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Abstract: This paper proposes an analytical model for predicting grinding-induced 
sub-surface damage depth in a silicon wafer. The model integrates the dislocation 
kinetics for crack initiation and fracture mechanics for crack propagation for the first 
time. Unlike other conventional models, the proposed model considers the effects of 
strain rate on damage depth and the dynamically changing metastable phase change 
properties. The model is verified by grinding experiments and a comparison of 
theoretical and experimental results shows a good quantitative agreement. It is found 
that increasing grinding speed and decreasing depth of cut cause a higher strain rate so 
as to enhance material brittleness, which is favorable to achieving low sub-surface 
damage. These findings will pave a way towards optimizing the grinding parameters 
and greatly improving the production efficiency of hard and brittle materials. 
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Abbreviations: 
DOC      Depth of cut 
FEM      Finite element method 

L-C       Lomer-Cottrell lock type of dislocations 
SSD      Sub-surface damage  

MD         Molecular dynamics 

HPPT        High pressure phase transformation 

BK7      A grade of Borosilikatglas from Schott Glaswerke AG 

 

Nomenclature 

δ Subsurface damage depth 

F, FN 
Average machining force, normal machining 
force 

pn, α, β, ζ, χ, ψ, η, κ, p, q, m, n, 0  Constants 

ac Depth of cut 

E, Ei,, Ee 
Elastic module of the workpiece, elastic 
modulus of the cutting tool, effective modulus 

v, vi 
Poisson’s ratio of the workpiece, Poisson’s ratio 
of the cutting tool 

k Boltzmann constant 
T Temperature 

KC, KCd 
Static fracture toughness, dynamic fracture 
toughness 

H, Hd Static hardness, dynamic hardness 
R Radius of the abrasive grain 

r Radial distance from the center of the wafer 
Rs Radius of the grinding wheel 
c Crack size 𝜎𝑓𝑙 , 𝜎𝐹   Flow stress, fracture stress 
ΔG  Activation free energy 

F0 Total free energy 

M  Taylor factor 
̂  Maximum glide resistance 𝜌𝑚  Mobile dislocation density 

b Burger’s vector 
B Drag coefficient of dislocation 

v Dislocation speed 

V Surface speed of the grinding wheel 
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𝜀̇  Strain rate 

f Feed rate of the grinding wheel 
γ Concentration of the grinding wheel 

W 
Width of the abrasive segment of the grinding 
wheel 

L Total length of abrasive segments 

Nw, Ns 
Rotational speed of the workpiece, rotation 
speed of the grinding wheel 

 

1. Introduction  

Due to its abundance and excellent electronic properties, silicon dominated the 
semiconductor consumer market for much of the 20th century. Silicon is the most 
studied semiconductor material in recent decades, and a modicum of success has been 
achieved, making it a relatively well understood material compared to the others [1]. 
This is the primary reason that silicon will continue to play a significant role in the 
advanced and miniaturized products in the electronics and optics sector.  

The relatively low fracture toughness of silicon of about 0.9 MPa m1/2 makes it a 
hard, brittle, and difficult-to-cut material [2]. Surface integrity is often discussed in 
terms of the state of the machined surface and sub-surface, and the term is used to 
describe attributes such as sub-surface damage (SSD), high-pressure phase 
transformation, cracking, brittle fracture, residual stress, microstructural twinning, 
which are useful in assessing the quality of a machined part. SSD is detrimental to the 
service performance, especially the fatigue life, of the machined part.  

It has, therefore, remained at the heart of machining research endeavors to predict 
sub-surface damage depth in silicon subjected to cutting or grinding [3-6]. Most 
researches are based on the damage model proposed by Lawn and Wilshaw [7] for 
brittle materials, resulting in the researches focusing on the subsurface crack system. 
However, few studies take into considerations the stage before crack initiation to predict 
the depth of SSD. It is the motivation of this study to explore what takes place before 
the crack initiation and to reveal the contribution of the stage before the crack initiation 
to the distribution of SSD in a ground silicon wafer. 
 Researchers have been attempting to establish a relationship between SSD and 

process parameters. For example, Sun et al. [6] developed a grinding force model to 
predict SSD depth. In this model, grinding forces were assumed to be solely dependent 
on the depth of cut (DOC) of abrasive grains. SSD depth was found to be linearly 
proportional to the grinding force with a power index of 2/3, in line with other research 
studies [8-10]. Malkin and Hwang [11] came up with clarification and suggested that 
the power index should depend on loading conditions, especially in machining of 
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ceramics. Zhang and Howes [12] studied grinding-induced SSD of ceramics and found 
that the SSD depth follows a power law of DOC and that the power index can be 
determined by the hardness and fracture toughness of the workpiece material. 

These studies have three key limitations, which in fact, provides a new ground for 
us to undertake this study to overcome the limitations: 

(i) These studies are based on classical fracture mechanics which was drawn 
from the Griffith theory by assuming pre-existing defects to initiate and 
propagate a crack in the material [13]. However, the modern manufacturing 
technology allows fabrication of the monocrystalline silicon without any 
macroscopic defects or cracks. Hence, the Griffith theory cannot be applied 
to handling crack initiation problems in a nearly perfect material. 

(ii) The second limitation is that they are primarily based on depth of cut (DOC) 
considerations while other parameters, e.g., wheel speed and feed rate, can 
also affect the SSD depth. As this paper shows, besides DOC, cutting speed 
is also an influential parameter as it directly dictates the applied strain rate. 
An increase in the cutting speed reduces SSD. Gao et al. [14, 15] studied 
SSD of monocrystalline silicon from a wire-sawing process and found that 
a higher wire speed reduced the SSD. Wang et al. [16] used FEM 
simulations and studied SSD in grinding of BK7. He also performed 
experiments at a grinding speed ranging from 60-120 m/s. Their results 
showed a good surface finish and reduced SSD depth at higher cutting 
speeds. Similar conclusions were reached during grinding of other hard 
and brittle materials, such as Si3N4 [17, 18], fused silica [19], and SiC [20]. 

(iii) The third limitation is that they used static material properties acquired 
from the standard static/quasi-static testing at an infinitesimal strain rate, 
typically lower than 1 s-1. However, in the practical machining processes, 
strain rate is considerably high, ranging from 103 to 106 s-1, or even higher. 
Since material properties are strain-rate sensitive [21], errors would be 
induced if the static properties were used to predict SSD depth in a dynamic 
machining process at a high strain rate.  

Goel et al. [22] recently showed how the strain rate at the nanoscale made 
a remarkable difference in influencing the mechanical properties of the 
monocrystalline silicon. It is noteworthy that depending on the length scale, 
the process of ductile mode cutting of silicon entails the occurrence of 
high-pressure phase transformation and such events bring about few 
metastable and stable phases of silicon. Depending on the stress state (or 
strain rate applied), such phases can be amorphous or crystalline and their 
mechanical properties are different from the pristine silicon [23]. Hitherto, 
these events have never been considered in the existing models.  

Wu et al. [21] claimed that the failure strength and fracture toughness 
increased with strain rate during high-speed machining. Liu et al. [20] 
proposed that during high-speed grinding of SiC, the dynamic fracture 
toughness was proportional to the logarithm of strain rate. Limbach et al. 
[24] investigated the strain-rate sensitivity of the localized plastic 
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deformation in glass and reported that the glass having Poisson’s ratio of 
0.3-0.4 showed high strain-rate dependency. Chaudhri et al. [25] from their 
nano impact experiments noticed that the dynamic hardness increases with 
strain rate. Overall, the material property evolves with the cutting process 
and changes dynamically.  

The limitations of the existing models are highlighted in Table 1.  

 

Table 1.  Limitations of the current prediction models 
Predictive models Limitations 

2/3

1p F =    

[6-9] 

1. Based on the Griffith’s assumption this model 
just considered crack propagation, without 
considering crack initiation. 

2. It used the static material properties and 
neglected the strain rate effects. 

3. As a first attempt, it was a simplified model 
which considered only the depth of cut as key 
input and neglected other process parameters. 

2 ,  2/3 or 8/9 np F n =  =  

[10] 

1/log( / )

3
cH K

cp a =   

[11] 

The model used the static material properties and 
neglected the strain rate effects on material 
properties. 

 

In predicting SSD depth in a silicon wafer, Li et al. [5] identified that elastic modulus 
and fracture toughness degraded with an increase in grinding speed. Wu et al. [21] 
reported that an increase in grinding speed diminishes grinding damage in SiC. 
However, very few studies are based on the fundamental mechanisms of material 
property changes. The changes in the macroscopic properties of a material turn out to 
be a result of the mismatch and distortion of lattice structures, i.e., dislocations. In 
plastic materials, crack initiation is generally caused by the accumulation and burst of 
dislocation pile-up [26]. In the monocrystalline silicon wafer, crack initiation was 
suggested to attribute to the Lomer-Cottrell (L-C) locks from dislocation intersections 
[27]. Bulatov et al. [28] reported the formation of Lomer-Cottrell locks in cracking the 
FCC metals based on molecular dynamics. They found two dislocations kinked to form 
an L-C lock which obstructed the dislocation motion. Chavoshi et al. [29] studied 
plasticity of the monocrystalline silicon in the nanometric cutting with the MD 
simulation. The simulation result revealed that along with the amorphization and 
dislocations, stacking faults were also generate in the (110) [001] cutting, which would 
increase the possibility of the dislocation interaction and the formation of the L-C locks. 
Chavoshi et al. [30] also simulated cutting of 3C–SiC along the (110) 〈001̅〉 

orientation under various temperature conditions. They observed the formation and 
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destruction of the stacking fault-couple bounding between the partial dislocation 
segments and L-C locks. Once a crack is initiated, its propagation can be estimated by 
using the theory of fracture mechanics.  

The main motivation of this paper is to advance the current understanding of this 
topic by incorporating strain rate effect with the crack propagation theory during 
grinding of monocrystalline silicon. The paper uses the dislocation kinetics theory for 
crack initiation and fracture mechanics theory of crack propagation to improve the 
prediction accuracy of SSD depth during grinding. 
One must understand here that generally, there are two kinds of subsurface cracks 

observed during machining of monocrystalline silicon, namely, microcracks filled with 
phase-transformed silicon [31], and open cracks which propagate deep into the bulk 
material [32]. The paper deals with the open cracks as the understanding of the former 
is still in infancy. Also, the opened cracks are assumed to initiate from the L-C locks 
and the junctions of dislocations. Besides cracks and dislocations, phase transformation 
happens in machining, which is caused by high pressure phase transformation (HPPT) 
[1]. HPPT area generally forms just close to the cutting edge. There was hardly reported 
that HPPT had any relations with the subsurface cracks. Therefore, the paper focuses 
on the subsurface cracks neglecting the influence of phase transformation. 
 

2. Physical model for SSD depth prediction 

In numerous studies, SSD depth, δ, has been correlated with normal force or thrust 
force, FN [6, 8-11, 17] as below 

 n

NF   (1) 

where n depends on the cutting conditions and the geometry of a cutting tool. Based on 
the Hertzian contact theory, the normal force exerted by an abrasive grain in grinding 
can be estimated from Eq. (2) [6, 33] 

 
3/24

3
N e cF E Ra=   (2) 

where Ee is the effective modulus which is related to Young’s modulus and Poisson’s 
ratio of the workpiece and the abrasive grain. R and ac are the radius of the abrasive 
grain and depth of cut (DOC), respectively. The effective modulus can be resolved as 
below [33]. 

 
22 11 1 i

e iE E E

 −−
= +  (3) 

where E, v, Ei, and vi are the elastic modulus and Poisson’s ratio of the workpiece and 
the single grit of the abrasive grains, respectively. Therefore, combining Eqs. (1) and 
(2) 
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ca
   (4) 

such that χ is an exponent dependent on the ratio of hardness and fracture toughness 
H/KC of the substrate [12]. In Ref. [12], Zhang and Howes demonstrated that the 
exponent χ follows the inverse of the log of H/KC in grinding of hard and brittle 
materials. However, they used the static material properties. Since this study considers 
the effects of strain rate on the material properties, the material dynamic properties are 
used, as shown by Eq. (5) 

 
( )1/log /d CdH K

ca   (5) 

where Hd and KCd are the dynamic hardness and dynamic fracture toughness of the 
monocrystalline silicon. The ratio of the dynamic hardness and the dynamic fracture 
toughness represents the dynamic brittleness of the material. 
A general analytical model presented in this paper is shown in Fig. 1. At the 

microscopic level, dislocations are initiated and activated by an external load and 
greatly affected by the strain rate in a loading process [34]. The interactions among the 
dislocations, including entanglement and immobilization forming L-C locks, lead to 
crack initiation.  

 

Fig. 1: General illustration of the analytical model developed in this study 

Crack initiation Crack propagation

Dislocation kinetics Fracture mechanics

c

Microscopic view Macroscopic view

( )1/log /d CdH K

ca 
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Once a crack is initiated, its propagation can be analyzed by fracture mechanics at 
the macroscopic level. Therefore, the dynamic properties can be analyzed in terms of 
strain-rate sensitivity by incorporating the dislocation kinetics and fracture mechanics. 
Finally, the dependency of the SSD depth on the process parameters and material 
dynamic properties can be established and predicted.  

Previous investigations demonstrated that the dynamic hardness of a material is 
proportional to its flow stress [35] and is expressed by Eq. (6) 

 
d flH  =   (6) 

where σfl is the flow stress of the material; α is a constant determined by the ratio of 
elastic modulus E to yield strength Y [35-37]. For a monocrystalline silicon wafer, α 
was calculated as 3 [38]. 
It should also be noted that both hardness and fracture toughness change strain rate 

[34]. Dynamic fracture toughness KCd can be estimated by Eq. (7) [11, 39] 

 

1/2

3/2

N
Cd

d

FE
K

H c


   =    
  

 (7) 

where c is the crack size; β is a constant related to the geometry of an abrasive.  

Based on the fracture mechanics, fracture toughness can be estimated by Eq. (8) as [40] 

 
1/2

Cd FK c=  (8) 

where ψ and σF are the dimensionless geometric term and fracture stress, respectively. 
For the monocrystalline silicon, fracture stress, σF is assumed to be equal to flow stress, 
σfl at room temperature [41]. Therefore, substituting Eq. (8) into Eq. (7) leads to the 
dynamic fracture toughness expressed in Eq. (9) as 

 

1/4
1/2

3

Cd N fl

d

E
K F

H
 
  

=   
   

 (9) 

where ζ=β1/4ψ3/4, it is a constant determined by the geometry of the cutting edge. Eq. 
(9) no longer uses crack size c for fracture toughness. The dynamic fracture toughness 
KCd can be obtained in terms of flow stress. 
Therefore, the predictive model can be derived as Eq. (10). 

 
1/4

3/222 11
1 log

=

fli

i cE E aER

c
a

 

 

   −− +       
 (10) 

where κ, η are the dimensionless constants determined by the geometry of the cutting 
edge, workpiece material properties, and loading conditions. 
The flow stress is related to the motion of dislocations in a material. The motion of 
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dislocations is controlled by two mechanisms, i.e., the thermal activation at low strain 
rates and the dislocation drag at high strain rates, depending on the strain rates. Based 
on the pure thermal activation, the general relationship is given in Eq. (11) [42] as 

 0 exp( / )G kT = −  (11) 

where 𝜀0̇ is a microstructural dependent pre-exponential constant and is used for 
calculating the strain rate under given applied stress and temperature conditions; ΔG, k, 
and T are the activation free energy, Boltzmann constant, and temperature, respectively. 
The activation free energy ΔG can be described by Eq. (12) [43] 

 0
ˆ[1 ( / ( )) ]p q

f
G F M  = −  (12) 

where F0 is the total free energy; �̅�  is the appropriate Taylor factor; �̂�  is the 
maximum glide resistance, and exponents p and q describe the obstacle profile. The 
flow stress can be resolved by rearranging Eq. (13) as 

 ( ) ( )
1/( )

0

0

ˆ 1 ln ln

pq

f

kT
M

F
   

 
=  + − 

 
 (13) 

For single- and polycrystalline metals, the set p=1/2 and q=3/2 are the most commonly 
used [42]. If p=q=1 is considered, then it represents a rectangular obstacle and a regular 
lattice arrangement to the obstacle. For the monocrystalline silicon, p=q=1 can be 
considered. Therefore, the flow stress can be calculated by Eq. (14) as 

 ( ) ( )0

0

ˆ 1 ln lnfl

kT
M

F
   

 
=  + − 

 
 (14) 

As strain rate increases, the dominant mechanism controlling the dislocation motion 
gradually transits from thermal activation to dislocation drag. If dislocation velocity is 
purely controlled by the lattice drag, a relationship can be expressed as [42] 

 /flv b MB=  (15) 

where b and B are Burger’s vector and drag coefficient, respectively. According to 
Orowan’s equation [44] of rheology 

 / mM bv =  (16) 

where 𝜌𝑚 refers to the mobile dislocation density. 
Therefore, by combining Eqs. (15) and (16), the dislocation velocity v can be 

eliminated and the flow stress in the dislocation drag regime can be calculated from Eq. 
(17) 

 
2fl

m

B

b
 


=  (17) 

However, the mobile dislocation density ρm is not a constant, but sensitive to the applied 
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stress and strain rate. The variation in the mobile dislocation density as a function of 
the applied stress is still an open question. Regazzoni et al. [42] provided a framework 
to describe the behaviour of the mobile dislocation density, as shown in Eq. (18) 

 
ˆ

fl

m
M





 

  
 

 (18) 

Substituting Eq. (18) into Eq. (17), it can be found that flow stress is dependent on strain 
rate with a power index smaller than one. 
Zaretsky and Kanel [45] proposed an explicit relationship between mobile 

dislocation density and strain rate to express the flow stress of an aluminum alloy under 
shock loading, as given by Eq. (19) 

 
2/3

m    (19) 

Substituting Eq. (19) into Eq. (17) shows that the flow stress is dependent on strain rate 
with a power index of 1/3. The previous experimental results demonstrated that the flow 

stress increased at high strain rates. 0.25

fl  for some metals and brittle materials 

[46-48], while 1/3

fl  for rocks [49], although these materials have a commonality 

in low power indices of strain rate. 
For simplification, the dependence of the flow stress on strain rate at higher strain 

rates (such as during grinding) for a monocrystalline silicon wafer can be expressed by 
Eq. (20) as 

 
m

fl   (20) 

where 1/ 3m  . 
Wang et al. [50] suggest that the strain rate in grinding be correlated with the grinding 
speed and DOC as Eq. (21) 

 / cV a =   (21) 

Generally, the maximum DOC dominates the grinding-induced SSD. A schematic 
diagram of the relative motion of the silicon wafer with respect to the grinding wheel 
is shown in Fig. 2. The density of the grinding marks near the center of the wafer is 
larger than that close to the periphery. However, material removal rate is considered 
uniform along the radial direction of the wafer. Based on the geometric rotational 
trajectories of the abrasive grains, neglecting the elastic deformation of the grinding 
system, the maximum DOC during self-rotating grinding can be calculated by using Eq. 
(22) [6] 



Accepted in CIRP Journal of Manufacturing Science and Technology on 3th April 2021 

11 

 

 

0.4

2
2

2

4.88

1
8
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c
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s
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r
LW N

R


 
 
 = 
  

+  
  

 (22) 

where r is the radial distance from the center of the wafer; Rs is the radius of the grinding 
wheel; L is the total segment length; W is segment width; γ is the volume concentration 
of the grinding wheel; Nw, Ns, and f are worktable speed, wheel speed, and feed rate, 
respectively. 

 

 

Fig. 2: Schematic diagram of the relative motions between grinding wheel and wafer 
 

Therefore, the flow stress is calculated based on Eq. (23) { 𝜎𝑓𝑙 = 𝑓1(𝑇) ⋅ 𝑙𝑛( 𝑉𝐶/𝑎𝑐) + 𝑓2(𝑇)                 at high strain rates    𝜎𝑓𝑙 ∝ (𝑉𝐶/𝑎𝑐)𝑚                                                at low strain rates            (23)  

  where 𝑓1(𝑇)  and 𝑓2(𝑇)  are temperature-related coefficients. During the self-
rotating grinding of a silicon wafer, temperature rise can be suppressed by sufficient 
coolant supply. Therefore, the effect of temperature rise was neglected in this paper.  
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Smith et al. [51] studied the dynamic responses of silicon to the shock loading with 
a wide range of strain rates from 105 to 109 s-1. They found that the critical transition 
strain rate is 107 s-1 below which dislocation movement is dominated by thermal 
activation whereas a strain rate higher than 107 s-1 makes dislocation drag to dominate 
the dislocation movement. Therefore, this paper adopts the fitting equations proposed 
by Smith et al. to describe the variation of flow stress with strain rate, as shown in Eq. 
(24) 

7 1

0.21 0.02 7 1

4.06 0.32ln          10  s

0.32            10  s   

fl

fl

  
  

−

 −

 = + 
 = 

  (24) 

The flow stresses in Eq. (24) at different strain rates are used to arrive at a robust 
SSD prediction model (i.e. Eq. (10)) during self-rotating grinding by considering the 
flow stress and dynamic properties of the monocrystalline silicon.  

 

3. Experimental study 

In the experimental study, monocrystalline silicon wafers were machined by the self-
rotating grinding on a high-precision grinding machine (VG401 MKII, Okamoto, 
Japan). Much like the other machining processes, SSD in silicon during self-rotating 
grinding is directly related to the process parameters, namely grinding wheel diameter, 
rotational speed, and feed rate, as shown in Fig 3. A silicon wafer was fixed on the 
worktable by a vacuum chuck. The grinding wheel was the cup-type with abrasive 
segments uniformly installed around the periphery of the wheel. In grinding, the wafer 
rotated with the worktable that had the traces of the abrasive segments passing through 
the center of the wafer. The grinding wheel moved downward in feeding to thin the 
wafer. 

 

 

Fig 3: A schematic illustration of self-rotating grinding setup 

 

Nw

NsCup-type wheel

Abrasive segment

Silicon wafer

Worktable

f
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Grinding parameters are listed in Table 2. The wafers used were with the (100) 
surface and a diameter of 200 mm. Each wafer was thinned to 50 μm in thickness. Two 
cup-type diamond wheels of mesh numbers of #600 and #400 were used in grinding to 
induce two different depths of SSD. The #600 wheel was resin-bonded while the #400 
was vitrified-bonded, as shown in Fig. 4. The specifications of the grinding wheels are 
shown in Table 3.  

 

 

Fig. 4: Photographic views and schematics of the grinding wheels. (a) Photographic 
view of the grinding wheel, (b) zoom-in view of the inset in (a), (c) schematics of 

#400 wheel construction, (d) schematics of #600 wheel construction. 
 

Table 2. Grinding parameters for the silicon wafers 
Parameters  Values 

Wheel speed Ns, r/min 2399 

Worktable speed Nw, r/min  120 

Feed rate f, μm/min 90 

Coolant Deionized water 
 

 

Abrasive 

segment

Brass base

Vitrified bond

Diamond 

Brass base

Resin bond

(c)  #400 wheel (d)  #600 wheel 

(a) (b)
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Table 3. Specifications of the grinding wheels 
Specifications Values 

Wheel diameter, mm  350 

Total segment length L, mm 934 

Segment width W, mm 3 

Wheel concentration/% 100 

 

In the experimental study, both the microstructures and SSD of the ground wafers 
were examined. The examination of the microstructures could help reveal the physical 
changes in the wafer material due to grinding and was conducted with a transmission 
electron microscope (TEM) (Titan Cubed Themis G2 300, FEI, USA). SSD depth was 
measured by the cross-sectional microscopy and used to verify the proposed model. 
The details of the sampling and detection methods were reported elsewhere [52]. The 
radial distribution of SSD was investigated. Four locations at the distances of 20, 40, 
60, and 80 mm away from the center of the wafers were chosen for the SSD 
measurements. The measurement of SSD depth at each location repeated three times. 
The depth of SSD induced in grinding was predicted with the proposed physical 

model. By comparing the predicted SSD depth with the detection values, the proposed 
model was rationalized. Based on the model, the variation of the material dynamic 
properties with the process parameters was studied. SSD formation was also analyzed 
and discussed in the paper in terms of the changes in material properties, including 
elastic modulus, Poisson’s ratio, dynamic hardness and toughness, and the process 
parameters. Among the process parameters, grinding speed and DOC were the most 
important in the model. Grinding speed in a range of 10-100 m/s and grain-wise DOC 
with 0.01-1 μm were used to study the influence of the material property changes on 
SSD since the ranges have generally been adopted in other studies [6, 52, 53]. 
Many studies considered elastic modulus and Poisson’s ratio as material constants in 

machining without a reasonable explanation. However, Hayes et al. [54] studied the 
material properties of copper under the shock loading conditions and found that 
Poisson’s ratio rose from the initial value of 0.356 to 0.5 at the Hugoniot pressure of 
2.32 Mbar and shear modulus rose from 44 GPa to 120 GPa and dropped precipitously 
when the shock caused material melting. The Hugoniot pressure is related to impact 
speed, i.e., strain rate [55]. During grinding of silicon wafers, strain rate is considerably 
high. Therefore, it is necessary to investigate the effects of the changes in elastic 
modulus and Poisson’s ratio on the SSD depth in grinding, to our knowledge, which 
has not been reported before. 
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4. Results 

Figure 5 shows the TEM images of the wafer surface ground with the #600 wheel. 
The topmost is an amorphous layer marked with -Si beneath which cracks and 
dislocations are observed. In Fig. 5 (a), there are stress-induced stripes which disturb 
the observation of dislocations. Dislocations are visible in the enlarged inset A shown 
in Fig. 5 (b). As shown in ellipse B in Fig. 5 (b), the dislocations kink each other to 
form L-C locks which may obstruct further dislocation movements and lead to stress 
concentration, and finally crack initiation, similar to crack initiation in plastic materials 
[26]. 

 

Fig. 5: TEM images of the silicon wafer ground by the #600 wheel. (a) low-power 
field, (b) the inset of A in (a). α-Si: amorphous silicon, c-Si: crystal silicon. 

As shown in Fig. 6, SSD depth in the #400 wheel ground wafer linearly increases 

with ( )1/log /d CdH K

ca . It shows that the SSD obtained in the experiments by Sun et al. [6] 

presents in the same tendency. The data points are linearly fitted, and the fitting equation 
has been used to predict SSD induced by the #600 wheel grinding. Fig. 7 shows the 
predictions of the SSD depth of the wafers ground by the #600 wheel. The predicted 
SSD depth increases with the distance away from the wafer center, which is coincident 
with the situation of the practically detected SSD depth. However, when using the 
maximum DOC per grain ac to predict damage depth, the prediction shows a larger 
error compared to the experimental measurements. The reason for the larger error of 
the prediction with ac could be due to the elastic deformation of the grinding system 
during grinding. In the previous modelling, an assumption was made that there was no 
elastic deformation in the grinding system. The assumption makes sense in grinding 
with the #400 wheel of the vitrified bond that provides a high stiffness. However, the 
#600 wheel was made of the resin bond of which the stiffness is far lower than the 
vitrified bond. During grinding, the resin bond may be pushed back by the abrasive 
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grain due to grinding force, which reduces actual DOC per grain and the SSD depth, 
accordingly. When using the half of the maximum DOC, i.e., ac/2, the prediction errors 
are within an acceptable range, as shown in Fig. 7. Therefore, it is more reasonable to 
consider the deformation of the wheel bond in predicting damage depth in the silicon 
wafer ground with the #600 wheel. 

 

Fig. 6: Relationship between SSD depth δ and ( )1/log /d CdH K

ca  

 

   

Fig. 7: SSD depth distribution over the wafer ground with the #600 wheel grinding  

Figure 8 shows a comparison of the predicted SSD depth by the newly proposed 
model with the experimental results in Ref. [6] in the different grinding conditions. The 
model predicts the experimental results with an average error of 4.4%. The variation in 
SSD depth is opposite to that of the calculated strain rates. SSD depth decreases with 
an increase in strain rate, and vice versa. It turns out that increasing the strain rate has 
a positive effect on decreasing SSD depth. 
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Fig. 8: Comparison of the SSD depth predicted by the newly proposed model with the 
experimental results in Ref. [6] (Feed rate f/(μm/min): a-e were 120, 96, 72, 48, 24, f-i 
were all 48; wheel speed Ns/(r/min): a-e, h and i are 5000, f and g were 4000 and 
4500; wafer speed Nw/(r/min): a-g were 200, h and i are 150 and 250, respectively.) 

 

In the model, the ratio of dynamic hardness to dynamic fracture toughness Hd/KCd 
can be regarded as an index for material dynamic brittleness [38]. Both the dynamic 
hardness and dynamic fracture toughness are highly strain-rate dependent. Therefore, 
the dynamic brittleness of silicon in grinding is also dependent on the strain rate. Fig. 9 
shows that increasing grinding speed enhances the dynamic brittleness of the silicon 
wafer, which is due to the elevated strain rate. The strain rate in grinding with the #600 
wheel is larger than that in grinding with the #400 wheel under the same processing 
conditions, so is the dynamic brittleness of the silicon wafer. The difference in the 
dynamic brittleness in the grinding by the two wheels mainly results from the depth of 
cut of a single diamond grain. Based on Eq. (22), the #400 wheel has larger diamond 
grain size than the #600 wheel, which produces larger depth of cut of a single diamond 
grain. As calculated by Eq. (21), the strain rate in the grinding by the #400 wheel is 
lower. Correspondingly, the dynamic brittleness in the grinding with the #400 wheel is 
smaller than with the #600 wheel. As the grinding speed is elevated, the increasing rate 
of the dynamic brittleness decreases. Fig. 9 also shows that the dynamic brittleness has 
a limit. 
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Fig. 9: Variation of the dynamic brittleness Hd /KCd and strain rate with grinding speed 

 

Figure 10 shows that SSD depth indeed increases with elastic modulus and Poisson’s 
ratio. However, the tendencies to increase are hardly noticeable. The increment in SSD 
depth is less than 3% over a three-time span of the elastic modulus E'. The increment 
with Poisson’s ratio is even smaller, less 0.2%, with the Poisson’s ratio doubled. 
Therefore, the effects of the material elastic modulus and Poisson’s ratio can be 
neglected in modelling SSD depth. Fig. 10 provides good reasoning for justifying the 
material elastic modulus and Poisson’s ratio which were considered as constants in the 
previous studies [6, 21]. 
Furthermore, it suggests that the effects of the anisotropy of monocrystalline silicon 

wafer on damage depth might be weakening in machining at a high strain rate. In quasi-
static testing conditions, monocrystalline silicon presents distinct anisotropy. In the 
high strain rate grinding, the dynamic material properties, such as elastic modulus, 
Poisson’s ratio, fracture toughness, etc., all change. The changes in the material 
properties could result from the change in the lattice structure or the arrangement of 
atoms which may render the material response to the grinding process isotropic. 
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Fig. 10: Variations of SSD depth with (a) elastic modulus and (b) Poisson’s ratio  

 

5. Discussion  

This paper focuses on the depth of crack formation in the silicon wafers subjected to 
the self-rotating grinding process. Although fracture mechanics has been applied to 
studying SSD formation in silicon wafers, it does not consider dislocation kinetics. 
Fracture mechanics is generally used to handle problems with large cracks. However, 
in a grinding process, cracks induced by the process are typically small simply because 
DOC for abrasive grains is in the range of tens of nanometers [4, 6]. Under such a 
condition, the effects of dislocation kinetics on SSD formation could be compared to 
that of the brittle fracture. Based on the TEM result, as shown in Fig. 5 (b), dislocation 
clusters are observed beneath a ground surface of the silicon wafer, which demonstrates 
plastic deformation accompanying the brittle fracture during grinding. Therefore, it is 
reasonable to consider not only brittle fracture but also plastic deformation in the 
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evolution of SSD.  

Plastic deformation is dependent on dislocation motion which is driven by strain rate. 
Dislocation speed increases with strain rate. However, in a material, dislocation speed 
cannot be increased without a limit. It is generally lower than the sound speed. The 
behavior of dislocations may include multiplication, entanglement, annihilation, and 
immobilization. At a high strain rate, dislocation speed approaches to the sound speed. 
In this situation, the dislocation motion cannot accommodate the load applied, more 
new dislocations are generated and run at a speed approaching to the sound speed, 
which may result in the dislocation avalanche [34].  

During the motion of dislocations, dislocations tend to kink, entangle each other, and 
form L-C locks because of their mutual interactions. L-C locks, in turn, obstruct the 
further dislocation motion and result in the dislocation immobilization. If the locks and 
junctions cannot be unzipped by the stress applied to the mobile dislocations connected 
to them, the locks and junctions zip further [28], which leads to stress concentration 
and even crack initiation if the stress exceeds the strength of a material. The destruction 
of the locks involves higher stress. If the dislocations around the locks cannot 
accommodate the destruction energy of the locks, cracks should occur.  

Ahead of a crack tip, dislocations are usually distributed. The dislocations nearby a 
crack tip are attracted to the crack tip by the free surface image force, which forms a 
dislocation-free region at the crack tip. The far surround dislocations shield the crack 
tip and reduce the applied stress intensity factor at the crack tip [56]. The stress 
singularity at a crack tip is reduced by the dislocations around the crack tip because of 
the dislocation shielding, i.e., the plastic deformation at the crack tip is suppressed. 
Correspondingly, the crack tip propagates to initiate brittle fracture, which satisfies the 
Griffith fracture criteria that do not normally consider the contribution of dislocations 
to the crack nucleation.   

There is a gap between the theories of dislocation kinetics and fracture mechanics. 
The theory of dislocation kinetics deals with dislocation nucleation, interactions, 
immobilization, and finally crack initiation, but without consideration of crack 
propagation. The fracture mechanics derives from the Griffith assumption, i.e., crack 
propagating from a pre-existing flaw, but without any consideration of the initiation of 
the flaw [13]. This paper fills the gap between the two theories by considering that the 
plastic deformation and brittle fracture are the two sequential stages of a crack 
formation. The plastic deformation breeds the brittle fracture and the formation of SSD. 
The two theories can be applied to the corresponding stages. Therefore, this paper 
integrates the theory of dislocation kinetics and the theory of fracture mechanics to link 
crack initiation and propagation in sequence and build a more realistic SSD depth model. 
The integration of the two independent theories should also be applicable to other brittle 
material, such as SiC, GaN, and diamond. 
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Given the anisotropy of monocrystalline silicon, many studies have tried to model 
and predict SSD depth along different crystal directions. Generally, they predicted SSD 
depth in a specific crystal plane individually based on the mechanical properties of the 
crystal plane, ignoring the influence of the different crystal planes during the 
propagation process of a crack [5]. Although Zhang et al. [4] considered the 
contributions of other crystal planes to the damage depth along one crystal direction, 
they hardly provided the details on how much the contributions were from other crystal 
planes. Due to the complicated stress distribution during the crack propagation process, 
the influence of the related crystal planes on the damage depth remains unclear. Besides, 
the difference in the measured damage depth is caused by the observation direction. 
The depth of the same subsurface crack is different when it is observed and measured 
from different crystal orientations [52]. Therefore, it is difficult to ingeniously and 
precisely consider the influence of all crystal planes in modelling. This paper averages 
the influence of different crystal planes by using the average properties to build the 
model, which is somewhat simple but reasonable.  

Based on the proposed model, a grinding process can be divided into three stages, as 
indicated in Fig. 11, they are cut-in stage, fast grinding stage, and wheel lifting stage, 
respectively. The parameters used in the three different stages are different. In the cut-
in stage, the feed rate should be large to reduce the time of cut-in as much as possible. 
Entering the fast grinding stage, wheel speed should be rapidly elevated to a high level 
to achieve a high strain rate, so as to enhance the material dynamic brittleness and thus 
to suppress the depth of damage. Meanwhile, the feed rate should be held at a high level 
to achieve a high material removal rate. Since the grain DOC is the dominant factor in 
the depth of damage when entering the wheel lifting stage, feed rate should be kept low, 
based on Eq. (21), the grain DOC is thereby reduced. In the wheel lifting stage, grinding 
temperature maybe high, which may cause workpiece burn [53], the wheel speed is set 
to decrease correspondingly with the feed rate to reduce frictional heat as well as to 
facilitate cooling. During this stage, the strain rate still remains at a high level. The 
reason is to maintain the material dynamic brittleness and thus to suppress the heat 
production by plastic deformation and the depth of damage as much as possible. After 
the grinding process finishes, the depth of damage can be minimized. By this strategy, 
higher grinding efficiency and high surface quality of silicon wafers can be realized. 
Moreover, the strategy should also be applicable to machining other brittle materials. 
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Fig. 11: Material removal rate in the whole grinding process of silicon wafer.  

 

6. Conclusion  

The paper proposes a physical model for predicting sub-surface damage (SSD) depth 
in monocrystalline silicon wafers subjected to self-rotating grinding. The model 
integrates the theory of dislocation kinetics for crack initiation with the theory of 
fracture mechanics for crack propagation for the first time. It considers the effects of 
strain rate on material property change and SSD depth in grinding. The model provides 
a good prediction of SSD depth, which is verified by the experimental results. 
Increasing strain rate enhances the material dynamic brittleness and suppresses the SSD 
depth. The study demonstrates a pathway to further optimizing the nanoscale grinding 
process and to achieve improved surface integrity during machining of silicon wafers, 
which is a current micromanufacturing challenge. 
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