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Optimal decentralized distributed algorithms for stochastic
convex optimization

Eduard Gorbunov, Darina Dvinskikh, Alexander Gasnikov

Abstract

We consider stochastic convex optimization problems with affine constraints and develop sev-
eral methods using either primal or dual approach to solve it. In the primal case we use special
penalization technique to make the initial problem more convenient for using optimization meth-
ods. We propose algorithms to solve it based on Similar Triangles Method [25, [59] with Inexact
Proximal Step for the convex smooth and strongly convex smooth objective functions and meth-
ods based on Gradient Sliding algorithm [47] to solve the same problems in the non-smooth case.
We prove the convergence guarantees in smooth convex case with deterministic first-order oracle.

We propose and analyze three novel methods to handle stochastic convex optimization prob-
lems with affine constraints: SPDSTM, R-RRMA-AC-SA2 and SSTM_sc. All methods use
stochastic dual oracle. SPDSTM is the stochastic primal-dual modification of STM and it is applied
for the dual problem when the primal functional is strongly convex and Lipschitz continuous on
some ball. We extend the result from [15] for this method to the case when only biased stochas-
tic oracle is available. R~-RRMA-AC—SA? is an accelerated stochastic method based on the
restarts of RRMA—-AC—SA? from [21] and SSTM__sc is just stochastic STM for strongly convex
problems. Both methods are applied to the dual problem when the primal functional is strongly
convex, smooth and Lipschitz continuous on some ball and use stochastic dual first-order ora-
cle. We develop convergence analysis for these methods for the unbiased and biased oracles
respectively.

Finally, we apply all aforementioned results and approaches to solve decentralized distributed
optimization problem and discuss optimality of the obtained results in terms of communication
rounds and number of oracle calls per node.

1 Introduction

In this paper we are interested in the convex optimization problem

flz) — xe%&w (1)

where f is a convex function and () is closed and convex subset of R™. More precisely, we study par-
ticular case of () when the objective function f could be represented as a mathematical expectation

f(x) = Ee [f(2,6)], @

where £ is a random variable. Problems of this type play central role in a bunch of applications of ma-
chine learning [70, [72] and mathematical statistics [73]. Typically x represents feature vector defining
the model, only samples of ¢ are available and the distribution of £ is unknown. One possible way
to minimize generalization error (2) is to solve empirical risk minimization or finite-sum minimization
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 2

problem instead, i.e. solve (1) with the objective

m

f) =3 F ), ®

i=1
where m should be sufficiently large to approximate the initial problem (see Section [3|for the details).

Stochastic first-order methods such as Stochastic Gradient Descent (SGD) [30, 54, 160, 163, [79] or its
accelerated variants like AC—SA [47] or Similar Triangles Method (STM) [19, 25| 59] are very popular
choice to solve either [T)+(2) or (1)+(3). In contrast with their cheap iterations in terms of computational
cost, these methods converge only to the neighbourhood of the solution, i.e. to the ball centered at
the optimality and radius proportional to the standard deviation of the stochastic estimator. For the
particular case of finite-sum minimization problem one can solve this issue via variance-reduction trick
[11129] 135, 69] and its accelerated variants [2] [83, 84]. Unfortunately, this technique is not applicable
in general for the problems of type (T)+(2) and another possible way to reduce the variance is mini-
batching. When the objective function is L-smooth one can accelerate computations of batches using
parallelization [12, 18} 25| [27] and it is one of the examples where centralized distributed optimization
appears naturally [9].

In other words, in some situations, e.g. when the number of samples m is too big, it is preferable in
practice to split the data into ¢q blocks, assign each block to the separate worker, e.g. processor, and
organize computation of the gradient or stochastic gradient in the parallel or distributed manner. Then,
we can rewrite the objective function in the following form

fla) =23 flo) o) =B [f(w &) orfie) = > fla&) @

Here f; corresponds to the loss on the i-th data block and could be also represented as an expectation
or a finite sum. So, the general idea for parallel optimization is to compute gradients or stochastic
gradients by each worker, then aggregate the results by the master node and broadcast new iterate or
needed information to obtain the new iterate back to the workers.

The visual simplicity of the parallel scheme hides synchronization drawback and high requirement to
master node [66]. The big line of works is aimed to solve this issue via periodical synchronization
[40l 141, |74 182], error-compensation |39, [75], quantization [1} 132} |33} (53| [80] or combination of these
techniques [7, 152].

However, in this paper we mainly focus on another approach to deal with aforementioned drawbacks —
decentralized distributed optimization [9, 42]. It is based on two basic principles: every node commu-
nicates only with its neighbours and communications are performed simultaneously. Moreover, this
architecture is more robust, e.g. it can be applied to time-varying (wireless) communication networks
[65].

1.1 Contributions
One can consider this paper as a continuation of work [15] where authors mentioned the key ideas that
form a basis of this work. However, in this paper we provide formal proofs of some results announced

in [15] together with couple of new results that were not mentioned. Our contributions include:

B Accelerated primal-dual method with biased stochastic dual oracle for convex and smooth
dual problem. We extent the result from the recent work [16] to the case when we have an
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Optimal decentralized distributed algorithms for stochastic convex optimization 3

access to the biased stochastic gradients. We emphasize that our analysis works for the min-
imization on whole space and we do not assume that the sequence generated by the method
is bounded. It creates extra difficulties in the analyses, but we handle it via advanced technique
for estimating recurrences (see also [16, 28]).

B Two accelerated methods with biased stochastic dual oracle for strongly convex and
smooth dual problem. For the case when the dual function is strongly convex with Lips-
chitz continuous gradient we analyze two methods: one is R—~RRMA—AC-SA? and another is
SSTM_ sc. The first one was described in [16], but in this paper we formally state the method
and prove high probability bounds for its convergence rate. The second method is also well-
known, but to the best of our knowledge there were no convergence results for it in such gen-
erality that we handle. That is, we consider SSTM__sc with biased stochastic oracle applied to
the unconstrained smooth and strongly convex minimization problem and prove high probability
bounds for its convergence rate together with the bound for the noise level. As for the convex
case, we also do not assume that the sequence generated by the method is bounded. Then
we show how it can be applied to solve stochastic optimization problem with affine constraints
using dual oracle.

B Analysis of STM applied to convex smooth minimization problem with smooth convex
composite term and inexact proximal step for unconstrained minimization. Surprisingly,
but before this paper there were no analysis for STM in this case. The closest work to ours in
this topic is [76], but in [76] authors considered optimization problems on bounded sets.

1.2 Outline of the Paper

After introducing main notation and definitions in Section [2| we provide a short overview of the state-
of-the-art results for the problem (1)+(2) that use deterministic and stochastic first-order oracles. After
that, we focus on the stochastic optimization problems with affine constraints and present the state-of-
the-art methods that solves specially penalized unconstrained problem instead of the original one in
Section[4]together with the novel approach which we call STP__IP S that aims to solve convex smooth
unconstrained minimization problems with smooth convex composite term and inexact proximal step.
Next, we consider the same type of problems but using dual approach and develop three different
accelerated methods for this case together with the convergence analysis for each of them. The first
one is Stochastic Primal-Dual STM (SPDSTM) and it uses biased stochastic dual oracle to solve primal
and dual problems simultaneously for the case when the primal problem is u-strongly convex and
Lipschitz continuous on some ball centered at zero. Next two methods are R—~RRMA-AC—SA? and
SSTM_ sc and they solve the same problem when the primal functional is additionally L-smooth using
stochastic dual oracle. The difference between them is that R—-RRMA—AC—SA? uses tricky restarts
technique and works with unbiased stochastic oracle, while SSTM_ sc is directly accelerated and
able to work with biased stochastic gradients. Then we show how to apply established in the previous
sections results to the decentralized distributed optimization problems and derive the bounds for the
proposed methods in Section [6] Finally, in Section [7] we compare bounds for the convergence rate
in parallel and decentralized optimization, discuss the optimality of the obtained results and present
possible directions for the future work. We leave long proofs, auxiliary and technical results and the
whole section about STP__IPS in the appendix.
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 4

2 Notation and Definitions

n

To denote standard inner product between two vectors z, y € R™ we use (z,y) £ S | 21;, where
x; is i-th coordinate of vector x, 7 = 1, ..., n. Standard Euclidean norm of vector x € R" is defined
as ||z]]2 £ \/{z, z). By Amax(A) and AT, (A) we mean maximal and minimal positive eigenvalues
of matrix A € R™*" respectively and we use x(A) = Amax(4)/x* (4) to denote condition number
of A. Moreover, we use O(-), €(-) and ©(-) that define exactly the same as O(-), (-) and O(-)
but besides constants factors they can hide polylogarithmical factors of the parameters of the method
or the problem. Conditional mathematical expectation with respect to all randomness coming from
random variable £ is denoted in our paper by E¢|-|. We use B, (y) C R" to denote Euclidean ball
centered at y € R™ with radius r: B,(y) £ {z € R" | ||z — y||» < r}. The Kronecker product of
two matrices A € R"™*™ with elements A4;;, 4,7 = 1,...,m and B € R™" is such mn x mn

matrix C' & A ® B that

AHB AIQB A13B c. AlmB
Ang AQQB A23B ce AQmB

- . . . . . (5)
AmB AneB AnsB ... An.B

By I,, we denote n X n identity matrix and omit the subscript when the size of the matrix is obvious
from the context.

Below we list some classical definitions for optimization (see, for example, [55] for the details).

Definition 1 (L-smoothness). Function f is called L-smooth in ) C R™ with L > 0 when it is
differentiable and its gradient is L-Lipschitz continuous in (), i.e.

IVf(z) = Vil < Llz —yll, Vz,y € Q. (6)

Definition 2 (u-strong convexity). Differentiable function f is called p-strongly convex in () C R™
with 1 > 0 if

F@) = fy) + (Vi) e —y) + Slle =yl Vey Q. )

If &+ > 0 then there exists unique minimizer of f on () which we denote by x*, except the situations
when we explicitly specify x* in a different way. In the case when 1 = 0, i.e. f is convex, we assume
that there exists at least one minimizer x* of f on () and in the case when the set of minimizers of f
on the set () is not a singleton we choose x* to be either arbitrary or closest to the starting point of
a method. When we consider some optimization method with a starting point 2° we use R or R, to
denote the Euclidean distance between 2 and z*.

3 Optimal Bounds for Stochastic Convex Optimization

In this section our goal is to present the overview of the optimal methods and their convergence
rates for the stochastic convex optimization problem (1)+(2) in the case when the gradient of the
objective function is available only through (possibly biased) stochastic estimators with “light tails” or,
equivalently, with o-2-subgaussian variance. That is, we are interested in the situation when for an
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Optimal decentralized distributed algorithms for stochastic convex optimization 5

Assumptions on f | Method | Citation # of oracle calls
p-strongly convex,

L-smooth R-STM | [25,99] O<\/%ln <”7R2>>

L-smooth STM | [25,59] o, (, / L—RQ)

u-strongly convex, M2
IV ()]s < M MD 18l 136] O ( ME)
Vi@l <M | w0 | mes | 0 (252

Table 1: Optimal number N of deterministic first-order oracle calls in order to get such a point z”V that
f(x™) — f(z*) < e. First column contains assumptions on f in addition to the convexity. MD states
for Mirror Descent.

arbitrary x € () one can get such stochastic gradient V f(z, £) that

IEe (Vi8] = V@I, < 6. ®
. exp(nwm@—fg [Vf(x,é)HIz)] < exll) o

where 0 > 0 and o > 0. If 0 = 0, let us suppose that V f(z,§) = E¢ [V f(z, £)] almost surely
in&. When o = § = 0 we getthat Vf(z,£) = Vf(x) almost surely in & which is equivalent to
the deterministic first-order oracle. For clarity, we start with this simplest case of stochastic oracle and
provide an overview of the state-of-the-art results for this particular case in Table [1} Note that for the
methods mentioned in the table number of oracle calls and number of iterations are identical. In the
case when the gradient of f is bounded it is often enough to assume this only in some ball centered
at the optimality point 2* with radius proportional to R [23] 57, 59].

In this paper we are mainly focus on smooth optimization problems and use different modifications
of Similar Triangles Method (STM) since it gives optimal rates in this case and it is easy enough to
analyze at least in the deterministic case. For convenience, we state the method in this section as
Algorithm[i] Interestingly, if we run STM with 12 > 0 to solve (@) with p-strongly convex and L-smooth

Algorithm 1 Similar Triangles Methods (STM), the case when () = R"

Input: 2° = 2% = 2°, number of iterations N, ovy = Ay = 0
1: fork=0,...,N do

2 Set a1 = (1+Aku)/2L + \/(1+Ak#)/4L2 + Ak(1+Aku)/L, Api1 = Ap + agn

3 Fhtl = (Akwk‘*‘o"““’zk)/“‘kﬂ
4 Skl ok (vf(i,k+1) _ Mjk+1) ock+1/(1+u)
50 ahtl = (Aaf /g,
6: end for
Output: ="V

objective, it will return 2V such that f(zV) — f(z*) < e after N = O ( L/uln (LRQ/5)> iterations
which is not optimal, see Table 1 To match the optimal bound in this case one should use classical
restart of STM which is run with . = 0 [25].

We notice that another highly widespread in machine learning applications type of problems is regu-
larized or composite optimization problem

f(x)+ h(x) — gleiqr)l, (10)
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 6

where h is a convex proximable function. For this case STM can be generalized via modifying the
update rule in the following way [25, 59]:

k+1

T _argmm{—||z—20\|2+zal(w( z—fl>+h(z>+§||z—:%l||§)}. (1)

=0

We address such problems with L;-smooth composite term in the Appendix, see Section [C] for the
details.

Next, we go back to the problem (1)+(2) and consider more general case when § = 0 and 2> 0.In
this case one can construct unbiased estimator

Vi@ A&}o,) = Zwm

where &1, ..., &, arei.i.d. samples and V f(x, {&; }/_,) has r times smaller variance than V f (z, &;):
r o 2
Ee . [exp <|!Vf(:c, {fz}z-;/l) v f(g,-)HQ>] < exp(1).

Then in order to get such a point 2% that f(z) — f(2*) < & with probability at least 1 — 3 where
p € (0,1)and f is u-strongly convex (1 > 0) and L-smooth one can run STM for

oo, B (45

iterations with small modification: instead of using V f (Z**1) the method uses mini-batched stochastic
approximation V f (Z*+1 {£;}:5+") where the batch size is

o ) ooy ln%
= -—_ . 1
Th+1 max O+ Apap)e (13)

The total number of oracle calls is

N . | o?R? LR*/.\ o2 LR Wi
E ) 2 ()

k=1

which is optimal up to logarithmic factors. We call this modification Stochastic STM (SSTM). As for the
deterministic case we summarize the state-of-the-art results for this case in Table

4 Stochastic Convex Optimization with Affine Constraints: Pri-
mal Approach

Now, we are going to make the next step towards decentralized distributed optimization and consider
convex optimization problem with affine constraints:

)= e "o
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Optimal decentralized distributed algorithms for stochastic convex optimization

Assumptions on f Method Citation # of iterations # of oracle calls
pestrongly convex, | o ooy | 25146,59] | O <\/Zln (“—RQ» 9] (max {\/Zln (“—R2> ”—2}>
L-smooth z € Z € pe
L-smooth SSTM | [25, 46, 59] O (,/LTRQ) 9] <max{,/ o })
f-strongly convex, < M2> ( M2>
MD 8,136 O | == O (==
Ee [V £ (x.&)[3] < M - 5
E [IVf(x,6)|3 < M? | D 8. 36] O (A1) 0 (1)

Table 2: Optimal (up to logarithmic factors) number of iterations and stochastic unbiased first-order
oracle calls in order to get such a point % that (V) — f(2*) < e with probability at least 1 — 3,
B € (0, 1). First column contains assumptions on f in addition to the convexity.

where A > 0 and KerA # {0}. Up to a sign we can define the dual problem in the following way

Y¥(y) — min, where (16)
o) = max{lya) — )}, (17)

p(Aly) = max{(y. Az) — f(2)} = {y, Ax(A"y)) = f(x(ATy) (19

= (ATy,z(ATy)) — f(x(ATy)),

where z(y) & argmax, .o {(y,r) — f(v)}. Since KerA # {0} the solution of the dual problem
is not unique (16). We use y* to denote the solution of with the smallest /5-norm. This norm

R, = ||y*||2 can be bounded as follows [49]:

v *\ |2
R < —|)|\ +'f ((zT)k. (19)

The following lemma provides one of the key relations that we use in our analysis.

Lemma 1. Consider the function f(x) defined on a closed convex set ) C R™ and linear operator
A such that KerA # {0} and its dual function ¢)(y) defined as ¢ (y) = max,cq {(y, Ax) — f(x)}.
Then

V(y) = —fa") = (y", Az) — f(2) V2 e€Q. (20)
However, in this section we are interested only in primal approaches to solve and, in particular,
the main goal of this section is to present first-order methods that are optimal both in terms of V f ()
and AT Az calculations. Before we start our analysis let us notice that typically in decentralized op-
timization matrix A from (15) is chosen as a square root of Laplacian matrix 1/ of communication
network [66] (see Section r the details). In asynchronous case the square root VW is replaced by
incidence matrix M [31] (W = M T M). Then in asynchronized case instead of accelerate methods
for one should use accelerated block-coordinate descent method [19] 122} 131} [71].

To solve problem we use the following trick [15, 23]: instead of we consider penalized problem

2

R
F(z) = — || Az||3 — mi 21
(2) = f(@) + "l Azll; — min, (21)

where £ > 0 is the desired accuracy of the solution in terms of f(z) that we want to achieve. The
motivation behind this trick is revealed in the following theorem.
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 8

Theorem 1 (See also Remark 4.3 from [23]). Assume that 2V € () is such that

M) — mi <e. 22
F(z) anelélF(l’) <e (22)
Then 5
Ny — i < N, < 22
Fa) = min Fo) <z A< o 9

Next, we introduce h(z) &£ R2llAzl3/= and notice that problem is a special case of the problem
(10). First of all, we consider the case when f is convex and L-smooth, () = R™ and full gradients of
f and h are available, i.e. we consider deterministic first-order oracle without noise. Note that i(x) is
convex and Ly,-smooth in R™ with Lj, = 2R max(ATA)/¢ since Vh(z) = 2RjAT A2/ and

2R2 Ao (AT A)

=yl
€

2R? 2R?
IVA()-Vh()lls = 2|47 A=yl < —2|AT Al o=l <

for all x,y € R™. We can apply STM with inexact proximal step (STP__IPS) which is presented in
Section[C|as Algorithm|[8]to solve problem (21). Corollary[6](see Section[C|in the Appendix) states that

in order to get such o'V that satisfy we should run STP_IPS for N = O (\/LRZ/5> iterations
with § = O (=”*/((La+L)VIE?)), where R = ||2° — 2* |2, z* is the closest to 2 minimizer of F and
dissuchthatforallk = 0,..., N — 1 the auxiliary problem gi1(2) — min,cgn for finding z5*1 is
solved with accuracy gy 1(2511) — gry1 (BFH) < §||2% — 25FL||2 where gi41(2) is defined as (see

also (109))

1 - ~ ~
gr+1(2) = §||Zk — 2[5 + arn (f(ka) +(VFEMY), 2 =) + h(Z)) , k=0.1,...
and 2F! = argmin, .pn gr+1(2). That s, if the auxiliary problem is solved accurate enough at each
iteration, then number of iterations, i.e. number of calculations V f (), corresponds to the optimal
bound presented in Table [f]

However, in order to solve the auxiliary problem g 1(z) — min,cg» one should run another opti-
mization method as a subroutine, e.g. STM. Note that ImnA = ImAT = (KerA)" and the iterates
of STM_IPS with STM as a subroutine lie in 2° + (KerA)l (one can prove the last statement us-
ing simple induction, see Theorem 8| for the details of the proof of the similar result). Therefore, the
auxiliary problem can be considered as a minimization of (1 + 20k+1R5A %, (AT A)/2)-strongly convex
on 2° + (KerA)™ and (1 4 2ck+1R3Amax(AT 4)/c)-smooth on R™ function. Then, one can estimate the
overall complexity of the auxiliary problem using the condition number of g 1(2) on 2° + (KerA)L:

1 + 20&k+1R2Amax(ATA) /\max ATA
e < A (A ) e
1—'—2ak+1Ry)‘min(A A)/g )\ (A A)

min

It means that to achieve gj1(2"+1) — gpr1 (2¥1) < §)|2% — 2572 with 6 = O (7°/((L+L)VIR?))
one can run STM to solve the auxiliary problem g 1(z) — min,cg~ for 7" iterations with the starting

point z¥ where
T 3
T = o( Y(ATA)In (LgNﬁ(AmaX(i A+ DR )) :
€

2ak+1R32/)\max(ATA) ({{16)+(796) RSR/\maX(ATA)
9N 1+ = 0
\/Z&S/Q

3
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Optimal decentralized distributed algorithms for stochastic convex optimization 9

or, equivalently,

T-0 (m In (Am“(ATA)(Am”‘(ATm * L)RzRLl)) . (25)

e3

That is, number of AT Ax calculations equals NT and it matches the optimal bound for deterministic
convex and L-smooth problems of type multiplied by /x (AT A) up to logarithmic factors (see
Table [f).

We believe that using the same recurrence technique that we use in Sections[C]and[5|one can general-
ize this result for the case when instead of V f(x) only stochastic gradient V f(x, £) (see inequalities
(B)-(9)) is available. To the best of our knowledge it is not done in the literature for the case when
Q = R"™. Moreover, it is also possible to extend our approach to handle strongly convex case via
variants of STM.

We conjecture that the same technique in the case when f is p-strongly convex and L-smooth gives
the method that requires such number of A" Az calculations that matches the second rows of Tables
and [2/in the corresponding cases with additional factor \/x (AT A) and logarithmic factors. Recently
such bounds were shown in [20] for the distributed version of Multistage Accelerated Stochastic Gra-
dient method from [6]. However, this bounds were shown for the case when the stochastic gradient is
unbiased.

Next, we assume that () is closed and convex and f is u-strongly convex, but possibly non-smooth
function with bounded gradients: ||V f(x)||s < M for all z € Q. Let us start with the case 1 = 0.
Then, to achieve one can run S11iding method from [46, 48] considering f(x) as a composite
term. In this case S1iding requires

Amax (AT A)R2R? .
@) = Y calculations of A" Az (26)
and 2R
O ( = ) calculations of V f (). (27)

In the case when () is a compact set and V f () is not available and unbiased stochastic gradient
V f(x,€) is used instead (see inequalities (8)-(9) with 6 = 0) one can show [46, 48] that Stochastic
Sliding (S—S1iding) method can achieve with probability at least 1 — 3, 5 € (0, 1), and
it requires the same number of calculations of AT Az asin up to logarithmic factors and

_ 2 2\ P2
O (W) calculations of V f(z, &). (28)

When 1 > 0 one can apply restarts technique on top of S-S1iding (RS-S1iding) [15}78] and
get that to guarantee with probability at least 1 — 3, 8 € (0,1) RS—S1iding requires

~ Amax(ATA)R? -
O ———— Y| calculations of A" Ax (29)
JUE
and 2 )
O (%) calculations of V f(z, ). (30)
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 10

We notice that bounds presented above for the non-smooth case are proved only for the case when
() is bounded. For the case of unbounded () the convergence results with such rates were proved
only in expectation. Moreover, it would be interesting to study S-S1iding and RS-S1lidingin
the case when § > 0, i.e. stochastic gradient is biased, but we leave these questions for future works.

5 Stochastic Convex Optimization with Affine Constraints: Dual
Approach

In this section we assume that one can construct a dual problem for (15). If f is u-strongly convex
in ¢5-norm, then ¢ and ¢ have L¢—Lipschitz continuous and L¢—Lipschitz continuous in ¢5-norm
gradients respectively [38, 64], where L,, = Amax(A"4)/; and L, = 1/u. In our proofs we often use
Demyanov—-Danskin theorem [64] which states that

Vip(y) = Az(ATy), Ve(y) = z(y). (31)

We notice that in this section we do not assume that A is symmetric or positive semidefinite.

Below we propose one primal-dual method for the case when f is additionally Lipschitz continuous on
some ball and two methods for the problems when the primal function is also L-smooth and Lipschitz
continuous on some ball. In all subsection below we assume that () = R".

5.1 Convex Dual Function

In this section we assume that the dual function ¢ (y) could be rewritten as an expectation, i.e. p(y) =
E¢ [p(y, €)], where stochastic realisations ¢ (y, &) are differentiable in y functions almost surely in &.
Then, we can also represent ¢(y) as an expectation: ¥(y) = E¢ [1)(y, £)]. Consider the stochastic
function f(x, &) which is defined implicitly as follows:

Py, §) = max {(y, ) — f(z, 8} (32)

Similarly to the deterministic case we introduce z(y, £) £ argmax, . {{y, ) — f(z,€)} which
satisfies Vio(y, &) = z(y, &) due to Demyanov-Danskin theorem, where the gradient is taken w.r..
y. As a simple corollary, we get Vi) (y, &) = Az (A'y). Finally, introduced notations and obtained

relations imply that z(y) = E¢[x(y, §)] and Vi (y) = E [V (y, §)].

Consider the situation when z(y, £) is known only through the noisy observations Z(y, ) = z(y, &)+
d(y, &) and assume that the noise is bounded in expectation, i.e. there exists non-negative determin-
istic constant 9, > 0, such that

[Ee[6(y, ]I, <9y, Yy eR™ (33)

Assume additionally that x(y, &) satisfies so-called “light-tails” inequality:

e

w
2

2
0%

exp (H‘%(?%g) - E§ [i’(y,f)]”i)] S exp(l), vy c R"
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Optimal decentralized distributed algorithms for stochastic convex optimization 11

where o, is some positive constant. It implies that we have an access to the biased gradient
Vi(y, €) € Az(y, €) which satisfies following relations:

| [Vew. 0] - vow), < 6 wer )
|Fet.0) - B [F00.9)] | d
E¢ |exp Ui < exp(l), VyeR? (36)

where § & /A (ATA)S, and 0y 2 /Ao (AT A),.. We will use VI y, £%) to denote batched
Y ¥

stochastic gradient:

Ve = > Vel e Hwe) = > 5.8 @)
=1

=1

The size of the batch 7 could always be restored from the context, so, we do not specify it here. Note
that the batch version satisfies

HE[@@@;éﬂ-—kuﬁk < 4, VreR", (38)

2

HW(Q:, ¢ —E [W(x, s’ﬂ)}
O(73/r2)

E |exp < exp(l), VzeR" (39)

where in the last inequality we used combination of Lemmas[7]and[9] (see two inequalities after
for the details). We call this approach SPDSTM (Stochastic Primal-Dual Similar Triangles Method, see
Algorithm|[2). Note that Algorithm 4 from [16] is a special case of SPDSTM when § = 0, i.e. stochastic
gradient is unbiased, up to a factor 2 in the choice of L.

Algorithm 2 SPDSTM
Input: §° = 2° = 4" = 0, number of iterations N, oy = Ay = 0
1: fork=0,...,N do
2: Set [N/ = 2L¢
3: Set Ap1 = Ag + g1, where QEazH = Ap + agy1
4 gk-ﬁ-l — (Akyk+ak+1zk)/Ak+1
50 M =2k — V(P €Y
6
7:

yk"‘l = (Akyk+ak+12k+1)/Ak+1

end for
Output: "V, 7V = ﬁ S @ (ATgR, €F).

The following lemma is rather technical and provides useful inequalities that show how biasedness of
VU (y, &) interacts with convexity and L,,-smoothness of 1).

Lemma 2. Assume that function (y) is convex and L-smooth on R™. Then for all z,y € R"

V) = @)+ (E|[VU@.e)| .y —a) —dlly - all, (40)

by) < U@+ (B |V ]y~ o) + Lolly - ol + 5 —
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 12

Next, we will use the following notation: Ej[-] = Egx+1 [-] which denotes conditional mathematical

expectation with respect to all randomness that comes from Ek“.

Lemma 3 (see also Theorem 1 from [17]). For each iteration of Algorithm 2 we have

1 1
Anp(y™) < §||Z—ZO||§—§||Z—ZN||§

N-1
£ e (W) + (VR €, 2 )
k=0

N-1
30 A (VUL B VO €]yt - gt
k=0

+Z Ak+1 HE [V‘I’( 41 €k+1)] _ @\I,@Hlfkﬂ)uz

N—-1 N—lA
8 Ayt — gy + 0 Lany (42)

for arbitrary z € R".

The following lemma plays the central role in our analysis and it serves as the key to prove that the
iterates of SPDSTM lie in the ball of radius 12, up to some polylogarithmic factor of V.

Lemma 4 (see also Lemma 7 from [16]). Let the sequences of non-negative numbers {ay } x>0,
random non-negative variables { Ry, }1>0 and random vectors {n" } 10, {a"}>¢ satisfy inequality

-1 -1 -1

—Rl<A+hézak+1Rk+uZak+1n a® —i—cZakHHn 5, VI=1,...,N, (43)

where h, 0, u and ¢ are some non-negative constants. Assume that for each k& > 1 vector a” is a
function of n°, ..., n*"1, a® is a deterministic vector, . > 1, sequence of random vectors {Uk}kzo

satisfy

k|2
E[7* 9% ....0" '] =0, E [eXp (—”7702”2> |n°, ... 777’“‘1] <exp(l), Vk>0, (44)
k

pr1 < Qg1 = D(k+2), 08 < —) for some D,C > 0,e > 0, 8 € (0,1) and sequence

k1 ln( 3
of random variables {Rk}k>0 is such that ||a*||, < de with some positive deterministic constant
d>1and Rk = maX{Rk 1,Rk} forall & > 1, RO = Ry, Rk depends only on 7, ..., 7" and

also assume that In (

5 ) ~—2= then with probability at least

1 — 2[ the inequalities

(N+1)

R < JRy (45)

and

-1
u apn(nf a) + e ai Infl3 < (24CC’DH + hGDJ + udCy CDHJg(N)) R?

(46)
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Optimal decentralized distributed algorithms for stochastic convex optimization 13

In( &) +Inin( £
holdforalll = 1, ..., N simultaneously, where C' is some positive constant, g(N) = %fvl)n(b),

B
B =2d°CDHR} (2A+ (1 4+ ud)Rj + 48CDHR} (2 + ud) + h*G*RiD) (2(1 + ud))"
b= 02a2d2 R and
J =

2A
max {1, udCi/CDHg(N)+ hGD + \/(udC’“/CDHg(N) + hGD)? + 7 + 48CCDH}
0

Finally, we state the main result of this section.

Theorem 2 (see also Theorem 2 from [16]). Assume that f is p-strongly convex and ||V f(x*)|| =
My. Let ¢ > 0 be a desired accuracy. Next, assume that f is L-Lipschitz continuous on the

~ T
ball Br,(0) with Ry = Q | max Ry , Y Amex(4 A)Ry,Rx , where R, is such that
f AN \/)\max(A—r A) H Y
ly*|l2 < R,, y* is the solution of the dual problem (T6), and R, = ||z(ATy*)||2. Assume that at
o2&, In(N
iteration k of Algorithmbatch size is chosen according to the formula 7, > max {1, %E(/M}
where aj, = k+ 0<e< Hf,f ,0<8< %ﬁ?z and N > 1 for some numeric constant H > 0,

G > 0and C > (. Then with probability > 1 — 4/
2

R G(6J +4
Y(y™) + F(@Y) + 2R, [[ATY |, < A—]@; (8\/]{(]2 +2+12CH + %

L (v96C, H +G) G?
2Ry\/Amax(ATA)  2(N +1)

CH
i¥e) Jg + /96C,H +G> (47)

1+, /In

3

where € (0,1/4) is such that < 2, (5, C,C; are some positive numeric constants,

ln%

2

N i
g(N) = % B =CHR? (2A +2R2 + T2CHR? + 9G2LR3> , b= oja3R3 and

J=max<{ 1,C}

CHg(N) 3G CHg(N) 3G
st t (01 — TS

2
24
) + g +24CH

This means that after N = O < %X(ATAD iterations where Y (AT A) = %ATZ‘; the outputs

mln(

#N and yV of Algorithm|[2] satisfy the following condition
~ * ~ - IS
FEY) = f@) < f@EY) + oY) <e ATV < = (48)

Y
with probability at least 1 — 4. What is more, to guarantee with probability at least 1 — 4/
Algorithm 2] requires

- o5 M7 1 /M M
N e S Z 2L aAT AT
O (max {82)\$m(ATA) In (5 = X(A A)) A e X(A A)}) (49)

calls of the biased stochastic oracle Vi(y, £), i.e. Z(y, €).
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E. Gorbunov, D. Dvinskikh, A. Gasnikov 14

5.2 Strongly Convex Dual Function and Restarts Technique

In this section we assume that primal functional f is additionally L-smooth. It implies that the dual
function 1 in ({6) is additionally 1,-strongly convex in y° + (KerAT)* where 1, = Amin(ATA) /1,
[38,164] and A\, (AT A) is the minimal positive eigenvalue of A A.

mm(

From weak duality — f (z*) < ¢(y*) and (T8) we get the key relation of this section (see also [3} 4, 58])

f@(ATy)) = f(a*) < (V(y),y) = (Az(ATy),y) (50)

This inequality implies the following theorem.

Theorem 3. Consider function f and its dual function ¢ defined in such that problems and
have solutions. Assume that 3/ is such that || Vi) (yV) |2 < ¢/r, and y¥ < 2R, where e > 0
is some positive number and R, = ||y*||2 where y* is any minimizer of . Then for 2% = x(ATy")
following relations hold:
. €
Fa™) = f(a*) < 2e, ||Ax"]|2 < -, (51)
Ry
where z* is any minimizer of f.

Proof. Applying Cauchy-Schwarz inequality to we get

. €
F@) = f@) < Vel -l < 7 - 2Ry = 2=
Y
The second part immediately follows from || V¢ (y™)||2 < ¢/r, and Demyanov-Danskin theorem
which implies Vi (yV) = Az, O

That is why, in this section we mainly focus on the methods that provides optimal convergence rates
for the gradient norm. In particular, we consider Recursive Regularization Meta-Algorithm from (see
Algorithm [3) [21] with AC—SA? (see Algorithm [5) as a subroutine (i.e. RRMA-AC—SA2) which is
based on AC—SA algorithm (see Algorithm [4) from [26]. We notice that RRMA—-AC—SA? is applied
for a regularized dual function

. A
U(y) = ¥(y) +—I|y—y°||§, (52)

where A > 0 is some positive number which will be defined further. Function ¢ is A- -strongly convex
and L,-smooth in R” where L, = L, + \. For now, we just assume w.l.o.g. that ¢ is (11, + \)-
strongly convex in R™, but we will go back to this question further.

In this section we consider the same oracle as in Section |5, but we additionally assume that 6 = 0,
i.e. stochastic first-order oracle is unbiased. To define batched version of the stochastic gradient we
will use the following notation:

Tt

V(y, €' tZwys 2(0.€m) = = > ol ) 59)

=1

As before in the cases when the batch-size r; can be restored from the context, we will use simplified
notation VW (y, &") and x(y, &"). In the AC—SA algorithm we use batched stochastic gradients of
functions 1, which are defined as follows:

k
VTi(y, £ ZV% (4,€), Vn(y.€) = Vo(y, ) +Aly—y") +A Y 2'(y—9)- (84)
Tt =1
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Optimal decentralized distributed algorithms for stochastic convex optimization 15

Algorithm 3 RRMA-AC—SA? [21]
Input: y° — starting point, 7 — total number of iterations

Sahg — U, 10— 0, T + Llog2 LT‘”J

—_

2. fork=1,...,T do
3 Run AC-SA? for m/T iterations to optimize 1;_; with g)k_l as a starting point and get the
output ¥
& (y) < D)+ AT 2y — 33
5. end for
Output: 77.

Algorithm 4 AC—SA [26]

Input: z° — starting point, 7 — number of iterations, 1, — objective function
1 yoy < 2% g — 2°
2. fort=1,...,mdo

. 2 ALy
S S U ()

(a- at)(>\+%) t 1 (I—ag)A+t) t—1

) a(
4 Ymd T S5 0—adA Yag T T 0—adn ¢

. t ag) (- at))\+% t—1
5.z« AJr%yder P H%V\I/k(ymd,g)
6 Wby a2t 4 (1 — ap)aly’

7: end for
Output: y,,.

The following theorem states the main result for RRMA-AC—-SA? that we need in the section.

Theorem 4 (Corollary 1 from [21])). Let ¥ be L,,-smooth and f.,,-strongly convex function and A =
O ((Lw In? N) /NQ) for some N > 1. If the Algorlthmlperforms N iterations in total W|th batch size
for all iterations, then it will provide such a point ¢ that

(55)

L2ly° —y*|2In* N o2In° N
E A\ (2 0 < P 2 P
IVe@)I5 |y, r] < C( i =]

where C' > () is some positive constant and y* is a solution of the dual problem ({6).

Let us show that w.l.o.g. we can assume in this section that function v/ defined in is f1y,-strongly
convex everywhere with ,uw = Anin(ATA)/L. In fact, from L-smoothness of f we have only that v is

[4,5-Strongly convex in y° + (Ker(AT))L (see [38] 164] for the details). However, the structure of the
considered here methods is such that all points generated by the RRMA-AC-SA? and, in particular,
AC-SA liein y° + (Ker(AT))L

Theorem 5. Assume that Algorithm|4{is run for the objective ¥y, (i) = 1(y) + A S0, 2y — 9|12
with 2° as a starting point, where 2°, 9, . . ., J* are some points from 3*+ (Ker(AT))L andy’ € R",
Then for all £ > 0 we have 4/, 2*, 45, € y° + (Ker(AT))L

Proof. We prove the statement of the theorem by induction. For ¢ = 0 the statement is trivial, since
Wa =10 =2"€y+ (Ker(AT))L. Assume that 3! 4, 2*, 94, € y° + (Ker(AT))L for some

'It means that the overall number of performed iterations preformed during the calls of AC—SA? equals V.
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Algorithm 5 AC—SA? [21]
Input: z° — starting point, 7 — number of iterations, 1/, — objective function
1: Run AC—SA for ™/2 iterations to optimize v, with z° as a starting point and get the output 3/
2: Run AC—SA for ™/2 iterations to optimize 1/}, with y! as a starting point and get the output 32
Output: 7°.

t > 0 and prove it for ¢ + 1. Since yo + (Ker(AT))L is a convex setand ' is a convex combination

md
il . - .
of g, and z* we have y, )} € y° + (Ker(AT)) ™. Next, the point {22-y' )} + %zt also lies

in 40 + (Ker(AT))L since it is convex combination of the points lying in this set. Due to (52),
and (54) we have that VW, (y51 €") = Ax(ATylH € + Ayt — %) + A0, 24yt — 4h).

md md

The first term lies in (Ker(AT))L since Im(A) = (Ker(AT))l and the second and the third terms
also lie in (Ker(AT))L since y'1 1 o0 gt 0 € o0 + (Ker(AT))L. Putting all together we get

2 e 0+ (Ker(AT))L. Finally, y/+" lies in ° + (Ker(AT))L as a convex combination of points
from this set. O

Corollary 1. Assume that Algorithm 3]is run for the objective 1, (y) = 1 (y) + A Y0, 2y — 7|3
with ¢/° as a starting point. Then for all k > 0 we have §* € y° + (Ker(AT))L

Proof. We prove this result by induction. For t = 0 the statement is trivial since §° = 3°. Next,
assume that 9°,9%,...,9F € y° + (Ker(AT))l and prove that g1 € ¢ + (Ker(AT))L. Our
assumption implies that the assumptions from Theorem [5|and applying the result of the theorem we
get that ' and y? from the method AC—SA? applied to the 1, also lie in y° + (Ker(AT))L. That is,

the output of AC—SA? applied for 1)y, lies in y° + (Ker(AT))L. O

Now we are ready to present our approach which was sketched in [15] of constructing an accelerated
method for the strongly convex dual problem using restarts of RRMA-AC—SAZ. To explain the main
idea we start with the simplest case: ai = 0, r = 0. It means that there is no stochasticity in the
method and the bound can be rewritten in the following form:

_VOL — bW N VOL V()]s N

1992 - P 50

where we used inequality ||V (y°)] > pylly°

ity of ¢). It implies that after N = O(y/Z¢/y,) iterations of RRMA-AC—SA? the method returns
such 7' = ¢ that [V (5")[l2 < 3/IV¥(y°)|2. Next, applying RRMA-AC-SA? with §* as a
starting point for the same number of iterations we will get new point 4> such that || V¢(72)]]s <
V@l < HIVY(YO)e. Then, after I = O(In(RulIV¥(*)l2/c)) of such restarts we can
get the point 7' such that ||V (7')||2 < ¢/r, with total number of gradients computations NI =

o) (\/Wln(z%yuvw(yﬂnh/s)),

In the case when a?p = () we need to modify this approach. The first ingredient to handle the stochas-
ticity is large enough batch size for the [-th restart: r; should be €2 (7%/(¥||v¢(3-1)(2)). However, in
the stochastic case we do not have an access to the V@b(yl*l), s0, such batch size is impractical.
One possible way to fix this issue is to independently sample large enough number #; ~ 35/52 of
stochastic gradients additionally, which is the second ingredient of our approach, in order to get good
enough approximation VW (71, €%, #) of V(1) and use the norm of such an approximation

— y*|| which follows from the fu,-strong convex-
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which is close to the norm of the true gradient with big enough probability in order to estimate needed
batch size ! for the optimization procedure. Using this, we can get the bound of the following form:

A, ¢ VO I IV R = VeI
8 32 '

The third ingredient is the amplification trick: we run p; = Q(In(1/8)) independent trajectories of
RRMA-AC-SAZ, getpoints 7!, . .., 7" and choose such 7"?(") among of them that || V¢ (7°71) |,
is close enough to min,—; HV@ZJ( 1) |5 with high probability, i.e.

E [va(zjl)”g ’ gl_lyrb?zl] <

HV@D@ )HQ < 2 mm va( P)|13 + <*/sR2

with probability at least 1 — 3 for fixed VW (7', 5’71, 71). We achieve it due to additional sampling of
Ty~ R5/52 stochastic gradients at g“’ for each trajectory and choosing such p(l) corresponding to the
smallest norm of the obtained batched stochastic gradient. By Markov’s inequality forallp = 1, ..., py

1
P{|[Ve ()3 > 24, | 7" r i} < 5

hence

—_

P{ min V@2 > 24, | 7~ rm}g

p=1,...p

ﬁ.
That is, for p; = log,(1/8) we have that with probability at least 1 — 23
VoI5 |, IV £TLR) V@I | €

2 3 "SRz

IV (g D)3 <

for fixed VW (71, €71, #) which means that

V@13,
2 4R?

IV (g7 D)2 <

with probability at least 1 — 3 3. Therefore, after | = log, (2RyIIV¥(4°)I13/<2) of such restarts our method
provide the point yl () such that with probability at least 1 — 315

-1

_ IIW( Iz € e? e?
va(yz,p(l))“% < 2 4R 9~k _2 4_-2:R_.
Y k=0 Y

The approach informally described above is stated as Algorithm [

Theorem 6. Assume that v is 11,,-strongly convex and L.,-smooth. If Algorithm @ is run with

2
ORIV (10)]12 407, 1+,/3lnt) R?
l:ma:x;{l,log2 yH w(y)HQ},m:maX 1 ( B> i

g2 ’ g2

Y

64Co7 In® N
rr, = max q 1, — ,
N[ VE(gh-totn, g0, |

2
12802 (1+ ,/31nlﬂ) R
v AR ]

g2

l
pk:max{l 10g2ﬁ} Tr = max | 1, (57)
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Algorithm 6 Rest arted-RRMA-AC-SA?

Input: y° — starting point, | — number of restarts, {74 }\_,, {7 }._, — batch-sizes, {py}._, —
amplification parameters

= CL2In*N
1: Choose the smallest integer NV > 1 such that 721-34— < 3—12
P

2: gO,p(O) — yo

g fork=1,...,ldo
4 Compute VW (gF—1p(k=1) gh=lpk=1) 7
_ 1 64Co7 In® N
5: T < maX{ ) NHV\I/(ﬂk_l’p(k_l),ﬁk_l’p(k_nfk)H%} -
6: Run p;, independent trajectories of RRMA-AC—SAZ for N iterations with batch-size 7, with
y*~1P(=1) a5 a starting point and get outputs 7%, . . ., g*P*
7. Compute VU (%1 €M1 7)), .. VU (ghPr €FPr )
. _ kp —
8: p<k) — argmin, ., . .. HV\IJ(yk,p’S 7p7r1€)”2

9: end for
Output: 770

_ 2 n4 N
where N > 1 is such that % < 5.8 € (0,1/3) and € > 0, then with probability at least
i
1-305
_ 5
IV (g D)l2 < - (58)
Ry

and the total number of the oracle calls equals

l 2 2

_ ~ L, 05R
E (fk—FNkak—i‘pkfk):O(max{“ﬁ?%}>' (59)
k=1 ¥

Corollary 2. Under assumptions of Theorem E]We get that with probability at least 1 — 33

€
177D — y*|ls < 7
fop Ry

where 3 € (0, 1/3) the total number of the oracle calls is defined in (59).

Proof. Inequalities and up]|y — y*|l2 < [V (y)]|2 which follows from f1,-strong convexity of ¢
imply that
. Vi (gt €
< I e e
e frp Ity

Lp(l) _

1y
O

Corollary 3. Let the assumptions of Theorem @ hold. Assume that f is L ¢-Lipschitz continuous on

Bg, (0) where Ry = ( By Amax (AT A)

84/ Amax (AT A) K
probability at least 1 — 43

+ %) R,and R, = ||z(ATy*)|2. Then, with

9e
A < — 61
x||—8Ry7 ( )

BN f(p* Ly c
flat) = ¢ >s<2+8Rym> O

where 3 € (0,/4), € € (0, uyR?) 2! L 2(ATy»0 €D ) and to achieve it we need the total
number of oracle calls as in (59).
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5.3 Direct Acceleration for Strongly Convex Dual Function

We consider first the following minimization problem:

¥ (y) — min, (62)
yeR™

where ¢(y) is j1,,-strongly convex and L,,-smooth. We use the same notation to define the objective
in as for the dual function from because later in the section we apply the algorithm introduced
below to the (16), but for now it is not important that v is a dual function for and we prefer to
consider more general situation. As in Section we do not assume that we have an access to
the exact gradient of (1) and consider instead of it biased stochastic gradient V1) (y, €) satisfying
inequalities and with 0 > 0 and o, > 0. In the main method of this section batched version
of the stochastic gradient is used:

LI
== Viy, 8, (63)
-

where 7} is the batch-size that we leave unspecified for now. Note that @\I/(y, Ek) satisfies inequalities
and (39).

We use Stochastic Similar Triangles Method which is stated in this section as Algorithm [7|to solve
problem (62). To define the iterate z*! we use the following sequence of functions:

N of 1 -
do(x) 2 Sllz— 213+ a0 (v(') + (V)2 — o) + Bz — o 13)
Gen(2) 2 () (W) + (VRELE), 2 - ) + B2 - 4 B e4)
k+1 [
- —\|z—z°u2+2az( + (VU €), 2 = )+ Bhls — 1)

We notice that g (z) is (1 4+ Ay )-strongly convex.

Algorithm 7 Stochastic Similar Triangles Methods for strongly convex problems (SSTM__sc)
Input: §° = 2° = y° — starting point, N — number of iterations

: Setag = Ag = /1,

2: Get VU (1, £°) to define §o(z)

3 fork=0,1,...,N —1do

4 Choose (077NN such that Ak+1 = Ak + a1, Ak+1(1 + A}dhﬁ) = Oé%+1L¢

5: gt = (Apy"+ar12) /4,
6
7
8

e

2kl — argmin, pn Gr+1(2), where gi11(2) is defined in
Yt = (Apy"ar 128 /4,
: end for
Output: ="V

Lemma 5. Assume that Algorithm 7]is run to solve problem (62) with (y) being 41,;-strongly convex
and L,;-smooth. Then, for all £ > 0 we have

A(y®) < Gu(=") - ZA”“”H’ ~l“|12+2—Hw &) - Ve e

=0
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Lemma 6. Let the sequences of non-negative numbers {cy } x>0, random non-negative variables
{Ri.}x>—1, { R }r>_1 and random vectors {n* } >0, {a* }x>0, {@" }1>0 satisfy inequality

-1 -1 -1

AIRZ+ZAkR2<A+h5Zak (Rp— 1+Rk +UZO%+1 0", a" +a* +CZO"€+1”77 12,

k=0 k=0 k=0 k=0
(66)

foralll =1,..., N, where h, d, u and ¢ are some non-negative constants and A1 = Ax + a1,
a1 < DA forsome D > 1, Ag = o > 0. Assume that for each k& > 1 vector a” is a function of
n°,...,nF1, a%is a deterministic vector, u > 1, sequence of random vectors {1*} > satisfy
k|2
2

E [nk | n°, ... ,nk_l] =0, E {exp (HZQ ) | n°, ... ,nk_l] < exp(1), Vk >0, (67)
k

2 Ce
= N2 <1+, /31n %)2

such that ||a*||; < Ry and Hdk||2 < Ry, R;, and Ry, depend only on 1, ..., 1" and Ry = 0. If
additionally § < ~SEo and e < HEg ~& Then with probability at least 1 — 2/ the inequalities

for some C' > 0,¢ > 0, 8 € (0, 1), sequences {a"}1>0 and {G*} x>0 are

i
JRy =~ J Ry
R<—, R_{<— 68
1 < A -1 < Nz (68)
and
-1 _ -1 -1
oY (R + Be) +u (', a* +a) + ¢ g |In'l3

k=0 k=0 k=0
< <2(:HC +2JD (hG +uC) 2HCg(N))) R? (69)
] ) . ln( 3 )Jrlnln(%)
holdforalll = 1,..., N simultaneously, where C' is some positive constant, g(N) = 5

N
B =8HCDR] (N (g) + 1) (A+2DR*G*R + 2C (c+2Du?) HR})

b= 202a?R? and

3B,D + \/9321)2 + 4+ 8cHC
2

J = max < v/ Ay, , B = hG +uC1\/2HCg(N).

Theorem 7. Assume that the function ¢ is j1,,-strongly convex and L.;-smooth,

2 N2g2 In ¥
r, =0 | max < 1 By A A ,
’ Lw g

3/2 N2g52 1+,/31n
ie.ry > %max {1, (#_w) w( ) }with positive constants C' > 0, > Oand N > 1.

Ly

. GR HR
!f adqmonally 0 § N\/AO—N“ < ANO
iterations, then with probability at least 1 — 33

is run for N

. J2R2
Iy —y*|l3 < 1 2 (70)
N
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where 5 € (0, 1/3),

l(M +lnln<§ 2 2 2
B b 010410D-1+/w+ 1+Hw

r L L
(1+,/31n %) ' v v

Q>

3 L\ "
=8HC < DR4 ( 5) * 1) <A +2Dh*G? + 2C <—¢> (c+2Du?) H) :
[y
2 2
= Uu= — CcC = —27
Hap oy

Y
H

1 2G 2G? +(Lw>3/4 2v2CH (Lw>/ ACH
quwNv N M2N2 po) Ly NVAy - \py ) Lyp N2Ay

3/2
331D+\/91§2D2+4A+BCHC (L—w)

j = max 7/ ﬁ, ' P) e )
Lo\ 2 .
= hG + uCi\/2HC (ﬁ) g(N) and C is some positive constant. In other words, to

achieve ||y — y*||2 < e with probability at least 1 — 33 Algorithm [7|needs N = O (w /i—j) iter-

~ 0.2
ations and O (max {, /i—”, ?}> oracle calls where O( ) hides polylogarithmic factors depending
on Ly, iy, Ry, € and B.

Next, we apply the SSTM__sc for the problem when the objective of the primal problem is L-
smooth, u-strongly convex and L ;-Lipschitz continuous on some ball which will be specified next, i.e.
we consider the same setup as in Sectionbut we additionally assume that the primal functional f has
L-Lipschitz continuous gradient. As in Section [5| we also consider the case when the gradient of the
dual functional is known only through biased stochastic estimators, see (32)—(39) and the paragraphs
containing these formulas.

In Section 5| and we mentioned that in the considered case dual function v is L,,-smooth on R"
and /1,,-strongly convex on y° + (KerA ")t where L, = Amax(A74)/, and 1, = Amin(ATA)/L. Using
the same technique as in the proof of Theorem [5} Iwe show next that w.l.0.g. one can assume that 1) is
[1,-strongly convex on R™ since V¥ (y, &) lies in ImA = (KerA ™) by definition of V¥ (y, £*). For

this purposes we need the explicit formula for 251 which follows from the equation Vg1 (2*) = 0:
40 k+1 gty 1 k+1
k+1 ]
2T = — Y — qu\I/ y 5 (71)
L+ Apyapiy 2 L+ Apyafiy 1+ Apgapiy 45 Z )

=0

Theorem 8. For all k£ > (0 we have that the iterates of Algorithm g’“, 2% yFliein 0 + (Ker(AT))L

Proof. We prove the statement of the theorem by induction. For £ = 0 the statement is trivial, since
7% = 20 = 0. Assume that for some k& > 0 we have ', 2*, y* € 3y° + (Ker(AT))L forall0 <t <k

and prove it for k + 1. Since yo + (Ker(AT)) is a convex set and yk“ is a convex combination of
k+1
y* and z* we have §**! € 30 + (Ker(AT))L. Next, the point 1+A Z 1+azuw g also lies
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in 40 + (Ker(AT))l since it is convex combination of the points lying in this set which follows from
Ay = S22 ay. By definition VU (7, €') of we have that VU (7, &) lies in ImA = (KerAT)*
for all 7/'. Putting all together and using we get 2F1 € ¥ + (Ker(AT))L. Finally, 7/**! lies in
y° + (Ker(AT))L as a convex combination of points from this set. O

This theorem makes it possible to apply the result from Theorem[7]for SSTM__sc which is run on the

problem (16).

Corollary 4. Under assumptions of Theoremwe get that after N = O < i—z In %) iterations of
Algorithm 7] which is run on the problem with probability at least 1 — 33

Ve ™)l < =

R_ya

where 3 € (0, 1/3) and the total number of oracles calls equals

/ 2 P2
6 (max{ %,%&’}) . (73)
Y

If additionally £ < /1, R, then with probability at least 1 — 33

N * €
yN —ytlla < : (74)
e

lyMle < 2R, (75)

Proof. Theorem [7]implies that with probability at least 1 — 33 we have
J2R?

An

Using this and L,,-smoothness of 1) we get that with probability > 1 — 3/

ly™ =y I3 <

L2J°R?

IVo™)Nz = IVey™) = Voy)z < Lilly™ =yl < .

2%k .
Since A > ﬁ (1 + %, /Z—Z) , it implies that after N = O ( i—z In %) iterations of SSTM_ sc

we will get with probability at least 1 — 3/ and the number of oracle calls will be

N 2 P2
~ L, 05R
re = O [ max —¢, % :
=0 Hyp &

Next, from /1,,-strong convexity of 1(y) we have that with probability at least 1 — 33

Vi (yN €

o pop 2y
and from this we obtain that with probability at least 1 — 33

ly

€

™2 < g™ =y lla + lly7ll2 < + R, <2R,.

Y
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Corollary 5. Let the assumptions of Theorem 7] I hold. Assume that f is L ¢-Lipschitz continuous on

Br,(0) where Ry = < o Gt “"‘”(A A) 7+ Ry Ry = [[z(ATy") |2, € <

,uwR and 5 S GIE for some positive constant (1. Assume additionally that the last batch-size 7y
is slightly bigger than other batch-sizes, i.e.

2 2
2 2 N 2 2 N 2
) p 72 N0 (14, BmE) B2 o2 (14, /3m%) B2
’I"NZEIHE%X 1, | — . (76)

Ly £2 ’ €2

Then, with probability at least 1 — 43

fEY) = f@@") < (2+< (i A ) ) (77)
IAZY ], < <1+\/_+G1 N (ATA Ri (78)

where 8 € (0,1/4), #¥ £ #(ATyN, &V, ry) and to achieve it we need the total number of oracle
calls including the cost of computing ¥ equals

/ 2 D2
6 (max{ %,%ﬁ’}) . (79)
Y

6 Applications to Decentralized Distributed Optimization

In this section we apply our results to the decentralized optimization problems. But let us consider
first the centralized or parallel architecture. As we mentioned in the introduction, when the objective
function is L-smooth one can compute batches in parallel [12, 18, 25| [27] in order to accelerate the
work of the method and (12)-(14) imply that

252 /a o2 /M5
0] orO
<\/ /s> ( Tt <uR2/e>) ®0)

number of workers in such a parallel scheme gives the method with working time proportional to the
number of iterations defined in (12). However, number of workers defined in could be too big in
order to use such an approach in practice. But still computing the batches in parallel even with much
smaller could reduce the working time of the method if the communication is fast enough and it follows
from (14).

Besides the computation of batches in parallel for the general type of problem (1)+(2), parallel opti-
mization is often applied to the finite-sum minimization problems (1)+(3) or (1)+(4) that we rewrite here
in the following form:
1 m
= — — n . 1
m 2 e@) = gin, @1
k=1
We notice that in this section m is a number of workers and fy(x) is known only for the k-th worker.

Consider the situation when workers are connected in a network and one can construct a spanning
tree for this network. Assume that the diameter of the obtained graph equals d, i.e. the height of the
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tree — maximal distance (in terms of connections) between the root and a leaf [66]. If we run STM on
such a spanning tree then we will get that the number of communication rounds will be d times larger
than number of iterations defined in (12).

Now let us consider decentralized case when workers can communicate only with their neighbours.
Next, we describe the method of how to reflect this restriction in the problem (81). Consider the Lapla-
cian matrix W € R™*™ of the network with vertices V' and edges £ which is defined as follows:

-1, if (¢,7) € F,
Wi = < deg(i), ifi=j, (82)
0 otherwise,

where deg(7) is degree of i-th node, i.e. number of neighbours of the i-th worker. Since we consider

only connected networks the matrix 17 has unique eigenvector 1,, 4 (1,..., 1)T € R™ corre-
sponding to the eigenvalue 0. It implies that for all vectors a = (ay, ... ,am)T € R™ the following
equivalence holds:

a=...=a, < Wa=0. (83)

Now let us think about a; as a number that i-th node stores. Then, using we can use Laplacian
matrix to express in the short matrix form the fact that all nodes of the network store the same number.

In order to generalize it for the case when a; are vectors from R™ we should consider the matrix

wEw ® I, where ® represents the Kronecker product (see (5)). Indeed, if we consider vectors

T1,...,Tm ER"andx = (z{,...,2) € R™, then (83) implies
1 m
r=...= T, < Wx=0. (84)

For simplicity, we also call W as a Laplacian matrix and it does not lead to misunderstanding since
everywhere below we use W instead of W. The key observation here that computation of Wz re-
quires one round of communications when the k-th worker sends x, to all its neighbours and receives
x; for all j such that (k,j) € E, i.e. k-th worker gets vectors from all its neighbours. Note, that W/
is symmetric and positive semidefinite [66] and, as a consequence, VI exists. Moreover, we can
replace IV by VW in and get the equivalent statement:

r=...=x, < VvWx=0. (85)

Using this we can rewrite the problem in the following way:

vVWx=0,

T1,...,xm EQCR™

f(x) = %ka(mk) —  min . (86)
k=1

We are interested in the general case when fi,(zx) = E, [fi(zk, {)] where {£;}7, are indepen-
dent. This type of objective can be considered as a special case of (@). Then, as it was mentioned in
the introduction it is natural to use stochastic gradients V fi (xy, ) that satisfy

[Eq. [V fulons &) — Vi), < @)
B |exp (nvmxk,gk) = [kam,gk)]né)] < expll) 88)
Then, the stochastic gradient
VIO Z VS (6N 2 kfj Vil )
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satisfies (see also (39))

[

. <||Vf<x, 6 —E [W(x,fmb)] < exp(l)

2
9f
with 07 = O (7°/m).

As always, we start with the smooth case with () = R™ and assume that each f} is L-smooth, -
strongly convex and satisfies ||V fx(zx)|l2 < M on some ball Bg,, (z*) where we use V. f(xy)
to emphasize that f; depends only on the k-th n-dimensional block of x. Since the functional f(x)
in has separable structure, it implies that f is L/m-smooth, #/m-strongly convex and satisfies
IVf(x)]]2 < M/ymon B /mg,, (x*). Indeed, for all x, y € R"

NE

Ix-yl3 =

—

IVIx) =Vl = > Vi) — Vifelu) 13 < o) > k= yell3
k=1

k=1

- y||27

s %
=
S

Snglhfﬁ
S|~

i
I

W
3~
NE

(£ + (Tefiln) 2 = ) + Slla* — 4" 1)

e
Il
—

I
=
=
_|_

(VI().x =) + 5—[x =y,

IV = IV fi ()3

§M|H
NE

e
Il
—

Therefore, one can consider the problem as with A = VW and Q = R™. Next, if the

starting point x” is such that x* = (2%, ..., 2°)7 then
VI3 M?
R o x3 = mla® — a3 = mA2, B2 % |y < DO |
’ Y Al'—i’—lln(I/‘[/) mAl’—tlln(W)

Now it should become clear why in Section |4| we paid most of our attention on number of A" Ax

calculations. In this particular scenario ATAx = \/WT\/Wx = W x which can be computed via
one round of communications of each node with its neighbours as it was mentioned earlier in this
section. That is, for the primal approach we can simply use the results discussed in Section [4] For
convenience, we summarize them in Tables [3| and [4] which are obtained via plugging the parameters
that we obtained above in the bounds from Section |4, Note that the results presented in this match
the lower bounds obtained in [5] in terms of the number of communication rounds up to logarithmic
factors and and there is a conjecture [15] that these bounds are also optimal in terms of number of
oracle calls per node for the class of methods that require optimal number of communication rounds.
Recently, the very similar result about the optimal balance between number of oracle calls per node
and number of communication round was proved for the case when the primal functional is convex
and L-smooth and deterministic first-order oracle is available [81].
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f icati fV [
Assumptions on f Method Citation # of communication | # of Vj fx(xy) oracle
rounds calls per node
Ju-strongly convex, D-MASG, ~( 7 ) ~( L)
2 L O L
L-smooth Q=R" [20] O T m
STP__IPS with _ B
L-smooth STP as a subroutine, [This paper] O < sz X) 0] ( LT)
Q=R"
u-strongly convex, oo ~ ( iYe ) ~ (MZ)
R-S1lidin 5], [46] 48| [49 @) 22 o=
[Vifu(zr)le <M d l | pz X e
. . 2 R2 2 p2
IVife(zi)l2 < M Sliding [46.48,149] | O < M x) 0 (MEQR )

Table 3: Summary of the covered results in this paper for solving using primal determinis-
tic approach from Section |4] First column contains assumptions on f in addition to the convexity,

def

X = x(W). All methods except D—MASG should be applied to solve (27).

# of communication

# of Vi, fr.(zk, k) oracle

. Meth -
Assumptions on f ethod Citation rounds calls per node
Li-strongly convex D=HMASG,

) ’ i ; (. /L N L o*
L-smooth n eépicizgon, [20] 0 ( NX) 0 (max {\/:’ pe }>
SSTP_IPS with conjecture,
~ ~ 2 2
L-smooth STP as a subroutine, [This paper] 0] ( Lf2 X> 0] (max {\/ L§2, "f }>
Q=R" [19]
p-strongly convex, RS—-sSliding =~ ( M2 ) ~ <M2+Uz>
15146l 148|149 O — O | ==
IVifs(an)la <M | Qisbounded | ! J ne X e
S5-Sliding ~ M2R? ~ [ (M2+02)R?
Vi fe(zg)ll2 < M 0 is bounded [46, 48, 149] o < 2 X o (%)

Table 4: Summary of the covered results in this paper for solving using primal stochastic approach
from Section [4] with the stochastic oracle satisfying (87)-(88) with 6 = 0. First column contains as-
sumptions on f in addition to the convexity, x o X (W). All methods except D-MASG should be
applied to solve (21). We notice it was also shown in [51] that the bounds from the last two rows hold
even in the case when () is unbounded, but in the expectation.

Finally, consider the situation when () = R"™ and each f; from is dual-friendly, i.e. one can
construct dual problem for (86)

IeIllRin ’ Where y = (yir’ ct e 7yT—|;L)T 6 an7 y17 R ’ym e Rn? (89)

y nm

max { (Y, vx) — fr(zx)} (90)

TR €ER™

1 « 1 &

EZW(W/’C)’ U(y) =(VIWy) = EZ%(W[V Wxlk), (@1
k=1 k=1
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where [V W]y, is the k-th n-dimensional block of v/ 17 z. Note that

Jmax {(y,x) - f(x)} = x@@ﬁ{z<yk’xk>_%zﬁ(”)}

= l max {(myg, xr) — fr(zr)} = %Z@k(myk) = O(y),

m T ER™
k=1 k=1

so, ®(y) is a dual function for f(x). As for the primal approach, we are interested in the general
case when ¢ (yr) = Ee, [0k (yx, &x)] where {&}), are independent and stochastic gradients
Vior (g, ) satisfy

[Ee, [Vor(yr: &) — Veor(yw)ll, < 0y, (92)
2
E, p(HV¢a%m@>—E?ﬁw%@M@nm>] < ep(l). .

Consider the stochastic function fi(, &) which is defined implicitly as follows:
1Y, k) = max Uyr, o) — f(2n, &)} - (94)
Tp

Since

=" Ver(my) =Y a(my) © x(y),  wwye) < argmax { (g, wx) — fulzx)}
k=1

k=1 xR

it is natural to define the stochastic gradient V&(y, &) as follows:

e (myr, &) = x(y,§),

[E
NE

O(y,§) £V wmﬂlmvammw

i
I

oy, &) = argmax {(yp, 2x) — fr(zr, &)}

T ER™

It satisfies (see also (39))

B [VO(y.&)] — VOy)l, < do.
<||v<1><y,§>—Eg[va,onri)] .

2
F

Ee

exp exp(1)

with ¢ = md, and 03 = O (mo?). Using this, we define the stochastic gradient of U(y) as
VU(y, &) EVIWVO(VIWy, &) = VIWx(vVWy, ) and, as a consequence, we get

[Ee [VE(y, )] = VEY)l, < b,
(uva,@—Eg [Wf(y,gnniﬂ .

2
Og

Ee

exp exp(1)

with (5\1; = 4/ )\maX(W>(5¢> and oy = )\maX(W>O'q>.
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# of communication #of V , oracle
Assumptions on f Method Citation 1 (U E)
rounds calls per node
2
-strongly convex, R-RRMA-AC-SA .
H oy . Corollaries
L-smooth, (Algorithm @) ~ I ~ L. o2M?
[15], O (/X O (max {4 /X, ~27—X
IV fr(zp)|le < M SSTM_sc p poroE
* , Corollary
on Bg,, (z*) (Algorlthm
p-strongly convex,
SPDSTM Theorem|2] YE ~ L o2 M2
x <M ' O £ O ( max Sy, 2
IV fi()[]2 - (Algorithm (15, 6] e X \ e Xo TE=X
on Bg,, (")

Table 5: Summary of the covered results in this paper for solving using dual stochastic approach
from Section [B| with the stochastic oracle satisfying (87)-(88) with 6 = 0. First column contains as-

sumptions on f in addition to the convexity, x « xX(W).

Taking all of this into account we conclude that problem is a special case of with A = vW.
To make the algorithms from Section [5] distributed we should change the variables in those methods
via multiplying them by /W from the left [15,[16, [78], e.g. for the iterates of SPDSTM we will get

gt = \/ng—i-l’ SRl \/Wzkﬂ, Yt = \/Wyk—&-l’

which means that it is needed to multiply lines 4-6 of Algorithm |2| by VW from the left. After such a
change of variables all methods from Section[5]become suitable to run them in the distributed fashion.
Besides that, it does not spoil the ability of recovering the primal variables since before the change of
variables all of the methods mentioned in Section [5{used x(v/Wy) or x(v/ Wy, &) where points y
were some dual iterates of those methods, so, after the change of variables we should use x(y) or
x(y, £) respectively. Moreover, it is also possible to compute ||/ z||2 = (x, Wx) in the distributed
fashion using consensus type algorithms: one communication step is needed to compute IV x, then
each worker computes (xy, [IWx]x) locally and after that it is needed to run consensus algorithm.
We summarize the results for this case in Tables[5and[6] Note that the proposed bounds are optimal
in terms of the number of communication rounds up to polylogarithmic factors [5, [66, 67, |68]. Note
that the lower bounds from [66) |67, 68| are presented for the convolution of two criteria: number of
oracle calls per node and communication rounds. One can obtain lower bounds for the number of
communication rounds itself using additional assumption that time needed for one communication is
big enough and the term which corresponds to the number of oracle calls can be neglected. Regarding
the number of oracle calls there is a conjecture [15] that the bounds that we present in this paper are
also optimal up to polylogarithmic factors for the class of methods that require optimal number of
communication rounds.

7 Discussion

In this section we want to discuss some aspects of the proposed results that were not covered in
previous sections. First of all, we should say that in the smooth case for the primal approach our
bounds for the number of communication steps coincides with the optimal bounds for the number of
communication steps for parallel optimization if we substitute the diameter d of the spanning tree in
the bounds for parallel optimization by O(+/x(W)).

However, we want to discuss another interesting difference between parallel and decentralized opti-
mization in terms of the complexity results which was noticed in [15]. From the line of works [43] [44],
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# of communication # of Vi (yk, k) oracle

Assumptions on Method Citation
P ! rounds calls per node

u-strongly convex,

L-smooth, SSTM_sc ~ 7 ~ T o2
Vo < 0 | igorm | S0P | O (Vix) | O (max{y/fx 2 })

on Bg,, (z*)
pu-strongly convex,

SPDSTM ~ _ —— a2
|V fr(ze)|l2 < M (Algorithm Theorem 0] < FX> 19, (max {\/;’ 2] X})

on Bg,, (z*)

]

Table 6: Summary of the covered results in this paper for solving using biased dual stochastic
approach from Section |5 with the stochastic oracle satisfying (87)-(88) with 6, > 0. First column
contains assumptions on f in addition to the convexity, x 4 X(W). For both cases the noise level
should satisfy ¢, = O (¢/ a1 ).

45, [50] it is known that for the problem (1)+(4) (here we use m instead of ¢ and iterator & instead of ¢
for consistency) with L-smooth and p-strongly convex fi forall k = 1, ..., m the optimal number of
oracle calls, i.e. calculations of of the stochastic gradients of f with o%-subgaussian variance is

Olm+4/m—+—|. (95)
V" n ope

The bad news is that does not work with full parallelization trick and the best possible way to
parallelize it is described in [50]. However, standard accelerated scheme using mini-batched versions
of the stochastic gradients without variance-reduction technique and incremental oracles which gives

the bound
- L 2
Olm —+0— (96)
no e

for the number of oracle calls and it admits full parallelization. It means that in the parallel optimization
setup when we have computational network with m nodes and the spanning tree for it with diameter
d the number of oracle calls per node is

~ 2 - 2
@) ( £ + 7 ) =0 (max{ £7 a }) (97)
[ MuE \/ [ mpue

and the number of communication steps is
~ L
O(dy/—]. (98)
W

However, for the decentralized setup the second row of Table [4] states that the number of communica-
tion rounds is the same as in up to substitution of d by 1/ x (W) and the number of oracle calls

per node is
~ I o2
O (max{\/;,%}> (99)

which has m times bigger statistical term under the maximum than in (97). What is more, recently it
was shown that there exists such a decentralized distributed method that requires

o)
mpue
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stochastic gradient oracle calls per node [61,[62], but it is not optimal in terms of the number of commu-
nications. Moreover, there is a hypothesis [15] that in the smooth case the bounds from Tables[3]and
(rows 2 and 3) are optimal in terms of the number of oracle calls per node for the class of methods
that require optimal number of communication rounds up to polylogarithmic factors.

The same claim but for Table [5| was also presented in [15] as a hypothesis and in this paper we
propose the same hypothesis for the result stated Table [6| up to polylogarithmic and additionally we
hypothesise that the noise level that we obtained is also unimprovable up to polylogarithmic factors.

7.1 Possible Extensions

B As it was mentioned in Section [4 the recurrence technique that we use in Sections [C] and
can be very useful in the generalization of the results for STM from Section [4] for the case
when instead of V f(x) only stochastic gradient V f (, £) (see inequalities (8)-(9)) is available,
f is L-smooth and proximal step is computed in an inexact manner. It would be nice also to
compare proposed methods for the case when ¢ with the results from [20]. For the convex
but non-strongly convex case one can also try to combine Nesterov’s smoothing technique
[13} 156/ [78] with D—MASG from [20].

B We believe that the technique presented in the proofs of Lemmas [4]and[6]can also be extended
or modified in order to be applied for different optimization methods to obtain high probability
bounds in the case when () = R".

B We emphasize that in our results we assume that each f; from is L-smooth and p-strongly
convex. When each f; is L;-smooth and ;-strongly convex, it means that in order to satisfy the
assumption we use in our paper we need to choose L = maxj <<y, L; and . = minj <<y, ;.
This choice can lead to a very slow rate in some situations, e.g. the worst-case L can be m
times larger than L for f as for the case when m = d and f(z) = lel3/am = Y/m > | fi(x),
fi(x) = =/2 where L; = 1 for all i but f is 1/d-smooth [77]. It was shown [66], [78] that instead
of worst-case 1 and L one can use fi = /m Z;il W and L to be some weighted average of
L;, but such techniques can spoil number of communication rounds needed to achieve desired
accuracy.

B It would be also interesting to generalize the proposed results for the case of more general
stochastic gradients [6 130, 60}, [79].
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A Basic Facts

In this section we enumerate for convenience basic facts that we use many times in our proofs.

Fenchel-Young inequality. For all a,b € R™ and A > 0

lall3  AllblI3

b < . 100
(0, 0)] < T2+ =5 (100)
Squared norm of the sum. For all a,b € R"”

la + blI3 < 2[la]lz + 2b]]>- (101)

B Auxiliary Results

In this section, we present the results from other papers that we rely on in our proofs.

Lemma 7 (Lemma 2 from [34]). For random vector & € R" following statements are equivalent up to
absolute constant difference in o.

1 Tails: P{||¢]l2 > v} < 2exp (—%) Vy > 0.

2 Moments: (E [5”])% < o/p for any positive integer p.

3 Super-exponential moment: [ [exp (Hg—!%)] < exp(1).

Lemma 8 (Corollary 8 from [34]). Let {&;}7_, be a sequence of random vectors with values in R"
suchthatfork =1,..., N andforally >0

2

E [Sk ’ 517 S 767&’*1] = 07 E ["5]6“2 2 Y ‘ 517 s 75’6*1] S €xXp (_%‘_2) almost SUfely,
k
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N

where o7 belongs to the filtration o'(&, ..., & 1) forallk = 1,..., N.Let Sy = Y &. Then there
k=1

exists an absolute constant C'; such that for any fixed 5 > 0 and B > b > 0 with probability at least

1—p5:

N N
2 B
either Zai > B or ||Sx|l2 < | max {Z a,%,b} (ln% +Inln 3)
k=1 k=1

Lemma 9 (corollary of Theorem 2.1, item (ii) from [37]). Let {&;.}_, be a sequence of random vectors
with values in R” such that
E[& | &,y - &1 = Oalmostsurely, k=1,...,N

N

and let Sy = >~ &. Assume that the sequence {&; }2'_, satisfy “light-tail” assumption:
k=1

E |:e (‘|§k’|2> | 617 . 7§k—1:| < eXp(l) almost surely, k= L... ’N’

where 01, ..., 0N are some positive numbers. Then for all v > 0
PQSvlb > (V2+ v27) (102)
C Similar Triangles Method with Inexact Proximal Step
In this section we focus on the composite optimization problem. i.e. problems of the type
F(z)= f(z) + h(x) — mﬁn, (103)
reR™

where f(z) is convex and L-smooth and h(z) is convex and Lj-smooth. Before we present our
method, let us introduce new notation.

Definition 3. Assume that function g() defined on R™ is such that there exists (possibly non-unique)
x* satisfying g(z*) = mingegrn g(x). Then for arbitrary § > 0 we say that & is d-solution of the
problem g(z) — min,eg» and write & = argmin’ _p. g() if g(2) — g(z*) < 6.

Note that d-solution could be non-unique, but for our purposes in such cases it is enough to use any
point from the set of d-solutions. In the analysis we will need the following result.

Lemma 10 (See also Theorem 9 from [76]). Let g(z) be convex, L-smooth, z* is such that g(z*) =
min,cg» g() and & = argmin’_g. g() for some § > 0. Then for all z € R”

(Vg(z),z —x)y < V2LI||T — z||2. (104)

Proof. Since x* is a minimizer of g(z) on R", we have Vg(z*) = 0 and [55]

IVg(2)[l2 < 2L(g(2) — g(z7)).

Next, using this, Cauchy-Schwarz inequality and definition of  we get
(Vg(2), 2 — ) < [[Vg(@)ll2 - |2 — 2lla < V2L(g(%) — g(a*))[|Z — z]|2 < V2L3|| & — x|,

that concludes the proof. O
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Algorithm 8 Similar Triangles Methods with Inexact Proximal Step (STM_IPS)
0

Input: 7° = 2% = 2% — starting point, N — number of iterations

1: Set « :Ao =0

2. fork=0,1,...,N —1do

3 Choose a1 suchthat Ay, + a1 = 2Lai,, Ap1 = Ag + g

4 Fhtl = (Akxk+ak+1zk)/,4k+1
k+1 _ s Ok ; ; ; _ k _ sk+1)2
5. 2" = argmin iR, grr1(2), where giy1(2) is defined in (T05) and ;41 = 62" — 2513
6: ahtl = (Akwk+0<k+1zk+l)/Ak+1
7: end for
Output: 2V

The main method of this section is stated as Algorithm |8l In the STM__ TP S we use functions ng(z)
which are defined as follows:

1 - - -
gri1(2) = Sl12" = 2[5+ anan (fET) +(VFET), 2 =) + h(z)), k=0,1,....
(105)
Each gx.1(z) is 1-strongly convex function with, as a consequence, unique minimizer

A def .
SR E argmin gy (2).
z€R™

Let us discuss a little bit the proposed method. First of all, if we slightly modify the method and choose
0r+1 = 0, then we will get STM which is well-studied in the literature. Secondly, it may seem that in
order to run the method we need to know ||z* — 25¥1||5, but in fact we do not need it. If g 1(2) is

L1 1-smooth and i 1-strongly convex, then one can run STP for T' = O (\/Lk+1/uk+1 In Lk+1/5>

iterations with 2* as a starting point to solve the problem g, 1(z) — min.cg» and get 251 =

argmingg{n gr+1(2). Note that in this case we do not need to know 2%*1. Moreover, we do not
assume that iterates of STM_TIPS are bounded and instead of assuming it we prove such result
which makes the analysis a little bit more technical then ones for STP. Finally, we notice that one
can prove the results we present below even with such a1 that Ay 1 = A + a1 = Laiﬂ. It
improves numerical constants in the upper bounds a little bit, but for simplicity we use the same choice
of a1 as for the stochastic case.

We start our analysis with the following lemma.

Lemma 11 (see also Theorem 1 from [17]). Assume that f(z) is convex and L-smooth, h(z) is
convex and Lj-smooth and § < % Then after N > 1 iterations of Algorithm we have

N—-1
1 1 R ~
Ay (F(zV) — F(z¥)) < §R§ — §R?V +9 § VEk+2R;, |, (108)
k=0

where z* is the solution of (T03) closest to the starting point 20, Ry = ||2* — 25+ |ls, Ry & Ry &
~ g = cdef [ (Ln42L)s
2, Rip1 © max{Ry, Ry} fork=0,1,... N —1land0 = , /—((1}\/%)2[

Proof. First of all, we prove by induction that 2¥+1, 2%, 2% € Bﬁk(x*) fork =0,1,....Fork = 0 this

x* — 20
|

is true since 20 = 20, Ry = Ry = ||2° — 2*|| and & = (Aoa+ar12)/a, = 20, since Ay = ag = 0
and A; = o. Next, assume that Z°1 2% 2F € Bék(:c*) for some k > 0. By definition of Ry
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and Ry, we have 2**! € By, (a*) C By, («*). Due to the assumption that 2* € Bp, (2*) C
_ - _ k1 _ it

B, () C B, ., (z*) and convexity of the B, ., (z*) we getthat " € By (27) sinceitisa

convex combination of % and z5*1, i.e. ¥t = (Ake*+ar1z"t) /4, . Similarly, & ’“” lies in the ball

B§k+1(as*) since it is a convex combination of z¥*1 and 2%*1, i.e. Ftl = (Aa"tappz ) /g,
That is, we proved that ¢!, z* 2F ¢ By, (2*) for all non-negative integers k.

Since 2F*+1 = argmini’g[gn gr+1(2) and gg41(2) is 1-strongly convex and (a1 Ly, + 1)-smooth we
can apply Lemma([i0and get

(Vi (1), 254 = 2%) < \f2(ana Ly + DBl|k — 213 |44 — ol (107)
From 1-strong convexity of gy 1(z) we have
|24 = 2D < 2(grin (M) — graa (B51)) < 2812 — 25
Together with triangle inequality it implies that
125 = 2o < I8 = a”flo + [l — 25 la + |25 — 2y < 2Ry + V2612 — 254,
and, after rearranging the terms,

k k:-i-l”

|25 — Ris. (108)

2
1—+20
Applying inequality above and for the r.h.s. of we obtain

(2% VFEY) + i VAR, 257 — o) < 6VE + 2R2, (109)

where we used

(ak+1Lh+1 ) @ k+2 Lh+2(k:+2)L)6 (Lyp+2L)0
e S e

def (Ln+2L)5
and 6 = 2 (1_h\/%)2L'

Using this we get

Oék+1<Vf(a~;k+1)7 zk _ q;*> — <Vf( k+1) k Zk+1> + Oék+1<Vf(1~3k+1), Zk+1 . JJ*>
\ a <Vf( k+1) k Zk+1> + <Zk+1 . ijx* i Zk+1>

+ak+1(Vh(zk+l), o — 2 4 VE +2RE

=

One can check via direct calculations that
1 1 1 n

(a,8) = Slla+ ] = Sllall3 = 16l VbR

From the convexity of
<Vh( k+1) * Zk:—i—l) S h(l’*) . h(2k+1).
Combining previous three inequalities we obtain
1 1

app (V@) 28 —2%) < (VF@EM), 25 = M) — §Hz’“ — 25+ —IIz’“ — '3

1
—§sz+1 — 2|3+ agrr (h(z*) — h(Z")) + 0V + 2R?,,.
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k+1 ~k—+1

By definition of """ and x

k+1

Apx® + gz Azt + 12« o

A Aps Apna Api1

Together with the previous inequality and Ay, = 2Lai+1, it implies

oy (VFERY), 25 — 2%) < Ay (W F(EFT), 201 — o)
Ak+1 ~k+1 k+1 2 k * |12
“oar I I3+ Sl1=* = a3
1 . .
_§”Zk+1 —x H% + Qpp1 (h(x ) h( k+1>) +(5 //C_—i- Rk+1

2L

1
2kt = ) + g1t -l

< Ak+1 (<Vf( k+1> ~k+1 _$k+1> - 5

1
=<2 — 2|3 4 s (h(z*) — h(z ’““))+5\/k+ R,~c+1

2
< A (FE) = FE ) + Sl = 2 - Sl — o3
tagr (h(z*) — h(ZFY) +6vVE + 2RE,, (110)
From the convexity of f we get
(V@E),ah =3 < fd®) — f(@*). (111)
By definition of Z**! we have
gt (B = 2F) = Ay (a8 — ). (112)

Putting all together, we get

ak+1<Vf( k:+1) ik+1—x*> ak+1<Vf( k+1) :f'k+1 >+Oék+1<Vf< k—i—l) Zk—l’*>

@ <Vf( k-l-l) kE k+1>+ak+1<vf( k+1) Zk:

")
),
< Ay (f(ﬂﬂk) — f(z kH)) + At (f(fl?kJrl kH )
1 * *
= - L -

tagg (h(a*) — h(zFY) + 0V + 2RY, .
Rearranging the terms and using A1 = Ay + a1, we obtain
- 1 .
Appn f@™) = A f (%) < ap (FE) +(VFEM), 2t —2M)) + —IIZ’“ — |3
1 * *
—§sz+1 — 2|2+ apgr (h(z*) — h(ZMY) + 0V + 2RE,

and after summing these inequalities for k = 0, ..., N — 1 and applying convexity of f, i.e. inequality

(V@) ar — 341) < f(z*) = f(@"), we get

2

1 1
Anf) < §R§—§R?V+ANf(x*)+ANh(x*) akﬂh k) +5Z\/k:+ 2R2, |,

0

i
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where we used that Ay = 0. Finally, convexity of /1 and definition of z°+1, i.e. z¥+1 = (Axa"+ar1z"*) /4,
implies
Anh(2™) < Ay 1h(2N 7Y 4 axh(2Y).
Applying this inequality for Ay_ k(2N 1), Ay _oh(zV72), ..., Aih(x!) in a sequence we get
N-1 N-1
Anh(z™) < Agh(2°) + 3 apprh(ZF) = > ag i h(zF),
k=0 k=0
which implies
N-1
N * 1 2 1 2 g \/—~2
Ay (F(z™) = F(z")) < S — SN + 0y Vk+2R;,,
k=0
that finishes the proof. O

Below we state our main result of this section.

Theorem 9. Let f(z) be convex and L-smooth, /() be convex and Lj,-smooth and § < 1. Assume

that for a given number of iterations N > 1 the numberS ] 2 % satisfies 5 < W
with some positive constant C' € (0, 1/4). Then after IV iteration of Algorithm 8| we have
3R?
F(zV) — F(z*) < QAO. (113)
N
Proof. Lemma/[i]implies that
1 | -1 N
A (F(') = F(z")) < 533 - 51%% +0 Y VEk+2R;,, (114)
k=0
forl =1,2,...,N.Since F(z!) > F(z*) foreach [ and § < W we get the recurrence

-1

2C ~
2 2 /2 2 —
Ry < Ry + N 1) gg(k+2) Ri,, Vl=1,...,N.
Note that the r.h.s. of the previous inequality is non-decreasing function of [. Let us define [ as the
largest integer such that [ < [ and R; = R;. Then R = R; = R;, = ... = R;and, as a
consequence,
20
2 2 1/2 52 _
R1§R0+m§ (k+2)7Ry.,, VI=1,...,N. (115)

k=0

Using Lemmawe get that El < 2RZ%foralll = 1,..., N. We plug this inequality together with

§ < (Nﬁ)gﬂ < 4(N+11)3/2 and R% > 0in (74) and get

N-1

1 4R?
AN(F(z™) = F(z*) < R+ —C N (k+2)"
V(P = ) < GR+ s 2 +2)
3
< 533,
which concludes the proof. O
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Corollary 6. Under assumptions of Theorem[9]we get that for an arbitrary € > 0 after

2
N0 (,/@) 116

iterations of Algorithm [glwe have F'(zV) — F(z*) < . Moreover, we get that § should satisfy

L
0=0(——=). 117
((Lh T L)N3> )
Proof. The first part of the corollary follows from (T13) and Lemma[i2] Relation (117) follows from the
. e R C . ¢ def Lp+2L)o
definition of d and § < YL Indeed, since 6 = 2, /W and C' < i we get that

C?(1 —/20)%L - L _ 1 L
= 4(Ly +2L)(N +1)3 =~ 64(Ly, +2L)N3 = 64 (L, + L)N3’

O

That is, if the auxiliary problem gx,1(2) — min,cg~ is solved with good enough accuracy, then
STM_IPS requires the same number of iterations as STM to achieve F'(z) — min,cgn F'(z) < €.

D Missing Proofs from Section 4|

D.1 Proof of Lemma(il

We have
U(y") = (v, Ax(ATy")) — f (a(ATy").
From Demyanov—Danskin theorem [64] we have that V1) (i) = Az (ATy) which implies
0=Vi(y") = Az(ATy").
Using this we get

—f(@(ATy) = wly) = max { (A —f(@@)

Finally,

D.2 Proof of Theorem(]

By definition of F’
2

R R?
Ny — N Y ANQ_ : YA 2
F(a7) —min F(z) = f(”) + (A7 glelg{f(x)Jr l fCHg}

N R2 N |2 R2 2

> _Y _ i YA

> fY)+ 22 A A;%&Q{f@%+gllmh}
2

R
— Ny : "y N (|12
= f@@") - min f(z)+ A7,
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which implies
R? e
f@) = f@) + A5 < e, (118)
where z* is an arbitrary solution of (15). Taking inequality || Az"||3
part of (23). From Cauchy-Schwarz inequality we obtain

> 0 into account we get the first

(=)

* * *
—Ry[lAz" 2 < [ly"ll2 - [[Az™l2 < (y*, Ax™) < f(@") = f(2").

Together with (TT8) it gives us quadratic inequality on R, || Az" ||2:

RQ
—R,[| Az + j’HAwNH% <e.

Therefore, RyHAxNHQ should be less then the greatest root of the corresponding quadratic equation,
ie. Ryl|AxN|s < 15Y5e < 2,

E Missing Proofs from Section [5.1]

E.1 Proof of Lemmaf2

From the convexity of ©) we have

v@) =) < (Ve@),e—y) = (E[VU(E)] 2 —y)
+ (V@) ~E [VU(z,€5] o —y)
< (E[VU(.e] 0 —y)+ | Vo) — B [V, €9)]|| -z — ol
(B [90(.€5)] .o~ )+l —

which proves the inequality (40). Applying L-smoothness of ¢(z) we get

W) < wla)+{Vela)y—a)+ 5 ly— 3
— (@) + (B [VU(,€9] .y — o)+ (Vo) - E [VO(,9] .y - 2)

L
+ 2y — 2l

Due to Fenchel-Young inequality (a, b) < o[|al|3 + 3[|b]|3, a,b € R", A > 0,

(Vila) B [V0(r,65] .y~ 2) < 3 || Vo) ~ E [T, €9)] | + £y — o3

Combining these two inequalities we get (41).
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E.2 Proof of Lemma

The proof of this lemma follows a similar way as in the proof of Theorem 1 from [17]. We can rewrite
the update rule for z* in the equivalent way:

‘ - . 1
Jo s - arggmn {ak+1<V\Il(yk+17£k+l>7 z — yk+1> + 5”2 — zng} .
z€R™

From the optimality condition we have that for all z € R"
Using this we get

e (VUG €5, 28 — 2)
= e (VUG E8), 28 — 2 g (VO(gFH, €9, 24— 2)

-
S Ozk+1<v\11(?jk+1,£k+l),zk . Zk+1> + <zk+1 . Zk’ P zk+1>_
One can check via direct calculations that
1 s 1 o 1 2 n
(@,b) < Slla+0lz = Fllallz = 5lIblz, Va,beR™

Combining previous two inequalities we obtain

- - 1
A1 <V@(yk+1>€k+l)7 Zk - Z> S ak+1<v\p(yk+17€k+l)7 Zk - Zk+1> - é”zk - ZkJrlH%
1 1
5l = 2ll3 = Sl =23,
By definition of /%! and 7***
k+1

k k k
k+1 Apy® + g1z Ay’ 4+ oz Okl [ k41 k k41, k41 ki E
= = (z —z):y —i——(z —z).
Aptr Apy1 A Aps1

Together with previous inequality, it implies

ak+1<@qj(gk+1a €k+1)7 Zk - Z> S AkJrl <@\P<gk+l’ €k+1)7 gk+1 — yk+1>

Ai
e (7R TAan [

20‘1%“
1 1

+§Hz’“ — 2|5 - §Hz’““ — 2|3

. ) oL
< Apo ((V\If(y’““,ék“),y'““ — gt — 7||y’f+1 — y’““ll%)

1 1

+§Hz’“ — 25 - §Hz’““ — 2|13

- 3 oL
= Aoy <<Ek [V\If(y’““,ﬁ’““)} g — y’“+1> — 7\!3/““ —~ y’““H%)

F A <@\1j(gk+17£k+l> _E, [@\I,(gwrl’ £k+1)] ,ngrl _ yk+1>
1

1
5l 2l = Sl 2l
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From Fenchel-Young inequality (a, b) < 5x|lal|3 + 3[|b]|3, a,b € R™, X > 0, we have

<V\If( 7L R R, [@\p@kH?ﬁkﬂ)] - yk+1>

~ nd 2 T
< L |Vt ) — K, [V\D(g’““,é’““)] H2 + g =y S

Using this, we get
it <@\Ij<gk+1’ €k+1)’ Zk i Z>

< A <<Ek [V‘If( Thass £k+1)] 7?J~k+1 - yk+1> ||ykJrl k+1||§>

+z‘12k£1 (€M) — R, [@\IJ(@’““,E’““)} z

Fallet = 23— Sl — =B

D s (W) - 0+ 5 ) ol - gl 218

+142k[j;l VUG, £ — By [@\I,@ml?éml)} Hz (120)

With Lemma[2]in hand, we have

<@\I,( ~k+1 Ek-i—l)’yk _ gty = <]Ek [V\I’( ~k+1 €k+1)] L _gk+1>
4 (Tw(gt, g — R, [@\y(gk+1’£k+1)} Ly — gk+1>

- -
< ) =@ + ol = 7 s
X <@\I,<gk+1’€k+1) _E, [@\P(ﬂkﬁl’gk—&-l)} - gk+1> _ (121)
By definition of 7! we have
ey (77 =) = A (vF = 7). (122)

Putting all together, we get

Oék+1<V‘I’( gt £k+1)aﬂk+1 —2)
= Of+1 <V‘ll(gk+17 €k+1)7 ngrl - Zk) + ak+1<v\11(gk+1’ £k+1)7 Zk - Z>
Ak<@\p(gk+1’ €k+1)’ yr — gk+1> + ak+1<@\y(gk+17€k+1>, Sk 2)

< A (V) =@ ) +ollyt - g )
A (VUL EY) — B [VO(H €]yt - i)
A (V) = V) + 5 ) + 3l = 2l = I - 23

V\I/( k+1 €k+1) Ky [qu( ~k+1 €k+1 ”‘

Ak+1
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Rearranging the terms and using A1 = Ay + a1, we obtain

Ak (0" = Ab(y") < apn (V) + (VO €5), 2 = ) ) + %IIZ’“ -zl

1 ~ Apo 162
_§||Zk+1 B Z||§ +Ak5||yk o yk+1||2 + k+Tl
Aptr 2

_|_
2L

@\If(gjkﬂ, £k+1> _E, [@qj(yﬁﬁl’ €k+1)]

2

A (VI E) — B [V €] of -5,
and after summing these inequalities for k = 0, ..., N — 1 we get

1 1
Any(y™) < §||Z—ZOH§—§||Z—ZNH§

N-1
+ 3 ane (W) + (VR E), 2 - )
k=0

N-1

I Z A, <@\I,@k+1’ £ R, [@\I,(gk+17€k+1)] - gk+1>

k=0
N-1 ‘2
2

I Z Ags1 ‘
—o 2L
N-1

N—-1
i Apir
+5Y  Apllyt — 7 ls + 62 =,

E, [@\Ij(gk+17€k+1)] - @\I,@k+17€k+1)

where we use that Ay = 0.

E.3 Proof of Lemmald

We start with applying Cauchy-Schwarz inequality to the second and the third terms in the right-hand
side of (43):

-1 -1 -1

1 ~ ~
§Rl2 < A—i—hfsgakﬂ}%k+Ud;ak+1||77k||23k+C§ai+1”nk“§7

h25% - ud +1 < ~ ud\ = -
At =D o+ =5 — ) R+ (c+7> > Gkalnl3. (129
k=0

k=0 k=0

IN

The idea of the proof is as following: estimate R?V roughly, then apply Lemma in order to estimate
second term in the last row of and after that use the obtained recurrence to estimate right-hand

side of (43).
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Using Lemma@we get that with probability at least 1 — %

¥l < V2 (1+ 3 ) e < va [ 14 /3mL Ve
B B8 | N
Qp411n (g)
1 /3 | 3
- 1= V2Ce < 2, | =2—V/2C¢, (124)
1/ Qg4 1n (ﬂ) g A1
B

where in the last inequality we use In % > 3. Using union bound and a1 < a1 = D(k +2) we
get that with probability > 1 — [ the inequality

1., h252D? ud+ — ud\ <=
SR < A+ — > (k+2) > R} +24Ce et > akn
k=0 k=0 k=0
1262 D> o ud—l— — —
A+ — I+ ZRk+24CD5 (c+ 5 ) 2 (k +2)
h%§? D? ud+1 ) ud
< A+ (14 1) ZRk+12(JDs e+ ) U+3)

k=0

holds forall [ = 1,..., N simultaneously. Note that the last row in the previous inequality is non-
decreasing function of l If we define [ as the largest integer such that [ <land R; = R;, we will get

that R; = R R; = Rl and, as a consequence, with probability > 1 — /3

i+1 —
1, 262D . . wd +1 24 - ud - -
“R? < A+ (141 >4+ 12CD — (I
B < 5 (I+1)%+ ;Rk+ CDe e+ | Ul +3)
h252D? d+1 < ud
< A+ (1412 + 2 + ZRk+12C’D5(c+ 2)1(z+3), vi=1,...,N.

Therefore, we have that with probability > 1 — 3

-1
R} < 2A+ (ud+1) Z +12CDe (2¢ + ud) 11 + 3) + h202DI(1 + 1)

< 2A(2—|—ud)+(1 ud + (1 + ud)?)
A/—/ %

<2(1+ud) <2(14ud)?

Z Rj; + 12CDe(2¢ + ud) (I(1 +3) + (1 +ud)(I = 1)(1 + 2))
§2(1+;dr)l(l+3)
+h*6*D* (I(1 +1)* + (1 + ud) (I — 1)1?)

<2(14ud)l(l+1)?

-2
< 2(1 + ud) <2A +(1+ud)) R? +12CDe (2¢ + ud) I(1 + 3) + h?6*D?1(1 + 1)2> ,
k=0
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foralll = 1,..., N. Unrolling the recurrence we get that with probability > 1 — 3
R < (2A + (1 + ud)R2 + 120 De (2¢ + ud) (I + 3) + K262 D2(1 + 1)2) 2(1 + ud))",

foralll = 1,..., N. We emphasize that it is very rough estimate, but we show next that such a bound
does not spoil the final result too much. It implies that with probability > 1 —

-1 B

Y Ri<i (2A + (1 + ud)R2 + 12CDe (2¢ + ud) I(1 + 3) + h262D2I(1 + 1)2) (2(1 + ud))',

k=0
(125)

forall [ = 1,...,N. Next we apply delicate result from [34] which is presented in Section [B| as
Lemma We consider random variables £&¥ = @11 (n*, a¥). Note that E [¢¥ | €°,... &F1] =

1 (E 0¥ [0, ..., n*1] ,a¥) = 0 and
fk 2 ~ o2 anHQdQEQ -
exp (% 1%, < E|exp IH;NQ 22~2k |7,

. E ex anH% | 0 k—1 < 1
= P~ ) ln-m < exp(1)

k

E

due to Cauchy-Schwarz inequality and assumptions of the lemma. If we denote &7 = o2d7, ,d*R?
and apply Lemma [ with

B =2d’CDHR} (2A+ (1 + ud)R§ + 48CDHR; (2¢ + ud) + h*G*R3D?) (2(1 + ud))™

and b = 62, we getthatforall [ = 1,..., N with probability > 1 — %

-1
< Z&Z (ln (ﬂ> +Inln (§>)
k=0 p b

with some constant C'; > 0 which does not depend on B or b. Using union bound we obtain that with

probability > 1 — (3
-1 N B
<y %6% (ln (E) +1Inln <€>)

and it holds forall [ = 1, ..., IN simultaneously. Note that with probability at least 1 — (3

-1
eitherz 67 > Bor
k=0

-1

2 ¢

k=0

-1

> &

k=0

A [ € -
o = & orap R <) —Fana Ry
k=0 k=0 k=0 B
?CDHR? < ~,  @CDHR? N+1<A~,
S Ty X0 AR S T T ) R
d*C DH R? ~
< %z <2A + (1 + ud)R2 +12CDe (2¢ + ud) I(1 + 3) + h26*D?1(1 + 1)2)
(2(1 + ud))’
< d’CDHR; (2A+ (1 + ud)Rj + 48CDHR] (2¢ + ud) + h*G*R3D?) (2(1 + ud))™
B
2
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foralll = 1,..., N simultaneously. Using union bound again we get that with probability > 1 — 23

the inequality
-1
N B
<y Z&g (ln (E) +Inln (3)> (126)
k=0

holds foralll = 1, ..., N simultaneously.

Note that we also proved that (124) is in the same event together with (126) and holds with probability
> 1 — 2[3. Putting all together in (43), we get that with probability at least 1 — 23 the inequality

1 -1 B -1 -1
_Rl = A+h62ak+1Rk+uZak+1(nk,ak) +Czai+1’|7lk|‘§
k=0

-1 -1 -1
(126) ~ . N B ~
< A+ hd ,;0 g1 Ry + uChy 5 0% (ln <E> + Inln (3>) + 24cCe 5 Qi1

k=0 k=0

holds foralll = 1, ..., N simultaneously. For brevity, we introduce new notation(neglecting constant
factor):

B
In ( ) + Inln (5)
g(N) = ~ 1.
ln (F)
Using our assumption o < — C;fl(N) and definition 67 = o2a7, ,d® R} we obtain that with proba-
k+1 F

bility at least 1 — 23 the inequality
1, -1 -1 -1

§Rl < A+ h5zak+1§k + Uzak+1<77k7 a*) + Czaiﬂlln’“ﬂg
k=0 k=0 k=0

hGDR, - - A -
< A+ N+ 1)0 (k + 2) Ry + udCi+/Ceg(N) Z Q1 R2 + 24cCe Z Q1
k=0 = =
-1
hGDR,
< A4+ ——2N"(k+2)Ry, + udCy/CDeg(N

(N+1)24

+ 24cCDe) (k+2)
k=0

A+ 24cCD

=0

HRZ2I(1+1)
N2 2

IN

HR?
N2

hGDR, <A
(k +2 D
O wTe Z; +2) Ry, + udCyy/ C

A hGDR,
— +24cCDH | B2+ ———
(R§+ cC )R0+(N+1)2

g(N)

l

IN

-1
(k +2)Ry,
k=0

dC1 R,
+U 1470

N CDHg(N)

(127)
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holds for all [ = 1,..., N simultaneously. Next we apply Lemma [14| with A = % + 24cCDH,
— 0
B = udCy\/CDHg(N), D = hGD, r, = Ry and get that with probability at least 1 — 23

inequality

R < J Ry

holds forall [ = 1, ..., N simultaneously with

0

2 24
J = max {1, udCy\/CDHg(N) + hGD + \/ (udC“/CDHg(N) + hGD) t ot 48cC’DH} .

It implies that with probability at least 1 — 23 the inequality

-1 -1 -1

A+ h5z a1 By +u Z apr1(n®, d*) + CZ a3
k=0 k=0 k=0

-1

hG 2 =1 udC1 R2
< (RA + 24cC’DH> R} + T kzzo(k: +2) + i /OCDHg(N) ;:;0(1{ +2)J

<A+ (24CCDH +hGDJ + udCy/CDHJg(N) 41 /@) R?

<A+ (24CCDH + hGDJ + udC, CDHJg(N)) R?

holds foralll = 1, ..., N simultaneously.

E.4 Proof of Theorem 2

Lemma[3] states that

1 N-1

1 N
N ~ 0112 ~ N2 ~k+1 ~k+1 k+1 ~ ~k+1
Anp(y™) < §||y—z ||2—§||y—z ||2+k§_00zk+1 <w(y+ )+ (Vg™ €"), 0 — 7 ))

N-1
X Z A, <@\D(gk+17€k+1) _E, [@\Ij@iﬁl,gml)} = gk+1>

k=0
N-1
A
Ly A
= 2L
N-1

N—-1

. A

+6> Ayt — 7l + 87 ) D = (128)
k=0 k=0 L

2

E, [@\I,@kﬂ’gkﬂ)} _ @\I,@kH’ékH) 2

k+1

for arbitrary y. By definition of """ we have

appr (P = 2F) = Ay (v — 5 (129)
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Using this, we add and subtract > " o1 <Ek [@\IJ(Q’““, 5’““)] Ut — ’““> in (128), and ob-
tain the following inequality by choosing 7 = §* — the minimizer of 1(y):

1. 1,
Anp(yY) < §|Iy —ZOIIE——Hy — 23

+§}mu( 74 + (B [Vo(g,640] 5 - 5+)
i Z it <@\Ij@k+17 £ R, [@\D(glﬁrl, €k+1)] 7ak>
k=0

N-1
_ 2
_|_§ :szﬂ qul(gkz—&-l,sk—&-l) _E, [V\I/( k1 €k+1)]
k=0

2

N-1 NflA
~ k
+6 ) ap|l§F = 2l + 07 ) fjl’ (130)
k=0

k=0

where a* = §* — z*. From (@0) we have

N-1
Q41 <w<gk+1) + <Ek [@\I/(ﬂkﬂ,fkﬂ)] ’g* . gk+1>>
k=0
N-1
gkﬂ““4¢@“9+w@ﬂ—¢@“%+5W“1—¢m)
N1
=0 (W) +0llg"*" = §|2)

N—-1
= ANY(7*) + 6 kZ e |77 = 7|2
=0

N-1
< ANYYY) +0 32 oI5 = 572
k=0

From this and (130) we get

N-1 N-1
N 2 Lo o2 52 Ara 5 ~k+l Lk Skl s
||y R L RS 7T > (157 = 2l + 175 = 7l2)
k=0 k=0

i Z Qpr1 < G Ry _ R, [@qj(gk+1’€k+1)] ’ak>

N-1

+ Z O‘iﬂ

k=0

2

@\P@kﬂ’gkﬂ) [V\I/( ~k+1 £k+1>} (131)

.
Next, we introduce the sequences { Ry } =0 and { Ry }iso as

Rk = ||Zk - Q*HQ and ék = max{fik,l,Rk} ,EO = Ro

Since in Algorithm [ we choose z° = 0, then Ry = R,. One can obtain by induction that Yk > 0
we have §F+1 o 2k € Bﬁk (g*), where Bﬁk (g*) is Euclidean ball with radius Ry at centre y*.
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Indeed, since from lines 2 and 5 of Algorithmka is a convex combination of 2,41 € Bg, ., (7*) C
B§k+1 (%) and y* € Bg (gj*) C Bpg, (y ), where we use the fact that a ball is a convex set, we get
Taan = Bg, (y ). Analogously, since from lines 2 and 3 of AIgonthme’“rl is a convex combination

of y* and z* 'we have g**tt € Bg (7). Itimplies that

~k+1 ZkHQ + Hngrl _ Z]*Hz < Qﬁk + ék _ 3ﬁk

1
Using new notation we can rewrite as
1 1 N1y N-1
§RJ2V < 53(2) +62) kgl +30> g B
k=0 k=0
N-1 ) )
£ e (VUL E) — By [V )] ab)
k=0
N-1 )
+3 Ak [V e — B [Vt e )| ae
2

>
Il
o

where ||a¥||y = ||7* — z*||> < Rs. Note that holds for all N > 1
Let us denote n* = VU (j*+1, €¥ 1) —E, [@\If(gjk“, Ek“)} . Theorem 2.1 from [37] (see Lemma@

in the Section [B) says that

2 2
- v
Pl > (V2 Va7 g e (1)),
+

Using this and Lemma 2 from [34] (see Lemma7]in the Section [B) we get that

k|2
oo () 1] <ot

Ok
CandC = C - C are some positive constants. From (196) we have

~ 2
Ce
where o7 S o~ L < T ()’
that a1 < Qg1 = % Moreover, a* depends only on 7°, ..., n*~1. Putting all together in (132)
and changing the indices we getthatforalll = 1,... N
] ] Ly -1 -1 -1
2 2 k+1 2 k|12
B < SR+ 67 Z 7 3ézak+1Rk + ) o (n®, ") + > i lIntll5.
k=0 k=0 k=0
Next we apply Lemmawith the constants A = lRo + 62 Z A’“L“ h=3u=1c=1,D =
k=0
Lo HLRo and § < %ﬁg@, and get that with probability at least 1 — 23 the inequalities
R, < JR, (133)
and
3GJ CHJg(N
12CH + -+ +C Tg()) RS (134)

-1 -1
D aka(ntat) +>af s < <
k=0 k=0

Berlin 2020
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holdforalll = 1, ..., N simultaneously, where C' is some positive constant, g(N) = —wE)
B

B=CHR? <2A 2R+ T2CHR? + QG%) b= 02a2R2 and

J=max < 1,C}

2
CHg(N 3G CHg(N 3G 2A
T 38 1 (/0 4 52) 4 2 i

2 2 2 2 R2

To estimate the duality gap we need again refer to (128). Since y is chosen arbitrary we can take the
minimum in  over the set By, (0) = {7 : [|7]]2 < 2R, }:

Axo(yY) £ min {—Hy—zouﬁzakﬂ @)+ <W(gk+%sk+l>,g—gk+l>)}

§€B2r, (0)

(vt
+ NZ: A <@\I/(gk+1, £k+1) _E, [@\P@kﬂ’ €k+1)} ’yk _ g]k+1>

k=0
N-1
A
DI
— 2L

N-1 NflA
Y Al =g e+ 07 =
k=0

k=0

E, [@q](ng’ng)} V(G e z

IN

2R2—|— min ZakH( 1y 4 <V\IJ( k+1 £k+1)’g_gk+l>>

§€DBaR, (0)

n Z A, <@\I,@k+17€k+1) _E, [V‘I’( k-+1 €k+1)} - gjk+1>
k=0

N-1
A - 2
£ 3 G [ ] - vw e

k=0 L

N—-1 N*lA
+52Ak‘|yk_gk+l”2+52z k~+1’ (135)
k=0

where we also used 5|7 — 2V||3 > 0 and z° = 0. By adding and subtracting

Sy <Ek [@\If@k“, Ek“)} g — yk+1> under the minimum in (135) we obtain

' min Z on (w(gkﬂ) X <@\I,(gk+1,€k+1)’g _ §k+1>>

min Z o ( (G + <Ek [@W(gkﬂ)gﬂl)} G — gk+1>>

y€B2Ry 0)
N-1

4 omax Y s <V\I/( PR R, [@\D(gkﬂ’ékﬂ)] ,gj>

9€B2r, (0) k=0

N-1 - .
+ Z Qi1 <V‘I/< k+1 €k+1) Ek [V\I’(ﬂk+1,€k+l)i| 7_gk+1>.
k=0
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Since —y* € Bsyg, (0) we can bound the last term in the previous inequality as follows
Yy v

N—-1
Z ot <@\P(?jk+l7£k+l) ]Ek |:V\Ij( ~k+1 €k+1):| ’_gk+1>
k=0

N-1 - ~
= ¥ apn (VO ET) — By VUL E] g - )
k=0
= = = k+1
+ 3 an (VL) — By VO E] )
k=0
N-1 -
<Y s (VUL E) By [V, €] g — )
k=0

N-1 - ~
+max Y age (VUL E) — By [V €] ).
QEBgRy 0) x=0

Putting all together in (135) and using (129) and line 2 from Algorithm 2l we get

Andb(yN) < 2R + min Zak+1< 7+ <]Ek [V‘Il( ~k+1 £k+1)] 7g_gkﬂ>)

§E€B2R,, (0

19 max szlakﬂ <V\I’( il gty [V\IJ( ot 1 €k+1)] ,gj>

jeBar, (0
y€B2r, (0) +—{

X Z Qe < (F*, €M) — K, [@qj@kH’ €k+1)] ’ak>

2
+ § Opi1
k=0

ﬁqj<gk+17£k+l) _E, [@\P(gk—&-l,ék—&-l)} 2

2

N-1 N-1 A
+6 ) [ = 2l + 07 (136)
k=0 k=0 L

where a* = §* — 2*. From (133) and (134) we have that with probability at least 1 — 2/3 the following

inequality holds:

Anp(yY) < yegig(o)zz_:o"““ (w(@kﬂ) <I[~1‘, [V\I/( kA1 €k+1)} 7@_gk+1>>

N-1
19 max Zak—H <@\I,(gk+1’€k+1) [V\I/( k+1 £k+1)} ’g>
k=0

§€B2R, (0)

5GJ G? CHJg(N)
2R? 12CH I | R? 137
+Ry+< CH+ — +2<N+1>+Cl 5 0. (137)
where we used that Ay < (H ) due to a1 < k12 and
N-1 N-1 N-1
2GLR2J 1
ThER L < 2 k+2)<GJR?
5kzzoOék+1Hy 'z < 5JROZO%+1_ N+ 1) 2LkZ:0( +2) 0
52NZ_1A’“~“ _ G2L2R2 Nzl k+2 G?R2
L - 2(N +1)
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By the definition of the norm we get

N-1
max Z - <@\I,(gk+1’€k+1) _E, [@\Ij(gk—&-l’sk-ﬁ—l)} ,zj>
k=0

§€B2r, (0)

N-1

< 2R, kz::() Qg1 (@\If@kJrl’EkH) _E, [@\Ij(gkﬁ-l’ €k+1))]

(138)

2

Next we apply Lemma[9]to the right-hand side of the previous inequality and get

"

> (\/§+ \/%)

N-1

Z o (@\P(ng’skH) _E, [V‘I’( ot 1 €k+1)]>

k=0

2

2

T P2
Since N? < @ and r, = € (max {1, }) one can choose such Cy > 0 that i—f <

Cae HLCyR2 N ) -
ST S s () Moreover let us choose  such that exp () = § = 7 = /3l

From this we get that with probability at least 1 — (3

o7 ar In(N/B)
€

N-1

Z o (@qj(gkﬂ’gkﬂ) _E, [V\P( k1 £k+1)])

k=0

< \/5(1+,/1n1) R,
B
@zﬁRy\/HZCQ

In the above inequality we used the fact that R, = Rj. Putting all together and using union bound we
get that with probability at least 1 — 33

2

N(N +3
% < 4R,\/HC,. (139)

N-1
AN¢(yN) ++ min(o Z Qa1 <¢(gk+ ) < |:V\I/( ~k+1 €k+1)] ’g . gk+1>>
k=0

§E€B2R, (0)

5G.T G2 CHJIg(N)\ .,
H 2+ 12CH —— | R
+<8\/ Cot 24 12CH + =55+ 5 s+ G > 2

min ZakH (7)) + (V). - 7))

y€B2Ry
N-1
v ~k+1 ¢ek+1 ~k+1\ ~ ~k+1
LIRS R
50T G CHIgN)\ .,
\/ _ 14
+<8 HCy+2+12CH + 9 +2(N—|—1)+Ol 5 Ry (140)
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i -
First of all, we notice that in the same probabilistic event we have ||7**? — 4*[l, < R, < JRy.

Therefore, in the same probabilistic event we get that ||7* ™ — gl < [|§*™ — *|l2 + 17" — 7|2 <
(J+4)R, forall § € Bsg,(0), where we used Ry = R,. It implies that in the same probabilistic
event we have

N-1
max Q@ E [@\p Taand k:-i—l] V(i g ~k+1>
QEBQRy(O); k+1< K (v, &7) V(@) g — 9
N-1 )
< s 2 oo [ [T €] - wwit ] B -,
y€bBag, 0) k=0 9
@) N-1 N 2
S,;)ak+15(J+4) z%gﬁ% (J + DR, <%.

Secondly, using the same trick as in the proof of Theorem 1 from [10] we get that for arbitrary point y

$ly) = (Vey).y) P (g An(ATy)) — £ (2(ATy)) — (An(ATy),y) = —f(x(ATy).
Using these relations in we obtain that with probability at least 1 — 35

N-1 N-1
Avp(yN) < = apn fATF)) + min > ap (VO(GE), 9)
k=0

€Bsg, (0
§€B2R,, (0) =0

4 2
+<8\/HC2+2+12CH+G(6J+)+ “

2 2(N +1)
CHJg(N
+C4 —29( )) R>. (141)
To bound the first term in (T41) we apply convexity of f and introduce the virtual primal iterate 2V =
N-1
Z 04k+1517(14T kH)
k=0
N—
Qg .
- Z s f(2(AT 5 Z (AT < —Anf(E).

k=

In order to bound the second term in the right-hand side of the previous inequality we use the definition
of the norm we have

N-1 N-1
min ap1({V MO gy = min a1 VO, g
o, T = i (o w g

yGBgRy (0)

N-1

Z apn V(g

k=0

= —2R,An|AZ"N2,

— 2R,

2

where we used equality (31). Putting all together we obtain that with probability at least 1 — 33

2

. R G(6J+4
V™) + f(@Y) + 2R, ||AzN], < ﬁ (8\/1{02 +24+12CH + %

G? CHJg(N
NS ﬁ)

2(N +1) 2 (142)

DOI 10.20347/WIAS.PREPRINT.2691 Berlin 2020



Optimal decentralized distributed algorithms for stochastic convex optimization 57

Lemma [9]implies that for all v > 0

e ([} e G719 AT 6 7))

> (V2+V2) Z“’f*—“’g}éexp(—ﬁ)-

2

2 ay In
Using this inequality with v = /3 ln% and 7, > % we get that with probability at least 1 — 3

1
Hi,N . ANHQ - Zak‘—l—l AT ~k+1 Ek—i—l) —I‘(AT?]]C—H))

2

AT ~k+1 £k+1) - ]E [i‘(ATgk+l,£k+l) | gk+l:|)

IN

%%
IMII
e
E

2

(E [i‘(ATngrl,ék—H) | gk+1} o x(ATngrl))

2

<
T~k+1 k41 ~k T~k
(A +£+)|y+1} (A -1-1H2

@ 2 T 1 | Coapse 1 =
S 61ln — + — O{k+15

AN 6 In N ; )\max(ATA) A ; Y
. 2 6C, = (k+2)HLR?
T A\ Ma(ATA\ &= 20N

1 = k+2 GLR,
+ =y ==

Ay &= 2L (N +1)2\/ A (AT A)

2R 6CLH G
< Y .
= Ay ( A ATA) 1 )\maX(ATA)> e

It implies that with probability at least 1 — /3
[AZY — AiN]ly < [JAlfo - |2V — 2V,

(43 2R 6CH G
< )\max ATA y 2 +
N ( ) AN ( )\max<ATA) 4 )\maX<ATA)

= (V96C:H +G) (144)

2AN
and due to triangle inequality with probability > 1 — 3
2R, | AZN ]2 > 2R, || ATV ||y — 2R, AN ||AZY — AZV |,
@ R? (\/96C:H + G)
= Ay .

2R, || Az |5 — (145)
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The next step is in applying Lipschitz continuity of f on Bg,(0). Recall that
def
z(y) = argmax {(y, z) — f(z)}
TzER™

and due to Demyanov-Danskin theorem z(y) = V(y). Together with L.,-smoothness of ¢ it implies
that

le (AT D)l = V(A7 )2 < IVe(AT5) = V(A Ty )2 + [Ve(ATy) 2

Amax(ATA)
W

< Lol ATg = ATy o+ fla(ATy )]l < 15 =y ll2 + Ra.

From this and (T33) we get that with probability at least 1 — 23 the inequality

VAmax(ATA)J R,
lz(ATF D2 < ( /S : +R—> R, (146)
Y

holds for all k = 0,1,2,..., N — 1 simultaneously since 7**! € Bg, (y*) C Bp, .. (y"). Using the
convexity of the norm we get that with probability at least 1 — 25

N-1
vV Amax(ATA)
”:i,NH2 < 1 ZakHHZU(AT k+1 ( J R >R (147)
Y

An TR

k=0
We notice that the last inequality lies in the same probability event when (133) holds.

Consider the probability event 2 = {inequalities (142) — (147) hold simultaneously}. Using union
bound we get that P{E'} > 1 — 4/3. Combining (143) and (147) we get that inequality

~N N AN AN (V96C2H + G) VAmax(ATA)J R,
272 < |27 =2V la + 272 < + + =2 | R, (148)
2 An D (ATA) [ R,

lies in the event E. From this we can obtain a lower bound for I:

R (vV96C-H + G) +\/)\max(ATA)J+& A
"= 240 A (AT A) " R, )"

Then we get that the fact that points 7V and 2™V lie in Bp, (0) is a consequence of E. Therefore, we
can apply Lipschitz-continuity of f for the points 7V and £V and get that inequalities

Ny p(aN N N LyR, (vV96C5H + G)
|f(@Y) = f@)] < Lglla™ =272 < YTV Y (149)
and
FEY) = £ + (@) - 1av) D gy - Ll WGH L G) (g,

2AN/ Amax(ATA)

also lie in the event E. It remains to use inequalities (145) and (150) to bound first and second terms
in the right hand side of inequality (142) and obtain that with probability at least 1 — 43

R G(6J +4
V™) + SE) + 2R, A5 < 3 (8\/_}[02 L4 12CH + %

L (v96C,H +G) G?
2Ry\/Amax(ATA)  2(N +1)

|CH
+C4 ¢ Jg —|- \/96CyH + G) (151)
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~ *) (]2
Using that Ay grows as ) (%) Ba], L < QA“‘”—LATA) and i, < % (see Section V-D from

[16] for the details), we obtain that the choice of /N in the theorem statement guarantees that the
r.h.s. of the last inequality is no greater than . By weak duality — f(z*) < v (y*) and we have with
probability at least 1 — 43

FEN) = f@) < FEY) +0y) < FEY) +oyY) <e. (152)

Since y* is the solution of the dual problem, we have, for any x, f(z*) < f(z)— (y*, Azx). Then using
assumption ||y*||2 < R,, Cauchy-Schawrz inequality (y, Ax) > —||y*[|2 - [|Az]2 > —R,||Az||2
and choosing z = z%V, we get

FEY) = f@") = Ry||AZ"]|2 (153)
Using this and weak duality — f(z*) < 1(y*), we obtain

DY) + F@EY) 2 0(y") + F(@Y) > —f(a®) + f(@Y) > =R, [|AZY s,
which implies that inequality
N+ ¢

N

o < =

Ry

holds together with (152) with probability at least 1 — 4. The total number of stochastic gradient
oracle calls is Zgil 71, which gives the bound in the problem statement since Z,Jj:l g1 = An.

| Az (154)

F Missing Proofs from Section 5.2

F.1 Proof of Theorem

For simplicity we analyse only the first restart since the analysis of the later restarts is the same. We
apply Theorem with N = N such that

and batch-size

X 64Co? In® N
1 = max y = —
NIIVE(y°, €73

together with simple inequality ||V (y%)|]2 > pyl|y® — y*|l2 and getforallp =1,...,p;

VeI |, IV ey, € mll3

E V@)l |y rm] <

32 64
0\|2 0 ¢0 A\ 0\([2
D TG | VYR = VUG

By Markov’s inequality we have for each p = 1,.. ., p; that for fixed V¥ (y/°, £, 71) with probability
at most 1/2

VoG )12 >

VeI | VP& 1) = Vo (y")3
8 16 ‘
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Then, with probability at least 1 — 1/271 > 1 — 5/i

VOO IVW(y°, &%) — Vo(y°)ll3
8 16 ’

where jy is such that || V(57|13 = min,_1,_,, [|V(§?)]|3. From Lemma [g| we have for all
p=1....p

“1p ¢lp =\ _ ~1,p \/_ U_i =Lp _12
[vu@e.gr.m) = Vel > (Va+v2r) 7179 <esp ().

V@ )z <

(156)

2

o 12802 (1+\/31n %) R2 o o .
Since 1 = max < 1, we can take v = /3 1n "5 in the previous inequality

2

and get that forallp = 1,. .., p; and fixed points #/'¥ with probability at least 1 — 8/(ipy)

52

[V, 6.7 = U < o

Using union bound we get that with probability at least 1 — 5/1 inequality

62

VU (ghP, €9 7)) — V . 157
VOG>, €2, m) = Ve@)|; < = 61 (157)
holds forall p = 1, . .., p; simultaneously with fixed points #'**. Using union bound again we get that
with probability at least 1 — 25/ for fixed VW (y°, £°, 7,)

2

2
IFo@ ) S 2| veEem, e )| 2| Ve, e, ) - Vo)

2

(157) R N 2 52
N
Y
_ 12 g2
2 AT+ VU6 ) - Ve
Y
@0 [|[Vo)lE | IVUE°E ) = VeI | € (158)
= 2 4 8R2’

2

2
402 (14,/3In L) R2
Using Lemmanith v=4 /BIné and 7#; = max {1, il ) y} we get that with proba-

bility at least 1 — 5/1
2

A €
IV(°, €% 71) = Vo)l < 5 (159)
2R
Applying union bound again we get that with probability at least 1 — 35/1 the following inequality holds:

o2 DI VU |
Lp(1)y (12 < 2

Similarly, for all k = 1, ..., [ with probability at least 1 — 35/

o Ve

IV9(79)]3 < : i
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Using union bound we get that with probability at least 1 — 35 the inequality

IV (g ®)|; <

holds for all k = 1,...,

V(g )3

€
+ (160)

2 ARZ

[ simultaneously. Finally, unrolling the recurrence an using our choice of

| = max {1, log, (2R31V¥(¥°)13/s2) } we obtain that with probability at least 1 — 33

(160)
<

IV (g )3

AZDNE S
2"
2! 4R§ prt
- - k
2R2 + 4R2 22

g2 g2 g2

__}__.2:_’
2R2 " AR2 R?

l

which concludes the proof. To get we need to estimate > (74 + Npy7y + prix ) using our choice

of parameters stated in (57).

F.2 Proof of Corollary 3

k=1

Theorem@ Corollaryand inequality & < 4, R2 imply that with probability at least 1 — 3/3

IV @Ol < —

R

570 < I

* *
— Y2+ lly*ll2 < 2R, (161)

Applying Theorem [3|we get that with probability 1 — 33 we also have

f(@') = fa") < 2,

. g
| Az, < o (162)

Y

where i & z(ATg2(0). Next, we show that points #7 = z:(AT?) and z'? & z(ATgbr, €4 7)

are close to each other with high probability forall p = 1,...

probability. Lemma [9] states that

, p1 and both lie in B, (0) with high

2
N e )

12802 (1+,/31n lﬂ)RZ

Taking v = 1/3111 and using 1} = max{l v = ’ y} we get that for all p =

1, ..., p; with probability at least 1 — 5/p,

£
,p||2 < 8R

12 —

2
0%

£
02 8Ry\/ Amax(ATA)’

where we use 0y, = \/Amax(A T A)o,. Using union bound we get that with probability at least 1 — 3

the inequality

1257 — 2]y <

~ 3R,
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holds for all p = 1,...,p(l) simultaneously and, in particular, we get that with probability at least

1-3
130 — 2|, < c . (163)
S8R, )\maX(ATA)

It implies that with probability at least 1 — (3

[AZ' — Aallls - < [JA]l2 - [l2" — 2"
€ €

Amax(ATA = , (164)
( ) 8Ry\/ Amax(ATA) S8R,
and due to triangle inequality with probability > 1 — /3
|43z > [ Aa']ls — 43" — Aa'lls = 42" — (165)

8R

Applying Demyanov-Danskin’s theorem, L,-smoothness of ¢ with L, = 1/, and ¢ < uwa/ we
obtain that with probability at least 1 — (3

1 = [Ve(AT7 )5 < [Vo(ATF0) = V(ATy" |z + [Vo(ATy)]l
. Amax(ATA) .
< LJATFO — ATy |+ a(ATy) s < Y2 AT o 4 R,
{E0) Amax (AT A A max A A
e ( R, (166)
[ty Ry Ry

and also

Iz 2 <l = &'ll2 + 2]

. i Amax(A14) R(167)
8\//\maX(ATA) f Ry

That is, we proved that with probability at least 1 — /3 points Z' and ' lie in the ball B, (0). In this
ball function f is L ¢-Lipschitz continuous, therefore, with probability at least 1 — 3

FEY = fah) 4 PG - f@h) > F) - 1@ — Fa)
> 1)) - Ll - ol D fah) - —

8Ry\/ Amax(ATA)
Combining inequalities (162), (165) and (168) and using union bound we get that with probability at
least 1 — 47

(168)

9e

Adlll < —
38R,

N * Lf
f@’) = f@") < (2 + vy —/\maX(ATA)> £
G Missing Proofs from Section 5.3

G.1 Proof of Lemmal5l

We prove by induction. For k = 0 this inequality is trivial since A, = 7, 7' = y° and 20 = 3".

Next, assume that holds for some k& > 0 and prove it for k& + 1. By definition of gx1(2) we have
k;—i—l) — gk(zk—i—l) (169)

- = ~ - % -
oy () + (TG, €5, 41— ot 4 B ket — i)

Gr1(2
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Since §i(2) is (1 + Ay /iy )-strongly convex we can estimate the first term in the r.h.s. of the previous
inequality as follows:

. N 1+ App
G 2 gule) + A -
& 1+ Agpe
> Ay + %Hz’f“ - zkué
A ~ NIE
+Z =3 = =Y S €) - e

Applying /u,;-strong convexity of 1) and the relation

k1 _ AryF + a2 _ Ayt + 12 o (41— ) = g Q41 (41— 2F)
At Ak Apy1 Apa
to the previous inequality we get

. _ g _ A _
ge() = A + (Ve @), Ayt - 7)) + MHy’“ =7

A (1+Akﬂ ) - o 1 2 -
k+12 i P ” k+1 k+1H2+Z l ley l+1”§
Yt 1=0
2
—Z HW 7. €) - Vo) . (170)

Next, we use (T70) in (I69) together with relations Axy1 = A + i1, A1 (1+ Agpry) = g1 Ly
and Ak;(yk - ?jkﬂ) + Oék:+1(2’k+1 ?/kH) Ak+1(yk+1 ka)

Gen (2D > A (@) + (VoY) Ay _gk—l—l) F gy (M g

Af (14 Agpay) _ Aty _
+ k+12a || k+1 k+1||2+z ” I l—|—1||2
k+1

=0

[vw &) - v,

_Z o 24y

- ~ - A1 -
ann (VUFHEH) = Vo), 20— gt ) SRk gy

_ L _
= (W) VO = )+ S )

‘ 2
2

= ~ ~ ~ A1 U ~
i <vq,(yl+1’€z+1) _ Vw(yl-&-l)?Zk-Q—l _ yk+1> I +Tw”2k+1 I<:+1”2‘

k k
A _ N \gw(i 0
IR A PR ﬁ |V ,e) - v
=0

From L,-smoothness of 1) we have

YY) + (VA g = ) 4 > ).

Next, Fenchel-Young inequality (see inequality (100)) implies that

<@\Ij<gl+17€l+1) _ v¢(gz+1)72k+1 _ gk+1> S 1

il 2M¢

V‘If( l+1’€l+1) Vw( l+1)

S Gt T [

‘ 2
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Putting all together and rearranging the terms we get

ko4 I kL
~ l ~ Ul ~ -
G (Z7) 2 A () + 3 =5 I =G - g - |vo@t.e) - vu)
1=0

2
) .

G.2 Proof of Lemma

The idea behind the proof of this lemma is exactly the same as for Lemma[4] We start with applying
Cauchy-Schwarz inequality to the second and the third terms, i.e.

N R2 R? R+ R?
< D 2¢2 k D 2¢2 k —9D 2¢2 k k
h(S(Rk+Rk> < h°o —|——4D+ h=6 +_4D h=d +—4D )
w(n® a® +a*) < wlln®ll2- a®(la + ulln®llz - @]l < wln®lla Ry + wln®(l2 Ry
R? + R}

2 k112 Rz 2 k|12 Ri 2 k|12
< @Dl 3+ o5+t Dl I3 + 15 < 26Dl + S

4D 4D —
in the right-hand side of (66):

1
AR} +Y AR, < A+2DR6%D apn +55 S (R + R2)
k=0 —0 -
A
-1
+ (c+2Du?) Y a3 (171)
k=0

Using Lemma@we get that with probability at least 1 — %

In*]l. < \/§<1+1/31nﬂ) ak§\/§<1+,/3lnﬂ> VCe
p p N(1+ 3111%)

= V2Ce. (172)

Using union bound and a1 < D Ay we get that with probability > 1 — [ inequalities

-1 -1

~ 1 .
AR} + Y AR, < AT2DRS A+ 5 Y ARY + BY) 420 (e + 2Du?) A,
k=0 k=0
1 -1 B . -1
AR} + 5 AR, < AT2DRC A+ 5y ARE +20 (e + 2D0?) Age (173)
k=0 k=0

hold foralll = 1, ..., N simultaneously. Therefore, with probability > 1 — [ the inequality

-1

1
AR} < A+2DRA+20 (c+2D0°) Aie + 5 ) Ac

k=0
3 1 1 3 1
S 5/4 + 2Dh252 (Al + 5141_1) —|—20 (C + 2Du2) g <Al + §Al_1) +§ . 5 AkRz
~—_——— k=0
S%Al S%Al

-2
1
< g (A + 2Dh2(52Al +2C (C + 2DU2> Aie + 5 Z AkRz> ,
k=0
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holds foralll = 1, ..., N simultaneously. Unrolling the recurrence we get that with probability > 1— /3

l
AR} < (g) (A+2Dh*6* A, + 2C (c+ 2Du?) Age)

foralll =1,..., N. We emphasize that it is very rough estimate, but as for the convex case we show
next that such a bound does not spoil the final result too much. It implies that with probability > 1 — 3

-1 l
ST AR < @) (A+2Dh*5* A, +2C (c + 2Du?) Age) , (174)

forall [ = 1,..., N simultaneously. Moreover, since (173) holds we have in the same probability
event that inequalities

l
> AR} < (l (g) + 2) (A+2DRh*6*A; + 2C (¢ + 2Du?) Ase) (175)

hold with probability > 1 — S foralll = 1,..., N simultaneously with (174). Next we apply delicate
result from [34] which is presented in Section B as Lemma We consider random variables £¢ =
a1 (nF, a® +a@*). Note that E [¢% | €%, ..., & ] = a (E [0" | 1°, ..., n*7] ,a") = 0 and

¢)? -
E exp( e
20703, (R} + R})
. exp( 2811 el P
20044 (RE + R})

—F anug 0 k—1 < 1
=Ejexp{ = 0% m ] <exp(l)
k

due to Cauchy-Schwarz inequality and assumptions of the lemma. If we denote & = 2030 1 (R +
R?) and apply Lemmawith

3 N
B =8HCDR; (N (5) + 1) (A+2Dh*G*R} + 2C (c + 2Du”) HRY)

and b = 62, we getthatforall [ = 1,..., N with probability > 1 — %

-1
<y Z&Z (ln (ﬂ> +Inln (§>)
k=0 p b

with some constant C'; > 0 which does not depend on B or b. Using union bound we obtain that with

probability > 1 — (3
-1 B
)
< %O’k (ln( ) + Inln <€)>
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and it holds for all [ = 1,..., N simultaneously. Note that a1 < Agiq, € < RO ,0 < G\/IZU— and
with probability at least 1 — 6
-1 9Ce -1

& = 2 Z o202, (R2 4+ R?) < > Api - DAR; + Ry)
k=0

N? (1 + . /3In %) pas
-1

< 2:CDAy Y Au(R}+ RY)
k=0

(174)+(175) 3 !
< 4eCDAy (1 (Q) +1| (A+2DR*6*A; + 2C (c + 2Du?) Age)

N
<  4HCDR} (N @) + 1) (A+2DR’G*Rj + 2C (c+ 2Dv*) HR})
B
B 2

foralll = 1,..., N simultaneously. Using union bound again we get that with probability > 1 — 23

the inequality
-1
N B
< Z ,%(hl(ﬁ)Jrlnln (3)) (176)
k=0

holds forall [ = 1, ..., N simultaneously.

Note that we also proved that (172) is in the same event together with (176) and holds with probability
> 1 — 2[3. Putting all together in (66), we get that with probability at least 1 — 23 the inequality

-1

(3]
AR} + ZAkR2 < A+h52ak+1 Rk—i—Rk —|—u2ak+1 n*,a —|—a>

k=0 k=0
+cz a3
k=0
({72)+(176) -1 ~
< + 18> s (Ri + Ry)
k=0
- N B
+uCh Z o2 In(— | +Inln{ — | | +2cCeA,
15} b
k=0
holds foralll = 1, ..., N simultaneously. For brevity, we introduce new notation(neglecting constant

factor):

ln( ) +Inln (%)

(0]

g(N) =

GRy
NVAN

and definition 67 =

Q

o

D:l
INA

; ; 2
Using our assumptions o;; <
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20207, ,(R2 + R2) we obtain that with probability at least 1 — 243 the inequality

-1 -1 -1 -1

AR} + ZAk}N%i <A+ h5Zak+1(Rk + Ry) + uz a1 (0, a +ak) + cZakHanH%

k=0 k=0 k=0 k=0
-1 -1

hGRO =~ UClRO\/ QHOg(N) ~
<A+ ——— R+ R 2 (R?2+ R?
= N\/A—N§ak+1( k k)+ Nm %Oék—i-l( k+ k)
+2cHC R}

A hG + uCi\/2HCg(N) ) Ry 121 _
< (_ + 2CH0> R% + > ari(Re + By) (177)
=\ R2 0 NVAy i
holds for all [ = 1,..., N simultaneously, where in the last row we applied well-known inequality:

Voo ar < 3" a;fora; > 0,7 =1,..., m. Next we use LemmawithA = % +2cHC,
0

B = hG + uCy+/2HCg(N), r, = Ry, 7 = ﬁk and get that with probability at least 1 — 23
inequalities

JRy = JRy
R <—, R_ <
NS A, -1 S i,
hold foralll = 1, ..., N simultaneously with

3B,D + \/9B%D2 + 4 +8cHC
2

, B1 = hG 4+ uC1+\/2HCg(N).

J = max ¢ v/ Ao,

It implies that with probability at least 1 — 23 the inequality

-1 -1 -1
A+ hd Z apy1 (R + Ry) + UZ ap(n®, d +a*) + CZ apalln*
k=0 k=0 k=0

27 (hG+uCiA/2HCg(N))R2 =1
A 2 ( 1 g ) 0 [e
< <_Rg + 2cH C’) R+ N > ’%j

2JD (hG+u01 2HCg(N)> -1
NVAN

< A+ (20HC+

2JD (hG+uC’1 2Hcg(N))

<A+ (ZCHC’ + . zm_l_l) R

<A+ (2cHO +2JD (hG +uC, 2Hcg(N))) R?

holds foralll = 1, ..., N simultaneously.

G.3 Proof of Theorem

From Lemma[E we have

k—1 k

_ A _ A e - _

A ") < 3 =D S I =7 B+ e |V, e - ve)
1=0

=0

2
(178)
2
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for all k > 0. By definition of z* we get that

Grl(z") = mm{§||z—z°||3+2az(w<g + (VU &),z = ) + = - ~l||%)}

z€R"
d p
< Sy 0||2+Zaz( (VO )y = i)+ By - 513)
k
= Sl —z°uz+2az( (Vu@)y =) + By = 7113)
k ~
+Y (VO E) - Ve - )
=0
1 LI
< Sy =9I+ Awy) + Y (V€ - Vo) - 7). (179)
=0

where the last inequality follows from /4,,-strong convexity of ) and A;, = Zf:o «y. For brevity, we

introduce new notation: Ry = [|y* — y*|» and Ry, & ||y* — §**1||5 for all k > 0. Using this and
another consequence of strong convexity, i.e. 1)(y) — ¥ (y*) > 22 |ly — y*||3, we obtain

k—1
< AR =)+ Al;w R}

=0 =0

k
e v Y| . o
< §RS+§ a(VU(7, &) — Vi), v — )
=0

k—1
Apip 12 Alply o
; R+ 5B

+Z e ) - v

E (180)

From Cauchy-Schwarz inequality and the well-known fact that ||a + b||3 < 2a% + 2b* forall a, b € R™
we have

(VUi €)= Vo) y - ) = (E|VeE.&)] -vea)y - i)
+ (Ve &) —E Ve &)y - )
dlly* =l + (Ve €) — B [Vo(,€)] v '),
[vv.e)-vo)|, < 2|E[veae)] - vew)|,
2w €) - [V e)] |

2 oo |[vuie) - 5 [Tui e

2

NG

for all { > 0. Next, we introduce new notation

< et 1
A:e§R§

(Ve ¢) —E Ve, .y - ")

s
+Z—Z H@\p@o,g}) _E [Wz(go,go)} Hz (181)
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69
Putting all together in we get
At A i
k) 52 LMY 152
SR+ > Sk
1=0
1 R .~
< SR 6§:mM/—yHr+§:m<VWy ) -E Ve e)| .y - i)
g k |k i i )
S-S — S| Ve e) - B [V e)] |
Hy =5 My =5 2
<A+0Y ally =7
1=0
k-1 i
+ ZalJrl <V\Ij(gl+1,€l+1) —E [Vq](gl+l,£l+l>i| ’y* . gl+1>
. 5 2
o S e [T 64— E[Fu, sl“ﬂ R (182
i =
To simplify previous inequality we define new vectors a! & y*—y/!, al & o/ —+1 nt & Vo (gL, €+ —

E | V(5 €41 | forall I > 0. Note that ||a!||s = Ry, ||@!]|s = R, and a° = y° — §* = 0. Using
(182

this we can rewrite (182) in the following form:

k-1 k-1

AkRk+ZAlR, < A+—Zal+1 R+ Ry) —i—M—Zqun a +a)

+— Z&Hluﬁ [ (183)
¢ 1=0

where we used A & 24 © and triangle inequality, i.e. ly* — yl+1||2 <y =42+ Iyt — 72 =

R, + Rj. Next, we apply Lemmaﬁwnh h=u=-2c=

,c = % and get that with probability at least
Heap )
1-23
J?R?
R2 < 0 184
where
ln< >+1n1n(§) 20202 R2
g(N) = —7 b b= Joi0ills ey [y R
1 Lw Lw
(1+f3m <%>)
N

3/2
3B,D + \/ OBID? + 44 + 8cHC ( )
2 b

J = max AV Ao,
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Lw)%
— ) g(N)
[

and C; is some positive constant. However, .J depends on A which is stochastic. That is, to finish the
proof we need first to get an upper bound for A. Recall that A = % and

B, = hG+uCl\/2HC’(

A % + 25ZZR° - 2":%52 2/20 (Vo) —E [Ve@’.e)| .y - i)
e e - e [Fuge.e)] | (185)

Lemma [9]implies that

Hv\p €9 - [v\p( )]H > Va(1+ )2

o5

2
< exp (—%) .

2
32 N262 (1+,/3In & 2
Taking v = 4 /3111% and using 1y > (Z—Z) %( Ce . ﬁ> ,€ < IZJR we get that with probabil-

- N

ity at least 1 — (8

(Vo) —E[VeE.e)] .y -i") < |[VeE'.e)- [W O, -l =5l
() ()
oo e v < ()/”C%(wa”ﬁfﬁ

From this and § < N?/}%L we obtain that with probability > 1 —

@)+ E8+mE .,
S A (B

i e L2606 (L¢)3/4 2v/2CH
v LypyNVAy — piN? Py Lypy N/ AN

. <Lw>3/2 ACH
Hoap L¢uiN2AN'

Using union bound we get that with probability at least 1 — 3

where

SN = In <%> +Inln <%)

27
N
(1+f3m (%))
. L¢ 3/2 3 N R L’([) 3/2
B =8HC <u_) DR N(§) +1| | A+2DR*G* +2C (u_> (c+2Du*) H |,
Y ¥
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. A X 3/2
3B.D + \/93%1)2 +4A +8cHC (i—z)
2 )
L,\" .
_w) g(N).
s

) 1 1 2k
I A
Ly 2\ L,

It means that in order to achieve R?\, < ¢ with probability at least 1 — 3/ the method requires
N=0 ( Lu 1) iterations and
By T

N
E T = O | max Lw Uw In hq1
k=0 ' e B ¢

oracle calls where 6() hides polylogarithmic factors depending on Ly, jty,, Ry, € and 3.

J = max{ /A,

B, = hG+u01\/2HC(

Note that

4
V|8

Ak

G.4 Proof of Corollary 5|

Corollary [4implies that with probability at least 1 — 3

Iyl < 2Ry, Ve (y"Y)lle < R

and the total number of oracle calls to get this is of order (79). Together with Theorem[3]it gives us that
with probability at least 1 — 33

~

FEYY = f@) <28, [|AZY ]y < —, (188)
Ry

where 2 £ 2(ATyN). It remains to show that 7V and & are close to each other with high proba-
bility. Lemma [9] states that

{j -2 1), RNNCT Lo (-2).

02 R2(1+,/31n 1
Taking v = /3In% and using ry > £~ i 5) we get that with probability at least 1 — 3

22
[ B[N, < Jr0e - VA

2R Ry (AT A)

1#7 =2, < &% —E[EV V]|l + B &Y 1 yY] - 2],
\/ﬁ G1€
R \/ max A A
< L—G—G £ 189
= \Wowmaa) T ) Ry (189)
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It implies that with probability at least 1 — /3

1AZY — Az, < [JAfl2 - 2% = 2V

9 2C €
< Amax ATA o
— ( ) ( max(ATA) ) Ry
. (\/20 +G AmaX(ATA)> = (190)
Ry
and due to triangle inequality with probability > 1 — /3
1Az > [JAZY]2 - | AZY — Az
(0
> [|AZN ||y — (\/2C+ G Amax(ATA)> Ri' (191)
Y

Applying Demyanov-Danskin theorem and L,-smoothness of ¢ with L, = 1/, we obtain that with
probability at least 1 — (3

1% = IVe(ATy)llz < [V(ATyY) = Vo(ATy) 2 + [V ATy")]l2
Amax (AT A .

S LATY ATy ATy < Y2 s,

B (A4

2 (A A g, (192)

PR,
and also
1212 [l wNH + 12V

@+@ V Amax(ATA)
(,/ a4 + G + ) (193)

That is, we proved that with probability at least 1 — /3 points Z' and @' lie in the ball Bg, (0). In this
ball function f is L s-Lipschitz continuous, therefore, with probability at least 1 — /3

fF@Y) = f@Y) 4 f@EY) = f@) = f@Y) - |f@Y) - f@Y)]
> f(@Y) = Lylla™ = 2,
~N 20 LfS
> f( )—< m+G1) R, (194)

Combining inequalities (188), (197) and (194) and using union bound we get that with probability at
least 1 — 473

FEN) - 1) < <2+ < Sy +G1) %) 3

(1+ V20 + Gy A (ATA))

)

1Az

IN
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H Technical Results

Lemma 12. For the sequence a1 = 0 such that

Appr = Ap + aiy1, Agsr = 2Lag (195)
we have for all k > 0
~ def k + 2
< = —. 196
O] S Oyl o7, ( )

Moreover, A;, = () <N—2>

L
Proof. We prove (T96) by induction. For k = 0 equation (T95) gives us oy = 2La} <= o = 5v.
Next we assume that (196) holds for all K < [ — 1 and prove it for k = [:

I+1 !
{T35) 1 , (l+3
2Laj, g a < gy + — g (i4+1)=a1+ ( )
i=1

- 2L 4L

=1

14+VARP 12641 o 14V (2k+3)2 < 2ktd _ k2
4L = 4L = 47

This quadratic inequality implies that a1 1 < T

Finally, the relation A;, = 2 (NT2> is proved in Lemma 1 from [25] (see also [55]). O

Lemma 13 (See Lemma 3 from [24] and Lemma 4 from [14]). For the sequence a1 > 0 such that

1

Ap1 = Ap + g1, Apn (T4 Agp) = Lag,,, ag= A= 17 (197)
we have forall &k > 0
1+ Agpe \/(1 + App)? | Ap(14 App)
= 1
Q41 YA 17z 7 ; (198)
2%
1 1 /u
A, > =14+ =4/5 1

(077N} S <1+%+“1—|—%) Ak (200)

Proof. If we solve quadratic equation A1 (1 + Agp) = Laiﬂ, Apy1 = Ap + gy with respect
to a1, we will get (198). Inequality (199) was established in Lemma 3 from [24] and Lemma 4 from
[14]. It remains to prove (200). Since Va2 + 0> < a+ bforalla,b > 0and A, > Ay = % we have

N 1—|—Ak,u+\/(1+Aku)2+Ak(1+Akp)
k+1 - —2L 112 i

1 o 1+ App A 1
< gy A R TR B g2
= optopt T TN T
I p % % 7
S A+ A1+ = (145 1+2) A,
L+L kT Ak +L (—i—L—l— +L k

IN
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Lemma14. Let A, B, D,rg,r1,...,7Nn, Where N > 1, be non-negative numbers such that
1 2 DTO
< Arl 4 ——— vi=1,...,N. 201
2L =0T (N4 1)2 ’ (eot)
Thenforalll =0,..., N we have
r < Cry, (202)

where C'is such positive number that C* > max{2A + 2(B + D)C, 1}, i.e. one can choose
C =max{B+ D+ /(B+ D) +2A,1}.

Proof. We prove (202) by induction. For [ = 0 the inequality r; < C'r trivially follows since C' > 1.
Next we assume that (202) holds for some [ < N and prove it for [ + 1:

(200}
i1 < \/5 AT%

2

DC < BC | <
7 — Dk +2)
rovV'2 A+(N+1)2k:0k+2 A2 +
DC (l+1 )1+ 2) c [ l+2
7“0\/5\/A+<N+1)2
/ 1
< TO\/§\/A+DC—|—BNC N(N2+ )STO\/2A+2(B+D)C'§C7’O.

l
Zk—l—Zrk—i-B— k:+2
k=0

IN

I/\<

O
Lemma 15. Let C,rg,7r,..., 7N, Where N > 1, be non-negative numbers such that
, , 20 -1 oo
r; ywm’;(km) 2., Vl=1,...,N, (203)
and C € (0,1/4). Thenforalll = 0,..., N we have
r; < 21y, (204)

Proof. We prove (204) by induction. For [ = 0 the inequality r; < 2rq trivially follows. Next we
assume that (204) holds for some [ < N — 1 and prove it for [ + 1. From (203), C' < /4, N > 1 and
[ < N —1we have

1/2
3, < (1_2C(l+2) )2

ZWH (N + 1)3/2 T
-1
203) 20
< T§+WZ(’€+2)W Tt
k=0
e , 1 1/2 2 2
S To+ml<l+1) '47’0§3T’0,
which implies 7,1 < 2r. O
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Lemma 16. Let A, B, D ro,71,...,7"N,T0,T1,---,TN,Qp, Q1,...,n, where N > 1, be non-
negative numbers such that

-1 -
~ BTQ
Apr? + § Apir < Arg + ———e E Q1 (T +7), VI=1,...,N, (205)
k=0 NvAN k=0

where7o =0, Ag =g > 0,4, = A 1+ anday < DA;_1forl=1,...,Nand D > 1. Then
foralll =1,..., N we have
CTO CTO

rn < — 7-1<
VA VA
Crg

and rg < VA where C'is such positive number that

(206)

BD B2D?
szax{\/Ao, 5 + 1 +A+QBCD},

. 21N2
i.e. one can choose C' = max {\/AO7 3BD4VIBEDZHAA L

Proof. We prove (206) by induction. For [ = 1 the inequality 7y < 32% trivially follows since 7y = 0.

What is more, (205) implies that

Baqr? A BDA A+BD\/A C’r
A2 < A2+ =10 ) < 0 0
v =T AIN\/_ =10 \/_

since C' > /Agand C > A+ BCD > \/A+ BD+/A,. Note that we also have ry < 3%.
Next we assume that (206) holds for some [ < N — 1 and prove it for [ + 1:

!
(205) Br
A2 < A+ —22a + 7
1" = 0 Nm; k:-f—l(/rk‘ rkﬁ)

-1

1
@ Arg—i— BOTO ZakH BCr? ZakH Brooy 17

VA NV A NV AN
B
S AT’% CDT’O Z \/— BCDTO Z \/— BDT(]AZTZ
BCDr? BCDr BDryA;T
< A2+ 222014 1)4 /A Ol\/A —0”
BD?“()AZTZ
< (A+2BCD)r2 + —/———
( ot Ty
0 > o BDroiy  (A+2BCD)rg

VAN A

From this we have that 7; is not greater than the biggest root of the quadratic equation corresponding
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to the last inequality, i.e.

BDry B2D?*rt  (A+2BCD)r?

nS ovay T\ ey A
< (BQD + \/BZD2 +A+ QBCD) ;—Z_l
- ,
C
< %.
It implies that
Apart H Ard + NB—\/i?l_N kzi%ak-i-l(rk + 7)
@ Arg + ]2\]3\/6% klo (:/]:—i
< Ard+ %(l +1)y/A; < Ard + 2BCDr2,
e ST A+jiOD < \/67’1%‘

That is, we proved the statement of the lemma for C' > max {\/Ao, % + \/324D2 + A+ 2BC’D}.

In particular, via solving the equation

C

BD B2D?
= + \/ +A+2BCD

2 4

w.r.t. C' one can show that the choice C' = max {\/AO, 3BD+v 95202““} satisfies the assumption
of the lemma on C.
O
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