li([r, 00)) = 0) = e (") (4.18)

We now analyze v, (¢, x). By (4.16), (4.17) and the monotone convergence theorem
and using further (4.18), we get that that v, is a weak solution to

d”’(t x) = 2R ‘x — —vz(t x), fort>0, —c0o<x <r,

v-(0,x) =0, —oco<x<r,
limyy, v, (2, x) = 00, t >0,
limy— —oo SUp;c(0.7] Ur (t,x) =0, forall 7 > 0.

4.19)
We want to strengthen the conclusion to be that v, is a classical solution to (4.19). To
see this, recall that u, is the minimal positive solution to (1.3). By Theorem A and
Proposition A in [32], we have

P{ (Li(B-(0)) = 0) = e "), (4.20)

and u, satisfies that for every ¢ > 0, there exists ¢, > 0 and M, > 0 such that for all
r> Mg, forallt > 0and x € [0, r),

1/ . 120%7 (r —x)? N
u,(t,x) < o2 (0 + = 2)2>exp< (201%(1 T o 0"t c5>+).
4.21)
Noting thatv, (¢, x) < u,(t, x), using the bound (4.21) and regularity of weak solutions
to parabolic PDE (see Chapter 7.1.3 of [13]), we see that v, is a positive classical
solution to (4.19).

It follows that n(f, x) := v, (t,r — x), t > 0,x > 0 solves (1.6). However, by
Proposition 4.4, the positive solution to (1.6) is unique, therefore

¢(t,x) =n(t,x) =v.(t,r —x), forallt >0, x > 0. (4.22)

Taking r = x and using (4.18) we get the desired conclusion. O

Next, we prove Corollary 1.5.

Proof of Corollary 1.5 First note that the convergence in (1.8) has been derived in the
proof of Theorem 1.1.
Next we prove Part (i). By Theorem 1.1 and (4.20) we have

¢(t9 -x) S Mx(tv 0)
The bound in (i) then follows from (4.21).
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To prove Part (ii), note that w(z, x) := 20/02 . fo((pOt — VOx/oR)y) satisfies

2
W1, x) = TBEU (1, x) + Ow(t,x) — Gw(t,x), >0, x>0,
lim, o w(t,x) =0,
limy_ o w(t,x) =0 uniformly on [0, T'] forany T > 0.

Note that lim, o w(t, x) < oo forany ¢t > 0.
We want to show that w(z, x) < ¢ (¢, x) forall x > 0 and ¢ > 0. To do so, without
loss of generality, we set og = 0 = 1 and define

hit,x)=e % (@p—w)it,x—1), x>1,t>0.

The function A(-, -) satisfies

Wi, xy = Y20 x) = L h(t, x) - (@ + w)(t,x), 1> 0, x> 1,

2 9x2
lim; o h(t,x) =0, forallx > 1,
limy 1 h(t, x) = o0, forallt > 0,
limy 00 h(2,x) =0 uniformly on [0, 7] for any T > 0.

Note that (¢ + w) > 0. By the same argument as in the proof of Proposition 4.4, we
get that (¢, x) > 0.

The conclusion follows. O
5 Proof of Theorem 1.7

We first prove Part (i).

Proof of Theorem 1.7 (i) Recall that {L; };>0 stands for the local time process of X. By
Corollary A.2.7 in [27], there exists C > O such that forall v > O and k € N,

0
En/n (Ln(kJrl)(Bf/zvk))

—n Y (1 + 0>iP(|Wl-| > /nvk)

n

i<n(k+1)
o\
<n Z (l + —) -P( max |W;| > /nvk)
i <n(is ) n 0<i<n(k+1) 5.1

) v2k? w33
<n“(k+1Dexp@k+1))-exp| — +C
<n*( ) exp(6( ) - exp 202G+ 1) o3k + )2yn

= n2(k + 1) ex (k+1)<9— vk + Cv’k? )
B P 202k + 1?2 optk+1)3yn/ )’
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It follows that for every v > ,/2901%, there exists No = No(v, og,0) > 0 such that
foralln > Ny,

0
DB (Lo (Bg,) < 0.
keN

Because (L.(-)) is an integer-valued process, by the Borel-Cantelli lemma, we get that
pon (L”(k“)(Bf/zuk) = 0 for all k large enough) = 1.
Note that for all + > 0,
Lut(Bp,) < L1y (B )

The conclusion follows. O

Next we prove Part (ii). The proof uses ideas from the proof of Theorem 2.1 in [21].
Recall that X (x) is the number of particles at site x at generation k. For any y € R,
define

m(y) =m® () = (1+ Z) D ae (52)

Z€Z

and

Wl =m™ )Y e K@), k=01,
Z€Z

Then {W,i’ }k=0 is a martingale; see Chapter VI.4 of [3] or Theorem 1 in [20].
Because {W,g’ }k>0 is nonnegative, the limit W7 := limy_, W,f almost surely exists,
and by Fatou’s lemma, Ef/n(WV) < 1. The following lemma characterizes when

Ef/ "(W”) = 1 and provides the key ingredient in proving Part (ii) of Theorem 1.7.
Lemma5.1 If 8| < ,/29/01%, then for all sufficiently large n,
Ele/"(Wﬂ/ﬁ) =1.

Proof The proof is based on Lemma 5 in [6] (see also Theorem 3.2 in [34]). From our
assumptions on the step distribution and branching law, by Lemma 5 in [6], we need

to verify that if || < ,/20/ 01%, then for all sufficiently large n,

B m’(ﬂ/ﬁ)) .

m(ﬂ/ﬁ)exp(— NN

1. (5.3)
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Note that

_m/(ﬂ/«/ﬁ) _ (ﬂ/ﬁ) ZZEZ azz ef(ﬁ/\/ﬁ)z
mB/Sn) Y. gaeBlVw

By the Taylor expansion and using the fact that ) °__; za, = 0 we get

ZaZZ ef(lg/\/ﬁ)Z — 25_ + 0(”71)

€L

and

Y aem BV = 2R g O(n ). (5.4)

Z€Z

It follows that

B m' B/ _ 2B 32
eXp(-EW)—l 0'R7+O(I’l )

From (5.2), (5.4) and (5.5) we get

(5.5)

B M(ﬁ/f)>
/i m(B/ )

= (1) 0+ T (o) wou

=1+(0- Rﬁz) +0m™),

m(B/vm exp ((—

and we verify (5.3). O
We are now ready to prove Theorem 1.7 (ii).

Proof of Theorem 1.7 (ii) Because the branching random walk is homogeneous, the
probability that the martingale limit WY is positive is independent of the start position.
Hence, by standard Galton-Watson arguments, similar to the proof of Lemma 2.2 in

[34], for any y € R, Pe/ "(W? > 0) is either 0 or equal to the survival probability of
X . Therefore by Lemma 5.1, if |8] < ,/260/ 01%, then for all sufficiently large n,

PO (WP < 0) = PP/ (X survives). (5.6)
Define

WPV = W BV = m (=) e BIVIX L (2), 1 2 0,
€7
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and
WBN = Tim W, PN = B, (5.7)

t—00

Now pick any 0 < 8 < /26 /01%, and let ¢ € (0, B) be an arbitrarily small number.
Note that

Bz < o(B=0)z/Vn ye(B—e)og 1

{e=yn(B—e)o}t} =

It follows from the Taylor expansion in the proof of Lemma 5.1 that for all n large
enough,

(m(=B/Nm) Y BV i g X (2)

z€Z

_palg2 2 ~1/2
— ¢~ O3B 0 +0Om™ /7)1 Ze(ﬂ/ﬁ)zﬂ{zsﬁ(ﬂfs)cr,%t}X"f(Z)
€L
< Wt—(ﬂ—"?)/«/ﬁef(%ezdl%JrO(n’l/z))t.

Because W,_(ﬁ —&)//n converges almost surely, the last term converges to 0 as t — oo,
and we obtain that

Jim (=B /)~ Y TPV g X (2) = WPV

€L

It follows from (5.7) and (5.6) that

Plg/"(Xnt((ﬁ(ﬁ — &)opt,00)) > 0 forall 7 large enough | X survives) = 1.

Because B can be arbitrarily close to ,/26/ 01% and ¢ can be arbitrarily small, we get
the desired conclusion. O

6 Proof of Theorem 1.9

In this section, we study M, the maximum displacement throughout the whole process.
Denote

wil'(x) = P (M > x), x >0.

In the following lemma, we show that for any 6 € R and x¢ > 0, the function sequence
(n wgé" (V1x))x> xo uniformly converges as n — oo. Recall that the convergence of

nwz,/ "(/nx) to ¢ (t, x) was established in the proof of Theorem 1.1.

Lemma 6.1 For any 6 € R and xo > 0, (nwgén (\/ﬁx))PX(J uniformly converges to

(V) = lim oo § (1, 1)) -
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Proof By duality between the supercritical and subcritical branching processes (see
discussion before Lemma 3.3), we need only to show the convergence when 6 < 0.
For any ¢t > 0, we have

nwl!" (Vnx) < nwll" (Vnx)
< nwﬁ{"(ﬁx) + nPf/”(X survives to generation [n1]) 6.1)
= nw!"(Vnx) + 0(1/1).

It follows that nwgé"(ﬁx) pointwise converges to ¥ (x), and by Theorem 1.1 and
Proposition 3.9, the limiting function v (-) is finite and continuous. Moreover, by Dini’s
Theorem, the convergence of ¢ (¢, x) — v (x) is uniform over any compact interval
inside (0, co). By (6.1) again, nwgé”(\/ﬁx) converges to ¥ (x) uniformly over any
compact interval. Note further that nw2" (v/nx) < nwao(+/nx), which, by Theorem
1in [25], is O(1 /x2), so the uniform convergence over [xq, co) follows. O

In the following proposition, we describe the limiting function ¥ (-).
For any 6 > 0, define

—

wﬁé"(ﬁx) — ]319/”(MOo > ﬁx | extinction).

By duality between the supercritical and subcritical branching processes we have

(nwgé" (4/nx)) converges to (J (x)), which, by (3.2), satisfies the following relation-
ship with (¥ (x)): _
Y(x) =¥ (x)+20/0% forallx > 0. (6.2)

Recall that f{ was defined in (4.1) for any continuous process {¥;};>0 and x € R. We
further define for x < y < oo,
Y

. _ -Y Y Y
T, = min{t > 0:Y; > y}, and Tey =T ATy

Proposition 6.2 The limiting function ¥ (-) in Lemma 6.1 satisfies that

2 32 2
%%:—91//4—%1//2, x>0,
limy_ 04+ ¥ (x) = o0, (6.3)

. +
limy 00 ¥ (x) = 200_2'

Proof The fact that v (-) satisfies the boundary conditions in (6.3) follows from (6.1),
(6.2), Lemma 4.3 and Theorem 1 in [25]. It remains to show that ¥/ () satisfies the
ODE in (6.3). By (6.2) again, it suffices to show the case when 6 < 0.

We only give the sketch of proof because it uses similar techniques to proving the

convergence of (nwzt/ " (y/nx)). A simple modification of the proof of Lemma 4.5 in

[29] yields the following discrete Feynman—Kac formula for wgé" (x): for all 0 <
Xp<x <Yy <o,
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iy

wil" (o) = BV (1 4 0/mPorwll" ove, ) [T~ HO il (W))] ).

It follows by a similar argument to the proofs of Proposition 4.1 and Corollary 4.2 that
the limiting function v (-) satisfies that for all 0 < xg < y < oo,

-oRB

W) = E, | exp [ 07578 — —/ " Y(orBods | - (orB. ) | (64)

Based on this expression, we want to show that 1 (-) satisfies

2 a2 2
d
%%:—ijL%wz, Xp < X < 00.

By Theorem 3.1 in Chapter 6 of [11], we only need to verify that i (-) is Lipschitz.
To do so, we take y = oo in (6.4), which yields

P -ORB

V() = Yo Ex | exp [ 07755 "7 / "y (orBy)ds
0

By the strong Markov property, for any § > 0 and x > xo,

-ORB
Y(x +8) = ¥ (x0) Ex+s (Ex+8 (eXP (9 e */ " YorB, )dS)

-ORB

2 Ty
— Y () Exss (exp (OI"RB %/0 w(aRBS)ds)) .

It follows that v (x) is decreasing in x, and we have

0=y —-yv&x+9

2 Ty
=¥ (0) (1= Exys | exp | 0747 = 2 / ¥ (orBy)ds
0

=¥ x) (1 Exis (exp ((9 - —Iﬂ(x))r"RB>>>
=V (1 (— —20 + o2y (x) - 8/6R>>

=Y (x)y/ =260 4+ 02¢ (x) - O(3).
Therefore, ¥ (-) is Lipschitz and we complete the proof. O
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In the rest of this section we assume that 6 > 0.
We are interested in the asymptotic behavior of ¥(x) as x — oo. By (6.2), it
suffices to study the asymptotic behavior of 1 (x). For notational ease, denote

20 o?
612—2 and b=—2 (65)
OR Or
Then $(~) satisfies ~

32y -~ o~

m = (lw + bl[/z
lirgJr U (x) = o0, (6.6)

x—

lim ¥ (x) = 0.
X—>0Q

In the following lemma, we establish uniqueness of solutions to (6.6) (note that the
uniqueness does not follow from Theorem 3.1 in [11], which applies to the case with
bounded domain and given boundary condition).

Lemma 6.3 Foranya > 0 and b > 0, there exists at most one solution to (6.6).
Proof The proof is similar to that of Proposition 4.4. Suppose that there exist two

solutions ¥, i = 1, 2, to (6.6), and suppose that 1 (xg) < 2 (xg) for some xg > 0.
Take ¢ > 1 close enough to 1 so that

U1 (x0) < Yalexo + ¢ — 1).

Define n(x) = 1}2 (ex 4+ ¢ — 1) for all x > 0, which satisfies that

32
ﬁ = aczn + bcznz.

lim n(x) < oo, (6.7)
x—0+

lim n(x) =0.
X—> 00

Let f(x) = IZ] (x) — n(x) for x > 0. Then f(-) must attain its minimum at some
point x* € (0, 0o0), and we have

2 f

F&x*) = P1(x*) —n(x*) <0, and )
X

(x*) = 0.

However, by (6.6) and (6.7),

92 ~ ~
a—xf;(x*) = ay(x*) — ac?n(x*) + by (x*) — b*n* (x*) < 0,
which is a contradiction. O
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We are now ready to prove Theorem 1.9.

Proof of Theorem 1.9. The convergence (1.11) and that ¥ (-) satisfies (1.13) follow
from Lemma 6.1, Proposition 6.2 and Lemma 6.3. It remains to show (1.12) and
(1.14). By (6.2), it suffices to study J(.), which satisfies Eq. (6.6).

Note that (6.6) is a second-order autonomous ODE, and it admits the following
positive solution given by an implicit function:

1 ~
_ dyr = x + C, 6.8
/ VT @ e TrTe 9

where C and C; are two constants. Letting x — oo and noting that
limy— o ¥ (x) = 0, we conclude that C; = 0. When C| = 0, the left hand side of
(6.8) can be explicitly integrated out, and we obtain

2 =
ﬁarcoth (,/ 2b/Ba)y + 1 ) =x 4+ Cy,
where for any s > 1,
1
arcoth(s) = 3 log((s + 1)/(s — 1)).
Letting x — 0+ and noting that lim,_, o4+ &(x) = 00, we see that C» = 0 and so

2 ~
ﬁarcoth (,/2b/(3a)1/f +1 > =x. (6.9)

Therefore,

and so
~ 6a
Y(x) ~ 7exp(—\/5x), as x — o0.

Plugging a and b in (6.5) yields

The conclusions (1.12) and (1.14) follow. O
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