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ABSTRACT

A novel approach that utilizes Fokas’s unified transform is employed for studying a reaction-diffusion equation with power nonlinearity
formulated either on the half-line or on a finite interval with data in Sobolev spaces. This approach was recently introduced for initial-
boundary value problems involving dispersive nonlinear equations such as the nonlinear Schrédinger and the Korteweg-de Vries equations.
Thus, the present work extends the new approach from dispersive equations to diffusive ones, demonstrating the universality of the unified
transform in the analysis of nonlinear evolution equations on domains with a boundary.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5118767

I. INTRODUCTION

We consider the following reaction-diffusion equation with power nonlinearity formulated on the half-line with a nonzero Dirichlet
boundary condition:

Up — Ugy = |u|P71u, x€(0,00), te(0,T), (1.1a)
u(x,0) = uo(x), x €[0,00), (1.1b)
u(0,t) = go(t), te[0,T], (1.1¢)
where p=2,3,4, ..., T <1, and u is real-valued. For initial and boundary data in appropriate Sobolev spaces, we shall show that the above

initial-boundary value problem (IBVP) is well-posed in the sense of Hadamard, i.e., it possesses a unique solution that depends continuously
on the data.

The reaction-diffusion equation (1.1a) has been studied extensively and from various points of view, see, for example, Refs. 1, 33,
19, 18, 4, 8, 28, 5, and 17, the books’”* and the references therein. All of these works are concerned either with the initial value prob-
lem (IVP) or with IBVPs formulated with zero boundary conditions. In the case of the half-line IBVP (1.1), this corresponds to taking
go = 0. On the contrary, here we consider the case of nonzero Dirichlet boundary conditions. In fact, the main objective of this work
is to take advantage of a new approach for the well-posedness of nonlinear evolution equations, which relies on the novel solution for-
mulae produced via the unified transform of Fokas™'’ for the forced linear counterparts of these equations and which was originally
developed for dispersive equations such as the nonlinear Schrodinger,'" the Korteweg-de Vries,'” and the “good” Boussinesq™’ equations.
That is, the primary purpose of this work is to advance the aforementioned new approach from dispersive equations to diffusive ones and
thereby to demonstrate the universality of the unified transform as a tool for studying nonlinear evolution equations on domains with a
boundary.

The forced linear counterpart of the nonlinear IBVP (1.1) reads as follows:
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ur — Uex = f (%, 1), x€(0,00), te(0,T), (1.2a)
u(x,0) = up(x), x€[0,00), (1.2b)
u(0,t) = go(¢), te[0,T]. (1.2¢)

Once a solution formula is derived for the linear problem (1.2), an iteration map can be defined for the solution of the nonlinear problem (1.1).
Then, after establishing appropriate estimates on the linear solution formula, it is possible to show well-posedness of the nonlinear problem
via a contraction mapping argument. In this connection, we note that, since the boundary datum g, is nonzero, problem (1.2) cannot be
solved by converting it into an IVP via the reflection method. Moreover, the well-known sine transform solution formula for this problem is
not convenient for the purpose of estimates due to its oscillatory nature. Thus, a significant obstacle is present already at the very beginning
of the analysis, namely, at the stage of simply specifying a suitable iteration map. This stands in stark contrast with the case of the IVP, where
the linear problem is solved by means of a straightforward application of the Fourier transform.

A novel approach was recently introduced for the study of IBVPs involving nonlinear evolution equations. This approach bypasses the
absence of Fourier transform in the IBVP setting by exploiting the unified transform of Fokas for the explicit solution of forced linear evolution
IBVPs.”"" In the case of problem (1.2), Fokas’s method yields the formula

u(x,t) = S[uo,go;f](x, t)
_ 1 k=t 1 f ikt~
T om /keR ¢ tio (k) dk 2m JkedD* ¢ tlo(—k)dk
1 ik—k*t f T 1 / ikx—k*t f N N g
— St )dt dk — — —k,t")dt' dk
" 21 A;]R ¢ t’:Oe f(k ) 21 JkedDH ¢ t’:()e f( kt)

1

ikx—k*t 7~ 12
-— kgo(k°, T)dk, 1.3
VA \jz;alﬁ ¢ gO( ) ( )

where and}‘\ are the half-line Fourier transforms of the initial datum u, and the forcing f defined by
(k) = f TR ()dx, Fkt) = / T R (x, 1) dx, (1.4)
x=0 x=0
the time transform gp of the boundary datum gy is given by
~ 12 T e
D T) = [_Oe 2(t)dt, (1.5)

and the contour of integration D" is the positively oriented boundary of the region D" = {k € C : Im(k) > |Re(k)|} of the complex k-plane,
as shown in Fig. 1.

We shall begin our analysis by employing the unified transform formula (1.3) for studying the forced linear IBVP (1.2) with
data in Sobolev spaces H®. For a function f on the whole line and s3>0, these spaces are defined in terms of the Fourier transform

F(&) = [rp e f (x)dx of f by

L3

FIG. 1. The regions D* with their positively oriented boundaries D*.
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H'(R) = {f cIX(R): (1+8) F(8) e LZ(R)}.

For functions on an open set Q such as the half-line or a finite interval, the relevant Sobolev spaces are obtained as restrictions of their
whole-line counterparts according to the definition

H'(Q)={f:f=F|,withFe H'(R)}, QcR.
Our main result for the forced linear IBVP (1.2) is the following:

Theorem 1.1 (Linear estimates on the half-line). Suppose % <s< % g € H;(0,00) and go € Ht(25+1)/4(0, T) with uo(0) = go(0). Then, the
solution u = S[uo,go;f] to the forced linear heat IBVP (1.2) given by the unified transform formula (1.3) admits the space and time estimates,

sup [[u(t)llrs(0,00) < 65140l ps(0,00) + llg0ll 201+ VT sup |If ()]l (0,00 )> (1.6)
te[0,T] H(00) S( (00) H,* (0.T) t[0,T] 2 ))
sup Jlu(x)| zn <ol lmoll s g0.00) + 2601 +VT su Ol g5 (0,009 ) (1.7)
1 ol + Il ) VT s O liae)

where ¢s = ¢(s) > 0.

We shall see later that the correspondence s <> % between the regularity (in x) of u and the regularity (in t) of go stated in Theorem
1.1 emanates from two independent directions: (i) the space regularity of a reduced version of the linear heat IBVP (1.2) with zero initial data
and zero forcing and (ii) the time regularity of the linear heat IVP with data in H;(R). In regard to the latter direction, it is remarkable that
the space Ht(zm)/4
Refs. 24 and 11).

The linear estimates of Theorem 1.1 combined with a contraction mapping argument give our next result, which is about the nonlinear
IBVP (1.1).

(0, T) for the time regularity of the linear heat IVP is also associated with the linear Schrédinger IVP (see, for example,

Theorem 1.2 (Well-posedness on the half-line). Suppose 5 < s < 2 and ‘%1 € N. Then, for ug € H;(0,00) and gy € Ht(25+1)/4(0’ T) with
the compatibility condition ug(0) = go(0), the reaction-diffusion IBVP (1.1) has a unique solution u € C([0, T*]; H;(0, 00)) which satisfies the
estimate

SUP] llu()]

Hi(0ee) T SUp [u(X) 2a <26 (u0,80) s (1.8)
te[0,T* €[0,00) H, )

X t *(or*

where | (t0,80) |, =lluoll 15 (0,00) + ||g0HHzSA+1 oD and the lifespan T* is given by

)
> — , >0, (1.9)
P2(2¢)* |I(uongo) 57"

T" = min{T

Furthermore, the data-to-solution map {uo,go} — u is locally Lipschitz continuous.

As noted earlier, the new “unified transform approach to well-posedness” has already been implemented for the nonlinear Schrédinger,
the Korteweg-de Vries and the “good” Boussinesq equations on the half-line.'"'””” These three problems share two things in common: (i)
they involve dispersive equations and (ii) they are formulated on the half-line. The present work advances the unified transform approach to
well-posedness in two different directions: (i) from dispersive to diffusive equations and (ii) from the half-line to a finite interval. The former of
these two purposes is accomplished in Theorem 1.2. Concerning the latter one, we note that Theorem 1.1 for the forced linear heat equation
on the half-line (1.2) can also be exploited for the following reaction-diffusion IBVP on a finite interval:

Up — Uy = |u|P_1u, x€(0,¢), te(0,T), (1.10a)
u(x,0) = up(x), x€[0,4], (1.10b)
u(0,t) = go(t), u(4,t) = ho(t), te[0,T]. (1.10¢)

Indeeed, thanks to the linear estimates of Theorem 1.1, it suffices to study the forced linear counterpart of problem (1.10) only in the special
case of f = 1 = go = 0. Then, similarly to the half-line, we prove the following result:
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Theorem 1.3 (Well-posedness on a finite interval). Suppose 3 < s < 3 and P%l € N. Then, for ug € Hy(0,¢), go € Ht<25+1)/4(0, T), and
ho € H,(zs“)/“(o, T) with the compatibility conditions uo(0) = go(0) and uo(£) = ho(0), the reaction-diffusion IBVP (1.10) has a unique solution
u € C([0, T*]; H;(0,£)) which satisfies the estimate

sup [[u(t)lmoe) + sup [[u(x)]| 2o < 2cl (w0, g0, ho) s (1.11)
te[0,T*] xe[0,€] H *(0.T%)
where | (o, ho) o =llwoll o) + ol 252 o+ ol s and
T**min{T ! } >0 (1.12)
(26 | (0, o, o) 157

Furthermore, the data-to-solution map {uo, go, ho } — w is locally Lipschitz continuous.

We note that apart from the unified transform approach of Refs. 11, 12, and 20, there also exist other approaches in the literature for the

well-posedness of dispersive nonlinear IBVPs, namely, the works of Colliander, Kenig, and Holmer”"** as well as of Bona, Sun, and Zhangz‘}
for the Korteweg-de Vries and the nonlinear Schrodinger equations on the half-line. Furthermore, for a different treatment of linear and
nonlinear evolution IBVPs that combines the unified transform with inverse scattering techniques, we refer the reader to Fokas and Pelloni,”
Pelloni,””*" Fokas, Its, and Sung,l‘; Fokas and Lenells,"*”>*° Fokas and Spence,“’ Deconinck, Pelloni, and Sheils,” Sheils and Smith,”" and the
references therein.
Structure of the paper. Section II is devoted to the analysis of the linear heat equation on the half-line in the case of zero initial data and
zero forcing. This problem is referred to as the pure linear IBVP. The relevant estimates are then combined with those of Sec. III for the
linear heat IVP to yield Theorem 1.1 for the forced linear IBVP on the half-line. In turn, this result is employed for carrying out a contraction
mapping argument that establishes Theorem 1.2 for the nonlinear IBVP on the half-line (1.1) in the case of “smooth” data (s > %). The analog
of Theorem 1.1 for the forced linear heat equation on a finite interval is proved in Sec. IV, where Theorem 1.3 for the nonlinear IBVP on a
finite interval (1.10) in the case of smooth data is also established. Finally, the case of “rough” data (s < %) both on the half-line and on a finite
interval is discussed in Sec. V along with some concluding remarks.

Il. THE PURE LINEAR IBVP ON THE HALF-LINE

The estimates of Theorem 1.1 for the forced linear problem (1.2) are essential to the contraction mapping argument that leads to the
well-posedness of the nonlinear problem (1.1) (Theorem 1.2). Linearity and the superposition principle allow us to treat the IBVP (boundary
data) and the IVP (initial data and forcing) components of problem (1.2) separately. We begin with the more challenging IBVP component,
which reduces to the following problem that we identify as the pure linear IBVP (see Sec. I1I for more details on this reduction):

VU — Vg = 0, x€(0,00), t€(0,2), (2.1a)
v(x,0) =0, x€[0,00), (2.1b)
v(0,t) = g(t) € Ht% (R), supp(g) < (0,2). (2.1¢)

In the case of the pure linear IBVP (2.1), the unified transform solution formula (1.3) becomes

v(xt) = 5[0,g;0] () = % f TR (1Y dk + % /k ? SRR 1) dk, 2.2)

k=0

where a = ¢'i and g(7) = Jiem €™ g(t)dt is the whole-line Fourier transform of g [note that the transform g defined by (1.5) is equal to §
thanks to the compact support of g]. Using formula (2.2), we shall establish the following estimates for problem (2.1):

Theorem 2.1 (Pure linear IBVP on the half-line). The solution v = S[O,g; 0] of the pure linear IBVP (2.1) given by the unified transform
formula (2.2) admits the space and time estimates,

sup ||[v(H) || g c0.00) < € 21, $20, (2.3)
s I Olom€ el
su v(x)| 2n <c w , seR. (2.4)
s @l <alel
J. Math. Phys. 60, 081509 (2019); doi: 10.1063/1.5118767 60, 081509-4
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Remark 2.1. The space estimate (2.3) is the one that motivates the space Ht(zm)/ *(0,T) for the boundary data of IBVP (1.1). We shall
see later that another, less direct, source of motivation for the boundary data space is the time regularity (3.4) of the linear heat IVP.

Proof of Theorem 2.1. In order to prove the space estimate (2.3), we write v = v; + v, with
[ 1 a2 3
v (xt) = f Gk dk, Gi(kt) = —Fkg(k), pe=d =et, @.5)
k=0 b/
I el ™ 1w, 2 L
v (x,t) = A ePGy(k, t)dk, Gy(k,t) = ;e kg(-k), y2=a=¢". (2.6)
=0

The estimation of v; and v, is entirely analogous. Thus, we only provide the details for v;. It is convenient to employ the physical space
definition of the Hy; (0, 00) -norm,

llvr (1)) oL

H: (0,00) = s = [SJ+ﬁ>0, 0Sﬁ< 1, 2.7)

where | -] denotes the floor function and, for 0 < 8 < 1, the fractional norm ||-||g is defined by

°°|v1(x,t) u(nt)) oo ooy (x+zt) — v (%))

There are three cases to consider: (i) |s] = 0 and  # 0; (ii) 8 = 0; (iii) |s] # 0 and B # 0.
(i) The case |s] = 0 and B # 0. Then, s = B € (0, 1) and we need to estimate [[v1(¢)||12(0,00) and ||v1(#)]|g. The first norm will be estimated

together with the Lﬁ(O, o) -norms of the higher derivatives of v; in case (ii). For the second norm, we have

2 > > 1 ( i k(x+z) iy kx
o (t < f f / ‘e Y1 S 4
fon (1l 2=0 Jx=0 z'*2B\ Jk=0

2
G (k, t)|dk) dxdz

and use the following lemma:

Lemma 2.1 (Ref. 12, Lemma 2.1). If y € C with Im(y) > 0, then

|eiykx _ eiykz

< \/5(1 |IRe((Y§| )| ~Im(y)kx e—Im(y)kz Vk, %2320,

Employing Lemma 2.1 with y = y; = ¢ and subsequently making the change of variables ?x - X, %z — z, we obtain

[} 1 [} (=3} kx —kz 2
o (D13 5 fo = (fko (1t )|G1(k,t)\dk) dxdz. (2.8)

We identify the k-integral in (2.8) as the Laplace transform of Qz(k) = (1 - e_kz)|G1 (k, t)]. In this connection, we have the following result:

Lemma 2.2 (L,-boundedness of the Laplace transform). The map
Lipe f°° ¢ o(r)dr
=0

is bounded from L2(0, 00) into L} (0, 00 ) with

I£{8} 12 (0,00) < V7 10122 0,00) -

A Proof of Lemma 2.2 is available in Ref. 11. Using this lemma for ¢ = Q;, we infer

J. Math. Phys. 60, 081509 (2019); doi: 10.1063/1.5118767 60, 081509-5
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Il s [ = ||ta||Lz<om> dz

2 24121112
:fk Gy (k, 1) f HZB dzdk<fk=0k|§(k ) (kP dk,

with the last inequality due to the definition (2.5) of G; and the fact that

(l—e Z 28
[ = () f (Mﬁ d( K, 0<p<l. (29)

Then, making the change of variable 7 = k%, we obtain

o 2
lo(®ls [ 1T B@Ofdr <lgh s . 0<p<L (210)
=0 H(R)

which is the desired estimate for v; and indicates that the optimal value of m is indeed Eaaly

(ii) The case 3 = 0. Differentiating formula (2.5) and taking its L2-norm, we have

. © _\ip.
1001 () lz0oey <1 [ €T K RO dKl12 0
Therefore, using again Lemma 2.2 for the L*-boundedness of the Laplace transform and estimating as in case (i), we find
j 2 S ]+1A 2 hS 2 2j+1 j =
10801 Ol 00) 5 [ BN |y S 17 0 5201l

so that

v (¢ s S o)+ , Is]=0. (2.11)
V1 () 14 0,00 ”g”H,zl% ® L]
(iii) The case |s| # 0 and 8 + 0. We now have s = |s] +  with [s] > 1 and 0 < 8 < 1. Thanks to our earlier work in cases (i) and (ii), it
suffices to estimate the fractional norm H OXM v1(t) H 5 Proceeding as in case (i), we obtain

Ha[SJvl(t)H fz 2] +/3)+2|A(k )| dk = Hk[s +/3+1A( )

13(0.00)”

which can be estimated like the corresponding term in case (ii) to yield

Hamm (1) ”/3 s||g|| B Is| > 1. (2.12)

Estimates (2.10)-(2.12) combined with the definition (2.7) imply the space estimate (2.3) for v;. As noted earlier, this estimate can be
established for v, in the exact same way. Hence, the proof of the space estimate (2.3) for v is complete.
The time estimate (2.4) is easier to obtain. In particular, the change of variable k = \/T turns formula (2.2) into

U(X, t) ~ f eiu ‘rx+1‘rtA(T)dT+ / eia ‘rx+t‘rtA(T)dT
=0 —o0
Therefore, since the x-exponentials involved above are bounded by 1 for x > 0, we find
oo 2s+1 0
[o()* 20 S f (1+7°) * e_ﬁﬁx’:g\(r)‘zdr+ f (1+7 )
H, * (R) 7=0 T=—00

o 2 2 0 0 2.2
S ) @l [ () TR el

The Proof of Theorem 2.1 is complete. O

fﬁxr’\(r)‘ dr

IN
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I1l. LINEAR IVP ESTIMATES AND PROOF OF THEOREMS 1.1 AND 1.2

In this section, we analyze the IVP component of the forced linear IBVP (1.1). Then, combining the relevant estimates with those
of Theorem 2.1 for the pure linear IBVP, we deduce the linear Theorem 1.1. Finally, we combine this result with a contraction mapping
argument in order to infer the nonlinear Theorem 1.2.

We begin with the homogeneous linear heat IVP

U -Ux=0 xeR, te(0,T), (3.1a)
U(x,0) = Up(x) € Hy(R), (3.1b)

which can be solved via the whole-line Fourier transform U(£,t) = [, e ¥ U(x, t)dx to yield
1 z{x I
U t) = S[Up; 0 ,t:—/ Uy (£)d 32
(1) = S[Un0)e) = o= [ S Do) 62)

Theorem 3.1 (Estimates for the homogeneous linear IVP). The solution U = S[Uo; 0] of the linear heat IVP (3.1) given by formula (3.2)
admits the estimates

sup 1U()] H(R) S <[ Uol H(R)> seR, (3.3)
te[0,T]

< (R), —L<s< 3. 3.4

sup Ul o on $% U]l ez ) 1gs<d (3.4)

Remark 3.1. The time estimate (3.4) provides a second source of motivation [in addition to the pure linear IBVP estimate (2.3)] for the
boundary data space of the half-line problem (1.1). It is interesting to note that, despite the diffusive nature of the heat equation, the Sobolev
exponent M is precisely the one appearing in the corresponding estimate for the (dispersive) linear Schrodinger equation (see Refs. 24

and 11).

Proof of Theorem 3.1. The solution formula (3.2) combined with the definition of the H;(R) -norm implies the space estimate (3.3) for
allse Randall >0,

o)l

Hy(R) -

il;(R):/;E]R(l+£2)S|6_£ztﬁo(f)|2df< /&R(1+£2)S|ﬁo(£)\2d£ ~ (|2

The proof of the time estimate (3.4) is more involved. Letting m = 2! and noting that —1 <'s < 3 corresponds to 0 <m < 1, we employ

definition (2.7) to write

10 om = [V, 0, 0<m<l, (3.5)

where for 0 < m < 1, the fractional norm ||-||» is defined by

U(x,t) U(x,t) T=t|U(x, t+2z) - U(x,t
weti= [ [ | 0 < 1[It UG OT 4y,

For the norm [|U(x)l| 2 (o,ry> we have

10 lzon s [ [ [ e (|To(-5)| + |U0(e)\)dz] dr (3.60)
LT Tl @ e a (3.6b)

By the Cauchy-Schwarz inequality, we find

Goays [ ( ff (1 8) ) il

%—I;(R) dt <cT ||U()| %—I;(R)» seR. (37)
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Moreover, making the change of variable & = \/7, we have

(3.60) = f( [T ‘U(’(ﬁ;’j;’u‘)(ﬁ)‘ dr) dt SIEL} s omy (3.4

where £{¢}(t) = [ 7 e "' ¢(7)dT is the Laplace transform of the function

¢(r)—{“(’Uo<ﬁ>l+|Uo<ﬁ>), o1

0, 0<T< 1.

Hence, Lemma 2.2 yields

Gob)s [T B valdre [T (Dl

7=

and, letting £ = —\/7 and £ = \/7 in the first and the second integral, respectively, we obtain

3.6b5f MO dE <V, <UL
Gob) s [ 1 OO <1017y <0

)y SZ -1 (3.9)

Combining estimates (3.7) and (3.9), we find

”U(x)HLf(O,T) S ||U() Hi(]R)’ s> —%, x e R. (3.10)

For the fractional norm || U(x) | m, starting from formula (3.2), we compute

|[U(x,t+2) - U(x,t)| S flo e_gzt(l - e_szz)(|ﬁo(—f)| + |Uo(f)|)df

o [T (D) [T

Hence, from the definition of || U(x) ||, we have

_t , o _ 2
@I s [: fz ﬁ[fsjoe‘“@—e‘“)(|U0(-s)|+|U0(g)|)df] dadt (3.11a)
= [ @ YO+ Do) et (3.11b)

For any s € R, the Cauchy-Schwarz inequality implies

_EZZ)Z

1 s T (1 —-e
iIi(R) _[fzo(l + Ez) .[z=0 Z1+2m dzdg.

(3.11a) < T | Us

Therefore, employing (2.9) for k = & and B =m, we find

(3.11a) S T || Uo]

1 _
- fH(l +8)TEMAE = T Ul rys —3 <s< 2. (3.12)
Furthermore, letting £ = /7, we have

T 1
G110 s [ S 1£(8HE) 00y

where
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é(1) = {T; (1-e)(|To(-vD)| +|To(V7)]), 721,
0. 0<T<.
Thus, by the Laplace transform bound of Lemma 2.2, we find
(1- e_'fzz)2

oo oy . 2 T
(3.116) 5 /;:1 ¢ 1(‘U0(—f)’ + ’UO(E)D /z:O g dzd&
and, using (2.9) as before, we obtain
(3.11b) 5 f;: £ (|00(=8)| + |To(®)]) dE $ 1UllZymye —2 <5< . (3.13)

Combining estimates (3.12) and (3.13), we deduce

1T m < [1Uo

H (R)> -1<s<3, xeR, (3.14)
which together with estimate (3.10) and the definition (3.5) yield estimate (3.4). [ ]

After analyzing the homogeneous linear IVP (3.1), it remains to estimate the following forced linear IVP with zero forcing:

Wi — Wy = F(x, 1), xeR, te(0,T), (3.15a)
W(x,0) =0, xeR, (3.15b)

whose solution via the whole-line Fourier transform W(&,t) = [ ¢ ¥ W(x, t)dx is given by

W(x,t) = S[0;F](x,1) = i ff . [ io ECEORE Y de (3.16a)
= [jOS[F(-,t');O](x,t—t')dt'. (3.16b)

Theorem 3.2 (Estimates for the forced linear IVP). The solution W = S[O; F] of the forced linear heat IVP (3.15) given by (3.16) admits
the space and time estimates,

S[UP] WOy < T s[llp] IFCE ke r)» seR, (3.17)

te[0,T te[0,T

sup |[W( <eVT F 1 E 3.18
p X 2en <6 sup [|F(t)[|ps () 3<s<3. (3.18)

xeR H,* (0.T) te[0,T]

Proof of Theorem 3.2. The space estimate (3.17) follows by combining the Duhamel formula (3.16b) with Minkowski’s integral inequality
and the homogeneous space estimate (3.3).

Concerning the time estimate (3.18), we set m = % and employ the physical space Sobolev norm (3.5). Since % <s< % corresponds to
% < m <1, we only need to estimate || W(x) | 12(o,ry and || W(x)||m. For the first term, starting from the Duhamel representation (3.16b) and
combining Minkowski’s integral inequality with the homogeneous time estimate (3.4), we find

T
W2 or) < ft , IS[EC1)50](x t = )| 2oy dE' < T S[UP] IECO ks () - (3.19)
= te[0,T

For the second term, writing

W(x,t+2z) - W(x,t) = [io [S[F(-, t);0](xt+z—1t") = S[F(, t’);o](x,t—t’)]dt’

t+z
+f S[F(-);0](x t + 2 — £')dt’
t'=t
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and recalling the definition of the fractional norm, we have

T ,T-t ] t 2
W ()l [ZO fo BT [0 [s[p(-, ;0] (x,t + 2~ t') = S[F(-£');0] (x, £ - t')]dt' dzdt (3.20a)
T rT-t 1 t+z , o 2
+ ft:O fzzo pevsT ﬁ:t S[F();0](x,t + z— £')dt’| dzdt. (3.20b)
By Minkowski’s integral inequality and estimate (3.4), we obtain
T ! A ! 2 2
(3.20a) < (f |S[EC,£)0](xt = o) dt) (T sup 1F()e) ) - (3.21)
t'=0 m te[0,T]
Furthermore, using the representation (3.16a), we have
T rT-t 1 1 . B2 2
3.20b) < f / = / i f SEORE Yl d dzdt.
( ) t=0 Jz=0 Z1*2m || 27 EeRe t=t ¢ (& e)drds Lz (R) ’
Hence, the Sobolev embedding theorem for s > % implies
T rT-t 1 1 i (17 (et )= 2
(3.200) < f f = f ot f R, t')dt'df‘ dzdt
t=0 Jz=0 Z'tM || 2 JieRr t'=t Hi(R)
T T-t 1 o\ t+z , , 2
S /t:o fz:o Zl+zm ffeJR(l 8 ) (-/t:=t |F(£’t )|dt ) ddzdt,
and Minkowski’s integral inequality further yields
T Tt N2 1-2m 3-2m 2
(3.200) < f f sup F() 3 ey -2 " dedt § T2 sup [IF()]2 ) (3.22)
1=0 Jz=0  pre[t4z7] te[0,T]
after recalling that m < 1. Combining (3.20)-(3.22) and the fact that T < 1, we deduce
IW (@) lms VT sup [1F(t) |5 r) - (3.23)
te[0,T]

Overall, estimates (3.19) and (3.23) together with the definition (3.5) imply the desired time estimate (3.18), concluding the Proof of
Theorem 3.2. u

Thanks to the superposition principle, Theorems 2.1, 3.1, and 3.2 can be combined to infer Theorem 1.1 for the forced linear heat IBVP
on the half-line (1.2). In particular, let Uy € H;(R) and F € C([0, T]; H;(R)) be, respectively, whole-line extensions of the initial datum
ug € H3(0, 00) and the forcing f € C([0, T]; H3 (0, oo)) of problem (1.2) satisfying

1%

Hy(R) S € [| 4o Hs(0,00)>  SUP IE(t)] Hi(R) S € Sup [If ()] Hs(0,00) - (3.24)
te[0,T] te[0,T]

Furthermore, let
Go(t) = go(t) — S[U0;0](0 1) (3.25)

and note that, thanks to the compatibility condition uo(0) = go(0) of Theorem 1.1, for s > % we have Go(0) = 0. Then, by linearity, the solution
of IBVP (1.2) can be expressed in the form

S0, g03 f] = S[U030]| . gy *+ SLO5F]| 0,00 + S0 Go3 0] = 5[0, 8[0; F]| 0], (3.26)

x=

where the first and second terms on the right-hand side are the solutions of problems (3.1) and (3.15), which have been estimated in Theorems
3.1 and 3.2, while the third and fourth terms satisfy the IBVP
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Ut — Uxx = 0, x€(0,00), te(0,T), (3.27a)
u(x,0) =0, x€[0,00), (3.27b)
u(0,t) = G(1), te[0,T], (3.27¢)

with G = G and G = S[O F]| 0 respectively. Note that in both cases we have G(0) = 0. Furthermore, the time estimates (3.4) and (3.18)
together with inequalities (3.2- Hi imply

IG <& (ol ooy + lgoll s ), 0<s<?, (3.280)
IS[0; F]| _ 0|| (O‘T)<csﬁts[13p IF (£ 112 (0,00 les<d, (3.28b)

i.e., in both cases G € Ht(25+1)/4(0, T). Thus, along the lines of Ref. 11, G can be extended outside (0, T) via the compactly supported function

g(t) = {Ef(t) iigg ;g (329)

where Ey(t) = 6(+)E(¢) with 6 € C5°(R) a smooth cutoff function such that 0 < 8(t) < 1 for all t € R, 6(t) = 1 for |t < 1, and 6(¢) = 0 for
[t| >2,andE € Ht(zm)“(R) an extension of G such that [|E[| ;s
and

®S c| G||Hl(2;+1)/4(O)T). Importantly, by construction, we have supp(g) c (0, 2)

el et gy < s IGT s F<s<i (3.30)

Thus, for the boundary datum g defined by (3.29), the pure linear IBVP (2.1) restricted on (0, oo) x (0, T) becomes precisely IBVP (3.27).
Therefore, for 3 <s<3 2 Theorem 2.1 and inequalities (3.28) imply the space estimates

su S10,Go; 0 [(8)|| 5000 uoll gs (0.00) + 3.31a
o [0, Gus0) (Ol ooy < € & (ol om0 + leoll 22 ) (3.31a)
sup [18[0, 8[0: F]|_y:0](#)ll 0,00y < ¢sV/'T sup uf(t)nH;(o,m), (3.31b)
te[0,T] te[0,T]
and the time estimates
o 5[0 Gus O]l < o (ol ooy + Nl 22 ) (3.322)
s[up lIs[o, s[o; F]| _, ](x)H csﬁ s[up |[f(t)|H,(Ooo> (3.32b)
x€[0,00) 0,7 te[0,T

Estimates (3.31) and (3.32) combined with Theorems 3.1 and 3.2 and the superposition formula (3.26) yield Theorem 1.1.
Local well-posedness on the half-line. The linear estimates of Theorem 1.1 will now be combined with a contraction mapping argument in
order to prove Theorem 1.2 on the well-posedness of the nonlinear reaction-diffusion IBVP on the half-line (1.1).
Existence and uniqueness of solution. We set f = |ul~'u = ?, P22 €N, and use the unified transform formula (1.3) for the linear IBVP (1.2) to
define the following iteration map for the nonlinear IBVP (1. 1)

ur Qu==_0, u= S[u(),go;up].
We shall show that for lifespan T™ given by (1.9), this map is a contraction in the space

X = C([0, T*]; Hy (0, 00)). (3.33)

The space estimate (1.6) together with the algebra property in H; (0, c0) implies

J. Math. Phys. 60, 081509 (2019); doi: 10.1063/1.5118767 60, 081509-11
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

IPulx < & (II(o, g0)llp +v/T* ), 4 <5< 3.

Let B(0,¢) = {u € X :||u||x < ¢} be a ball centered at 0 with radius ¢ = 2¢; || (10, g0) ||, where the data norm || (u0, go)|| p is defined in Theorem
1.2. Then, for u € B(0, @), we have

[ Dulx < % + VT .
Thus, the map u — ®u takes B(0, ) into B(0, ¢), provided that

1
< .
(2¢)2° | (o go) |77

g +eT ! <o = T* (3.34)

Furthermore, using estimate (1.6) for ®u; — Qup = § [0, 0; u‘l’ - ulz’ ], we obtain

1 3
H;(O,oo)’ 2<S<2.

[P - Duz| < cV/T* sup [ - 1) (1)
te[0,T*]

Thus, employing the identity u‘f - ug = (u‘lj_l + ull)_z Uy + -+ U ug_z + ug_l)(ul — 1) and the algebra property in H; (0, o), we deduce

0w — Dus |y < peVT*P  ur — 2], 1 <s< 3.

2 2

Hence, the map u — ®u is a contraction in B(0, ¢) with

1
H@ul - (DquX < E Hu1 - quX, Yui,up € B(O,Q), (3.35)
provided that
TP <L oo 1 (3.36)
pe T2 RETRY 21 :
P?(2¢:)™ [[(u0,20)Ip

Since p > 1, condition (3.34) is weaker than condition (3.36) and they are both satisfied for T* given by (1.9). Therefore, by the contraction
mapping theorem, the map u — ®u has a unique fixed point in B(0, ¢). Equivalently, the integral equation u = ®u for the reaction-diffusion
IBVP (1.1) has a unique solution u € B(0, ¢) c X.

Finally, we note that thanks to the time estimate (1.7) the contraction mapping argument can also be carried out in the finer space

C([0, T*];H;(0,00)) n C([O, oo);Ht(25+1)/4(O, T*)) instead of just the space X, thus giving rise to estimate (1.8). The proof of existence and
uniqueness is complete.
Continuity of the data-to-solution map. We conclude the Proof of Theorem 1.2 by showing that the data-to-solution map H; (0, c0)
x Ht(ZS“)M(O, T) > (u0,) + u € X is continuous. Let (uo,,g, ) and (uo,go,) be two pairs of data lying inside a ball Bs ¢ D of radius
0> 0 centered at a distance a from the origin. Denote by u1 = @y, g, #1 and uz = @y, ¢, 1> the corresponding solutions to IBVP (1.1), which
are obtained as fixed points in the spaces X,, and Xy, defined by (3.33) with T” replaced by the relevant lifespans Ty, and Ty, according to
(1.9). Since max{ || (u0,,£0, )| D> || (¢10,,£0,) |0} € a+ & and p > 1, it follows that

1
min{Ty,, Ty, } > min] T, = T..
{ J { p2(2¢)% (a +6)*P 7D }

Hence, both u; and 4, < ¢ < T.. The common lifespan T gives rise to the space X. = C([0, T.]; H;(0, 00)). We shall now determine the radius
oc of aball B(0, ¢.) c X such that u;, us € B(0, ¢.) and

llun = a2l x, < 2¢s]| (u0, = v0,, 80, — 80,) | p- (3.37)

Observe that X,,, Xy, € X, and hence u;, u; are fixed points of ® in X.. Thus,

, =
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lur = wallx.= [@ur = Puiz | = | S[ut0, — t0, 0, — go,314) — “IZ)]HX

and estimate (1.6) together with the algebra property in H;(0, c0) implies

llwr = wallx, < sl (uo, = tt0,5 80, = 80,) |+ pes/Te@f ™ ur = wa ..

Choosing ¢c = 2¢;(a + &) turns the above into the desired inequality (3.37), implying local Lipschitz continuity of the data-to-solution map.
The Proof of Theorem 1.2 is complete.
IV. THE CASE OF A FINITE INTERVAL: PROOF OF THEOREM 1.3

As in the case of the half-line, the analysis of the reaction-diffusion IBVP on a finite interval (1.10) depends crucially on the study of the
associated forced linear IBVP, namely,

U — Uee = f(x,1), x€(0,0), te(0,T), (4.1a)
u(x,0) = uo(x), x€[0,4], (4.1b)
u(0,t) = go(t), u(l,t) = ho(t), te[0,T]. (4.1¢)

Actually, the analysis of problem (4.1) can be simplified significantly by exploiting the results of Theorem 1.1 for the linear half-line IBVP.
More specifically, we let Uy € Hy(R) and F € C([0, T]; Hy(R)) be whole-line extensions of the initial datum uy € H;(0,¢) and the forcing
f € C([0, T]; Hx(0,£)) such that [|[Us| s () < ¢ llt4oll s (0,0) and [[Fll (o, ryms ) < € Ifle(ro,rys (0.6)) - Then, the solution of problem (4.1) can
be expressed as

+5[0,0,wo; 0], (4.2)

S{ua0-0: s £] = S Ul ey 805 Fl o xe[0.0]

] is the solution of the linear half-line IBVP (1.2) restricted on the interval [0, /] and S [O, 0, wo; 0] satisfies the

where S[U0| [O)w),go;F

xe xe[0,00)
reduced finite interval problem,

Ur — Uy = 0, x€(0,0), te(0,T), (4.3a)
u(x,0) =0, x€[0,4], (4.3b)
u(0,t) =0, u(4,t) = wo(t), te[0,T], (4.3¢)

with

wo(t) = ho(t) = S[Uo|, 4 .80 F

ce0o0) (B 1)- (44)

Since the half-line solution S[ Uy |Xe [0,00)° g F have already been treated in Theorem 1.1, relation (4.2) reduces the analysis of the finite

interval IBVP (4.1) to that of problem (4.3).

Note that for ; < s < 3 the half-line estimate (1.7) combined with the inequalities for Uy and F stated above implies that

wy € Ht(2$+1)/4(0, T) with

XG[O,oo)]

H(0,0) ) (4.5)

fwoll 21 < cs< o
HL

s + 2641 + ||h 2641 +V' T su t
o) H:(0,0) Hg0||H1 I 0||H1 1) te[o,l;] lIf(2)

+(0,T) 1

Furthermore, observe that wg(0) = hy(0) — uo(¢) = 0 thanks to the second compatibility condition stated in Theorem 1.3. Thus, in analogy to
the half-line, IBVP (4.3) can be embedded in the pure linear IBVP,

Vi — Uxx = 0, x€(0,0), t(0,2), (4.6a)
v(x,0) =0, x€[0,4], (4.6b)
v(0,6) =0, w(6,t) = h(£) € H, * (R), te[0,2], (4.6¢)

where h is an extension of wy constructed analogously to (3.29) so that supp(h) c (0, 2) and

1<s<3. (4.7)

<G ||w0||H%(0)T)> 3

t

Il
H * (R)
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Hence, problem (4.3) can be estimated via problem (4.6), whose unified transform solution formula is'”

v(x,t) = S[O, 0, h; O] (x,1)

ia’ kx+ik*t iakx—ik*t

1 had e oo e )
= o [ s ks [ KK
1 co e—za 3kx+ik*t oo —zakx e
* o Jeeo i et L >dk+*f: i KRRk (4.8)

where a = €%, I is the whole-line Fourier transform of h (this is possible thanks to the compact support of k), and the contours OD* are
depicted in Fig. 1. Using formula (4.8), we shall prove the following result for the pure linear IBVP (4.6):

Theorem 4.1 (Pure linear IBVP on a finite interval). The solution v = S[0,0,h;O] of the pure linear IBVP (4.6) given by the unified
transform formula (4.8) satisfies the space and time estimates,

sup [[v(t)llm:o.0) < €5 $20, (4.9)
te[0,2] HO6 H, " ®’
sup |lv(x)| za <6 Bl 2n seR. (4.10)
sup IOl <l

Proof of Theorem 4.1. The main ideas behind the proof are the same with those that form the backbone of the proof of the half-
line Theorem 2.1. Now, however, extra care is needed when handling the differences of exponentials appearing in the denominators of
formula (4.8).

We begin with the space estimate (4.9). Grouping together the first with the third and the second with the fourth term of (4.8), we
decompose v = vy + v2 where

0o ginkx _ iyikx 3 L e, 72
V1 (X, t) = o m G] (k, t)dk, Y1 = a, Gl(k, t) = ;e kh(k ),
oo eiyzkx _ e—iyzkx 1 w2y~ 5
’UZ(X, t) = o m Gz(k, t)dk, )/2 =a, Gz(k, t) = ;e k”l(—k )

The estimation of v; and v; is analogous so we only provide the details for v;. We conveniently use the physical space definition of the H;.(0, £)
-norm,

s] )
lor (D)l )= -, 1301 ()12 0.0y +] 8- s=s|+B>0,0<p<1, (4.11)
j=0

where | -] denotes the floor function and the fractional norm ||-||g is defined by

—X 2
”’Ul(f)Hﬁ / / [i(x+28) -~ v () dzdx, 0<p<]l.

Z1+2B

(i) The case |s| = 0. Since s = B € [0, 1), we only need to estimate [|v1(t) |5 and [[v1(¢)[12(0,¢)- For the fractional norm [[v1(£) |5, we write

vi(x%t) = Ji(x,t) + 2 (x, 1), (4.12)
with
1 eiylkx _ e—iylkx oo eiylkx _ e—iylkx
Ji(x,t) = o R ik Gi(k, t)dk, J.(x,t) = | R ikt G (k, t)dk.
For J;, we have
1
‘ ez ] . (eiylkz _ 1)[eiylk(x+ﬁ) + e—iylk(x+z—€):| 2 2
1 () = f . f o fk . T Gi(k,t)dk| dxdz
1
-z zy,kz| 2
Gy(k,t)|"dxdz | dk,
./ko fzof 21*25| _ 2y,ke|2| 1COl
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after noting that x + ¢ > 0 and x + z — £ = x — (¢ — z) < 0 and applying Minkowski’s integral inequality in k. Hence, using Lemma 2.1, integrating
in x and employing (2.9), we obtain

1
2

U [Gi(k,t)] ¢ (1_e_§kz)2 N Lz~
I(®lps V2 [ | dz| dks [ KRR ak
0

=0 1 — e~ V2Zke | Jz=0 z1+28 =0 ] — e~ V2K

Then, applying the Cauchy-Schwarz inequality and noting that |, kl:o (l_iiﬂfiu)z dk < 1 since the singularity at k = 0 is removable and the
domain of integration is compact, we deduce
Ol ey <IB 0 0<p<L. (4.13)
H * (R)
Regarding J», writing J> = J21 + J22 with
® iddkx Gl(k> t)
T (x,t) = fk Kk )k, Kikit) = oo,
i k(x—0) G (k’ t)
,t) = K (k, ) Ky(kt) = ———~
]zz(x l’) fk:l e Z(k t)dk 2(k ) 1 — e2ia*ke
and employing once again Lemma 2.1, we infer
s [0 [Tt e T k] e
AN Lo 21928 || i ne 2(0e0)
Hence, combining the Laplace transform Lemma 2.2 with (2.9), we find
o KK o KRR K
IAGIE f ,|7|,2dk S ﬁr—|ﬁ2 dk (4.14)
k=1 |em3kZ _ e—ta3kl| k=1 (eTkZ _ ekaZ)

ia3 _ia® V2 _V2
Iakiie ’“Mbezkefe zszorkzo.

with the last inequality due to the fact that ’e
Next, let y(k) = e§k£ - e‘§k£ and note that y(k) > 0 for k > 1 [importantly, y(k) = 0 only for k = 0, i.e., the integrand of (4.14) is

vz vz
non-singular]. Moreover, observe that y is infinitely differentiable and, in particular, y is increasing on [1, co). Hence, 0 < eTZ!Z - 8,724
N N
< eTzM - e_Tzkl for k > 1. Thus, back to (4.14), we have
o KR S,
IAGIE f F(i)\z dk = f KR kdk s|AIP 50 (4.15)
k=1 ( Vi, _ﬁg) k=1 H ' (R)
e2"—¢e 2
Concerning J»,, we note that ||z ()| g= "']sz(t) @ where T2 (x,t) = Jo2(£ - x, t). Therefore,
— 4 L-x 1 ) NG 3 2
2 2 —2kx| ia’kz
= < _ -
ol = ol [ [ 7 = (fk1 TR | K t)|dk) dzdx
and employing once again Lemma 2.1, we infer
R A e o
2 — 2
W2 ()15 % -/Z:O Z12p ‘ o € (1-e JIKa(k 1) 12(0,00) “
The Laplace transform Lemma 2.2, estimate (2.9), and the fact that |1 - ezia3k£| >1-e V¥ forallk>0 imply
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2 Feo 2
2Ol [ o 1Quili ey d2 5

2
z=0

G )

P k.
=1 e—\/ike)z

Similarly to the argument used for /21, for k> 1, we have 0 < 1 — eiﬁe <1- eiﬁu. Hence,
2

o K[r(K o g~
||]22(t)||§$ / |(7)|2k2ﬁdk< f k1+2p|h(k2)|2kdk ST (4.16)
k=1 (1 — e*\ﬁé) k=1 H * (R)

Overall, combining estimates (4.13), (4.15), and (4.16) with the writing (4.12), we find

hS 2541 = . .
()l Wil 2 s=Be(O) (417)

The norm [[v1(#)]|12(0,¢) Will also be estimated using the splitting (4.12). In particular, for J1, we employ Lemma 2.1 to infer

2

5 Y 1 e%kx _ e—%kx 5
Do s [ | [ S MGk | dx. 418
UICTIREN N e L G K (4.18)
The ratio of exponentials involved in the k-integral is bounded by 1 for all k>0. Thus, applying also the Cauchy-Schwarz inequality in k, we
obtain
ton s (L, Feolar)acsiv ‘
D)7z < h drldxs|all” za , s2-3. 4.19
I Oon s [ ([ B de)as sl o o0os> -3 (419)
Concerning J,, similarly to (4.18), we have
L1 [eoe eﬁk" e‘ﬁk" ’
2 e 2 2
Oz pS = ———— k|h(k")|dk | dx.
IEOl0n s [ (ﬂ I oz — o] K| ) .
Note that |ei“3ke - e_"“jkZ > eéke - e‘§kZ and, furthermore,
Y
1 e 2
< , k>1. 4.20
o2kt _ Lkt ] - V2 (4.20)
Using this bound and the fact that e_§ktZ < 1forall k> 1, we find
L reef B\ — L 2
e s [ ([ (55— e ) 4 ki ax) ax
%l e 2 co i~ 2
<[ ([ e "k|h(k2)|dk) ax < [ ([ e "k|h(k2)|dk) dx.
x=0 k=1 x=0 k=1
Therefore, by the Laplace transform Lemma 2.2, we get
2 % a2 12 R TN 2
2(8)1E2 0,005 fk:I K[| dik = /1 2 [i(0)[dr < B s s 530 (4.21)
Combining (4.19) and (4.21), we obtain
v (D)2 00y ||h||H% ® 0. (4.22)

(ii) The case [s] > 0. Now s = |s| + 8 with |s] € N\{0} and f € [0, 1). Thus, according to definition (4.11), we need to estimate the

fractional norm ||8)£SJUI (1) H;z and also the L*-norm H&,’;vl (1) H for all integers 0 < j < | s]. Both of those norms can be handled in exactly

12(0,6)
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the same way as the norms [|v1(#)[|g and [|v1(#)[[12(0,¢) that were estimated in case (i) above, eventually yielding the space estimate (4.9) for

vy for all s > 0. As noted earlier, the estimation of v, is similar. Concerning the time estimate (4.10), the change of variable k = /7 in formula
(4.8) reveals the temporal Fourier transform of v, which is then used to infer

. . 2
ia®\/7x —ia’\/Tx
e —

25+1

2 </°° S S Y
IIv(x)HH% ® 1:0(1+r) A M|
. . 2
0 254l | AV —TX L —lAN/—TX
] G
* _/T:_oo(l T ) eian/—tl _ p—ian/—1L h(T) dr.

Lemma 2.1 and the fact that k > 0 imply that the ratios of exponentials in the above integrals are bounded by 1, and hence we arrive at the
desired estimate (4.10). [ ]

Overall, Theorems 1.1 and 4.1 combined with inequalities (4.5) and (4.7) and the superposition (4.2) yield the following result for the
forced linear IBVP on a finite interval (4.1):

Theorem 4.2 (Linear estimates on a finite interval). Suppose % <s< % up € Hy(0,£), go € Ht(2$+1)/4(0, T), and hy € H,(2S+1)/4(0, T) with
uo(0) = go(0) and ug(¢) = ho(0). Then, the solution u = S[uo,go, ho;f] to the forced linear heat IBVP (4.1) satisfies

sup [u(t)llrzco,0y + sup [[u(x)[| 2
te[0,T] 08 xe[0,0] H ' (0,T)

4

< s 261 h i T )|l ps . 4.23
o Iolizon + 1ol 20, + Mol s o VT sup IOl ) (4.23)

Local well-posedness on a finite interval. The linear estimates of Theorem 4.2 allow us to prove Theorem 1.3 for the reaction-diffusion
equation on a finite interval (1.10) along the lines of the contraction mapping argument of Sec. I1I. Indeed, the only modification required in
the half-line proof of Sec. 111 is the replacement of the solution space X and of the data norm ||-|| p by their finite interval counterparts that are
stated in Theorem 1.3.

V. ROUGH DATA AND CONCLUDING REMARKS

In Secs. 1I-1V, it was shown that the unified transform approach for showing well-posedness of nonlinear IBVPs is universal, in the sense
that it can be employed not only for dispersive equations such as NLS and KdV but also for diffusive ones such as the reaction-diffusion
equation (1.1a). Indeed, Theorem 1.2 provides the direct analog of the corresponding results for NLS'' and KdV,'” establishing local well-
posedness in Sobolev spaces with s > % Moreover, Theorem 1.3 advances the unified transform approach from the half-line to a finite
interval.

In fact, the unified transform approach can also be employed for “rough” Sobolev data corresponding to s < % In this case, the solution

space C([0, T]; H;(0, 00)) of Theorem 1.2 must be refined by intersecting it with the space

C*([0, T} LE(0, 00)) = {u € C([0, T} L(0, 00)) - sup £ () 20,00 < 00 }»

te[0,T]

where a = %(% - b) with 21 < b < 1. The presence of this new space helps us bypass the lack of the algebra property in H; (0, 00) when's < 1.

In addition, in doing so, it removes the condition P%l € N, allowing for nonlinearities of any integer order p>2. Our result reads as follows:

Theorem 5.1 (Well-posedness on the half-line for rough data). Suppose % - }17 <s< % andp=2,3,4, . ... Then, for ug € H;(0,00) and
g€ Ht(25+1)/4(0’ T), the reaction-diffusion IBVP (1.1) has a unique solution u € C([0, T*]; H3(0,00)) n C*([0, T*]; I2(0, 00)) which satisfies

sup [[u(t) s (o,00) + sup @)l 21 o+ sup £ u(t)l 12000y < 265 [l (402 80) s
te[0,T] xe[0,00) H * (0T*)  te[o,1%]

where T* = min{T, ! — } with the data norm | (uo,g0)|,, as in Theorem 1.2. Furthermore, the data-to-solution map

(@2p) ¥ (26) € 0.0 ,*
{uo0,80} ~ u is locally Lipschitz continuous.
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Theorem 5.1 can be proved similarly to Theorem 1.2, once the linear estimates of Theorem 1.1 are supplemented with an additional
estimate in the new space C*([0, T]; L5(0, 00)). This task concerns both the pure linear IBVP (2.1) and the linear IVPs (3.1) and (3.16). In
particular, the estimation of problem (2.1) in the space C*([0, T]; L£(0, o)) is straightforward. Decomposing v = v; + v; as in the Proof of
Theorem 2.1 and noting that v; and v, can be handled identically to each other, we use Minkowski’s integral inequality to obtain

t S
o1y 5 [ ([

- fkmkg(kz)|(f°°e‘%"’“dx);dk: R R ak.
=0 x=l =0

=0

eiu’kxﬁkztk:g\(kz)‘})dx);dk

Thus, letting k = \/7 and applying the Cauchy-Schwarz inequality in 7, we find

1
~ -t -5 )2 11
(O lhg0eey & ([ 77 (0 2) ) gl Sl s> -

A similar estimate holds for v; and, overall, we deduce [|v]| cu([o,77,12 (0,00)) S 181l 21

The estimation of the linear IVPs (3.1) and (3.15) in the space C*([0, T]; L{(R)) is also elementary. For 1 — 117 < s < 1 and forcing of the
form F = Hle Fj, we find

P
10 errorpazcryy S N0ollmrys  IWlon(roryazamys T° TT IFlcrroryazcey) -
j=1

Finally, the forced linear IVP estimates (3.17) and (3.18) are replaced by

p
sup W)l + sup W 2e VT T IElerrorn ey -
o] EE T e 15 o) ]Ul illes(fo Tyl ()

Combining all of the above estimates, we arrive at the analog of the linear Theorem 1.1 for % - 117 <s< %, which in turn implies the nonlin-

ear Theorem 5.1 via a contraction mapping argument and the use of the well-known inequality |[v’ v = |wl’ " w|  (Jo]’~" + [w]’~") v - w].
Furthermore, following the above outline, one can also establish the finite interval version of Theorem 5.1, which provides the analog of

Theorem 1.3 in the case of rough data 1 — % <s< i

We conclude by noting that diffusion equations are typically studied in the literature via more classical techniques developed specifically
for such equations with data in Lipschitz spaces (e.g., see Refs. 27, 1, 33, 18, and 32). However, as mentioned earlier, our objective here has
been to demonstrate that the reaction-diffusion equation (1.1a) can be included in the theory originally developed for dispersive equations
such as NLS,'' KdV,'* and “good” Boussinesq,”’ which relies on employing the unified transform of Fokas for deriving novel linear estimates
along rays in the complex Fourier space.

VI. SUMMARY

In this work, a novel approach that was recently developed for the analysis of nonlinear dispersive equations on domains with a boundary,
such as the NLS and KdV equations on the half-line, has been advanced to study a reaction-diffusion equation with power nonlinearity both
on the half-line and on a finite interval. The new approach exploits the linear solution formulae produced by Fokas’s unified transform,
a powerful method for the solution of linear evolution equations of any order, on a variety of physical domains and with any admissible
boundary conditions. In this connection, the present work demonstrates that the novel unified transform approach is universal, in the sense
that it can be used for analyzing a wide range of nonlinear evolution equations beyond dispersive ones, formulated not only on the half-line
but also on a finite interval.
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