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ABSTRACT. This paper is concerned with estimation of functionals of a latent weight
function that satisfies possibly high dimensional multiplicative moment conditions. Main
examples are functionals of stochastic discount factors in asset pricing, missing data
problems, and treatment effects. We propose to estimate the latent weight function
by an information theoretic approach combined with the ¢;-penalization technique to
deal with high dimensional moment conditions under sparsity. We study asymptotic
properties of the proposed method and illustrate it by a theoretical example on treatment

effect analysis and empirical example on estimation of stochastic discount factors.

1. INTRODUCTION

1.1. Motivation. In applied research, economic or statistical information is commonly
characterized by moment conditions on observables. The generalized method of moments
provides a unified framework to analyze the moment condition models, and numerous
extensions have been proposed in the econometrics literature. This paper is concerned

with the following moment condition model with a multiplicative moment function:
Elw(X)g(X)] =, (1)

where X is a vector of observables, E[-] is expectation under the data generating measure
of X, w: X — (0,00) is an unknown weight function, ¢ is a vector of known functions
of X, and r is a vector of known constants or moments of observables (say, r = E[r(X)]
for some known 7(-)). We are interested in the situation where the observables X and/or
vector of functions g are high dimensional (possibly higher than the sample size).

In general, there exists a non-trivial set W of w that satisfies (1). In this paper, we
introduce an information theoretic approach to select a particular element wy € W, and

define the object of interest as its linear functional:
0o = Elwo(X)h(X,Y)], (2)

where Y is another vector of observables and h is a vector of known functions of (X,Y).
This paper develops a general estimation and inference method for the parameter 6, under

possibly high dimensional moment conditions (1).
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Interestingly, this setup can be motivated by somewhat distant empirical problems: in-
ference on stochastic discount factors (SDFs) and missing data problems including treat-
ment effect analysis. The latent weight w plays the role of the SDF for the former example,

and the (reciprocal of) missing probability or propensity score for the latter.

Example 1 (Stochastic discount factor). In a discrete time economy with no arbitrage,

there exists a strictly positive SDF m,; such that
E[mtRjﬂg} == 1, (3)

where R, is the short term return of asset 7 € {1,..., K—1} between time ¢ and t+1, and

E[-] is the objective expectation operator. This equation says that any asset in the market

would share the same expected return when discounted by the SDF m; (see Cochrane,

2009, for a review). Suppose there also exists a risk free asset with return Ry;, which

satisfies

E[mRys,] = 1. (4)

Let Xy = (1, Ry — Ry, ..., Rik—1)y — Rys)' be a K dimensional vector of the excess
returns and a constant. Since E[m,] # 0, (3) and (4) imply

Ty

2

where e; = (1,0,...,0). Unless the market is complete, the SDF m, (and thus m;/E[m,])

is generally set identified from the moment condition (5). Le., without further restrictions,

Xt} = ey, (5)

any positive random variable m; satisfying (5) can be a valid SDF.!
In this example, we focus on the case where m;/E[m,] is written as a function of X;.
However, this is still not enough to pin down the (normalized) SDF, and there is a set W

of functions of X; satisfying (5), i.e.,
Elw(X;) X =e;, forallweW. (6)

This setup can be considered as a special case of (1) with g(X) = X and r = e;. In
Section 1.2, we present how our methodology can be used to estimate some particular
elements in W .2

Inference on SDFs is one of the central topics in financial economics. For example,

Christensen (2017) investigated extraction of permanent and transitory components of

INote that the moment condition (3) also holds conditionally on agents’ information sets (say,
E[m;R;|Zt—1] = 1 for the information set Z;_; at ¢ — 1) whereas this example focuses on the un-
conditional moment condition in (3). Thus, the identified set for m; by the unconditional moment in
(3) is a superset of the one by the conditional moment E[m;R;|Z;—1] = 1. Furthermore, since any m;
satisfying (3) also satisfies (5), the identified set for m; by (5) is a superset of the one by (3).

2Based on the framework in Hansen (2014) (see also Chen, Hansen and Hansen, 2020), the SDF and
belief distortions cannot be disentangled. In this context, the object m; could be interpreted as the belief
distortion required to rationalize an SDF that takes the value 1 almost surely.



the SDF process, which requires estimation of E[m;b(S;)b(S¢+1)’] for a vector of known
basis functions b(-) and state vectors S; and Sy, 1. Christensen (2017) considered two cases:
(i) my is directly observable, and (ii) m; is replaced with a (parametric or nonparametric)
preliminary estimator. Our information theoretic approach will provide nonparametric es-
timators for some particular choices of w and alternative estimators for E[m,;b(S;)b(S;+1)’]

designed for possibly high dimensional setups. O

Example 2 (Missing data). Consider the problem of estimating a population mean from
incomplete outcome data (see Little and Rubin, 2002, for a survey). For each unit i =
1,..., N, we observe an indicator variable D; (D; = 1 if unit 7 responds and D; = 0
otherwise), outcome variable Y; = D;Y;* (Y; = 0 means that Y;* is missing), and vector of
covariates X;. We are interested in the population mean # = E[Y;*]. Under conditional
independence of Y* and D given X and certain overlap assumptions, the parameter of
interest is identified as 0 = E[w(X)Y D], where w(X) = 1/P{D = 1|X}. In this setup,
many estimation and inference methods for § have been proposed (see, e.g., Tsiatis, 2006),
including the inverse probability weighted estimator n™' Y7 | @(X;)Y;D;, where &(z) is
a nonparametric estimator of 1/P{D = 1|X = z}.

Our information theoretic approach can be applied in this setup to develop an alter-

native estimator of 6. By the law of iterated expectations, the moment conditions in the

form of (1) may be given by
Elw(X)g(X)D] = E[g(X)], (7)

for any vector of known functions g. Then the estimation problem of # can be formulated
as a special case of ours by replacing the expectations in (1) and (2) with the conditional
expectations given D = 1 and setting » = E[g(X)] and hA(X,Y) = Y. In the recent
literature of missing data analysis and causal inference, the covariate balancing approach
explores the moment conditions in (7) to find suitable weights used for estimation of 6
(see, e.g., Zubizarreta, 2015, and Chan, Yam and Zhang, 2016). This paper proposes an
alternative estimation method that may be considered as an extension of those papers

toward high dimensional setups. O

1.2. Methodology. In this paper, we propose an information theoretic approach to select
some element wy satisfying (1) and to estimate the parameter 6 in (2) based on wy.
Our approach allows high dimensional observables and/or moment functions (possibly
higher than the sample size). This feature is particularly desirable for our motivating
examples. For Example 1, the number of assets may be very large. For Example 2, the
number of covariates tends to be large so that the conditional independence assumption

(unconfoundedness or ignorability in causal analysis) is likely to be satisfied.



More precisely, we regard the latent weight function as the Radon-Nikodym derivative
w = dQ/dP, where P is the data generating measure of X and Q < P is a tilted model-
based measure. Since the first elements of g and 7 in (1) are assumed to be 1 (Condition
D(3) in the next section), we guarantee that Ew(X)] = [dQ = 1. Letting Eg[] be
expectation under QQ, the moment condition (1) is written as Eglg(X)] = r.

In general, there are infinitely many possible choices for the tilted measure Q. As a
rule to select a particular Q, we introduce the information projection based on the ¢-
divergence in the Orlicz space (see, e.g., Csiszar, 1995, and Komunjer and Ragusa, 2016).

Let ¢ : R — R U {400} be a convex and lower-semicontinuous divergence function.? We

dQ
)

Under Condition D(4) in the next section, Theorem 3 in Komunjer and Ragusa (2016)

consider the following minimization problem

o (2)]. somarn—r. 8o (10

< oo for some ¢ > 0. (8)

implies that the solution of (8) exists and is unique, and by Komunjer and Ragusa (2016,

Lemma 5), the primal problem (8) has a well-defined dual problem

minE{6, (N g(X)) — Xr]. 9)
where ¢.(a) = supyep{ab — ¢(b)} is the convex conjugate of ¢. Furthermore, let A\, be
the solution of (9). Under Conditions D(3) and D(5) in the next section, we can apply
Borwein and Lewis (1993, Corollary 3.6 and Primal Constraint Qualification) implying
that the solution Q. of (8) can be characterized as

() = 6 Ng), (10)

where gbil) is the first derivative of ¢,.

We now define the weight function wy satisfying (1) of our interest. Since the dimension

of g, denoted by K, grows as the sample size increases, we define wy as follows: for each

x in the support X of X,

w(x), if w is point identified,
wol) = lim 9 (2) = lim ¢{"(Ng(2)), if w is set identified (1)
Koo 9P K—o0 * +9 ’ '

That is, if the underlying model that implies (1) uniquely identifies w as K — oo (as in
Example 2), wy is considered as this identified w. If the underlying model that implies (1)
partially or set identifies w even when K — oo (as in Example 1), we define wy(z) as the

pointwise limit of dc%(x) in (10) for each x € X. Based on wy defined above, our object

3For convenience, we view ¢ as an extended real valued function defined on R. This means: for ¢ defined
a priori on (0,400), we extend it outside its domain by setting ¢(u) = +oo for all u € (—o0,0) and

@(0) = lim,_,o+ ¢(u).



of interest is defined as
0o = E[wo(X)h(X,Y)]. (12)
Our estimation methods for wy(-) and 6y are presented as follows. Let E,[] be the
sample mean, ||H1 be the ¢1-norm for a vector, and I{z € X),} be a trimming term for an
increasing sequence {X,,} to the support X of X to deal with technical problems when X
is unbounded (see, Chen and Christensen, 2015). By taking sample counterparts for the

trimmed moment functions, our information theoretic estimator of 6, is obtained as

6 =E, [0l (Ng(X){X € X, }A(X,Y)], (13)
where
N arg m}nEn[qb*(Xg(X)]I{X e X,}) - Nr(X){X € A, }] (low dimensional case)
N arg m}nEn[(b*(Xg(X)]I{X € X,}) = Nr(X)I{X € X,}] + an||A||, (high dimensional case)
(14)

o, is a penalty level chosen by the researcher, and r(X) may be a vector of known con-
stants (as in Example 1). The ¢;-penalty term for the high dimensional case is introduced
to regularize behaviors of A. Although this paper focuses on the ¢;-penalization (Tibshi-
rani, 1996), other penalization methods (such as the smoothly clipped absolute deviation
by Fan and Li, 2001, and minimax concave penalty by Zhang, 2010) may be applied as
well.

Popular choices of the divergence ¢ that will satisfy our regularity conditions are: (i)

Kullback-Leibler (KL) divergence (or relative entropy)

rloger —x+1, >0
Qb(l'): 17 gj:07
400, x <0

with ¢, (y) = e — 1, (ii) Pearson’s x? divergence without truncation at zero (PSN1)

1 1
gb(x) = §$2—$+§,

with ¢.(y) = 3y* + v, (iii) Pearson’s x? divergence with truncation at zero (PSN2)

o(2) = it —x+ 3 forz>0

+00 forz <0

with ¢.(y) = 1(max{y, —1})? + max{y, —1}.*

“In our empirical illustration in Section 5, we present results using both versions of Pearson’s y2 diver-
gence, and find PSN1 performs slightly better in finite samples. A drawback of PSN1 is that the resulting
estimate for wy may take negative values. Christensen and Connault (2019) develop a hybrid divergence
that smoothly pastes together KL divergence with a quadratic function. Their hybrid divergence also



We emphasize that although the construction of \ in (14) is reminiscent of the gener-
alized empirical likelihood estimator for overidentified moment condition models (Newey
and Smith, 2004), our setup and properties of the estimator are significantly different for
three reasons. First, our moment conditions in (1) involve the latent weight function w,
and the information projection is applied to pin down wy. Second, the interpretation and
property of ) are different from theirs. In the conventional generalized empirical likelihood
estimator, A plays the role of the Lagrange multiplier or shadow price for the moment
conditions, and converges to zero as the sample size increases if the model is correctly
specified. On the other hand, in our approach, ) is an estimator for the dual parameter
A« and typically does not converge to zero (even though the moment conditions (1) are
correctly specified). With this respect, our method is more in line with the sieve estima-
tion methodology. Finally, we allow the moment conditions (1) to be high dimensional,

where A has to be regularized as in (14).

1.3. Choice of divergence. To implement our information theoretic estimator § in (13),
we need to choose the divergence ¢. When w is point identified by the underlying model
implying (1) (as in Example 2), any choice of ¢ satisfying the regularity conditions in the
next section yields a consistent and asymptotically normal estimator for 6.

If w is set identified by (1) (as in Example 1), different choices of ¢ typically select
different elements in the identified set W for w. In this paper, we do not advocate any
particular choice of ¢ since its choice usually differs by motivations of researchers.

For instance, in Example 1, choosing a quadratic divergence (e.g., ¢(x) = %xz) picks
off the best linear approximation of the projected SDF w,(-) = E[m|X; = -|/E[m]. On
the other hand, the use of the KL divergence has been motivated by several papers in
the literature (Stutzer, 1995; Ghosh, Julliard and Taylor, 2016): it has a quasi maximum
likelihood interpretation, is consistent with the maximum entropy principle in Bayesian
methods, and adds minimum amount of information for the moment conditions to hold.
The KL divergence offers a closed-form solution that automatically integrates to 1 and
is non-negative. Moreover, in Example 1, the SDF estimated by the KL divergence is
particularly attractive since it is adapted to the popular log-linear modeling of the SDF
(e.g., Vasicek, 1977), and consistent with the optimal portfolio choice with an expected
utility maximizing investor who has constant absolute risk aversion utility. See Backus,
Chernov and Zin (2014) and Hansen (2014) for further details.

Although a formal discussion of the optimal choice of ¢ is beyond the scope of this
paper, we note that the KL divergence requires more stringent regularity conditions (such
as existence of higher moments of g in Condition D(4) below), so it may not be suitable for

heavy-tailed data. Therefore, as a general rule of thumb, if some higher moments of g do

satisfies our regularity conditions, ensures that the estimate for wg will always take positive values, and
requires weaker moment conditions (see Condition D(4)) compared to the KL divergence.



not exist, then divergences that impose less stringent conditions for moments (such as the
Pearson’s x? divergence) would be more appropriate. In Section 5, we apply the Pearson’s
x? and KL divergences to estimate the SDF and compare their cross-sectional predictabil-
ity. Both of these estimated SDFs show better predictability than Fama French’s three
factors, but exhibit rather different shapes. In the low dimensional scenario, the SDF
estimated by the KL divergence is highly positively skewed and leptokurtic. On the other
hand, the SDF estimated by the Pearson’s y? divergence is more symmetric and has low
kurtosis. We also find that the performance of the KL divergence is better than the Pear-
son’s x? divergence in the low dimensional case in terms of out-of-sample cross-sectional
predictability.® On the other hand, in high dimensional scenarios, we need to penalize
more aggressively for the KL, and Pearson’s y? divergence performs slightly better than
the KL after penalization in terms of out-of-sample cross-sectional predictability. Thus, in
our empirical example of estimating out-of-sample SDFs; if higher moments of returns do
exist, then divergences that are more sensitive to deviations from one probability measure
to another (such as the KL divergence) are more preferable, since they can capture skew-
ness and other higher moment characteristics that might be important in asset markets.
Given these theoretical and empirical results, we recommend to use the KL divergence in
low dimensional scenarios and Pearson’s x? divergence in high dimensional scenarios for

our empirical example in Section 5.

1.4. Related literature. The construction of our estimator is related to the method of
generalized empirical likelihood (Newey and Smith, 2004). In spite of similarity of the
construction of the estimator, however, our setup and properties of \ are quite different
from this literature. Indeed, our treatment on )\ shares more similarities with coefficients
for basis functions in series or sieve estimation (see Chen, 2007, for a review).

In order to deal with high dimensional moment conditions, we adapt the general theory
of the lasso with convex loss functions by van de Geer (2008) and Biithlmann and van de
Geer (2011) to our setup. For inference, the debiasing method adopted in Section 3 is
similar to Zhang and Zhang (2014) and van de Geer et al. (2014). Note that the results
in Section 3 complement the literature on high dimensional semiparametric inference
with locally /doubly robust moment conditions (e.g., Farrell, 2015, Belloni et al., 2017,
and Chernozhukov et al., 2018). Our method can also be compared to high dimensional
versions of empirical likelihood methods, such as Hjort, McKeague and Van Keilegom
(2009), Tang and Leng (2010), and Lahiri and Mukhopadhyay (2012). Again, however,
our setup and treatment on A are intrinsically different from this literature (typically A

converges to non-zero A, in our setup).

5This result may be interpreted as an indication of importance of modeling skewness in financial market
(e.g., Kraus and Litzenberger, 1976).



The main applications of our method are inference on missing data models, treatment
effects, and stochastic discount factors. Here we only mention closely related papers to
clarify our contributions in these fields. See Imbens and Rubin (2015) and Cochrane
(2009) for surveys of these topics.

In the realm of asset pricing, our paper is closely related to information theoretic
approaches for semi-nonparametric analysis on the SDF (e.g., Kitamura and Stutzer, 2002,
and Ghosh, Julliard and Taylor, 2016, 2017). In this context, we make three contributions.
First, our method can be regarded as an extension of some existing methods, such as the
ones by Ghosh, Julliard and Taylor (2016, 2017), to high dimensional setups (especially
for a large number of assets). Second, our theoretical analysis for the low dimensional
case in Section 2 provides a theoretical background for the analyses in Ghosh, Julliard
and Taylor (2016, 2017). Third, as mentioned in Example 1, this paper can provide
an alternative method to extract permanent and transitory components of SDF processes
(Christensen, 2017). Our paper has also been influenced by Hansen (2014) who formulates
the problem of estimating SDFs as recovering distorted beliefs (see also Chen, Hansen and
Hansen, 2020). In this context, the estimated SDF in this paper could be interpreted as
estimates for the belief distortion required to rationalize an SDF that takes the value 1
almost surely.

In the context of missing data and treatment effect analysis, the proposed method, illus-
trated in Section 4, is closely related to the literature on balancing weights (Zubizarreta,
2015, Chan, Yam and Zhang, 2016, and Athey, Imbens and Wager, 2016). Compared to
Zubizarreta (2015) and Chan, Yam and Zhang (2016), this paper is considered as an ex-
tension toward a high dimensional setup. Compared to Athey, Imbens and Wager (2016),
this paper proposes an alternative estimation method for treatment effects under high

dimensional covariates by utilizing an information theoretic approach.

1.5. Organization. The paper is organized as follows. We first present theoretical prop-
erties of our estimator @ for the low dimensional case (Section 2) and high dimensional
case (Section 3). Then the proposed method is illustrated by a theoretical example on
treatment effects (Section 4) and empirical example on the SDF (Section 5). Proofs and

additional tables are contained in Appendix.

Notation. Hereafter, we work with triangular array data {Xi("), Y;(")}?:l, which are con-
sidered as the first n elements of the infinite sequence {Xi(n), Y;(n)}fil generated from a
probability measure P . To simplify the notation, we suppress the upper-scripts and de-
note by {X;, Y;}7, and P. Our asymptotic analysis is based on the array asymptotics, and
the convergence “—” is understood as the one for n — oo. Also, let E[-] = Ep[-] be expecta-
tion under P, E,,[-] be the empirical average, I{ A} be the indicator function for an event A,

|B] = \/Amax(B’B) be the ¢y-norm for a scalar, vector, or matrix B, and aVb = max{a, b}.
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For a matrix C' = [¢;5], let Apax(C) and Apin(C) be its maximum and minimum eigen-

m

values, respectively, and denote ||C||_ = max |c;| and [|C]|, = max 3" |c;]. Let f®
1<i,j<n 1<j<n ;5

be the k-th derivative of function f. Finally, “A < B” means there exists some positive

constant C' that does not depend on n and satisfies A < BC' for all n large enough.

2. LOW DIMENSIONAL CASE

In this section, we present asymptotic properties of our information theoretic estimator
0 in (13) for the low dimensional case, where K = dim(g) in (1) grows slowly compared
to the sample size n. In this case, computation of \ in (14) does not involve the /-

penalization. We first impose the following conditions.

Condition D.

(1) {X;,Y;}7, is a strictly stationary and ergodic triangular array, and {X;}?, is
a-mixing with mixing coefficients {ax ,,} satisfying > _| o&/in_l/ 7 <1 for some
q > 2.

(2) The support X C RP of X is a Cartesian product of p intervals with nonempty in-
teriors. {X,,} is an increasing sequence of compact, convex, and nonempty subsets
of X, and satisfies P{X ¢ X,} = o(n™').

(3) The first element of g is 1 and the first element of r is 1. wy defined in (11)
exists and is a continuous function bounded from above and away from zero with
Elwy(X)?] < oo. h is a scalar-valued continuous function with E[h(X,Y)?] < co.

(4) ¢ is strictly convex and twice continuously differentiable on (0,400), and satis-
fies ¢(1) = ¢V(1) = 0, lim, o+ ¢ (u) < 0, lim, s oo ¢V (1) > 0, limy, o0 2 =
+00, and lim, “(Zf(li()u) < oo, where ¢(1) is the first derivative of ¢. E[¢.(alg;(X)])] <
oo for each j = 1,..., K and a > 0. There exists some probability measure Q;
such that E [¢ (£ (X))] < oc.

(5) There exists some probability measure Qy such that “22(z) is strictly positive and

is in the quasi-relative interior of the domain of ¢ for each x € X, E [¢ ( 1+c %(X ) ‘ )} <

+00 for some ¢ > 0, and E [¢(X)%2(X)] =r.

Condition D contains standard assumptions on the data {X;, Y;}! ,, divergence ¢, and
functions appearing in (1) and (2). Condition D(1) allows the data to be weakly de-
pendent, and covers independent and identically distributed (iid) data as a special case.
Condition D(2) is on the support X of X and the trimming set X,,. For example, the
condition P{X ¢ X, } = o(n~!) is satisfied with X,, = {z € R? : |z| < n'/?} for a € (0, a,)
with E[|X]"] < 00.° Condition D(3) is on the functions appearing in (1) and (2). The
m, we apply trimming on the support X instead of the moment functions g. The main reason

is that the trimming on X makes it easier to verify the approximation condition in Condition S(2) (eq.
(16)) below. We also note that trimming on & is adopted by Chen and Christensen (2015).



first requirement in Condition D(3) guarantees that Q, in (10) integrates to 1. By Ko-
munjer and Ragusa (2016, Theorem 3 and Lemma 5), Condition D(4) guarantees that
the solution of (8) exists and is unique, and that the primal problem in (8) has the well-
defined dual problem in (9). Note that this condition allows unbounded g as long as
E[¢.(alg;(X)])] < oo for each j = 1,..., K and a > 0. Condition D(5) combined with
the first requirement in Condition D(3) provides a constraint qualification to guarantee
the strong duality between (8) and (9), i.e., the unique solution of (8) coincides with the
one of (9) by applying Borwein and Lewis (1993, Corollary 3.6 and Primal Constraint
Qualification).

To simplify the presentation, we focus on the case where h (and thus 6) is scalar-
valued. An extension to the case of vector 6 is straightforward. It is also possible to
extend our method to the case where 6, is implicitly defined as a solution of moment
conditions E[h(Z, 0y, wo(X))] = 0 for Z = (Y, X')’ and a linear map h (in wy).

Let g,(X) = E[g(X)g(X)I{X € &,}]7"2¢(X)[{X € X,} be the orthonormalized

version of g after trimming. We impose the following assumptions.

Condition S.

(1) All eigenvalues of E[g(X)g(X)I{X € A,}| are strictly positive for each n, and
B [gn(X)gn(X)] = 1] = 0p(1).
(2) There exists some )\, € RX such that

sup (67 n(2) = N (2)] S (15)
VELwo(X) — 6P (Nga(X))}2] S st (16)

for some 1k, — 0 and ¢k, — 0.

Condition S lists requirements for the functions g and g,. Condition S(1) contains
eigenvalue conditions on E[g(X)g(X)I{X € A,}] to guarantee existence of g,, and the
convergence of the matrix E,[g,(X)g,(X)']. This convergence is satisfied if { X}, is iid
and (%, log K — 0, where (xn = sup,cy |gn(z)| (see, Lemma 3 (i) in Appendix). This
convergence can be satisfied for dependent data as well. For example, by Chen and Chris-
tensen (2015, Lemma 2.2), if { X}, is stationary and S-mixing with mixing coefficients
{Bm} such that B,,n/m — 0 for some integer m < n/2, then |E,[g.(X)g.(X)] — I| =
Op(\/ mC ., log K /n) provided m(j., log K/n — 0. Condition S(2) imposes assumptions

on series approximations by g, for [qbil)]*l(wo). The orders of the approximation errors

Nk.n and g ,, depend on the choices of the basis functions g, trimming set X,,, and smooth-
ness of [¢§l)]’1(w0(-)). It can be verified by using results from functional analysis literature
(e.g., Lorentz, 1986, and Schumaker, 1981).

10



Let 7,,(X) = E[g(X)g(X)T{X € X,}]"V?r(X)I{X € X,} and

Mg, = lrgllaiﬁ{E[\gnj(X)\q]}l/q VAE[|r,;(X)|9}4  for ¢ in Condition D(1),
SIS
3 1 i _
ot = | (o iz ).
m=1
BK,TL = SKn + §~K,n; MK n = 1+ MK,n Oéézn_l/q'
m=1

As in Komunjer and Ragusa (2016), we define ¢(V(0) = lim,_,o+ ¢"(u), and ¢ (4+-00) =
lim, o @ (u). We impose the following assumptions for the convex conjugate function

¢, of the divergence ¢.

Condition I. ¢, : R — R U {400} is strictly convex and three times continuously
differentiable on (¢M(0), M (+00)). Also, Cxn(v/Kiig.n/n + Bry) — 0.7

Let w(x) = gb&”(&@(m)ﬂ{x € X,}). Based on the above conditions, the convergence

rates of () and consistency of the estimator 0 in (13) are obtained as follows.

Theorem 1. Suppose that Conditions D, S, and I hold true. Then

VEL{(X) = wo(X)}2] = Op(y/ K s/ + Bren), (17)

(1N 0y, and

sup |w(r) — wo(w)| = Op(Crnr/ K pircn /1 + Cxn Bren + Nicn)- (18)

zeEX,

The consistency of 6 is established by showing that of & under the empirical Ly-norm
in (17). As a byproduct of the proof of (17), we can obtain (18), an upper bound of
the uniform convergence rate of & over the trimming set X,.® Interestingly, although our
setup is different from standard nonparametric series estimation and wy is not a condi-
tional expectation function, we achieve similar convergence rates with conventional series
estimators for regression models. Indeed, our proof is in line with series estimation meth-
ods, where the estimation error of @ can be decomposed into two parts: approximation
bias (corresponding to B ,) and sampling error (corresponding to \/m) The ap-
proximation error is dealt with Lemma 2 while the sampling error is controlled by Lemma

If ¢, is strictly convex and three times continuously differentiable on R (such as the KL and PSN1
divergences), the requirement (x ,,(\/Kptxn/n+ Bk n) — 0 can be weakened to (i) the second derivative
¢£2) is bounded from above and away from zero, or (ii) (x.n(\/Kpxn/n+ Brn) S 1.

8Al‘chough this uniform convergence rate is admittedly not optimal, it is sufficient to establish asymptotic
normality of our estimator 6 below. It is also an open question whether we can improve the convergence
rate in (17) to establish the optimal rate as in Belloni, et al. (2015) and Chen and Christensen (2015).
Since our estimator @ and target wy are more complicated than the least squares estimator for the
conditional mean studied in those papers, such analysis will be technically more involving.
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3. In particular, pk, characterizes a slowdown of the convergence rate for the sampling
error due to weak dependence of the data. For iid data, we have pg, = 1, and the
sampling error is of order \/K_/n On the other hand, ¢k, is an additional term due to
weak dependence in the approximation bias Bk ,. For iid data with \/ngk, — oo, the
bias term becomes a familiar expression By, = Sk n.

We next consider the limiting distribution of our estimator 6. To this end, we add the

following conditions.

Condition N.

(1) There exists a function r" : X — R such that E[r"(X)] = E[w(X)E[R(X,Y)|X]]

and
E[B'{wo(X)gn(X) = ra(X)} — {wo(X)E[R(X, Y)|X] = r"(X)}]* = o(n 1), (19)

where 3 = E[6 (X ga(X))gn(X) g}, (X)) "E[6 (90 (X)) gn(X)R(X, Y)].
(2) [Ea[0 (Ngn (X)) gn (X)gn(X)] = Bl6e” (90 (X))gn(X)ga(X)]| = Op(ics) for
some ', — 0.
(3) E[h(X,Y)?|X = -] is bounded from above, E[|h(X,Y)|®/(1-01/9] < oo for some
q1 € (2,q] and E[|r"(X)|?] < oo, where ¢ > 2 is defined in Condition D(1).
(4) {Y;, X;}7-, is a-mixing with mixing coefficients {a.xy.m }men satisfying
i ag?{/ff:a))\/(l/?*l/ql) <1,

m=1

for some a > 0 and E[|®|*™] < oo, where

© = w(X)h(X,Y) — O — {wo(X)E[A(X, V)| X] - r"(X)}. (20)

Condition N(1) is considered as the mean square continuity condition (cf. Assumption
5.3 in Newey, 1994) in our setup, which guarantees the \/n-consistency of 6 even though
W converges at a slower rate. Intuitively, (19) requires that E[h(X,Y)|X = -] is well
approximated by the basis functions g, (-). This requirement is typically verified by the
results in functional analysis. The function r" should be specified for each application.
If r(X) is a vector of known constants (as in Example 1), we can simply set as 7*(X) =
0. For Example 2, we can set as r*(X) = E[Y*|X]. Proposition 2 below gives two
examples where (19) is satisfied. Condition N(2) is analogous to Condition S(1). The

convergence rate I'g,, will be /%, log K/n for the iid case (by Lemma 3 (i)), and
\/ m(%(n log K /n for the S-mixing case (by adapting Lemma 2.2 in Chen and Christensen,

2015). Condition N(3) contains mild assumptions on h and 7. Condition N(4) requires
a-mixing for {X;,Y;} , to apply a central limit theorem to \/iﬁ >, ®;, where ®; is the

influence function for 6.
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By imposing Condition N, the limiting distribution of the estimator 6 is obtained as

follows.

Theorem 2. Suppose that the conditions of Theorem 1 and Condition N hold true. In
addition, i, Kpign/v/n —= 0, VilxnBrn — 0, and \/KjignCxnl'kn — 0. Then

V(0 = bo) % N(0, V),
where V' = lim,,_,o, Var(y/nE,[®]).

This theorem says that our information theoretic estimator 6 is v/n-consistent and
asymptotically normal. For iid data, the variance V becomes E[®?], which can be shown
to be the semiparametric efficiency bound (see Section 4 for the case of the average
treatment effect). Compared to Theorem 1, Theorem 2 requires more stringent conditions
on K. However, we note that the condition C}‘QnK L .n/y/n — 0 can be weakened for some
choices of ¢, such as the Pearson’s x? divergence.

The asymptotic variance V' can be estimated by some heteroskedasticity autocorrelation

consistent estimator. For example, based on Newey and West (1987), V' can be estimated
by

M
o "M, — 1
V:’VO‘FQZ( i )”Yl;

where 4; = (n —1)~! ZLZH(&)@- —n I 0)(9, —n 30", ;) is the sample autoco-

variance of
b, = I{X; € X, o(X)h(X,, V) — 0 — {o(X)RY (X)) — (X)),

hX and 7" are some nonparametric estimators of E[h(X,Y)|X =] and r", respectively,
and M, is a tuning parameter. By adapting the proof of Newey and West (1987, Theorem

2) to the present context, the consistency of V is obtained as follows.

Proposition 1. Suppose that the conditions of Theorem 2 hold true. Additionally, as-
sume that E[|®;]%21] < oo for some ¢ > 1and § > 0, > " _, a;y%ffqz) S 1 supgen, WX (z)—
E[h(X,Y)|X = z]| = O,(R,) and sup,cy, |7"(z)—1"(2)| = Op(R,) for R, = Cxn/ K pircn/n+
Ckn B + Mcn, My, — 00, and M, R, — 0. Then V 5 V.

We close this section by providing some specific examples that satisfy (19) in Condition
N(1).

Proposition 2. Suppose the assumptions in Theorem 2 except for (19) hold true.

(i): Suppose r(X) is a vector of known constants, P{X ¢ X, } = o((Kn)™') and
E[{E[A(X,Y)|X] = Nga(X)}’] = o(n™), (21)
for some A € RX. Then (19) is satisfied with r"(X) = 6.
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(ii): In Example 2 on missing data, suppose
E{E[Y*|X] = Ngn(X)}?] = o(1),
for some A € R, Then (19) is satisfied with r"(X) = E[Y*|X].

Based on Proposition 2, if 7(X) is a vector of known constants, the influence function
& simplifies to ® = wo(X){h(X,Y) — E[h(X,Y)|X]}.

3. HIGH DIMENSIONAL CASE

In this section, we consider the high dimensional case, where K = dim(g) can be larger
and grow faster than the sample size n. In this case, A in (14) is computed by the ¢;-
penalization. High dimensionality of g may be caused by either high dimensionality of the
original data X or many transformations (or basis functions) based on low dimensional
X. In either case, as far as the latent weight function wg in (11) admits certain sparse
representation, our penalized estimator can consistently estimate wy and the parameter
of interest 6y. In Section 3.1, we study asymptotic properties of w to estimate wy. Then
we consider three estimation approaches for 6y, debiasing (Section 3.2), post selection
(Section 3.3), and targeted debiasing (Section 3.4), and present conditions to achieve

v/n-consistency and asymptotic normality for these estimators for 6.

3.1. Estimation of wy. We first present asymptotic properties of w. For the high di-

mensional case, we impose the following assumptions.

Condition D’. {X;,Y;}, is an iid triangular array. The support X C R? of X is a
Cartesian product of p intervals with nonempty interiors. Conditions D(3), (4), and (5)
hold true.

For the high dimensional case, we focus on the case of iid data. An extension to
dependent data requires development of empirical process theory for dependent data in
our setting, which is beyond the scope of this paper. We also do not use trimming for
X. Impacts from possible unbounded support are dealt implicitly by the growth rate of
SUp,.c X” g(x)HoO and a uniform approximation assumption over X’ (see the statement in
Theorem 3).

To state additional conditions for the high dimensional case, we introduce further nota-
tion. For an index subset S C {1,..., K}, let | S| be its cardinality, Ag = (A1s,...,Ak.s)’
be a K dimensional vector with A\; s = \;,I{j € S} for the j-th component \; of A, and
Age = (A1 ge, ..., Arse) with Xj ge = N I{j ¢ S}. So, Ag and Age have non-zero elements
only in the index set S and its complement S¢, respectively. Furthermore, let . be a

class of index sets.” We introduce the so-called compatibility condition.

YKnowledge of .7 can reflect researcher’s prior on what might be important sets of covariates. In the
worst case of no prior knowledge, .¥ should contain all possible index sets for covariates.
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Condition C. For each S € ., there exists some constant ¢g > 0 such that for all A
< 3||As]],s it holds [|As||, < ¢5"NE[g(X)g(X)]A/]S].

satisfying H)\ ge

This is a high level condition that bounds ||)\SH1 by the Lo-norm of its corresponding
function XNg(-). Such a compatibility condition is commonly employed in the high dimen-
sional statistics literature, such as the restricted eigenvalue condition in Bickel, Ritov and
Tsybakov (2009). Let

&(N) = E[p.(Ng(X)) = Xr(X)] = E[p.(\.g(X)) = Xor(X)],

be the excess risk. Given . with associated compatibility constants {¢s : S € .#} in
Condition C, the oracle )\, is defined as

8a;,

%A
where Sy = {j : A\; # 0}, o, is the penalty level in (14), and ¢ is a constant defined in
Condition H below. Let (), be the minimized value of (22) and w,(z) = ¢§1)(A;g($)).
Note that &(X\o) > &(A) = 0 and a part of our sparsity assumption is characterized by

Ao = arg mm 25( )+

k (22)

the convergence rate of &()\,) toward zero. Let

Vn(A) = En[.(Ng(X)) = X'r(X)] = E[¢.(Ng(X)) = A'r(X)],

be an empirical process. We impose the following assumptions.

Condition H. For every ¢ > 0 small enough and n large enough, there exist positive
_ Qo

20:m

constants o, ,,, 0, and A such that for M

(1) P {SUP||>\/\0H1<M [Un(A) — vn(Xo)| < ae,nM} >1—c¢,
(2) for any A satisfying ||)\ - )\Ong M, it holds
sup|(A — Xo)'g(z)] < A, 0o(A = Aa) Elg(X)g(X) (A = Xo) < E(N),

zeX

(3) 0en < v, /8 and a, x y/log K/n for all n € N.

Condition H(1) controls the empirical process v,(A) in a neighborhood of the oracle
Xo- Intuitively, we require that 1,(\) — v,(A\o) will be small when A is close to A, in
terms of the ¢;-norm. The order of o, ,,, which is typically O(\/W), can be derived
by empirical process theory.!® By Condition H(2), the excess risk &()\) can be bounded
from below by a quadratic function of A when X is close to Ay in terms of the /;-norm.

Condition H(3) is on the penalty coefficient «,. First, a,, should be large enough to offset

10Gince our objective function is Lipschitz in a neighborhood of Ao, probabilistic inequalities, such as
Biihlmann and van de Geer (2011, Lemma 14.20), can be applied.
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the effect from o.,. Second, since o.,, is typically of order O(y/log K/n), we set «, as
the same order to achieve the fastest convergence in this typical case.'!
Under these conditions, the convergence rate of w and consistency of the parame-

ter estimator 0 are established as follows. Let (x = supweXHg(x)Hoo, s = |Sx|, Kom =
E(Xo)y/ioar VSY/ loiK, and {&,} and {¢,»} be positive sequences such that ||E, [g(X)g(X)’HOO:
0,(&,) and /E[{wo(X) — wo(X)}?] < Som, respectively.

Theorem 3. Suppose Conditions D’; C, and H hold true. ¢, : R — RU {400} is strictly
convex and three times continuously differentiable, and either (i) the second derivative
¢£2) is bounded from above and away from zero, or (ii) 5 Kkon S 1. Furthermore, assume

that ¢,,, — 0, /{Qn&l/z — 0, and sup,cy |wo(x) — wo(x)| < 1. Then

VE[{O(X) = wo(X)}] = Op(Fonv/én + o), (23)

and 6 5 6. If we additionally assume Cxkon — 0 and sup,cy [wo() — wo(z)| = 0, then

sup |&(z) — wo(z)] = 0. (24)
zeX
This theorem, a counterpart of Theorem 1 for the high dimensional case, establishes the
empirical Ly convergence rate of w, which is used to derive the consistency of 6. Note that
we only require boundedness for the uniform approximation error sup, ¢y |wo(z) — wo()|
by the oracle. The object (x depends on the choice of basis functions g and X. For
example, if g is a vector of polynomials over X = [0, 1]7, it holds (x = O(1). The object
&, measures the growth rate of the sup-norm of E,[¢(X)g(X)']. It can be controlled by
Hoeffding’s inequality, and is typically of order O(||E[g(X)g(X)]||..) (or O(1) for certain
basis functions). In this case, if we further assume &(\,) = O(slog K/n) and ¢, =
O(sy/log K/n), then the empirical L, convergence rate of & is of order O,(s+/log K/n)
and the dimension K may grow faster than n even at an exponential rate. For the high
dimensional case, the approximation bias for wy tends to be larger and is controlled by the
approximate sparsity assumption that requires sufficiently fast decay rates of the excess
risk &'(X\,) and approximation error ¢,,. A byproduct of this theorem is the uniform
consistency in (24) under additional assumptions.
Although the estimator 0 is consistent for 0o, it does not achieve the \/n-consitency and
asymptotic normality in general. In the following subsections, we present three approaches

to modify the estimator for fy to achieve the y/n-consistency and asymptotic normality.

HGenerally, there are two data-driven methods to select av,. First, a,, may be chosen by cross validation
although it might lack theoretical justification. Second, «a,, can be chosen as the smallest value such that
Condition H holds with large probability. That is, we can set o, = 86.,,, where J., is an estimator
of 0., based on the empirical process and moderate deviation theories. See Belloni et al. (2012) for
further details.
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3.2. Debiased estimator for 6, . In this subsection, we consider a debiased estimation
method for 6y in the high dimensional setup. It is well known that plug-in methods
to estimate finite dimensional objects, where the first step is implemented by the lasso,
typically cannot achieve the \/n-consistency. In statistics literature, several procedures
are proposed to debias the lasso estimators to achieve the \/n-consistency and asymptotic
normality for finite dimensional objects of interest (see, e.g., Zhang and Zhang, 2014 and
van de Geer et al., 2014). It is natural to ask whether such debiasing procedures may be
applied to our setup. However, in our setting, it seems the debiasing procedure achieves
\/n-consistency and asymptotic normality for #y only under certain stringent conditions.

To illustrate this point, suppose (bg)() = ¢, > 0 for some known constant ¢, (for
example, by choosing ¢(z) = 12?). Let & = (sign(\y), .. .,sign(Ag)) and © be an ap-
proximation of the ‘inverse’ of E, [¢(X)g(X)’] (which may not exist in the high dimensional

case). Here we consider the debiased estimator
Ops = Ea[{0l) (Vg(X)) + ang(X) ORIA(X, Y], (25)

where the additional term ay,g(-)’ OF corrects the first-order bias from the plug-in estima-
tion by A. We note that this additional term will be different if we drop the requirement
¢£2)(~) = ¢, > 0. To establish the y/n-consistency and asymptotic normality of éDB, we
impose the following assumptions. Let Spp = O'E,[¢(X)h(X,Y)].

Condition DB.

(1) There exist functions 7, 7 hX : X — R such that E[r"(X)] = Efwo(X)E[R(X,Y)|X]],

E[#(X)] = Elw(X)hX(X)], and

E.[Bpp{wo(X)g(X) —r(X)} — {wo(X)RY (X) = (X1 = o,(n7"),
(S + Sonn” B[N (X) = Bppg(X)P = op(n").

= 0,(1).

Condition DB highlights two key requirements for achieving the y/n-consistency and

~

(2) Vo [Ealh(X, Y )g(X)]l || = Ealg(X)g(X))6

asymptotic normality of the debiased estimator Opp. Condition DB(1) is a natural ex-
tension of Condition N(1) under the high dimensional case. It requires that 3}, 59(-)
should converge fast enough to some function ¥ (-). Intuitively, h*(-) can be under-
stood as an approximation of E[h(X,Y)|X =-]. This is a key condition to correct the
bias from the second step to compute Ops. On the other hand, Condition DB(2) con-

trols the /¢;-regularization bias. It says the matrix © should be selected to guarantee

‘ I— En[g(X)g(X)’](:)H to be sufficiently small.
l A
The y/n-normality of the debiased estimator 6pp is obtained as follows. Let {7,,} be a
positive sequence such that \/E[{E[h(X, Y)|X] — X (X)) Vv E[{rh(X) — 7 (X)}?] <

Tn-
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Theorem 4. Suppose Conditions D’, C, H, and DB hold true and gzﬁ,(f)(-) =c >0
for some known constant c,. If sup,c E[A(X,Y)}X = 2] < 1, o — 0, 7, — 0, and
VNSonTn — 0, then

Vi(lps — 00) % N (0, E[®?).

Theorem 4 gives conditions under which the debiased estimator éDB can achieve the
V/n-normality. It seems the requirements on O listed in Condition DB are difficult to
avoid. In fact, our debiasing procedure may be considered as an intermediate procedure
between the parametric debiasing of Zhang and Zhang (2014) and van de Geer et al.
(2014), and the complete debiasing of Farrell (2015) and Belloni et al. (2012). It is
beyond the scope of this paper to study a practical way of finding the matrix ) (for
example, by adapting the lasso with nodewise regression in van de Geer et al., 2014), and

we leave this for future research.

3.3. Post selection estimator for 6, . Given that the debiasing procedure in the last
subsection requires relatively strong conditions, we propose the following post selection

method to obtain a /n-consistent estimator for 6.

(1) Compute A in (14) for the high dimensional case. Let s = |S| be the cardinality
of the selected set S = {j : j\j # 0}.

(2) Let gs and 4 be the s-dimensional functions corresponding to the selected set .
Implement (14) for the low dimensional case (i.e., without the ¢;-penalty) based

on gs and rs. Denote the solution of this step as

~

A = arg min B, [6.(Ngs(X)) = Ars(X)]. (26)
(3) Construct the post selection estimator as
0 = E,[6l" (Ngs(X))h(X, Y)]. (27)

To study asymptotic properties of the post selection estimator 9~, we introduce some
notation. Let A, = argminpegrs E[¢. (A gs(X)) — A'rs(X)] be the population counterpart
of (26), and w.(z) = qbfkl)(A;gs(x)), which is an approximation of wy using the selected

vector gs. Note that w, could be different from w, selected by the oracle \,. Also, define
Bs = [0 (A, gs(X))gs(X) g5 (X)) E[6) (ALgs (X)) gs(X)E[R(X, Y)|X]],

and h¥(z) = BLgs(z). We impose the following conditions.

Condition N’. There exist functions r", 7 : X — R such that E[r"(X)] = Elwy(X)E[A(X,Y)|X]],
E[7(X)] = Elwo(X)A¥ (X)), and

E[B4{wo(X)gsi(X) = 75(X)} = {wo (X)) (X) = 7(X)}]* = 0. (28)
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Condition N’ can be viewed as an extension of the mean square continuity (as in As-

sumption 5.3 of Newey, 1994) for imperfect model selection, where hX(-) = Blgs(-) is

understood as an approximation of E[h(X,Y)|X = ‘] based on the selected basis func-

tions gs. In the case of imperfect model selection (i.e., S + Sx,)s wx and h* may not

approximate wy and h* well enough, respectively. We impose the following conditions for

those approximation errors.

Condition S’. For each n, all eigenvalues of E[gs(X)gs(X)'] are bounded from above and

away from zero, conditional on the selected set S. Also, for some positive sequences {Ssn}
and {7},

VE[{wo(X) — w.(X)}?]

AN

Ss,n

VEHE[R(X,Y)|X] - &

XX < Tsn-

(29)

(30)

Because of the imperfect model selection, ¢, and 7, may not vanish sufficiently fast

as in Theorem 2. Instead, we only require ¢, and 75, to be O(1). Let (s = sup,c |gs()].

Condition I’. ¢, : R — R U {400} is strictly convex and three times continuously
O,(1).

differentiable, sup¢®’ (ALgs(z)) <1, and
reX

sup En[ >(k3)<A/9s<X))2]

AERS:|A—AL|SA/C2/n

Condition I’ is a counterpart of Condition I, and imposes additional requirements on

the conjugate function ¢,, which can be trivially satisfied for some divergence, such as

1

¢(x) = x*. This condition can be also satisfied if sup,c y || M= (wo(2)) = Algs(a)] < 1,

i.e., the selected component A’ gs(+) is not too far from [gbfkl)]_l(wo(-)).

Under these conditions, the y/n-normality of the post selection estimator 6 is obtained

as follows.

Theorem 5. Suppose Conditions D', S’, I’; and N” hold true. In addition, (?logs/n — 0,

¢S/v/m— 0, and E[(® + v1 + va + v3)?] < 00, where ® is defined in (20). Then

V(0 — 0o+ b) 5 N(O,E[(® + v1 + va + v3)2]),

where b = E[(wo(X) — w, (X)) (¥ (X) — hX(X))],

v =

V3 =

(w(X) = wo(X))(h(X,Y) = ¥ (X)),

(@e(X) = wo(X)) (W (X) = ¥ (X)) = E[(w:(X) = wo(X)) (¥ (X) = ¥ (X))].

vp = wo(X) (R (X) =AY (X)) + 7

Furthermore, if ¢, — 0, 75, — 0, and \/ngs 75, — 0, then

Vil —6o) % N(0,E[@?]).

(31)

(32)

This theorem characterizes effects of the imperfect model selection from the first step

lasso procedure. b is an additional bias term, and vq, ve, and v are additional variance

19



terms. In particular, v; is due to imperfect approximation of wgy by wy, vs is due to
imperfect approximation of h¥ by h¥, and v; is due to slow approximation of both A*
and wy. For the case of (32), we can conduct inference on 6y by estimating the asymptotic
variance E[®?]. On the other hand, if the imperfect model selection is severe in the sense
of ¢sn = Tsn = O(1), the post selection estimator 6 will have the asymptotic bias b and
additional terms in the variance as in (31). Valid inference in this general case is left for

future research.

3.4. Targeted debiasing estimator for 6, . In this subsection, we discuss a targeted
debiasing procedure, which is between the debiasing procedure for the whole vector A in
Section 3.2 and post selection procedure in Section 3.3.

Without loss of generality, we assume the first s elements of {1,..., K} are selected
by A. Suppose that O, is a good approximation of the inverse of the s x s matrix
E[¢® (N gs(X))gs(X )gs(X)']. For example, a practical choice for O would be the empir-
ical counterpart (En[qﬁg)(S\;gS(X ))gs(X)gs(X)'])~!. Define the targeted debiasing version
5\T p of \ as

Arp = (AL 0%, Ay = As + Oganiis,
and Og _s is the (K — s)-dimensional vector of zeros. That is, we only correct the bias for

the selected elements by S. Then 6, is estimated by
Orp = Ea [0l (Mrpg(X))A(X, V). (33)
Let 4 = ko V /S1og K/, wy(@) = ¢ (Xosgos(w)), and Ay () = B1g6(x), where
Bs = B[0P (Aos95(X))9s(X) 95 (X )] [ (N5 (X)) 95 (X)E[A(X, Y X]].
To derive the limiting distribution of éTD, we add the following assumptions.

Condition TD.
(1) There exist functions r", 7% : X — R such that E[r"(X)] = Elwe(X)E[R(X,Y)|X]],
E[7p(X)] = Elwo(X)h7p(X)], and

E[{B;(wo(X)gs(X) = 7(X)) = (wo(X)h7p(X) — P (X))}*] = 0.

(2) 10 = QP (Nos) ™| = Op(0n) and v/nFuGson — 0.
(3) Condition I’ holds true with A, and /(2/n replaced by Aos and 7, respectively.
(4) Condition S’ holds true with w, and hX replaced by ws and ﬁ%(D, respectively .

Condition TD(1) is a counterpart of Condition N’(2). The roles of Conditions TD(3)-
(4) for the targeted debiasing procedure are same as Conditions I’ and S’ for the post
selection procedure, respectively. Condition TD(2) is concerned with quality of the tar-
geted debiasing procedure. Under these conditions, the targeted debiasing estimator b7

admits the same asymptotic representation as the post selection estimator.
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Theorem 6. Suppose Conditions D’; C, H, and TD hold true. Additionally assume
VK2 (¢ =0, /n(2y2 — 0, and E[(® + 0y + T2 + 33)?] < co. Then

Vi(Orp — 0y +b) 5 N(0,E[(® + By + T + 53)2]).

where b, U1, U2, and 75 are same as those in Theorem 5 with replacements of w,, hX, and

7 with ws, h5p, and 7, respectively.

4. THEORETICAL APPLICATION: TREATMENT EFFECT

In this section, we extend Example 2 in Section 1 and consider estimation of the average
treatment effect. Let D; be the indicator of a treatment for individual ¢ = 1,...,n
(D; = 1 and 0 mean treated and not treated, respectively). For each i, there exist two
potential outcomes, Y;(1) if treated and Y;(0) if not treated. The observable outcome
is Y; = D;Y;(1) + (1 — D;)Y;(0). Also, let X; be covariates of individual i. Based on
a random sample {D;,Y;, X;}" ;, we wish to estimate the average treatment effect 7 =
E[Y(1)—Y(0)]. Under the unconfoundedness and overlap assumptions, 7 can be identified
as (Rosenbaum and Rubin, 1983)

7 = Ew'(X)DY] - Ew*(X)(1 — D)Y] = 6" — 6,

where w'(z) = w(z)™!, w'(x) = {1 — w(z)}™ !, and w(x) = Pr{D = 1|X = z} is the
propensity score. We treat w' and w® as latent weight functions, and construct moment

conditions as in (1) by utilizing the property of the propensity score:
E[Duw'(X)g(X)] = E[(1 - D)w"(X)g(X)] = E[g(X)], (34)

for any ¢g. By applying our methodology based on (34), the weight function w’ can be
estimated by
wl(z) = gbil)(j\’lg(x)) (low dimensional case)
{ ot (z) = ﬁl)(f\’lg(q:)) (high dimensional case)
where
arg m}nEn (Do (Ng(X)) — Ng(X)] (low dimensional case)
arg m/\inEn[ng*(Xg(X)) - Ng(X)] + alnH)\Hl (high dimensional case)

Ay = arg min E,[Do¢, (N gs, (X)) — Ngs, (X)],

AcRs1
and g is the s;-dimensional functions corresponding to 5’1 ={j: j‘lj #0}.
Then 6! can be estimated by ' = E,[&!(X)DY] for the low dimensional case, or by
the post selection estimator ' = |, [@'(X)DY] for the high dimensional case. Similarly
we can estimate w* and 6" (by replacing D with (1 — D)). The average treatment effect

7 can be estimated by 7 = 6" — 6% for the low dimensional case, or 7 = 6" — §* for the
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high dimensional case. By applying the results in the previous sections, we obtain the

following corollary.

Corollary 1. Consider the setup of this section. Suppose D_L(Y(1),Y(0))|X (uncon-
foundedness condition), and the propensity score 7 is bounded away from 0 and 1 over
the compact support X (overlap condition). Furthermore, assume E[Y?(0)] < oo and
E[Y?(1)] < oo.

(i): |Low dimensional case| Under the assumptions of Theorem 2, in particular, if

sup [E[Y (1)[X = 2] = XNig(z)] — 0,

reX

sup [E[Y (0)|X = z] — Apg(z)] — 0,

reX

for some A1, \g € R it holds

VaE —1) % N0, %),

where ¥ = E [{E[Y(qu — E[Y/(0)|X] — 7}2 + 20O Va;&ffgy;f)].

(ii): [High dimensional case| Under the assumptions of Theorem 5, it holds
V(7 =7+ bys) <5 N(0,5,,),

where the formula of b,; > 0 and X,5 > ¥ can be found accordingly via Theorem
5.

Proofs are similar to those of Theorems 2 and 5. This corollary may be considered
as an extension of Chan, Yam and Zhang (2016) to the high dimensional case by using
the /1-penalized estimator. Note that the asymptotic variance Y is the semiparametric
efficiency bound for 7 established in Hahn (1998).

5. EMPIRICAL APPLICATION: STOCHASTIC DISCOUNT FACTOR

To illustrate the performance of our proposed method, we consider Example 1 and esti-
mate the normalized SDF in an equity market. We compare out-of-sample performances
of the proposed method and Fama-French three factor method.

To make the results comparable with existing literature (e.g., Fama and French, 1993,
Lewellen, Nagel and Shanken, 2010, and Ghosh, Julliard and Taylor, 2016), our out-of-
sample evaluation covers from July 1963 to December 2010. All returns data are taken
from Kenneth French’s data library and are quoted in %. We note the approach adopted
by Ghosh, Julliard and Taylor (2016) is a special case of ours for the low (and fixed)
dimensional case using the KL divergence without trimming.

Our major findings are as follows. (i) In the low dimensional setup where the number
of portfolios in the market is small, predictability of our method is at least as good

as the Fama-French three factors model, and our method shows lower cross-sectional
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errors. (ii) In a relatively high dimensional setup where the number of portfolios is similar
to the number of training periods, upon choosing suitable penalty levels, our method
outperforms the Fama-French three factors model. Also Ghosh, Julliard and Taylor’s
(2016) method shows erratic behaviors in this case. (iii) Our methods are robust against
different choices of ¢ and trimming, but the SDFs extracted by different ¢ have different
shapes, especially in terms of skewness and kurtosis. (iv) In a low dimensional case, the
KL divergence performs better than the Pearson’s y? divergence. In high dimensional case

with penalization, the Pearson’s x? divergence performs better than the KL divergence.

5.1. Step-by-step implementation. We first give a detailed procedure of implement-
ing our proposed method to estimate out-of-sample SDF and test its cross-sectional pre-
dictability.

5.1.1. Form training and testing samples in rolling windows. Let L be a set of indexes
of years for which we want to estimate monthly out-of-sample SDFs. Let R; be a K — 1
dimensional vector of portfolio excess returns in month ¢. Following the convention in
empirical finance, in July of each year | € L, we form a training sample {R;}ic7 ()
of monthly returns in the past 30 years and a testing sample {R;};c7,) of returns 12
months ahead. That is, in each rolling window, the training sample size is |7;(l)| = 360,
and the testing sample size is |T5(1)| = 12.'* Let {Ri}ic7 ) be the sample of monthly
returns after trimming. The actual training sample size after trimming is |77(l)|. If there
is no trimming, it holds 7;(1) = 75 ().

5.1.2. Out-of-sample prediction. We create a grid of possible values for the penalty «,,.

For each a, in the grid points and each [ € £, we compute the followings.

(1) If the KL divergence is used, the out-of-sample prediction for the SDF is given by

NR;
a]] — leXp( ]) _ ’ (35)
T2(0)|~ Zten(z) exp(N' )
for each j € T5(1), where
A= arg)\g&}{nﬁlﬁi(l)\’l Z exp(NRy) + aql|A||,-
teT1(l)
(2) For other divergences, the out-of-sample prediction for the SDF is given by:
@ = o (NX)), (36)

for each j € T5(1), where X = (1, R;‘)la

. o
A = arg min [71(1)] Z PN X;) — Ney + ay ||\
teT1(l)

1’

2This is except for the last rolling window in which the testing sample size is 6.
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and e; = (1,0,...,0)" is a K dimensional vector.
(3) Repeat (1) and (2) for each year [ € L.

5.1.3. Testing cross-sectional predictability. Based on the constructed time series of the
predicted SDFs {@;} e )ec, We test its cross-sectional predictability using standard
two-pass regression in empirical finance (Fama and MacBeth, 1973, and Cochrane, 2009).
Empirical performances of extracted out-of-sample SDFs depend on the penalty level
o, for our method. We recommend to select o, in a given grid to lead to the best
predictability. There are different measures of predictability in the literature. In this
empirical exercise, we set the optimal penalty level as the one that leads to the smallest

magnitude of the estimated constant and the largest adjusted R2.
5.2. Main empirical results.

5.2.1. Low dimensional case: 25 size and book-to-market portfolios. This is arguably a low
dimensional scenario. We present results using three divergences: KL, PSN1 and PSN2.
Table 1 presents some summary statistics of predicted SDFs without penalization. As we
can see, the predicted SDFs by KL are positively skewed with high kurtosis compared to
the ones by PSN1 and PSN2. By truncating at zero, PSN2 excludes negative values for
predicted SDFs and yields positive skewness.

Table 2 presents cross-sectional regression results for the 25 Fama-French size and
book-to-market portfolios. Panel A summarizes results without trimming. Although
penalization seems unnecessary, we also present predictability results with «,, = 0.05 for
comparison. Without penalty, all three choices of divergences work well: (i) the estimated
prices of risk are highly significant with the correct sign, (ii) the adjusted R*’s are larger
than the one for the Fama-French model, and (iii) the intercept estimates are much smaller
than the one by the Fama-French model. These results indicate that the proposed method
outperforms the Fama-French three factor model in our empirical example. We note
that the KL divergence works better than the PSN1 and PSN2 divergences in terms the
adjusted R? in this case, and that the performances of PSN1 and PSN2 are very similar.
For our method, the estimates with penalization underperform the ones without it. Since
the dimension is low, we expect every portfolio is informative and there is no need for
penalization.

We also report results after trimming extreme values of returns in Panel B of Table 2.
For each training sample formed for year [, we remove returns that are either too big or

too small. For each period ¢, the vector of returns R; is trimmed as

Bl{[[Bil o < Qial},
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where @Q1_, is the (1 — a)-th empirical quantile of {||R;|| . } across all months used for
training, i.e., from July 1933 to June 2010. We consider a = 0.01 and 0.025. As we can
see in Table 2, after trimming, predictability in terms of the adjusted R? slightly decreases
for all divergences. The KL divergence seems more sensitive to extreme values than the
unrestricted PSN1 divergence. Forcing non-negativity, PSN2 divergence also increases
sensitivity of the results to extreme values.

For robustness checks, we also report results using the KL divergence for other low
and intermediate dimensional portfolios in Tables 5 and 6 in Appendix. An interesting
case is in Panel B of Table 5, where the estimate without penalization is worse than
the penalized estimate. This result indicates usefulness of penalization even for the low

dimensional case.'?

5.2.2. High dimensional case: 300 portfolios. In this case, the estimate without penal-
ization (essentially, the one by Ghosh, Julliard and Taylor, 2016) is not applicable or
performs erratically, and it is crucial to introduce some penalization. We focus on two
divergences, KL. and PSN1. For KL, the grid for the penalty level a,, ranges from 0 to 2
with 0.05 increments. For PSN1, the grid for «,, ranges from 0 to 1 with 0.025 increments.
We estimate the SDFs by our method and implement the cross-sectional regression for
each penalty level.

The results are summarized in Figure 1. Performances of the two divergences are
similar. The SDF estimates without penalization perform very badly with the adjusted
R? close to 0 and relatively large intercept estimates. As the penalty level increases,
predictability of our method gets better and outperforms Fama-French. The intercept
estimates of our methods are also much smaller compared to Fama-French. However,
the performance of our method gets worse when the penalty level continues to increase
(o, > 1.5 for KL and «,, > 0.45 for PSN1). This is expected because the number of
selected portfolios will be too small for too large penalty levels and the performance
would deteriorate. Based on these results, we set the optimal penalty level at 0.9 for
KL and 0.475 for PSN1, and report more detailed results in Table 3. We can see that
the adjusted R? by the SDF estimates using penalization is much higher than the one of
Fama-French, and that its intercept estimate is much closer to 0. Therefore, our method
shows excellent performance upon choosing suitable penalty levels. We find that in this
BUnderperformance of the estimate without penalization (for both low and high dimensional cases) may
be due to non-existence of higher moments. Note that both Ghosh, Julliard and Taylor (2016) (with no
penalization) and our method using the KL divergence (with ¢;-penalization) rely upon finite exponential
moments E[exp(\ R;)], which require infinite order of moments of R;. If some higher moments of R; do
not exist, the estimator without penalization will behave erratically. Although formal analysis is beyond
the scope of this paper, we conjecture that our ¢;-penalization may effectively remove such problematic
components. Also, if non-existence of higher moments is a significant concern, we can choose a different

divergence function, such as the PSN1 or PSN2, which requires less stringent conditions for higher
moments.
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high dimensional scenario, PSN1 works better than KL in terms of the adjusted R2. This
may be due to non-existence of higher moments of certain returns in the presence of many
portfolios. Moreover, we find that at the optimal penalty level (i.e., 0.9 for KL and 0.475
for PSN1), KL, and PSNT1 select 5 and 18 portfolios on average, respectively. Out of all
rolling windows, 33% of times PSN1 with the optimal penalty level includes all portfolios
selected by KL with optimal penalty level, 56% of times PSN1 only misses one or two
portfolios selected by KL, and 11% of times PSN1 misses three or four portfolios selected
by KL.

5.2.3. Time series property of penalized SDF' estimates. We illustrate time series prop-
erties of the SDF estimates with penalization for 300 portfolios. The penalty levels are
chosen at 0.9 for KL and 0.475 for PSN1. The time series plot is displayed in Figure 2
and the grey shaded areas correspond to NBER recessions. In Table 4, we run a time
series regression of our SDF estimates on other key factors in the market including Fama-
French three factors and momentum factors. We can see that correlations of our SDF
estimates with those leading factors are very small, and the adjusted R? is also small.
This indicates that our method may capture critical information for asset pricing in the

market that cannot be explained by Fama-French or momentum factors.

TABLE 1. Summary statistics of predicted SDF using 25 portfolios, no
penalty, no trimming

KL  PSN1 PSN2

min 0.044 -1.544 0
max 4965 3.100 3.458
mean 1 1.081 0.972
25% 0.654 0.744 0.660
median 0.924 1.088 0.975
75% 1.199 1.372 1.277
standard deviation 0.544 0.555 0.483
skewness 2.229 -0.200 0.430
kurtosis 13.166 5.117 4.252

Hpor PSN1 and PSN2, the mean of the predicted SDF is not exactly 1 because they are out-of-sample
prediction. On the other hand, for KL, the mean of the predicted SDF is always 1 by construction of
(35).
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TABLE 2. Cross-sectional regression for 25 size and book-to-market portfolios

Intercept /\SDF >\RM >\SMB )\HML Adjusted
R2
3 Factors 1.668 -0.751 0.204 0.437 0.714
(4.401) (-2.067) (3.853) (6.773)
Panel A: No trimming

) 0.649 -0.257 0.844
KL: Nopenalty 3 970y ((11.439)

S 0.720 -0.124 0.625
Blran=005"10146)  (-6.400)

PSN1: No penalty  0.735 -0.194 0.767
(14.628)  (-8.938)

PSN1: a,, = 0.05 0.755 -0.116 0.631
(11.555)  (-6.478)

PSN2: No penalty  0.675 -0.167 0.737
(11.126)  (-8.270)

PSN2: «,, = 0.05 1.616 -0.077 0.686
(22.725)  (-7.312)

Panel B: With trimming

KL: trim 1% 0.660 -0.260 0.822
(13.423)  (-10.573)

KL: trim 2.5% 0.624 -0.284 0.765
(10.080)  (-8.890)

PSN1: trim 1% 0.748 -0.195 0.738
(14.257)  (-8.284)

PSN1: trim 2.5% 0.695 -0.203 0.717
(11.339)  (-7.853)

PSN2: trim 1% 0.716 -0.168 0.701
(11.736)  (-7.563)

PSN2: trim 2.5% 0.776 -0.141 0.587

(11.475)  (-5.927)

Note: The estimated SDF is derived in a rolling window out-of-sample fashion from July 1963
to December 2010. Panel A presents results without trimming, and Panel B presents results
with trimming. The second column is the estimated constant in each model, the last column
records the adjusted R?, and the other columns summarize estimated price of risk. Numbers in
the bracket are the corresponding t-values.
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FIGURE 1. Summary of cross-sectional regression against different penalty
levels in high dimension case (K = 300, |7;| = 360)
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TABLE 3. Cross-sectional regression in high dimensional case: 300 portfolios

Intercept )\SDF /\RM )\SMB >\HML Adjusted
RQ
1.027 -1.197 0.032
RLian =01 14 062)  (-3.306)
-0.050 -0.214 0.658
KLian =09 (gg51)  (24.017)
0.521 -5.458 0.126
PSN1: a,, = 0.05 (5.576) (-6.651)
0.200 -0.361 0.919
PSN1: a,, = 0.475 (8.281)  (-58.153)
3 Factors 4.687 -3.891 0.699 -0.517 0.301
(10.986) (-9.998) (5.295) (-2.900)

Note: Cross-sectional regression results with 300 portfolios. The 300 portfolios are composed of:
100 size & book-to-market portfolios, 100 size & operating profitability portfolios, and 100 size
& investment portfolios. The estimated SDF is derived in a rolling window out-of-sample fashion
from July 1993 to December 2010. The second column is the estimated constant in each model,
the last column records the adjusted R?, and the other columns summarize estimated price of
risk. Numbers in the bracket are the corresponding t-values.
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FIGURE 2. Time series plot of estimated SDF in high dimensional case:
July 1993 - December 2010 (Grey shaded area represents NBER recessions)
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TABLE 4. Time series properties of estimated SDF from 300 portfolios

Intercept Bru Bsmp BramL Byvom Adjusted
R2

Panel A: KL, o, = 0.9
1.011 -0.004 -0.014 -0.007 -0.007 0.118
(85.846)  (-1.427)  (-4.106)  (-1.851)  (-3.264)
Panel B: PSN1, «a,, = 0.475
0.962 -0.020 -0.028 -0.051 -0.001 0.096
(26.596)  (-2.343)  (-2.657)  (-4.377)  (-0.177)

Note: Time series regression of estimated SDF extracted from 300 portfolios against key factors
in the market. The estimated SDF is derived in a rolling window out-of-sample fashion from July
1993 to December 2010. Panel A presents results using KL divergence and when penalty level is
0.9, and Panel B presents results using PSN1 divergence and when penalty level is 0.475. The
first column is the estimated intercept in each regression, the last column records the adjusted
R?, and the other columns summarize estimated beta for each factor. Numbers in the bracket
are the corresponding t-values.
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APPENDIX A. PROOFS FOR LOW DIMENSIONAL CASE
Recall g,(X) = E[g(X)g(X)T{X € X,}]"?¢(X)I[{X € X,} and
r(X) = E[g(X)g(X)I{X € X,}]"*r(X)I{X € X,}. Define \ = arg m/\in]En[qS*()\'gn(X))—
Nrn(X)].

A.1. Lemmas.

Lemma 1. Let f(z) = (fi(x),..., fx(z)) be a K-dimensional vector of functions, and
M, = max;<;<x{E|f;(X)|9}/%. Suppose {X;}*, is a-mixing with mixing coefficient
{m fmen satisfying K- My(My + M, > " arl>7 %) /n = 0 for some ¢ € (2, 00]. Then

E.[£()] - BF()]| = 0, [ | F25 <M2 Sy a;n/z-ug>

m=1

Lemma 2. Suppose Conditions D, S, and I hold true. Then

(i): for all x € X and n large enough, A\ g,(x) € C, where C is a compact set in
((0), 6V (+00)),
(i1): sup,cn, lwo(x) = 68 (Nga(@))] = Olnic,).

Lemma 3. Suppose the conditions for Theorem 1 hold true. Then
(i): if we additionally assume that {X;}}", is iid and (%, log K//n — 0, then
[0 (X)gn(X)] = I| = Op(y/ ¢k log K/n), and thus Awmin(En[gn(X)gn(X)']) is
bounded away from zero and from above with probability approaching to one,
(ii): [En[ra(X) — wo(X)gn(X)]| = Op( VE /1),
(iii): |y [{wo(X) — 68 (N (X))} (X)]| = Op(Bic),
(iv): A= Nl = Op(\/ Kt/ + Bic).

Proof of Lemma 1. Let W(X) = f(X) — E[f(X)]. Note that

BB (X)) = 5 7 S B0+ 5 S SR (X)W (X0)]
i=1 j=1 i#l j=1

The first term is bounded as -5 >." | Zjil E[W?(X;)] < KMj/n. For the second term,
Hall and Heyde (2014, Corollary A.2) implies

EW; (X)W;(X0)]] S {BIW; (X)) |30 EIW;(X0)2al) ™ < M Maal7V9,

and thus =5 D i ZjK:1 E[W;(X;)W;(X))] S KM My > ", an> 7. Therefore, the con-

clusion follows by Markov’s inequality.

Proof of Lemma 2 (i). By boundedness and positivity of wy (Condition D(3)) and
continuous differentiability and strict convexity of [qﬁil)]_l() on (0, 4+00) (Condition D(4),

31



since [¢3"]71() = ¢@(-) on (0,+00)), both ¢M(0) < 7 = infoex[¢t"]}(wo(x)) and
¥ = supxex[¢£1)}_1(wo(x)) are finite. Thus, by (15) in Condition S, there exists C; > 0
such that

Mpgn() € [v = Cinien, ¥ + Ciige ), (37)
for all z € &),. The conclusion holds for all z € X by the requirement ng, — 0 and
¢ (0) < 0 from Condition D(4).

Proof of Lemma 2 (ii). Note that (37) also guarantees

wo() =0 (Nyga()) € [6) (N9 (@) = Criprcn) =61 (N9 (), 10 (N0 (@) +Crien) =01 (N ()],

for all x € &, and n large enough. By applying the mean value theorem to the upper and

lower bounds under Condition I, there exist ¢, ¢y > 0 such that

for all z € X,, and n large enough. Combining these results, the conclusion follows.

Proof of Lemma 3 (i). This follows directly from Belloni et al. (2015, Lemma 6.2) or
Chen and Christensen (2015, Lemma 2.1).

Proof of Lemma 3 (ii). Let f(z) = r,(z) — wo(x)gn(z). By (1) and Cauchy-Schwarz
inequality, we have
ELf (O] S [E{wo(X)g(X) = r(X)H{X ¢ X},
< VE[|wo(X)g(X) = r(X)P]VP{X ¢ X} = o(V/E/n), (38)

where the equality follows from Condition S. Condition S guarantees max. {E[|f;(X)|}Ve <
<j<

M ,,. Thus, Lemma 1 implies

[Enlf (X)] = E[f(X)]] = Op(\) Kpicn /1) (39)

The conclusion follows by (38) and (39).

Proof of Lemma 3 (iii). Let

E(X) = {wo(X) =0V Ngu(X))}, p = (Balga(X)ga (X)) Enga(X)E(X)):

By the assumption |E,[g,(X)g.(X)'] — I| = 0,(1), it holds (E,[g,(X)g.(X)])™" = O,(1),
and then

[En g (X)EO] < [Enlgn(X) g0 (X)TM1A] S 18] S VER(79(X))?], (40)
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with probability approaching one, where the last inequality follows from Condition S.

Since p is the empirical projection coefficient from £(X) on g,(X), we have
En[(7'9n(X))*] < {Ba[€(X)*] = E[E(X)*]} + E[§(X)*] = Op(Bic), (41)

where the equality follows from (16) in Condition S and Lemma 1 (note that E[|£(X)]9] <
q?(/z under Conditions D and S). The conclusion follows from (40) and (41).

Proof of Lemma 3 (iv). Recall that &(X) = ¢! (Vg(X)I{X € &,}) = ¢! (Vg (X)),
where \ = arg m/ex@()\) and

Q()\) = )‘/]En[rn(X” - En[¢*(A,gn(X))]'

By Condition D, Q()) is concave. Let QM (\) and Q@ () be the first and second deriva-
tives of Q()\), respectively, if they exist. The proof is split into several steps.

Step 1: Show Q(l)()\b) = 0,(0,), where 6, = \/Kpugn/n + Bg,. Since Q(l)()\b) =
E,[r,(X) — gbil)()\ggn(X ))gn(X)], the triangle inequality yields

QW (No)| < [Enlran(X) — wo(X)gu(X)]| + [Eal[{wo(X) — ¢ (N9 (X)) } g (X)]

Thus, Lemma 3 (ii) and (iii) imply Q™ (\y) = O,(5,,).
Step 2: Show that for any C' > 0, there exists some ¢ > 0 such that

= inf 2 (Ng, > c.
ne |A—Ab|§%an,xex¢* (Ngn(z)) > c

Pick any C' > 0. Since 0,,(k.n = 0o(1), we have
(N g (@) < INgn(@)] + A = Mol lgn ()] < [Ngn (@) + C0nCrn,

for all A satisfying |\ — A\y| < C0,,. Thus, by Lemma 2 (i), Ng,(z) lies in some compact
set C in (¢M(0), ¢V (+00)) for all X satisfying |A — \p| < €3, and z € X. Condition I
and Weierstrass theorem guarantee nc > ¢ = min, s (bff)(a) > 0.

Step 3: Show that there exists some C* > 0 such that Q(\) < Q(),) with probability
approaching one for all A satisfying |\ — \y| = C*9,,. Pick any € > 0. By Step 1, we can
take C* > 0 such that

P{QW (\)| < cC*6,/4} > 1 — e, (42)

for all n large enough, where ¢ > 0 is chosen in Step 2. An expansion of Q()\) around
A =)\, yields

Q) — Q) = QW (N (A= No) + %(A “ ) OP (N = M),

for some A on the line joining A and \,. By Step 2,

A .

Q(Q)(/\) = _En[¢9)(/.\/gn(X))gn(X)gn(X)/] Spsd _CEn[gn(X)gn<X)/]a
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and Condition S(1) implies
1 p o
SA= QP = A) < — 7= AP,

with probability approaching one. Combining these results, for all A satisfying |\ — \y| =

C*6,,

Q) = QO < 1QVOIA =l = Sa = P < (10901 - 52 ]n- .

Thus, (42) implies that Q(/\) < Q(/\b) with probability approaching one.

Step 4: By continuity of Q()), it has a maximum on the compact set {\ : |A — \y| <
C*6,}. By Step 3, the maximum A+ on set {\ : [A—Xy| < C*8,} must satisfy [Ac- — \y| <
C*6,.. By concavity of Q()\)7 Ao+ also maximizes Q()\) over R*. The conclusion follows by
the same argument used at the end of the proof of Newey and McFadden (1994, Theorem
2.7).

A.2. Proof of Theorem 1.

Proof of (17). Let wy(z) = ¢ (N,g,(x)). Pick any C > 0. From Step 2 in the proof of
Lemma 3 (iv), Ng,(z) lies in some compact set C in (¢(V(0), p(M) (4+-00)) for all z € X and
A\ satisfying |A — A| < C6,. Let &, be the event that Xg,(z) € C for all z € X. Lemma

3 (iv) guarantees P{&,} — 1. On event &,, an expansion around A =\ yields
O(x) —wp(z) = P (Nogn(@))(A = Np)'gn(2), (43)

where ), is a point on the line joining A and \,, and N gn(z) € C for all # € X. Weierstrass

theorem and Condition I imply

sup ¢ (N ga(2)) < Cr < o0, (44)

IA=\p|<C8y,zeX

for some C; > 0. Furthermore, observe that
E,[{&(X) —wp(X)F] = (0= M) Eal{6P) (Nygn(X))}290(X) g (X)I(A = Ny)
< CiA = MNP [Enlgn(X)ga (X)) = Opl(IX = Ao, (45)

where the inequality follows from (44) and P{&,} — 1, and the second equality follows
from Condition S and Lemma 3 (iv). Now, the same argument in the proof of Lemma 3
(iii) for (41) yields

E, [{wy(X) — wo(X)}?] = Op(Bi.). (46)

The conclusion follows by (45), (46), and the triangle inequality.
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Proof of § 3 fy. Observe that
-6y < [E.o(X)h(X,Y)] —E, [wo(X)h(X Y)]I + [Enfuo(X)A(X, V)] - Eluwy (X)h(X, V)]
< VE (X)) = wo(X)}VE,[h 2]+ [Epwo (X)A(X,Y)] — Elwo (X)h(X, Y)]|

= O,(\/Knrcufn+ BK,n> + op<1>

where the first inequality follows from the triangle inequality, the second inequality follows

from Cauchy-Schwarz inequality, and the final equality follows from the law of large
numbers (under Condition D) for stationary and ergodic processes and (17) in Theorem
1.

Proof of (18). By the triangle inequality,

sup |w(z) — wo(@)| < sup |w(x) — wy(x)| + sup |wy(x) — wo(z)].
TEX) TEX), zeX)

From the proof of (17), it is easy to see that sup,cx, |[0(x)—wy(x)| = Op(Cxn(\/ K pirn/n+
Bk )). Thus, the conclusion follows by Lemma 2 (ii).

A.3. Proof of Theorem 2. Let
hi = h(X;,Y:), h* = Elh| Xi], woi = wo(X;), Gni = gn(X5),

wpi = W Ngn),  ©i= W Ngn), = ra(Xh),  rh=rMX5). (47)

¢S})(5\’ Gni)hi around A=)y, we decompose

-

By an expansion of 0 — %

=1

. 1 <
Vn(f —6y) = 7 > (woihi — 00) + Ty + Ty + Ts + T,
=1

= E[QSF«Q)( ;ygni>hig7/1i]\/_(5‘_>‘b)7

T, = \/— Z{¢ bgm zgm‘ - E[¢£2)( ggm)hzg:u]}(S‘ — ),

T3 = (/\ >\b < Z¢3) gm zgmgm> (5\_ )\b>a = Z wbz 7 WOZ z

and A lies on the line joining A and \p.

First, we consider T5. Since Lemma 2 (i) and Assumption N implylrgl%}%( {E[|¢{? (Nogn)hanj*1} S
<j<
1 and 1r<11‘£2>%({E[|¢(2)(ng)hg i1 < My, Lemma 1 yields
<j<

Z{¢(2) bgni)igh — B[0P (Nogni) higr |} | =
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Thus, Cauchy Schwarz inequality and Lemma 3 (iv) imply 75 = Op(\/ Kpu Kn(\/ K n/n+

BK,"))'
Next, we consider T3. The definitions of (x, and matrix Ly-norm, Lemmas 2 (i) and

3 (iv), and Condition I imply |37, OO (N gni) hignigl:| = Op(Cikn). Thus, Cauchy-

Schwarz inequality and Lemma 3 (iv) imply

T3 = OP(\/ECIQ(JL(K/’LK,”/” + B?(,n))

Third, we consider 7. From the proof of Lemma 3 (iii) and the law of large numbers,

we have Ty = O,(v/nBg ).
We now consider T7. By expanding the first order condition of 5\

n

Z{gb gnz Gni — Tnz} - :Lz<wbigni_rnz Z¢ gnz gnlgnz()\ )\b) ( )

=1
where X lies on the line joining A and Ay. Let ¢ = E[¢ (X, gni)higl], 5 = B[ (Nygni ) gnidll,
and ¥ = % > ¢£<2)(5\’ Gni)Gnigh;- By solving this for A — )\ and inserting to 77, we have
i=1

_ 1 <&
T, = —1/12_1% Z(Wbigm' — i) = 111 + T1o + Ths,
i=1

where

Th = =& =S "= (Whigni — i),

n

1 & 1
_ -1 § o . - _ -1 § . —
T12 - _¢E \/ﬁ - (wbz sz)gma T13 - ¢E \/ﬁ ' (szgnz rm)~

For T35, note that

1
|Ta| < W’

( \/— Z Whi — sz Gni| -

It is easy to see that |¢)| = O((k,,) due to the deﬁmtlon of (k. Lemma 3 (iil) yields
\/iﬁ o (wpi — wol-)gm) = Op(v/nBgkn). Since Apin(X) is bounded away from zero by
Condition D and Lemma 2 (i), we have T2 = O,(v/nCxnBk,). For Ty, note that (48)
implies

Ty = Vap(E7 = 27HZ(A = &) = VST (E - D)(A = \y),
which can be bounded as [T11] < v/n[¢|s— 5 2) 2 — 5| - [A—= \y|. By the triangle inequality
and Condition N(2),

2 — 2| < Eu[(0P(Ngn) — 62 (Ngn))gngh]l + Op(Tic ).
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By an expansion of gb( (Ngni) and Lemmas 2 (i) and 3 (iv), we have ]En[(qﬁg)(/_\’gn) -
¢* (A;gn))gngn o (C(\/K pircn/n + Bi.p)). Therefore, we obtain

13— Z_jl = Op(C?(,n(\/ Kpgn/n+ Brn) + Trn).
Also by |¢| = O((k») and Lemma 3 (iv), we have
il = Oy ViIGa (Rscn/n + Biea) 4 Vo iy Krrca 4 Brc) )

Now consider T73. Note that

1 1 ¢
Ty = ——— E (woihi¥ — ) — NG g {8 (Woigni — Tni) — (woihy® — 1)}
j— =1

1
= ——= ) (woh¥ — 1) + 0,(1),

where the second equality follows from Lemma 1 and the condition (19).

Combining these results, we obtain

\/_<9 bo) = \/— Z{W(n i — (woihi® =)} + Op(7n),

where r, = (\/ﬁ(gf(ynKuK,n/n + CxnBrn + V/ Kpign/nCknl'kn)). Since 1, — 0 by the
assumption, the central limit theorem for a-mixing processes (e.g., Theorem 0 in Bradley,

1985) yields the conclusion.
A.4. Proof of Proposition 2.

Proof of (i). In this case, r(X) is a constant vector r = Elwyg;]. We set r"(X) as a

constant vector r* = E[wg;h:X]. Observe that
E[3'(Woigni — Tui) — (woihi' — Elwoshi’])]* < Ny + Np + N,
where
Ny = E[F'(woigni — Elwoigni]) — (woihi® — Elwoihi )%,
Ny = E[F'(Elwoign] — E[rul)’, N3 =E[5(E[rn] — )]
For Ny,

wj ()

N1 < Elwg; (i — B'gni)*] < <Sup 0—())> E((h: — B,Gn:)’):

zE€X gbf)(/\ggn x

Where iLz = \/ ¢i2)(A29nz)hf(> gz = ¢S«2)()\§,9m) nis and Bp E[gmgin]il]E[gmﬁz] Since

B, is the projection coefficient that solves min, E[(h; — b'§n:)?], the assumption in (21)
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guarantees N; = o(n™'). For Ny, (38) implies || = O(1) (because 8 is a projection
coefficient). By (21), we have

N2 S ElJwo(X)g(X) = r(X)PIP{X ¢ X} = o(n™").
For Nj, the definition of r,;, |5] = O(1), and (21) imply

N3 =E[8'(rni — E[rai)]* < |BPKP{X € X,}P{X ¢ X} =o(n™").

Combining these results, the conclusion follows.

Proof of (ii). This follows by a standard projection argument and thus the proof is omit-
ted.

APPENDIX B. PROOFS FOR HIGH DIMENSIONAL CASE

B.1. Proof of Theorem 3. By the mean value theorem, there exists t,, € [0, 1] such that

D) —wol) = dPNog(2) + ta(A = o) g(2)) (A = Xo) g(a), (49)
for each x € X.
First, consider the case (i) when Cxkon < 1. Holder’s inequality and Lemma 4 (ii)
imply
sup |ta:()‘ - >‘0>,g(x)| < H)‘ - )‘0H1CK = OP(CKRO,n) = Op(l)- (50>

reX
The assumption sup,cy [wo(z) — wo(z)| S 1 and (50) imply P{E,} — 1, where &, is the
event that ¢ (X, g(z) +to(A— Ao)’
En, (49) and (50) imply

g(x)) lies in a bounded set for all z € X. On the event

E,[{0(X) = wo(X)Y] S (A= Ae)Enlg(X)g(X) (A = Ao)

< P IR0, = 0,260,

where the second inequality follows from Hélder’s inequality and the equality follows from
Lemma 4 (ii) and the definition of &,.
Now consider the case (ii) when ¢ is bounded from above and away from zero. In
this case, it is easy to see that we still have E,[{&(X) — wo(X)}?] = O,(k2,&,) from (49).
Therefore for both cases, on the event &,, the triangle inequality, the result E,,[{&(X) —
wo(X)}?] = Op(kZ,&,), and the assumption \/E[{wo(X) —wo(X)}?] < o yield the

~Y

conclusion in (23).

Proofs of § % 6, and (24) are similar to those of Theorem 1, and thus omitted.

B.2. Proof of Theorem 4. We employ the notation in (47). By the Karush-Kuhn-

Tucker (KKT) condition of X in (14) for the high dimensional case, an expansion around
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A=\, yields
0= QPN + ani = QM (o) + &.Eu[g(X)g(X) (A = Xo) + i,

where Qu()) = En[6.(Ng(X)) = Nr(X)] and Q7 () = En[6:” (Ng(X))g(X) — r(X)] is
its first derivative. Since wy(-) = gbg)()\f)g(-)), an expansion of £ 3% | (bgﬁl)()\’ g:)h; around
A= )Xo yields

R 1 <& 1 — P, A
Upp = n ;Woihi - n 12:1: chigi{(A = Ao) + ., OR}.

By plugging in the form of a4 from the KKT condition to the above equation, we obtain

1 & . A
- > chig{(A = Xo) + 0, Ok}
i=1

~

B % D chigi{(A = Xo) = QL (o) + Enlg(X)g(X) (A = Ao}

_ _% > GO o (X)g(X) = r(X)] + T,

where Th = \/Lﬁ Yo ehigi(I — E,[g(X)g(X)]0)(A — o). Combining these results and

the definition of 3pp, we obtain the following decomposition
. 1 —
Vn(lpp — 6o) = = > {rk = b0+ woilhi = W)} + Ti+ T+ Ty + Ty + Ts + T,
i=1
where

I < ; X -
T = —C*% ;[BbB(WOiQi — 1) — (WOihz‘X - Tzh)}?
1 n ~ R 1 n -
T, = % ;(woi - wm’)(hx - 6,DB9i>a T3 = % ;(wm - WOz‘)(th - th>’

1 & 1 & N
Ty = —= oi — woi)(hi — hi¥ Ts=— J(hX — bt F— ).
= g e )= b, Ts= m ) ew( R + (1 =)

Condition DB guarantees Ty = 0. By Cauchy-Schwarz inequality,

n n

1 1 ~ A
T5| < v/n - > (Woi — wpi)? - > (X = Bppgi)? 50,

i=1 =1

where the equality follows from Chebychev’s inequality for the term £ 37 | (wo; — wo;)?
and Condition DB.

For T3, Cauchy-Schwarz inequality and the assumptions in the theorem imply E[T3] <
Vs, — 0. Also, Chebychev’s inequality implies T5 — E[T5] 2 0. Combining these
results, we obtain T3 - 0. Note that both 7y and Ts have zero mean. Thus, Chebyshev’s
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inequality implies Ty = O,(s,) = 0,(1) and T5 = O,(7,) = 0,(1). Finally, by Hélder’s

inequality, we have

Ts SV |r-Elg0gx)18)|

(1),

1 n
n ;higz‘ .

under the assumptions of this theorem .

Combining these results, we obtain

Vi(lps — 0p) = \/— Z{T — 0 + woi(hy — hi*)} + 0p(1),

and the conclusion follows by a central limit theorem.

B.3. Proof of Theorem 5. First, we show |A — A,| = O,(7,), where v, = /C2/n.

Recall A = arg maxycgs QS(A), where

Qs(A) = E[A'r5(X) — . (A g5(X)].

By Condition I’; Q¢(A) is strictly concave in A. By taking derivative, we have Q,(sl)(A*) =
E,[rs(X) — ¢t (M. gs(X))gs(X)]. Also note that E[rg(X) — ¢t (ALgs(X))gs(X)] = 0 be-
cause A, minimizes E[A'rs(X) — ¢.(AN gs(X))]. Thus, by Assumption S’ and Chebyshev’s
inequality, we have le)(A*) = O,(1/C2/n). The rest of the proof is similar to Steps 2-4
in Lemma 3 (iv) and thus is omitted.

Next, by an expansion of § = L = ! ( 'gsi)h; around A = A, we obtain

_ 1
V(0 — 6o +b) = %Z(Cbi‘i‘vli‘f‘v%‘f’v&‘) + T + Ty + T,
i=1
where

— (2) v A L = IX _ ~h
Ty = E[¢.” (N, gsi)higsi] \/E(A A) + Jn ;(w*lhi i),
T2 = ( (b(Q) gsz) i9si — ]E[(b (A/ gsz>hzgsz]> (A - A*)7
1
5

N <\/_Z¢ gsz zgszg;1> (A—A*),

and A is on the line joining A and A,. By Condition I’ and Chebyshev and Cauchy-Schwarz

ng

inequalities, we have

’T2| S \/_ Z¢ gsz zgsz - [¢(2)< ;gsl)hlgSl] |A - A*| = OP(CSWTL)
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For T3, similarly we have
|T3| < \/E|A - A*| Z (b gsz zgsigéi = Op(\/ﬁiﬁ)

We now consider T7. By expanding the first order condition of A,

n

1 1« . A
2{925 gsz gsi — Tsi} - ﬁ Z(W*igsi - Tsz‘) + ﬁ Z ngz)(A gsz)gszgéz<A - A*),

i=1 =1

where A lies on the line joining A and A,. Denote ¥y = E[¢£2) (N gsi)gsigly] and g =
S DI qﬁg)(/&’ si)gsigls- By solving the above equation for A — A, and inserting to T}, we

have
T, = E[¢ (A/gsz)hzgm oy 1\/—2 WiiGsi — T'si) \/—Z w*@hX ) = Ty +Tie +Ths,
where

Ty = —E[¢P(Alge)higsi] (55" — 251)% izj;(w*igsi — Tsi),

T = —El® (oo 55 = iwgm )+ = iwﬁf ),

T13 = _E[¢ (A/gsz>h1gsz Wi — sz gsz Wi — sz
S 7

For Ty,, we apply a similar argument used to bound 7j; in Theorem 2 but for iid
data, which yields |T11| = O,(v/n¢i~?%). Note that E[Ti5] = 0. By Condition N’(2)
and Chebyshev’s inequality, we have 115 = o0,(1). Also, the definition of iL;X implies
T3 = \/Lﬁ S (Wai — woi) (X — Blgsi) = 0. Combining these results, we have

- 1 <&
\/E(Q — 90 + b) = %Zzl(q)z + V15 + Vo +U3i) + 7y,

where 7, = 0,(¢¢/+/n) = 0,(1) under the assumptions in this theorem. The conclusion

follows by applying a central limit theorem for iid data.

B.4. Proof of Theorem 6. Recall wg(x) = ¢£1)()\gsgos(:c)). By an expansion of the

debiased estimator

n

HTD—_Zgb /\/TDz i iZGbS}) A/s sz

around Ag = \gg, We obtain

. - 1 <&
Vn(Orp — 0y +b) = % Z(‘I)z + U1y + Vo + Us;) + 11 + T + T,
i1
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where

. 1 < -
Ty = VnE[¢P (Aogsi)higsi] (As — dos) + WZ(WSJL%Z pi)s
=1
/

(As - )\os)a

T2 - [% Z{¢ ( sgsz)higsi_E[gbg)()‘:)sgsi)higsi]}

As_ os sz 1Ysi ;z AS_)\OSa
( (\/—Zcb L9 gg)( )

and Ay is on the line joining Ag and \os. Since Condition TD(3) implies IE[ng?)()\gsgs)h]Q =
O(1), Chebyshev’s inequality yields

= Op(v/ /).

Thus, by Cauchy-Schwarz inequality and Lemma 5(ii), it follows

1 n
% Z{Cbg) (AosGsi)igsi — ]E[gbg)()‘;sgsi)higsz’]}
i=1

|T2’ < \/_ - Z{¢ gsz) i9si — E[¢£2)<Ag5951>h2952]} ’]\S - )‘OS‘ = Op(Cs;Yn)

For T3, note that

T3] < V/nlgsl*[As — Aos|” Zgbf’) (ALges) ZhZ C252),

where the first inequality follows from Cauchy-Schwarz inequality, and the equality follows
from the law of large numbers, Condition TD(3), and Lemma 5 (ii).
Now we consider 77. By Lemma 5 (i), we have

n

o ~ 1 ~
As_/\os:_ s siYsi — st A»
0L et — ) +

i=1
where A = (I, — 0,07 () (As — Aos) and QP (Ns) = E, 617 (Mgs)gsgl]. Also let
Q@ (Nos) = E[¢P (N _gs)gsg.]. Note that T is decomposed as Ty = Ty + -+ + Tia,

where

1 1 <« - _
T, = —\/EE[¢£2)(Ai,sgsi)higsi]/Q(z)()\os) 15 Z(WOigsi_rsi)"i_%Z(wOth)gDz T?’Dz)
i=1 =
1 n
Tiy = —vnE[0P (Nougsi)higsi] QP (Nes) ™ IHZ% woi)gsi + \/—ZWS’ woi)hi'
i=1
. L1
T3 = _\/_E[ 2)<>‘/sgsi)higsi]/(@_Q(Q)()‘os) 1)52(w5i95i_705i)’
i=1

Ty = \/EE[QSSP)()‘;sgsi)higsi]A'
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For 7111, Condition TD and Chebychev’s inequality imply

1 -~ .

Ty =——= Y {Bi(woigsi — 7si) — (woih;* — ') = 0.

By the definition, we have Tj5 = —\/iﬁ Z?:l(wsi — WOi)(Bégsi — iLZX) = 0. To bound Tj3,
note that E[gbig)(/\gsgsi)higsi] = 0,((s). By Cauchy-Schwarz inequality, Lemma 5 (iv), and
Condition TD(2), we have

n

!/ 17 A _ ]_
|T13‘ = ‘\/EE[Qﬁg)(Aosgsi)hlxgsi] (6 - Q(2)<)\os) 1)5 Z(Wsigsi - Tsi)

=1

= Op(\/ﬁcsgnﬁ/n) .

Similarly, by Cauchy-Schwarz inequality, Lemma 5 (ii) and (v), and the relation between

(1- and fy-norms, it holds
Tl = |VRE[PP (Nougsi) b gsil (Is — OQP (X)) (As — Aos)
< VRE[E (Npug)h 9 |~ OQD ()|
= Op(Vnk3 1 G8 + V/sFion0n).

Combining these results, we obtain

5\s - )\os

1

A - I L
\/E(QTD — 6+ b) = % zzl(q)z + U1 + U2 + USZ’) + T,

where r,, = O,(v/nkZ (3 + v/nnlson + V(2A5) = 0,(1) under the assumptions of this

theorem. The conclusion follows by applying a central limit theorem.

B.5. Lemmas.

Lemma 4. Under the conditions of Theorem 3, it holds

i): Priig() +04n5\—)\0 §4éa)\0+16a%8 >1—¢,
(i): Pr{ 56\ + aul I, <46(%)

2
‘175/\09

(ii): &(\) = O,(kon+/log K/n) and HS\ - )\oHl = Op(Kon)-

Lemma 5. Let Q(Xs) = E[p.(ALgs) — ALrs] and Qr,(As) = E,[dx(ALgs) — ALrs]. Under the

conditions of Theorem 6, it holds
(D): As = dos = =02 3 (waigei — 71) + A, where A = (I — 0,05 (A)) (As — Aos)s
i=1
and )\ is on the line between 5\5 and Agg,
(ii): |AS — Xos| = Op(Fn), where 7, = Ko, V /slog K/n,
(iii): | (hs) — QP (hos)| = Oplion(?),
(iv): |% Z:’L:l(wSigSi —76i)| = Op(Fn),
(V)2 11s = 0@ ()] = Op(Konl® + on).
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Proof of Lemma 4 (i). Pick any ¢ > 0 small enough and n € N large enough to satisfy

Condition H. Then set M = % and take A = tA + (1 — t)\, with t = m Due
to the definition of X in (14) and convexity of its objective function, we have
En[¢.(Ng(X)) = Nr(X)] + an|[Al]} < En[.(N9(X)) = A7 (X)] + [ Ao |,
and thus
EQN 4 A, < —{ra(®) — ()} + E(a) + Ao,
< é"(/\o)—i—oan/\oHlJr%, (51)
with probability at least 1 — &, where the second inequality follows from Condition H(1)

MH/\j/\Oul < M. Hereafter all inequalities involving A hold
M+|[A=2 ||,

true with probability at least 1 — e.
Note that A = A, + Ass , Aosy,, = Ao, and Ao s; = 0. Thus, (51) and the triangle
inequality imply

combined with || X — X, =

Qo

5(/_\)+OCHHS\5§O 7

IA

E(No) + anl|As,, — Aof|, +

< Qo a”H;‘SAo - )‘0”1’

(52)

A

where the second inequality follows from & ()\,) < % (due to the definition of ()y). Thus,
the triangle inequality yields

EN) + anl|A = ||, < Qo + 20| As,, — o, (53)

In order to bound the right hand side of (53), we consider two cases: (I) 2a,[|As,, — o] L <
Qo, and (II) 2oy, || s, — /\OH1 > Qo

Case (I) 204n||/_\SA0 — )\0H1 < Qo-

In this case, (53) and Condition H(3) imply

ED) + A — Aol], <200 < anQM, (54)

and thus HS\ — )\0”1 < %
Case (II) 204nH5\5A0 - o ‘1 > Qo

In this case, (52) and Ao 5¢ = 0 guarantees

A= 2 B9~ A

(55)

sg, = Aouss, [l =lAsg, [Ty < 3[Ass, = Ao, [, <

where the last inequality follows from Condition C. Observe that

N +anl A= ol < danfhs,, — Aol < 225 R 2Bl COSCXTA - )

A
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where the first inequality follows from (53) and the condition of Case (II), and the second
inequality follows from (55) (note Ao = Ao, ). Now by using zy < 2? + % for any
x,y € R, we obtain

‘ﬁgﬁ (A~ M) Elg(X)g(X)](A — Ao)

1 - < 16c,s < 16a,s
< 3 <Q<A = X Elg(X)g (XA~ Xo) + —) < (@@(A) + —Q) 7
Sro
where the second inequity follows from Condition H(2). Combining these results with the
definition of Q),,

< < 1 < 82 s 1 <
EN) + anl|A = X, £ 56N + 5= < =EN) + Qo (56)
2 quAOQ 2
which implies (by Condition H(3)) [|A = Ao ||, < 22=M < &L,

Therefore, for both cases, it holds HS\ — /\0H1 < % and also Hj\ — /\0H1 < M, i.e., A is
close enough to A, to invoke Condition H(1).
Repeat the proof above by replacing A with A. Then we obtain the counterparts of (54)

and (56) with replacements of A with A, i.e.,
1 o N
§§(A) + o || A = Ao ||, <2Qo,

with probability at least 1 — e. Therefore, the conclusion follows.

Proof of Lemma 4 (ii). By setting o, o /5% Part (i) of this lemma implies

log K
, slog ))
n

and the conclusion follows.

Proof of Lemma 5 (i). By the KKT conditions for As, an expansion around Agg yields

1 — 1 — A
05 = ;%9&' ~ 1)+ iy = z-;(wsz-gsi —7i) + QP (A)(As — hos) + ks, (57)

where ) is on the line between 5\5 and Agg. Thus, we have

n

o ~ ~ ~ ~ 1 _ ~
As - )\os - /\s - )\os + ®san’%s - /\s - /\os - @s _ E (Wsz’gsi - rsi) + Q%2)<)\s)(/\s - >\os) s
n
i=1

where I is an s x s identity matrix, the first equality follows from the definition of As,

and the second equality follows from (57). The conclusion follows by the definition of A.
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Proof of Lemma 5 (ii). By the definition of As,

|As - Aos’ S ‘j\s - )\os‘ + ‘ésanf%s| S ‘ 5\s - )\os

/slog K log K
S Kon + SOS :Op ("’f'o,n\/ Sof >7

where the first inequality follows from the triangle inequality, the second inequality follows

1 + ’ésan/%s‘

from the relationship between the ¢;- and ¢>-norms, and the third inequality follows from

Lemma 4 (ii) and the assumption |Og] = O,(1).
Proof of Lemma 5 (iii). Note that

Q(Q)()‘OS) = E[ébf)(%sgs)gsgé], Qg)(;\S) = ]En[¢£2)(5‘/sgs}gsg;]v

and further denote fo)(/\os) = En[gbg)()\gsgs)gsg;]. By Lemma 5 (ii) and Condition
TD(3), we have

QP (As) = QP (Nos)| = [E4[{6P (Nos96) — 62 (\oge) }gudl]]

n

n 1/2 1/2
< Cs2 { sup l Z ¢>(k3)()‘/sgsz)2} {E Z{(S\s - )\os),gs}2} = Op(/{o,ncg)~

—_

A:||Af)\05||1§’ynn i=1 i=1

Thus, the triangle inequality and Lemma 3 (i) imply

QP (X)) — QP (Nes)| < 1QP(Ns) — QP (Nos)| + QP (Nos) — QP (Nos)|
= OP(KO,nCS) + 0, < <S2 logs> = OP(KVO,nQS)'

n

Proof of Lemma 5 (iv). By (57), we have

1« . .
’ﬁ Z(wsigsi - rsi>| S |Q£L2)(/\s)()\s - /\os>| + |an/€s|

i=1
< QPO A = Aos| + lawite
1
< log K
S [P = 2ee]|, + lawiel = 0, <,<;O,nv 508 ) ,
1 n
where the second inequality follows from the definition of the matrix norm | - | and the

relationship between the ¢1- and /3-norms, and the third inequality uses Lemma 4 (iii)
and Condition TD.

Proof of Lemma 5 (v). By triangle inequality, we have

I — 0,0 (As)] < {Q® (Nos) ™! = O53QP (Nos)| + [0s{QP (Nos) — QP (As)}].
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Condition TD guarantees Q) (A\os) = O(1) and ©5 = O,(1). Thus, the conclusion follows
by Lemma 5 (iii).
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APPENDIX C. ADDITIONAL TABLES

TABLE 5. Cross-sectional regression for other low dimensional portfolios

Intercept )\SDF )\RM )\SMB /\HML Adjusted
R2

Panel A: 10 momentum

, 0.752  -0.168 0.918
KL: Nopenalty o) 715 (L10.056)
S 0.716  -0.129 0.908
RLian =005 9714y (c9.493)
3 Factors 2.365 1198 -0.068  -1.485 0.815
(1.576) (-0.754)  (-0.057)  (-1.615)
Panel B: 25 long term reversal and size
0.741 -0.215 0.505
KL: No penalty (8.023) (-5.049)
o 0.382  -0.180 0.785
KLian =005y 'a79)  (L9.416)
3 Factors 0.702 0.219 0.111 0.633 0.754
(2.541) (0.833)  (1.678)  (5.051)

Note: The estimated SDF is derived in a rolling window out-of-sample fashion from July 1963
to December 2010. Panel A presents results using 10 momentum portfolios, and Panel B is
concerned with results using 25 long term reversal and size portfolios. The second column is
the estimated constant in each model, the last column records the adjusted R?, and the other
columns summarize estimated price of risk. Numbers in the bracket are the corresponding t-
values. In each panel the first row is about the estimated SDF with KL when no penalty is
imposed, the second row is the estimated SDF with KL when penalty level is at 0.05, and the
third row is the seminal Fama-French three factor models.
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TABLE 6. Cross-sectional regression for intermediate dimensional portfolios

Intercept >\SDF )\RM )\SMB /\HML Adjugted
R
Panel A: 100 size and book-to-market
1.033 -0.926 0.581
KL: Nopenalty 59 744y (L11.532)
0.725 -0.273 0.652
RLian =01 90 435)  (13.367)
3 Factors 1.575 -0.639 0.190 0.439 0.627
(8.618) (-3.670)  (5.577)  (1L.175)
Panel B: 49 industry
0.800 -0.129 0.329
KL: Nopenalty 15 939y (L4.852)
0.686 -0.065 0.294
KLian =01 686)  (-0.065)
3 Factors 1.064 -0.008 -0.096 -0.109 -0.002
(6.229) (-0.047)  (-0.923)  (-1.151)
Panel C: 25 long term reversal+25 short term reversal+25 momentum
1.083 -1.919 0.605
KL: No penalty ¢ 960)  (-10.698)
1.130 -0.484 0.441
RLian =01 43 169)  (-7.705)
3 Factors 1.416 -0.432 0.293 0.012 0.153
(4.489) (-1.454)  (3.370)  (0.064)

Note: Cross-sectional regression results in the intermediate case. The estimated SDF is derived
in a rolling window out-of-sample fashion from July 1963 to December 2010, using portfolios in
each corresponding panel. Panel A presents results using 100 size and book-to-market portfolios,
Panel B presents results using 49 industry portfolios, and Panel C presents results using 75
portfolios listed in the beginning of the panel. The second column is the estimated constant in
each model, the last column records the adjusted R?, and the other columns summarize estimated
price of risk. Numbers in the bracket are the corresponding t-values. In each panel the first row
is about the estimated SDF with KL when no penalty is imposed, the second row is the estimated
SDF with KL when penalty level is at 0.1, and the third row is the seminal Fama-French three
factor models.
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