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FOREWORD

This investipation was a part of a research project to study
the mechanism of sediment tramsport in that zone where runoff f£low
is shallow and flow conditions may be significantly changed by the
energy of rainfall impinging on the free surface of the flow. The
title of the research project was "Water I'ollution from Eroded
Sediments." 1In this project, the transpotrt of eroded sediments
from the point of initial detachment from the soil to a stream of
sufficient size that rainfall would not significantly affect flow
conditions was studied,

Since suspended sediment transport is dependent on turbulence
to keep the sediment in suspension, investigations of turbulence
became a major part of the project. The project resulted in the
development of a sediment transport model derived from turbulent
diffusion theory. Although the tests did not confirm the model as
being adequate, several problems arose which require further study
before the model should be rejected.  We are encouraged about the
possibility of explaining sediment transport by a stochastic model
derived from turbulent diffusion theory. We hope that studies be-
yond the scope possible in the research reported herein can be

conducted on this important sediment transport problem.
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ABSTRACT

Studies of Turbulence in “iallow Sediment
Laden Flow with Superimposed Rainfall. (May 1968)
Billy J. Barfield, B. 5., Texas A&M University

Directed by: Dr. Ernest T. Smerdon

The structure of turbulence has becn shown to affect the
sediment carrying capability of streams. Due to the random natur«
of turbulence, sediment movement was analyzed as a stochastic
process. Starting with the Langevin equation modified for a
turbulent medium, a partial differential equation was developed
as a mathematical model which describes the change in sediment
concentration with time and space for tvo dimensional open chanue|
flow with isotropic turbulence. The input parameters to the partial
differential equation were thé particle fall velocity and the tur -
bulent diffusion coefficient. The diffusion coefficient used wa=s
the product of the mean square veloeity and the Eulerian time scale
of turbulence.

A 40 ft. recirculating research flume was used for the expol i -
mental investigations. The RMS velocitv and Eulerian time scalc
profiles were determined by use of a hot-film anemometer and a
random signal correlator. The effect of rainfall on the RMS
velocities and time scale profiles was observed. Sediment concern -
tration profiles were measured by withdrawing samples from the flow

and were compared with values predicted by the derived mathemalical

model,,
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CHAPTER I

INTRODUCTION

The history of mankind is interwoven with the search for suitable
water supplies. From the early Egyptian empire along the Nile to the
modern legal battles over water in the western United States and even
to the war over land near the Jordan ;iver, the availability of usa-
ble water has exerted a strong influepce on the activities of mankind,

In man's quest for usable supplies of water, reservoirs have
been built to store surplus runoff. One of the major problems
encountered in reservoir storage of water is the loss of storage
space due to siltation by eroded sediment. Of the 33.6 million
acre-feet of initial storage available in reservoirs of the Upper
Colorado River Basin, 17.8 million acre-feet have been included
for sediment storage pools (6). Through control of sedimentation,
this costly addition could be reduced.

One of the problems encountered in the removal of sediment from
water is the inability to predict sediment profiles as a function of
flow conditions. This difficulty generally limits sediment removal
studies to trial and error procedures.

The movement of sediment from the initial point of detachment
to its place of final deposition is effected through several processes.
After its initial detachment, a sediment particle moves along in a

shallow channel either as suspended load or as bed load. Bed toad



can be defined as that material which is moved by rolling or sliding
at the stream bed. Suspended materialﬁis that material which is
intermittently or continously detached from the bed, placed in
suspension by the fluid turbulence, and redeposited in the channel.

After a particle is eroded and begins to be transported the
flow is quite often subjected to inte#se superimposed rainfall
containing a large amount of energy which must be dissipated., This
energy dissipation can alter the sediﬁent carrying capacity of the
flow.

As these shallow channels merge to form deeper channels, the
sediment is still carried as suspended material or bed load. It
is conceivable that superimposed rainfall would have little effect
on the sediment carrying capability in the deeper flows. The
sediment is further carried along in the stream until it reaches
the reservoir or large body of water where the absence of turbulence
allows it to be finally deposited,

Most of the past research on detachment and movement of sedi-
ment has been oriented toward a look at average conditions and gross
mechanics, The research reported herein had as its purpose a
stochastic description of the movement of particles imn a turbulent
medium. Through this theoretical description, the movement of an
ensemble of particles is investigated and finally an equation is

formulated to describe the concentration of sediment as a function



of time and space in a turbulent medium. Experimental investiga-
tions of the validity of the mathematical model were conducted in a
40 ft. research flume with rainfall simulation capability.

The research had as a further objective the study of the effect
of superimposed rainfall on the sediment diffusive capability of

shallow open channel flow.



CHAPTER II

LITERATURE REVIEW

Sediment transportation as viewed from turbulent diffusion
theory involves two areas in which a large amount of literature
exists, vis., turbulence and transport processes. Consequently,

only research which directly applies to this report will be discussed.

Semi-Empirical Theories of Sediment Transportation

O'Brien postulated a steady étate differential equation for
sediment transport in 1933 and Rouse solved the equation in 1937,
assuming a logarithmic velocity profile and an equality between the
sediment and momentum diffusion coefficients (14, 17). Vanoni
investigated the validity of Rouse's solution in 1946 and found that
the sediment diffusion coefficient and the momentum diffusion
coefficient were of the same form, but slightly different in mag-
nitudes (21). Leliavsky has summarized and discussed the more

important suspended load and bed load formulas (11).

Statistical Theories of Turbulent Diffusion

Taylor in 1920 first described the root-mean square particle
displacement for uni-directional dispersion by turbulent motion
(19). Kampé de Fériet in 1939 performed a partial integration of
Taylor's equation which yielded the result that the root-mean-square
displacement 1s proportional to the square of time for very small

times and proportional to time for very large times (10),.



Batchelor extended the analysis to three dimensions in 1949
and derived an expression for the concentration as a function of
time for a fluid property unaffected by external force fields (1).
In his analysis, Batchelor assumes a normal distribution of dis-
placement of fluid particles., Since the approach of Batchelor is
similar to that used in this research, his theory will be discussed

in more detail in the next chapter.

Particle Displacement in Turbulent Shear ['low

The displacement of a fluid particle in turbulent flow from
some initial position is discussed by Batchelor in several papers
on diffusion (1, 2). Based on a heuristic appeal to the Central
Limit Theorem, he shows that the probability demsity function for
the displacement should be Gaussian for a fluid particle whose
velocity is covariant stationary. Townsend reports on numerous
measurements of the probability density function for displacement

in isotropic turbulence showing them to be Gaussian (20).

The Effects of Rainfall on Sediment Transportation

- Smerdon observed the values of critical tractive force -- the
force required to initiate erosion -- in 1963 with rainfall super-
imposed on the water surface (19). He concluded that rainfall
slightly increased the critical tractive force as calculated from
the depth of flow and channel slope, This would indicate that

rainfall decreased the tendency for flow to erode the bed.



Glass investigated the effects of rainfall on the logarithmic
velocity profile in 1965 and found that the velocity at the surface
was retarded, the velocity gradient reduced, and the bed shear
reduced by rainfall (7). His tests also indicated that rainfall
increased von Karman's constant.

No known information is available coucerning the effect of
rainfall on the motion of individual particles. Therefore, the
work which is reported herein had a three-fold objective; to
develop a theoretical rélationship for the diffusion of sediment
particles, to test the validity of the model, and to see how this

diffusion would be affected by rainfall.

f



CHAPTER 111

THEQRETICAL DEVELOIMENT

The theoretical development of the equation for turbulent diffurion
of discrete particles is divided into three sections. First, a diffcren-
tial equation for the motion of an individual fluid particle is consid-
ered in terms of the forces imparted by the turbulent medium. This
equation, usually referred to as the Léngevin equation, is integratr:
for the theoretical case of zero gravity to find the expected values
of the mean square dispiacements of a particle with time. The secon
section concerns the development of a partial differential equation
for the turbulent diffusion of particles using two alternate approaches,
The first approach developed by Batchelor uses a Gaussian distribulion
for particle displacement (1). The second approach uses a mean square
displacement obtained from the integrated Langevin equation. Compar -
ison of the two methods allows inference of the constants of inteuration
for the Langevin equation. These constants are used in the final
section for the development of a partial differential equation fer

turbulent diffusion with a gravitational force field.

Equation of Motion of a Discrete Particle

1f one assumes that the forces imparted on a discrete fluid pa: -
ticle by a turbulent medium can be separated into two statistically in-

dependent components, then a stochastic dilferential equation1 can be

1A stochastic differential equation is one whose forcing function
is described probabilistically rather than deterministically.



derived for the motion of a particle. Figure 1 shows the forces acling

on a particle, These forces are related by Newton's second law as

dv (£) o,
G cA®-su© - (- g M

in which v(t) is the instantaneous particle velocity, A(t) is some
rapidly fluctuating term which represents the accelerative forces im-
parted to the particle by the fluid turbulence, B is a drag coefficiont,
DO the fluid density, p is the particle density, and g is the accelera-
tion due to gravity. This equation is similar to the Langevin eqnation
for Brownian motion with an external force field.

The drag coefficlent is assumed to be a constant over the ranp: !
velocities considered. Since the velocities concerned are the turbulont
fluctuations, it will be assumed thatlfhe range of velocities are snunh
that can be represented by Stokes' éoefficient of _lﬁ%_ in which is

e d
the dynamic viscosity, L the fluid density, and d the diameter of
the particle.
In this section, only the field free case when gravity is negicotead

will be considered in order to show the validity of the representati mn

given by equation (1). 1In the absence of gravity equation (1) becowr s
dv (t)
—EE_ = é(t) - Bz(t) . (lay

Equation (la) has the solution

- - t
v(t) = v e Bt + e Bt 6[‘eBT A(E)ds ()

—o

in which v, is the initial particle velocity, and the other terms are

as previously defined, Inteprating the velocity to obtain the



Accelerative Forces Imparted by
the Surrounding Medium A(t)

aP Viscous Drag Forces Qv(t)

Y Weight minus Buoyant Force
(1 = Po/p) g

Figure 1. Force Per Unit Ma-s on a Fluid Particle -
Turbulent Medium
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displacement, X(t), yields

t t
v
X(t) = o [1 - e Bt] + Je-s‘l‘ feuBEé(E)dEdT . (3)
B 0

Integrating by parts simplifies equation (3) to

c t

v

X(£) = =% (1 - o Bty 41 f A(nydr - L Bt fe-BTA(T)(Ir
B B ¢ = B =

o]
)
Taking the expected value of X(t) yields
v
X(e) == 1- e %Y (5)
B

in which the overbar denotes statistical expectation,

With statistical descriptions, the second moments are of prime
interest., With this representation for the equation of motion of a
particle, it is also of interest to determine if the second moment is

that described by Taylor in 1920. The second moment of X(t) is

2
v
Kz(t) = :gi [1-ePE] 4 l— o Bt 8[. gf A(T)A(s)drdr
t - t
+ éﬁ 5/- 5/6 A(T)A(e)drde- ii e-Bt g/‘ gf‘es A(T)A(e)drde
2v t t
+ =211 - P L f A(1)dt- 1—2~ o BE f BT A(7)dt]
B B o B 0

(6)
The expectation of §?(t) becomes simplified somewhat 1f one assumes
that A(t) has the following properties;
a. A(t) is a covariant stationary process

b. v(t) A(D) =
c. ;/‘é(r) A(e)dr = Zr m(v)dv = D



in which D is some constant for a given turbulent medium and m(v)

is the covariance kernel for A(t). These are the same properties
which Chadam described in 1962 {(3). By using the three properties of
A(t) and by using statistical techniques characteristic of Brownian

motion, Chadam showed that equation (6) reduced to

2
y - 2Dt D - -
£ = e B S - e Frt2BE Ly,
B : B 28
: (7
Assuming that v, = 0, equation (7) becomes
- 2Dt D - -
Wy =3t lbe BE 2Bty (8)
= B 2B
For large t, equation (8) becomes
- 2Dt
2, = =
X7 (L) g 2 (9
which is of the same form that Taylor obtained in 1920 considerin o ly

turbulent fluid velocities. Therefore, it seems reasonable that ACL)
possesses the properties listed, and the representation given by

equation (1) for the motion of a discrete particle is justified.

The Development of the Diffusion Equation for the Field Free Case

The development of a partial differential equation for diffusion
in the gravity free case is presented in this section since it vieids
relationships essential to the development of an equation for the case

of a gravity force field.

Batchelor's Method. If the properties of conditional probability

are used, the probability that a particle will be located at x al 1ime

t can be written as



PLx()] = [Plz(to)] Q [x(t) - x(e )| x(t)] dx (10)

in which P[ i(to)] is the probability of a particle belng locatcd

X at time t, and Q is the conditional prolability distribution funcf ion
for displacement x(t) - E(to) when given g(to). It should be notd
that x refers to space whereas X refers to displacement. Equation

(10) can be written alternately as the convolution

PLa() ] = PEx(c)] *QLx(t) | x(t )] . (tD)
Application of the Fourier transform to find the characteristic

function for P[x(t)} yields

¢§(§)*¢§0 &) q’(i"?.o) (8) (12)
in which d}z (), ¢x

% (&) and Q(E.' Eﬂ) (£) are respectively the

characteristic functions for x(t), E(fo), and displacement x(t)
E(to) in the time t - t- If the heuristic argument and experimculal
evidence quoted in Chapter II are accepted as evidence that the
probability distribution of x(t) - E(to) is multivariate normal, then

the characteristic function for particle displacement becomes

= exp ['iji X.X,1 (1

? (o
(x - x)
in which the summation convention is used for repeated subscripis.

Equation (13) can be substituted into equation (11) and the inverse

transform taken to vield

1 Eigi ea— 'i' E X
p[ .?..{.(t) 1 = '8—]13— P[ E(to)] EXPI - 7 Xin] e - (]_.ﬁ_.

(14



2
9
Since -EiEj P[x(t)] = -Eilééill (See Appendix Al), differentiation
i

3

of equation (14) with respect to time yields

L) [, ] 2°P[ x(1)] 1
e W —_— . (15)
at T xg By

The diffusion coefficient is —%? [ Xin], and can be shown to be

(See Appendix A 11)

t -
=_3_ .1 wiv! .
uij(t)- - [xixj] - = 13 CJ [Rij(g)-i-Rji(E)]de
(16>
in which
v, (t)v,(tie)
Ri.(E) = 1 d . (163‘)
J v v!
i)

and v! = the root-mean-square velozity o' tle discrete particle.
i :

1 t
For large t, Rij(e) + (0, and ”ij > vivj LT (17)

in which LT is the Eulerian time scale of turbulence defined as
L, = L . [(R,,(e) + R (e) ] de . (17a)
T 2 ij ji '

o

The final form of Batchelor's equation for large t is

2P [x(t)] o 3%p[ x(t)]
at = (viijT) Bxi ij- ' (s

Use of the Justified Langevin Equation. The procedure used

here follows the one used by Batchelor up to equation (13). At

‘this point the value for &2(t) ,» as derived from the Langevin



equation and shown by equation (9), is inserted for Xin vielding

Ej_g 2Dt
N, s

If the inverse transform is taken as before, differentiation with

respect to time will yield

9P [x()] d bt 7
r: = T [ ;f ][— EiEj P [i(t)ﬂ (193}
or ‘
2
9P [x(t)] i) 9" P [x(t)]
= - (20)
3t B2 .} xiaxj

It follows, therefore, in the absence of a gravity force field

that for large

t,
D
viviL K = —— . (21)
i jT 82

It should be noted here that vi 1s the root-mean-square (BRMS)
velocity of the discrete particle and not the turbulent medium,
Since the velocities of the fluid medium are much easier to measure
than those of the particle, it is desirable to relate the two. By
expressing the velocities of a discrete particle and the fluid
particie in a Fourier-Stieltjes integral, Csanady (5) showed that
the spectrum of the particle velocities for the field free case
and that of the fluid velocities of the surrounding medium were

related by

g2 -
b (w) = _ ¢ () (22}
p¥ B2+m2 f

4



in which ¢p(w) and ¢f(m) are the spectral density functions for
the fluid particle and surrounding fluid respectively and ® is the
circular frequency in cycles per sec, (Sce Appendix A 111 for a
derivation of equation (22} .)

Thus for 82>> w2 the particle spectral density may be taken to
be that of the fluid with reasonable accuracy. Another way of
stating equation (22) is that the particle spectral density may be
assumed to be that of the surrounding fluid if the frequencies which
contribute to particle.energy are muqh less than 8., thé drag coeffi-
cient. Since the covariance kernel is the Fourier transform of the
spectral density function, the assumption of equal spectral densities
means that the covariance kernels are equal. Therefore, for the
proper size particle,

D

= 1 ] -
¥, ui uj LT (233

where ui' is the RMS velocity of the surrounding fluid.

Equation (23) has importance beyond ease of measurement. b
in this case is a property of the surrounding fluid for a given
particle size. ‘The properties of the.surrounding fluid are not
expected to change when a gravitatrional force field is imposed on
the discrete particles. It seems reasonable, therefore, from a
heuristic analysis to assume that equation (23) is valid for the case

of a gravitational force field also.

15



Before considering the case of a gravitational force field, it
is necessary to consider the probability distribution of a variable
which is a function of the accelerative terms A(t) in the justified
Langevin equation (la). |

Equation (4) which is a solution of equation (la) can be
written as

v
.)..(_(t) - 0. [1 - e-Bt] =
B

™ |

t .
J[l - e B(t"T)JA_(r)dT .

(24)
Due to experimental evidence and the appeal of Batchelor to the

Central Limit Theorem, X(t) for large t must be normally distributed

2Dt
with a variance of —25 . Also, for large t, the distribution of
B
v
—0 - Bt
X(e) - ——[1 ~ e ] approaches that of Z(t). Therefore, equation
8

(24) can be written as the approximation

8re- i (J+1) At
X(t) = zﬂo L § [1 - e (t-J T)] } f A(e)de (25)
B Jar
or
1
_ lim -B (t-jAT)
() = o 22 E[1-e ] B(aT) (26)

(j+1) AT

in which B(At) = / A(e)de . For X(t) to approach a Gaussian
k|

distribution for large t, it is necessary that B(AT) have the

distribution

£l Bat)] -1 exp [-%I B(ad | 2/pat (27)

(4 DAT)I/Z

16



17
The following operations show that the use of equation (27) yields
& Gaussian distribution for X(t). This is not proof of the validity
of equation (27) but does lend credenég for its further use.

Let
t

R
o

J[W(e)é(e)de | | (28)
and by a formulation similar to equation (26)

R =M %:W(jAT)E‘AT) : 5 (29)
Under the assumption that equation (2?) is the valid distribution

for B(A1), R becomes the sum of a series of independent normal random

variables., Therefore, the distribution of ¥(jAt) B(AT) is

1 E
f(R) = T 17z exp | - %I R |2 /2 f‘l’z(a)dsl
[ 47D waz(a)de] : °
o]

(31

; t
since lim Z,Wz(jAT)AT = OJ;Z(E)dE
] C

At>0

Equation (31) is valid only if the assumed distribution for B{AT)

given by equation (27) is true. If the use of equations (31} and

(27) yields a Gaussian distribution for the field free case, their
use will be justified for other functions ¥(g).

Returning to equation (24),

vE) =2 (- e BOER)y (32)
and the integral for wz(e) becomes
t
Oj;z(e)da - _l§ [ 28t - 3 +4e” Pt . o728 &y . (33)
28
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For large t,

t 2 t
j‘}’ (e)de & _f R ‘ (3

Q

0

Theretore, using equation (31),

2Dt
o] = lel)t 173 expl —% | x(t) | 2/(-—-2—)]
B

[2 (—EE)]

(35
Equation (35) is a Gaussian distribution with a variance equal tn

2Dht
—— , Jjustifying equations (27) and (31).

g2

Ihe representations in equations (27) and (31) are similar to
that used by Chandrasekhar for Brownian motion (4). However, in
Brownian motion, the velocities of the particles approached a Max-
wellian distribution for large t whereas in our case, the dis-
placements of the particles approached a Gaussian distribution
for large t, It should also be noted that the variance given for
X(t) by equation (35) is the same as the variance derived earlien

in equation (8) which lends further credence to equations (27) and

(31).

The Development of the Partial Differential Equation for the Case

of a Gravity Force Field

In the case of a discrete particle in the presence of a gravitw
force field, equation (1) is the stochastic differential equation drs-
cribing the particle motion. In this analysis, it will be assumed

that the gravitational force field is along the Xq axis. The solution



to equation (1) is

- £ - -
v(t) = v e l:))t——[l--est] + o Bt feBT_A_(t)d'r

d

where
p
0
= (1 —) g,
g (p)g

Integrating (36) to obtain X(t) yie!ds

1 tr T

Y - £ - -

X(t) =—— [1 - e Bt] -— [ Bt + ¢ BE1] + J[ Jr e B(e %\H]
2 i

B B o o

A(T)dedr . (37)
Equation (37) can be further simplified by integrationm by pav:-

to obtain

t
v - 8' .
Xy =2 [1-e B o —ge+e 1] 41 jz_wm'
B ] B o
t
- .Bl_e— gt O-[QBT A(T)dT . ‘ (38)

v
For large t, the distribution of X(t) - Eg_[ 1-e Bt] again approaches

that of X(t); thus, equation (38) can be written as

8 t - -
X(t) + -5 [Bt - 1] = OJT% [1-e B (e E)] Ae)de
8
(39)
Referring to equation (32), Y(e) for the case of a gravitational

force field is

ey =L 1B (B (3921
B

and



t

j ‘{'2(5)d€ = —% [ZBt -3 4 4e” P e—ZBt] (39h)
o 2B
o L
B2

for large t, The probability density function for

&
¢ = X(t) +— [Bt - 1] (41
B‘_

becomes upon using equation (31)

i 2Dt
1 2 =
f(g) = exp {- 3 1ol / —-} :
pe | 12 2 2
hn -3 ar

g

X(t) is therefore a normal process with 2 mean

- £
X(e) = = — [Bt - 1]
g 2
and a variance of 2Dt/ B°., The characteristic function for X(t)
is _
g' L 2Dt
@E(_E) = exp | - 153? (pt - 1) - 3 EiEj ? . (2

Using conditional probability, the probability distribution

for the position of a particle becomes

Plx(t)] = fP[E(to>1 Q [x(t) - x(e )| x(e )] dx_

By applying the convolution principle and writing the characteris! -

function as was done in the field free case the characteristic

equation for P [x(t)] becomes

2 (8D = (D) ® )(5) ) (47a
- -0

X=X
- =0



2t

Substitution of equation (42) for ¢ (£) into equation (42a) yiclds

(x-x )

g ‘ 1 2Dt

¢x(§_) =9, (&) exp -igg — (8t - 1) - 5 E4E: 27

X X, 8 J B
(43

The inverse transform of equation (43) can be differentiated

with respect to time to yield

3P[x(t)] 3 g' 2Dt

R Y - 21 el
5t = 3t | s g Be-1) -3 &8 32

._1_[ -1 & x
a3 [ [ r, @ Taxy® e TTAE

Since the integral of the right hand side of equation (44)

(44)

is P [x(t)] , the expression for the time derivative of P [x(t)]

is
9P [x(t)] &' D
e T i g {P [_?s(t)l} - Lk ?[P [z(t)l]
(45)
Equation (45) can be written as (see Appendix A 1)
3P [ x(t)] D 9P [ x(t)] g' 3P [ x(t)]
—_ - e +t - = (40)
3t 82 Bxi ij B cE
b
As indicated by equation (22), 5 is equal to ui'u 'L,_.; hence,
B it
BP(x(t)] 2 P[x(E)] o, & aP(t)
———— = u,'u,'L, ——— + (1 -—-2) - ———
It i j T axi axj P B ax3

(47)
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Equation (47) is the final proposed model for the diffusion of disc: L~
fluid particles in turbulent flow.

In the actval use of equation (4?), a problem arises concernin:
the form of the coefficient B. The derivation assumes that a drag
coefficient can be identified with a fluid particle. An investigal ion
of the validity of this assumption is a complete study in itself and
was not undertaken in this research. For this report, B will be
assumed to be the drag coefficient for a sediment particle, althoush
this poses theoretical questions concerning the particle velocities
used in the derivatiom.

An alternate derivation of equation (47) is possible using a
method similar to that of Batchelor (1). Tt will be assumed that
the probability distribution for the displacement of discrete sed-
iment particles in a gravity force field is normal with a non-zero
mean. It will be further assumed that the mean displacement at an-
time At can be given by

R(At) = -KAt (A8)
in which K is the fall velocity of the fluid particle. Using
Batchelor's approach and starting with equation (12), the characte: -

istic equation for displacement is given by

= - _.ﬁ.g_i Ha
¢k£_§0)(£9 exp { 153§t 3 Kin ] . (49)

Using the same procedure as outlined earlier in this chapter, the

probabitity of finding a fluid particle at x at time t is given as



] E{E
Plx(t)] = Sn%ﬂf oy @ exr [ -igRe - —3L KX J

el & Xy . (50)

Differentiating equation (50) with respect to time yields

AP[x(t)]
- — _3' . gig -
T e [-1.531_{:!: - —21 Xi:\j } P[E(t)]
or
APl x(t)] aP[x(t)] AP x(en
3t = Mg 3 ox R/ %5 ‘ (>0

The term “ij can be defined again by equation (17) using Csanady'n
analysis.

This final approach is possibly more rigorous than the approach
from the Langevin equation since it does not assume a partition of
forces acting on a fluid particle. A problem exists over the selection
of a suitable value for K, since the discussion of turbulent diffurion
deals with fluid particles. 1If it is assumed that K is given by rh~
fall velocity of a sediment particle in a still medium, the probtem
of selecting a value for K is essentially that of characterizing P
since the quantity (lwpo/p)gls in equation (47) is the fall velocily

of a particle in a still medium with a drag coefficient of § .

Adaptation of the Equation to Two Dimensional Flow

Using cartesian coordinates and noting that the probability of

finding a marked fluid particle at poinft x at time t is equal to th~



concentration at that point, equation (47) for isotropic flow

becomes

de[x(t) ] 9 ) de[x(t)] '
— e =Y LT Ve[x(t)] +XK —mg";;“—— (52)

in which Vz is the Laplacian operator. For two dimensional flow

with the Xy axis parallel to the flow and the x, axis perpendiculav

2

to the flow direction along the horizontal plane;

The final proposed model for two dimensional isotropic flow is

2 2
L 9 c(y,z,t) , 3 c(y,z,t)

ot T ay2 322

+

Az

Z
in which z is the x., coordinate, y is the X, coordinate, and u'

3 1

is the mean square turbulent fluid velocity.

24
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CHAPTER 1V

EXPERIMENTAL PROCFNURES

The experimental verification of the proposed mathematical nwnde)
was carried out in a recirculating research flume. Glass beads in
the silt size range were used as sediment. Tap water was used as
the fluid. Concentrations of sediment were determined by gravi-
metric sampling., The turbulence characteristics were measured witl
a hot-film anemometer and a random-signal correlator. Table 1 shows

the hydraulic data and -glass bead size for the various tests,

Description of the Flume and Materials

Research Flume. The apparatus used flor the study was a

40-ft. recirculating flume with a channel 12 in. wide and 12 in.

deep (see Figures 2 and 3). The sides of the channel were constructed
of Lucite for ease of visual observation. The slope of the channc!
was adjustable by means of worm-type Jacks located near the inlet.

In this research, the slope was maintained at 0.001 ft. per sec.

The catchment tank and the inlet section to the flume were constructed
so that fluid separation would not occur and all sediment leaving

the exit of the channel would be returned to the entrance by the
return pipes. The return pipes had an inside diameter of four inches
and the return flow was pumped by a slurry pump powered by a variablec
speed electric motor. The flow rate was controlled entirely by the
motor speed, eliminating buildup of sediment due to valves in the

return pipes.
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Figure 3.

Overall View of Research Flume

2§



The flow rate was measured by a low-loss flow tube conmected -

a vertical manometer. A manometer fluid of 1.75 specific gravity
was used for low flow rates and mercury was used for high flow

rates. Since velocity profiles were measured in the flume itself,

the only use made of the flow rate determined from the flow tube wn:

to establish flow conditions for each test.

All measurements were made at a test section 5 ft. from the
outlet of the channel. An instrument carriage located at this
section allowed lateral and vertical movement of all probes.

Simulated rainfall was superimposed on the surface of the
fiow by Spraying Systems V-jet 80100 nozzles located 8 ft. above
the channel surface on 5 ft. centers. This configuration was uscd
by Glass (7) and was recommended by Meyer in 1958 in a study of
rainfall simulation (13). The rainfall intensity was held constant
throughout the test by maintaining a constant pressure on the
nozzles. Figure 4 shows the isolines of rainfall intensity in the
channel indicating a fairly uniform distribution.

Materials. As previously mentioned, the fluid used was
tap water. In most previous studies involving hot film anemomet:y.
distilled deionized water was used due to its uniformity of heat
transfer and due to the problem of air bubbles collecting on the
sensor. It was considered desirable_in this study to extend the
range of uses of hot film anemometry to tap water. The results

seemed to indicate that hot film anemometers can be used in tap

]
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water if proper precautions are taken.

The sediment used in the study was ''Superbrite" glass beads
manufactured by Minnesota Mining and Manufacturing Company. The
properties of the beads are given in Table 2 based on the manu-
facturer's specifications, Whén dry, the beads have a texture
resembling that of ordinary face powder. Figure 5 shows a photo-

graph of the glass beads.

Turbulence Measurements

Hot-Film Anemometer. The turbulent veloclty signal was obtaincd

by using a DISA 55A01 Anemometer with a Thermo-Systems, Inc. (TS1)
quartz coated cylindrical film probe (see Figure 6). The anemomec! v
has both bridge D.C. and RMS voltage meters. In order to match
the probe with the anemometer, a power booster manufactured by
DISA was used. The basic fundamentals of hot-film anemometry avc
discussed by Hinze and will not be covered in this report (9).
Sediment was not introduced into the.water during the turbulence
measurements to minimize probe damage.

The mean velocity profile was measured by a pitot tube with
the total head and static head connected to a Pace variable reluct nce
transducer. The transducer modulation and demodulatién was accom-

plished by use of a Pace CD25 transducer indicator (see Figure 7).

The output of the transducer was indicated on the CD25 as a percont
of full scale static calibration. The published accuracy of the CI'?3

indicator is 0.1 percent of full scale static deflection. In the



TABLE 2

PHYSICAL PROPERTIES OF CLASS BEADS

Appearance colorless-approximately spherical

Weight

Bulk specific gravity - 1.45 to 1.55

Density - 2.5 grams/cubic centimeter
Size¥*

Bead No. 660 50 microns (.0020 inches)

Read No. 380 29 micrens (,0011 inches)

Size Range®¥*
Bead No. 680 31 - 69 microns

Bead No. 380 18~40 microns

* Measured microscopically.
*%Approximately 90% by weight fall in the size range.



Figure 5. Microphotograph of Glass Beads



Constant Temperature Anemometer

Figure 6.



Figure 7.

Pressure Transducer and Transducer Indicator



tests run, the output was found to be linear with a maximum error
of 2 percent.

Calibration. Hinze states that fhe heat transfer character-
istics between a hot-film probe and fluid flow depend on the geomctry
of the sensor, the heat conducting characteristics of the fluid,
the mean velocity of the fluid, and the temperature difference
between the probe and sensor (9). A constant temperature difference
is maintained by operating the anemometer so that the resistance
of the sensor is at some fixed ratio to its resistance measured
at the fluid temperature,  This ratio is known as the overheat
ratio.

To calibrate the probe, use is made of King's law which is

generally stated for hot-film anemometers as
vt =a' +8' VU

in which V is the anemometer bridge D.C. voltage, U the temporal
mean velocity, and ¢' and B' are constants. Linear regression was
applied to values of V2 andeg‘ obtalned during the actual tests
to obtain a calibration curve. Each curve is only valid for a
given hot-film sensor, fluid, and overheat ratio.

The calibration was accomplished ‘in the flume itself by setting
the hot-film probe in series with a pitot tube (see Figures 8 and 9).
The mean velocity was determined by the use of the Pace transducer
with a full scale deflection set at 0.2 in. of water. This selection

of full scale deflection allowed an instrument accuracy of approximately



Figure 8. Photograph of Hot-Film Sensor and Pitot Tube in
the Flume
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0.025 ft./sec. It should be noted that the sensitivity of the
transducer is such that the meter dial fluctuated rather rapidly
reducing the accuracy with which the reading could be made. The
CD25 indicator has a digital zero suppression meter which allowcd
the fluctuations to be balanced around some average value; howeveu,
the overall accuracy is still estimated by the author to be no
better than 6.1 ft./sec.

The anemometer bridge D.C. voltage was taken directly from

the D.C. meter on the 55A01 anemometér. A considerable amount of
D.C. drift occurred due to collection of debris and air bubbles ou
the probe. The observed drift for several velocities is shown in
Figure 10 and did not appear to be predictable. After trying scur ol
procedures, it was found that consistent readings could be obtainc!
1f the probe were brushed with a soft artist's brush prior to takine
meter readings. The following procedure was used in all tests:

a. The anemometer was switched to a standby position which
kept all the tubes warm but did not allow current to flov
through the probe.

b. At the standby position, the probe was gently brushed.

c. The anemometer was immediately turned to the operate
mode and the initial reading taken of the bridge D.C.
voltage and RMS voltage.

1t was found that brushing the probe while in the operate mode

caused bubbles from the brush to migrate to the probe and



reproducible results could not be obtained.

Figure 11 shows the two calibration curves used in the stud:.
Curve A is for the probe which was used during the tests for depths
of 0.5 ft. to determine the RMS velocity profiles. Curve B is for
the same probe several days later and was used for the tests for
depths of 0.3 ft. to determine RMS velocity profiles. The chang-
in calibration between A and B is probably due to the increased
ion content of the water.

Measurements of Time Scale of Turbulence, The time scale (o

isotropic turbulence is defined in Chapter III as
t
LT = JR(I)(].T

R(T) = uth;gt+T!
1

in which

u

and u(t) is the turbulent fluid velocity component, u'2 is the

mean square turbulent velocity., To measure LT’ a correlogram wa=
determined by feeding the A.C. output of the anemometer bridge i»+ o
a Princeton Applied Research Correlator as shown schematically in
Figure 12. The correlator performed continuous correlation for

100 points and stored the results on capacitors. The capacitors

had a time constant of approximately 20 sec. The delay range usc:

in this test was 1 sec. making the intervals of autocorrelation <«
to 0.0l sec, The output of the correlator was filtered and disptavc

on a Tektronix 564 storage oscilloscope where it was photographed +irh



ALIDOTIA NVINW
N\_. )
el 0l 8'0

20!
8°'0

LARY

<0

MO Z OGNV HOIHZ S1S3l1 8
MO | OGNV HOIH I S183l1 V¥

L0°I HHO
H31vm NI

3808d TIWIIHONITAD

2]
o~
zA

o)
'

—108

z(:-Iawno:\ '0°0)



1
)
L
Iot]
'
A
q
.
EE

agnt OHoig ioiid

piawpy g adoog 19
XINOHLMIL )\ a
- 0
. 18 101D21pU |
i _.w iSonpsuDs)
o 5 c209
Ioubig g ® 00
9ouangIn
- [ r
11 :
H313NOWINY e
IOVSS VSIa ==
dO01v134400 dvd
op S
E E 8qoig wyig ,EI/.
¢ - I i
% ._w _J L._w
A i l

J80NnpsSuUDJ |
aouDoNBYy
31QDIIDA

3I0vd

O & L—

=N

~/

\\




a Polaroid camera. A typical correlogram is shown in Figure 13.
The following procedure was used in obtaining the length
scale of turbulence:
a. With the anemometer in the standby mode, the probe was
brushed as mentioned previously.
b. The anemometer was turned to operate and the initial
anemometer D.C. voltage reading was taken along with
the reading from the Pace transducer indicator providing
a continuous calibration check.

c¢c. After 1 min., the output of the correlator was displayve
on the oscilloscope and photographed.
Three separate photographs were taken for each relative depth.
The value of LT was determined by manuaily reading values of R(T}
from the photograph and using the trapezoidal rule to numericall:

integrate the area under the curve of R(1) versus T .,

Measurement of RMS Velocities. The RMS velocity was determinci

by multiplying the voltage read from a true RMS voltmeter on a

DISA random signal correlator by the derivative of the velocity wilh

respect to the voltage or

in which e, is the RMS voltage. The time constant on the voltmal

was 20 sec. An error was made in determination of the RMS voltan~
during the tests in which the length scales of turbulence werc
measured; therefore, the RMS velocity profiles were determined

separately.
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Sediment Concentration Measurements

Method of Collecting Samples. The concentration profile was

measured by siphoning samples of one pint volume from the flow at
the instrument section. The siphon tube is ghown in Figure 14,
The siphoning head was adjusted so that the flow rate into the
siphon tube would be approximately that of the mean flow velocitw.
The inside diameter of the siphon tube was 1/8 in.

The concentration at the inlet was determined by siphoning
samples from three, l/4 in. inside diameter tubes inserted into
the inlet section. It was assumed that the concentration was
uniform inside the inlet. This was verified by the small wvariatiom
in the inlet concentrations determined from the separate tubes.

Method of Measuring Concentrations. The sample concentration:

were determined by a filtration technique. The weight of the scdimoul
sample plus water was determined by using a Mettler balance with an
accuracy of +40.01 grams. The sample was then poured through filter
éaper whose published ash content was less than 0.0005 grams. Thc
filter paper and sediment were placed in a furnace and ashed at 550"
Centigrade for two hours. The weight of the sediment was determincdd
by use of a Mettler balance with an accuracy of +0.0001 grams. Tiv
minimum weight of sample collected wés greater than 0,0200 grams;
therefore, the maximum error due to filter paper ash content was

2.5 percent.



Figure 14. Prandtl Tube and Print Sediment Sampler



CHAPTER V

RESULTS AND DISCUSSLON

Investigations involved in the study of turbulent motion of
discrete sediment particles as affected by rainfall involve three
areas of fluid mechanics in which limited data are available: tur-
bulence characteristics of open channel flow, the effects of
superimposed rainfall on the structure of turbulence, and the pre-
diction of sediment profiles from turbulence data. The results of
the experimental investigations in each of the three areas will be

discussed separately.

Turbulence Characteristics of the Flow

As mentioned in the discussion of experimental procedures in
Chapter 1V, no sediment was present in the water during the turbu-
lence measurements to minimize probe damage. The bed of the flune
in this case was smooth whereas the bed with sediment laden water
had dunes as shown in Figure 36 on page B0. The probable effect of
the difference in bed roughness is digcussed later in this sectien.

Time Scale of Turbulence. Profiles for the Eulerian time scalo

of turbulence, as measured by use of the hot=film anemometer and
random-signal correlator, are shown in Figures 15 through 18. 'he
data exhibit some scatter and do not seem to follow any general tvend
with depth for tests without rainfall. The variation for these tests

is limited to + 0.02 secs. with the exception of two points on Test: LA
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in an open channel with a Reynolds nﬁmber of 66,200, These correlo-
grams compare favorably with those taken in Test 1A Low shown pre-
viously in Figure 20 (Reynolds Number = 65,000), From visual
observation, however, it appears that the area under Raichlen's
curves (the length scale) would be slightly greater than that obtained
in Test 1A Low. Rao measured autoco?relation curves for turbulent
flow using a capacitance transducer, a DISA random-signal correlator
and a AD-YU time delay unit (16). Only four different curves were
reported, one at each-of four flow conditions, therefore no conclu-
gions concerning the profile could bg made. The only correlogram
available at comparable conditions to this study was for a Reynolds
number of 52,000 which is close to Test 1A Low. The correlogram

by Rao was for a relative depth of 0.137 and does not compare
favorably with that obtained with the PAR correlator in this study.
The correlograms for Test 1A Low show a time for which Lhe correla-
tion becomes zero as being approximately 0.5 to 0.6 sec. (see Figure
20) whereas Rao reports values of 0.02 sec. Rao's tests were made
in an artificially roughened channel whereas the measurements reported
herein were made in a smooth channel. This could account for the
difference; however, rough channels éhould increase the size of

the eddies and thus the time scale. ”Another possible explanation

is the difference in instrumentation,

Root-Mean-Square Velocity Profiles. The accepted method of

~displaying RMS velocities is to plot relative turbulent intensitics
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Low. [t appears likely that if a tremd with depth exists, it is
within the ranges of the experimental error.

The correlograms, from which the time scale was determined,
are shown in Figures 19 through 22. The variation of the autocorrela-
tion coefficient about zero is evidence of the sampling problem and of
the resulting difficulty in determining the time scale.

One of the probable sources of scatter of the points is the
problem of ergodicity -- the time average not being equal to the
statistical expectation. The effective sample time for the PAR
Model 100 correlator is 20 sec. No data are available on the length
of time necessary for a good estimate of the correlogram and thus
the time scale of turbulence. From the scatter observed in these
results, it appears evident that 20 éec. is not sufficient. Raichlen
reported similar problems in estimating the eorrelogram although
discrete sampling was used in his data analysis (15). Turther
research is needed on the sampling problem in turbulence measure-
ments.

The values of the time scale for the depth of 0.5 ft. are
greater than those at a depth of 0.3 ft. This leads to the conclusion
that the mean eddy size is greater aﬁ the deeper flow, a reasonzablce
assumption from mixing length theories.

No profiles of the Eulerian time scale could be found in the
literature with which to compare the.profiles measured in this stody.

Rajchlen showed one set of correlograms for various relative depths
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in an open channel with a Reynolds number of 66,200, These correlo-
grams compare favorably with those taken in Test 1A Low shown pre-
viously in Figure 20 (Reynolds Number = 65,000). From visual
observation, however, it appears thatithe area under Raichlen's
curves (the length scale) would be slightly greater than that obtained
in Test 1A Low. Rao measured autocor;elation curves for turbulent
flow using a capacitance transducer, a DISA random=-signal correlator
and a AD-YU time delay unit (16). Oniy four different curves were
reported, one at each bf four flow c;ﬁditions, therefore no conclu-
sions concerning the profile could be made. The only correlogram
available at comparable conditions to. this study was for a Reynolds
number of 52,000 which is close to Test 1A Low. The correlogram

by Rao was for a relative depth of 0.137 and does not compare
favorably with that obtained with the PAR correlator in this study.
The correlograms for Test 1A Low show a time for which the correla-
tion becomes zero as being approximately 0.5 to 0.6 sec. (see Figure
20) whereas Rao reports values of 0,02 sec. Rao's tests were made
in an artificially roughened channel whereas the measurements reported
herein were made in a smooth channel. This could account for the
difference; however, rough chaﬁnéls should increase the size of

the eddies and thus the time scale. Another possible explanation

is the difference in instrumentation,

Root-~Mean-Square Velocity Profiles. The accepted method of

displaying RMS velocities is to plot relative turbulent intensities
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versus relative depth. Relative turbulent intensity is the ratio
of the RMS velocity teo the temporal ﬁean velocity, Figures 23 to
26 show the plots of turbulent intensity for each flow condition.

By comparing the curves, it is evident that the relative inten-
sity generally decreased with increasing Reynolds number. This is
in agreement with data by Laufer in air and data reported by Rao
in water (12, 16). 1In each flow condition, the value of relative
intensity decreased from a maximum near the bed to a minimum at the
surface. The relative intensities near the water surface were
similar for all Reynolds numbers tested, indicating that the
Reynolds number effect is most pronounced near the channel bed.

This result also agrees with the data published by Rao.

Figure 24 shows a comparison of turbulent intensities for
Test 1A Low (Reynolds number = 65,000; shear velocity = 0.013
ft./sec) to data obtained by Raichlen (Reynolds number = 66,200;
shear velocity = 0,0365 ft./sec.). The depth of flow for Raichlen's
test was 0.3 ft, and for Test 1A Low; 0.5 ft. 1In each case the
channel! bed was painted with epoxy paint and was smooth. Raichlen's
values for turbulent intensity were considerably greater than those
observed in Test 1A Low. No systematic error could be found in the
method of obtaining the RMS velocities reported herein to explain
the difference. The voltmeter used on the DISA random-signal corre-
lator has a published accuracy of 2 éercent over 50‘hz. Energy
spectrums by Rao and Raichlen show that a large portion of the tur-

‘bulent energy comes from frequencies less than 50 hz. which could
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cause the measurements to be in error; however, the error due to
instrumentation accuracy would not account for the magnitude of
the difference. It should be pointed out that these comparisons
presume that the turbulent intensity is the same for a given
Reynolds number. This has never been verified.

No data were taken on the effects of bed roughness on tur-
bulent intensities. However, Figure 27 shows a comparison between
Test 1A High and data from Rao's dissertation considering rough-
ness as a parameter, Roughness increased the turbulent intensity
near the bed, but had a small effect near the surface. The relative
intensities reported by Rao are over five times larger near the bed
than those in Test 1A High, but apprbximately two times greater for
points near the water surface. Since the sediment concentration
predictions made in this study used values of RMS velocity from the
smooth channel, the magnitude of the diffusion coefficient for the
rough sediment laden channel (which is proportional to the square

of the RMS velocity) could be 25 times greater than that observed

at the bed and four times oreatsr f'h.nr\ t+thaot Aheowmrad at +thhn vvabnw
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varies with depth, the diffusion coefficient will be a function of
depth. Stated mathematically,

HE) = ut (@)L (@)
where H(:) is the diffusion coefficient. In an attempt to find the
form of the functional relationship, linear regression, semi-logarith-
mic regression, and logarithmic linear regression were tried. A semi-
logarithmic plot appeared to give the best representation. Figures
28 through 31 show plots of the diffusion coefficient versus depth
and the resulting equation for H(z). In this form the diffusion
coefficient as a function of depth can be represented in the
exponential form B'eA'Z.

In each condition studied, the values for the diffusion coeffi-
cient near a relative depth of 0.1 were erratic. When plotted on
logarithmic paper, a linear plot could be fit above a relative depth
of approximately 0.1, but below 0.1 the curve had no well defined
form. These considerations are based on a limited number of data
points and are speculative in nature;;however, further study of the
diffusion coefficient at low relative depths could possibly yield
a key to entrainment of sediment.

Tt should be noted at this point.that the diffusion coefficient
reported herein, which appears to monotomically decrease with depth,
is different from that reported by Va@oni in his classic paper on
sediment transportation (21). His relationship was a quadratic of

2

the form H(%) = alﬂ + azz . Since Vanoni's diffusion coefficient
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was determined by using the logarithmic velocity profile, as devrived
from mixing length theories, it is possible that the mixing length
theory is in error.

In order to adequately describe the diffusion coefficient as
a function of depth, more extensive measurements are needed than

could be taken in this research with procedures available.

The Effects of Superimposed Rainfall on the Structure of Turbulence

One of the most significant results of the research conducted
was the observation of the apparent-effects of superimposed rainfall
on the energy balance of turbulence in free surface flow. The
correlograms shown earlier in Figures 19 through 23 show only a
slight variation between rainfall and no rainfall for the test
series 1 High and 1 Low (depth of flow = 0.5 ft,); however, for the
test series 2 High and 2 Low (depth;= 0.3 ft.) the difference in
the correlograms near the free water surface Is striking. For
Tests 2 High and 2 Low, the time fo£ which the autocorrelations
becomes zero is markedly reduced by rainfall as previously shown in
Figures 21 and 22. This was further evidenced in Figures 17 and
18 as a reduction in the time scale of turbulence. Since the spectral
density function is the Fourier trgnsform of the autocorrelation
function, the result of decreasing the time for which correlation
approaches zero is the same #slincreasing the energy spectrum at the
higher frequencies. The high frequencies are the frequencies at which

the turbulent energy is dissipated; therefore, it seems reasonable
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that the net effect of rainfall at the lower depths of flow is to
increase the viscous dissipation.

The effect of rainfall on the diffusion coefficient is somewhat
difficult to ascertain since.tﬁe data shown for rainfall test in
Figures 28 through 31 exhibit a& large amount of scatter. From a
qualitative analysis of the profiles with rainfall it appears that
the diffusion coefficient decreased slightly at the lower depths
and increased at points near the water surface, This essentially
made the diffusion cbefficient more uniform with depth. A more
uniform diffusion coefficient would in turn make the sediment con-
centration profile more uniform. The exact effect of rainfall on
the concentration is difficult to determine experimentally due to
the dilution effect caused by adding water of zero concentration
at the free surface, Because of this dilution, no attempts were

made to predict concentration profiles with superimposed rainfall.

Prediction of Sediment Profiles from Turbulence Data

Equation (53) was the final proposed non-steady state model
for the prediction of sediment in two dimensional isotropic flow

and is restated here for reference purposes.
L. &5 +2&2| +g %2 . (53)

dc
at ¢

For the case of interest in this research, the slope of the gradient

in the direction of flow (y coordinate) is much less than in the
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sediment free water with a smooth bed, whereas the sediment ladcu
water had a rough bed as shown by Figure 36. Also, the turbulent
intensity for the rough bed was shoﬁn to be much greater than for
the smooth bed. Due to this large difference between the rough an!
smooth case, the value of B' in the equation for the diffusion
coefficient was varied to ascertain the effect on the predicted
concentration profiles. These profilles are shown in Figures 32
through 35 by the dashed lines, Since the diffusion coefficient

is proportional to the RMS velocity, an increase in the RMS velocity
will result in an increase in B'. It should be noted that A' will
also change as the RMS velocity is varied, but this variation was
not studied due to the large amount of computer time involved. A=
can be seen by predicted concentration profiles previously shown in
Figures 32 to 35, increasing B' by a factor of approximately 15
yielded concentrations in the same range as those observed in this
research. Rao's data indicated that the turbulent intensities for
the roughened bed are from three to five times those of the smooth
bed as was shown in Figure 27; hence, it is probable that the
measured values of turbulence for the smooth bed are too low for

the case of a bed covered with sediment. A predicted concentration
profile is shown in Figure 33 for the flow conditions of Test 1A Hd gl
using turbulent intensities for a rough bed obtained from Rao. his
profile is not intended to be an absolute prediction but a qualitative

analysis of the effects of bed roughness on the diffusion of sediment.
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The equation predicted much higher concentrations using Rao's detn
which indicates the sensitivity of the mathematical model to R!d
velocities.

A comparison of the magnitude of the diffusion coefficient wilh
that of Hiler et al. in water at near laminar flow (Reynolds prmbryr
-t 6N) further leads one to believe that the RMS velocity value-
used in the equation were too low (8). 1In the Hiler et al. da'a.

2

the diffusion coefficient was 2.0 x 10~ cm.zlsec. or approximniclv

5

2.0 x 10~ ft.z/sec. As shown earlier in Figures 28 through 31,

the values for the diffusion coefficient in this study ranged !rom

3 5 ft.zlsec.

approximately 2.0 x 10~ ft.z/sec. to 3.0 x 10~
Based on these comparisons to the Hiler etlal. data and
Rao's data, it is probable that the RMS velocities used in the
equation were too low. Further measurements need to be made iv
flow with sediment laden water in order to either reject or accrp!

the mathematical model.

Fossible Frrors in the Mathematical Model. The weakest puin!

in the derivation of the model given by equation (53) concerns fh-
structure of B, the drag coefficient. ‘he basic derivation
assumes that a discrete fluid particle maintains its identity

and that the turbulence is constant in time and space when in
reality it is not. The verse quoted in many circles of fiuid

mechanicians proves the point somewhat facetiously:



"Big eddies have little eddies

And feed on their velocities.
LLittle eddies have smaller eddies,
And so on to viscosity." Q.E.D

In the derivation of the mathematical model, it was assumed thal
a drag coefficient could be identified with a fluid particle. In
the final use of the derived equation, however, a value for B drti r-
mined for a sediment particle was used. The effect of this subsii-
tution has not been determined. The Hiler et al. verification of
the basic equation for flow with an electric force field lends some
credence to the use of the value of B determined from the sedimonl

particle, although his flow conditions were quite different.
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CHAPTER VI

SUMMARY AND CONCLUSIONS

The structure of turbulence in streams affects the suspendnd
sediment carrying capability. Due td the random nature of turbulence,
sediment movement can be analyzed as a stochastic process. Starting
with the Langevin equation modified for a turbulent medium, a
partial differential equation was developed which describes the
change in sediment concentration with time and space in two
dimensional cpen channel flow with isotropic turbulence. The
input parameters to the equation were the fall velocity of the
sediment particles and the tufbﬁlent diffusion coefficient., Tho
diffusion coefficient used was the product of the mean square
velocity and the Fulerian time scale of turbulence.

A 40 ft. recirculating research flume was used for the
experimental investigations. The RMS velocity and Eulerian time
scale profiles were determined by the use of a hot-film anemometer
and a random signal correlator. The effect of rainfall on the
RMS velocities and time scales was observed. Sediment concen-
tration profiles were measured by withdrawing samples from the
flow and were compared with the values predicted by the partial
differential equation.

The following conclusions were made from this study:

1. The Eulerian time scale is relatively constant with

depth. 1In all of the observed profiles, no trend with depth



could be detected.

2. Rainfall on a free water surface tends to decrease the
time scale of turbulence. This is most evident in shallow flows
where the energy input of the rainfall has a large effect on the
total energy of the system, The decrease in time scale will
result in an increase in viscous dissipation of energy.

3. The diffusion coefficient is a decreasing function of
depth. An exponential function appears to best describe the
relationship between diffusion and depth with the exception of
points near the channel bed where a large amount of variation
was observed,

4. Turbulent diffusion is highly sensitive to RMS fluid
velocities. Since the diffusion coefficient is proportional to
the square of the RMS velocity, a variation in the RMS velocity
is magnified in the equation for diffusion.

As a result of this investigation, the following areas are
recommended for future study: .

1. The optimum sampling time for measuring representative
correlograms should be investigated. Since the use of the

correlograms assumes that the time average is the statistical

average, a study of the times required for an accurate estimate of

the correlogram of turbulent velocity fluctuations is needed. A
report on the variability of correlograms with differing sample

times would also be valuable in planning future research.

27



2. FKnowledge of the variation in RMS velocities between a
smooth bed and a rough moveable bed would be useful in an analysis
of the effects of a rough bed on turbulent diffusion and on the
energy balance of a system. Past studies have been conducted on
a fixed bed or an artificially roughened stationary bed. An
alluvial bed does not fit either category.

3. The structure of the diffusion coefficient at low relative
depths warrants further study since it is closely tied to entraimment
of sediment from the bed.

4, An investigation of the possibility of describing the
diffusion coefficient as a function of flow conditions should Dbe
undertaken. This information would eliminate the necessity of
measuring the turbulence characteristics of a channel before attempt-
ing to predict the sediment carrying capability.

5. The structure of the viscous drag coefficient for turbu-
lent flow conditions should be investigated. Included in this study
should be an investigation of the effects of turbulence on the fall
velocity of a particle. In the alternate derivation of the theoveti-
cal model given in Chapter III, a Gaussian distribution of particle
displacements with a non-zero mean équal to the product of the
mean fall velocity and time was assumed, The value of the mean
fall velocity was determined using Stokes law for a still medium;
however, it is probable that the mean fall velocity is dependeut

on turbulent intensity.



APPENDIX A

SOME THEORETICAL RELATIONSHIPS

USED 1IN

FORMULATING THE MATHEMATICAL MODEL
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1. The Space Derivatives of Probability Demsgity Functionms

Based on the inversion theorem of the characteristic function.

the following steps are self explanatory.

81
P [x(t)] L
e T ig :[]y;(ﬁ,t)e 1tz d§ (1)
xj i - :

3?P [x(t)]

——— == 2 -i E_E . ("‘
TS iEiEjfj[¢(§’t)e a (o)
3*P[x(t)]

—3—;1—3;;“ = -EiEj Plx(t)] (d)

11. 'The Time Derivative of the Mean Square Dispersion

The following steps are based on convergence of the derivatisr in
the mean square sense and are taken essentially from Batchelor (1).
Let Xi(t) be the ith component of displacement of a fluid particle ot

time t. Then

l— arx, ()X, (t) ] | ]
i d d
I_ ldt Xj(t) I [Xi(t)] + X, (t) a—t[Xj(t) |

{0

Xj(t) vi(t) + Xi(t) vj(t) . (1



However,
t
X () = JV(T) drt . (o)
i 0 i

It follows, therefore, that

(EACERCH t - -
= oj’vi(r) V](T) dt + Ojfvi(T)Vj(‘) a

; dt )

(h

The following expressions follow from the definition of a derivative.

1im X, (t + h) X, (t + h) - X, ()X, (¢}
i "] i

d —
E[Xi(t) X010 = 4, h
h
(i
3 1im Xi(t + h) Xj(t + h) - Xi(t)xj(ty
h>o h
(i
4 ,
= — X . I
" [Xi(t) j(t)] (

Using equation (k) and equation (h) and assuming that X(t) is a ro

variant stationary process, then

g_ = ' Ti
" X (O X (O] = v'v, J[Rij(T) v+ Ry @ ]

in which

5a



7y

INCINC
R(®) = =y

i ]
and £ = 1-t .,

111. Relationship Between the Spectral Density of the Fluid and the

Particle Velocities

the relationships given below are an expansion of those outlincs
by Csanady (5). The deviation between the spectral density of the
fluid velocity and the particle velocity is due to the fact that Lhc
heavy particles react to accelerative forces more slowly than a [luid
medium resulting in relative mqtion bgtween a particle and its
surrounding medium, This relative motion can be expressed as

dv
B -
it B(Vp Vf) . (m)

The particle and fluid velocities can be expressed in terms of a

stochastic Fourier-Stieltjes Integral as

-~

v = ‘et az_(w) ' (n)
P P
and
ve = ‘/e'l‘“t az (W) (o)
in which Z(w) is a process with orthogonal increments. Using equatlions

(n) and (o), equation (m) becomes

iiR iwt
it = iw /e de(m) (o

~



)

Equation (p) can be written as

r. d :
fiw +B?)e1Mt dZ (w) =%j;iwt de(w) . (q)
Hence
eimt ‘
“p /1—:? gl - )

The spectra is obtajned by multiplying by the complex conjugate, o

2 B iwt B T -fwt
Vs -"/ TofB ¢ dzf(m) fm-iw TE © dz%v(w)

/—~————‘ 8 dZ_(w) d
= 3 fuj) Zg(m) . (s)

Foy
v 82+w

However, Zf(w) has the properties due to orthogonal increments that

o = - 9
de(uD de(w) ¢f(w)dw if Zf = Z%
= *

0 if Zf # Zf .

Therefore, it follows that

oo = g te@e. ©
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GLOSSARY OF SYMBOLS



Symbol

A(E)

Al

E(/\T)

Bl

(=]

{]

H(z)

=

(1)

=1

rapidly fluctuating accelerative force vector

on a fluid particle

constant in the equation for the diffusion
coefficient as a function of depth

average accelerative forces on a particle in
the time

constant in the equation for the diffusion
coefficient as a function of depth

09

r)j’m(t) dt

interval At

total depth of flow

dummy vector

notation for the diffusion coefficient as

a Ffunction of depth

fall velocity of the sediment particle

probability of finding a fluid particle at
position x at time t

probability distribution of displacement of X
in time t

Reynolds number =

dummy wvector

i-j component of the Eulerian correlation

tensor

channel slope

Eulerian time scale of turbulence

volume discharge rate

IﬂanQ)

u

temporal mean vélocity

101

Dimensions

LT"2

LT

L°T

LT



x(t)

X(t)

x2(t)

mean velocity in the channel

constant temperature anemometer D.C. voltage

concentration of sediment at a point x at time

t

mean diameter of sediment particle

constant temperature anemometer RMS voltage

acceleration of gravity
covariance kernel of A(t)
time

time for which the correlatlon coefficlent
becomes zero

turbulent fluid velocity vector
root-mean-square‘(RMS) fluid velocity
mean square fluid velocity

initial fluid veiocity

particle velocit& vector

initial partic1e ve1ocity
root-mean-square (RMS) particle velocity
position vector

displacement in time t

mean square particle displacement
vertical cartesian coordinate

coefficient of King's law

Dimensions

Lt

LT

L
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particle drag coéfficient
coefficient of King's law

wave number vector

time coordinate

viscosity

i-j component of diffusion tensor
time coordinate

fluid mass density

particle mass density

time coordinate .

characteristic function for P{x(t))

dimensionless fupction of the drag
coefficient

spectral density function for fluid velocities

spectral density function for particle
velocities

circular frequency

103

Dimensions

T-l
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