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ON THE DEGREE OF APPROXIMATION BY POSITIVE LINEAR
OPERATORS USING THE B-SUMMABILITY METHOD.*

by

A.S. RANADIVE and S.P. SINGH

ABSTRACT. The aim of this paper is to sharpen the results of censor [3] and
Mahapatra [7] given on the degree approximation by positive linear
operators.

§1. Introduccion. Let B = {A(("))} = {(a;nn)l)} be a sequence of
n

infinite matrices such that a m S Oforp,m,n=1,2, .. A

sequence {x, } of real numbers is said to be B-summable to 1 [Bell
1973] if

ae UNY L)
lim a x =1
P oo mz=’l Fos m
uniformly in » = 1,2,... If, for some matrix A, A(") = A for n
=1,2, ..., then B-summability is just matrix summability by A.

Iffor n =1,2,..

1
a™ = {p
pm

for n+1 <m < n+p

0 otherwise

This paper was presented in the conference on "Recent
Developments in Analysis, Manifolds & Application", organised by
the Department of Mathematics, B.H.U., Varanasi (U.P.), India.



RANADIVE and SINGH

then B -summability reduces to almost convergence.

Recently some results of Censor [3] and Mohapatra [7] on the
rate of convergence of sequence of positive linear operators
have been unified by Swetits [10] through the use of the B-
summability method. The object of this paper is to sharpen the
results of Censor [3] and Mohapatra [7]. Corresponding estimates
for some especial operators are also deduced.

Let {L,, } be a sequence of positive linear operators on C[a,b]
and let {A(n)} = B be a sequence of( 'Snfinite matrices with non
negative entries. For fe C[a,b], letApn (f;x) denote the double
sequence

(n) ey = S (n) w3\ - 1.1
A" (¢ mz=1 a" Ly ¢ i0ipom =12, (1)

Following Swetits [10], we define HAp fll to be

sup sup AP 0)]
n xela,b] p |

We say that for fe C[a,b],{L, f} is B-summable to f, uniformly
on [a,b] if and only if ||Ap IflI-fll - 0 as p — «. The following
lemmas are from Anastassiou [1, page 264].

LEMMA 1.1. For all t, and xe[a,b] and 8>0 one obtains

8 28 2 8

t

2
J’rlz;-xl]dg g {(t-x) L £2.4 +§> (1.2)
X

where [.1 denotes the ceiling of number.

LEMMA 1.2. Let f be a convex function in el [a,b], then

£ @ -7 | < wy,or 'iéx'w . (1.3)
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§2. Main result. Let {kp} be a sequence of positive numbers
and {L,,} be a sequence of positive linear operators on C[a,b].
Let fe L’l [a,b] be such that If'(t) -f'(x)l is a convex function in ¢
and w(f ; .) is the modulus of continuity of f'. Let B = {A(%)} be a
sequence of infinite matrices with non-negative real entries
such that IIApeoII < oo, where e (x) =1 for all xe [a,b]. Then for
each p :

IIApf-fII < Ifll IlApe0 -+ 0 IIAp(t - )l

. 11 ve  k
+ wkf,kpup)up<2—k—+ S lA e, +—81L A, e0u> (2.1)
p

If an addition (Ap("Je )(x) =1 and (Ap(Mt)(x) = x,
1 1 kp Vol
I|Apf | - (ka + > + ?)”p -wg R pl»lp) (2.2)

where I, =1lAp (¢ -)6)2“1/2 and |l-Il norm being the sup over
[a, b] defined in §1.

Proof of main result. We know that
t

fB-f0 = e + [IFE-fWideE (2.3
X

Using (1.2), (1,3), (2,3) and the inequalities

1/2 211/2
< AM(r ), ASVf.8) < (4,,(")1‘ 2 -i(agmg 7).

(n)
40

We get that

@) -7 @ge, )

t
< | @ e o)l + (A,,‘"’{f(f ® -F ) E} ) W
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t
< lf ol [(ama -0)m| + (Ap("){ﬂf (©)-f ' (0d é}) (x)
X

t
<iF ol ¢ o) l+ue .9 (Alg"){ffﬁ'g’—‘—"ldg})(x)
X

<lr ot @ a o)aon+

2
w(f‘,S)(A,g”) %L +'%i' +%}(x))

<lf @l ame -0)m| +we s {513 (Afm¢ 0%) ()

+ %(Aén )|t _x|)(x) + %(Aé")eo )(X)>

< I lilay -0l wi, 5 {5 (@0 070
+ %(AI()n)lt 1)) + %(A;”)eo )(x)} (2.4)

Choosing & = kp Kp this reduces to
[ )@ -7 @M e oo

<IF 1A, E-0)ll + udr, kpup){ Lty ed + ";“PuApeou}

= A A "k S =R 12 __ﬁ A
I 1A p -0 + wlF' kp pp)mp Zup+—2—”Ape0” ¥ 3 | PeOH} 2.5

Clearly
|70 er@afe Yool < it e i @6)

On adding (2.5.) and (2.6) we get (2.1). In case pp = 0 then for
every 8§ > 0 we get from (2.5) that
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” (n)
(aff oo = £ ol Ve Yoo

SO
a ‘”’f)(x) fol=F @@ e - 7l [y eo- 1|

Again, if (A e 0)(x) =1 and (A1(7 )t )(x) = x, then (A;)n)(t-x))(x) -
0. So from (2.4), we get the rest of the proof.

§3. Applications to almost convergence. By choosing
al"h=1/p for n+1<m <n+p and a})=0 otherwise, in (2.1) and
(2.2), we get an estimate on almost convergence which is shar-
per than that of Mohapatra [7]. Now we applicate the results to
the Bernstein polynomials. For fe ¢ [0,1] the Bernstein poly-

nomial of m-th order is defined as
L) = 3 (”’—)x"u xym kg ("—)
m i =0 k m

We know that L, (1)(x)=1; L, (x)=x and Lm(t-x)z(x) =
x(1-x)/m. So forp 2 1

2 _
By = A, (0 0Pl
= Sup sup (A (n)(t-x)z)(x)
n2l x
n+p
= sup sup LY x(x)
n>1 P n+l m
= — Sup zp < 4_' Sup _Ll < L ;
B SIS T Fyel ~ ®% 8

Therefore Wp = /26 Choosing kp =2 we get from (2.2).

Myr £ Il s —t=w(fi—
pf <26w( ﬁ) (3.1
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which appears to be a new constant in the case of almost con-
vergence on the Bernstein polynomials.

Now we apply the result to the positive linear operators obtai-
ned from the inversion of Weierstrass transformations. For a
measurable function f defined on (-~ , ) the inversion ope-

rators are given by:

(o]

1/2
(L,,f)x) = (;n_n) J.exp (-(t -x)2 %)f(t)dt sm 21 (3.2)

- 0O

We know that (L, f)(x) = 1, (Lypyt)(x) = x and (L,,(0*(x) = x 2 + 2/m
and consequently (Lm(t-x)z)(x) = 2/m (see [4]). So for p> 1,

< supl'__P_sl
n21p n+l

Therefore pp = 1. Choosing k) =1 in (2.2) we get
WA, f-f Il < 2w(f;1)
p 3-8 * (3.3)

wich aiso appears to be a new constant in the case of Weierstrass

transformations.

§4. Aplication on convergence. We have deduced the follo-
wing estimates by choosing af,) =8} in each one of the cases
given below:

Case 1. For fe£[0,1] let L,, be the Bernstein operator of or-
der m. So for m2>1; p,, = 1/2\/;. By choosing k, = 2 in (2.2) one
obtains for fe CI[O,I] and m > 1.

1

L.
L, Il < 2‘/;w(f,‘/;)
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wich is sharper than the coEesponding estimate of Lorentz [5].
Again by choosing k, = 2N'm in (2.2) we obtain for fe & 110,11,

m2>1.

2
L, f-fll < W—”)w(f';”%) (4.1

8m

This result is due to Schurer [8].

Case 2. For fe € [0,], let

e k "
(L2f )0 = em=sechloamvms) 3 u-)—-—%m(mx)kf(k/m)

k=0
where
. g
M@ s enrein
k Yk -2 |

T=0

is the positive linear operator of order m introduced by Meir and
Sharma in [6]. We know that

Crne) =1
m

(L”:"(t-x ))(x) = k\/—_’ft—tanh(2kw/mx)

Lre-nM)x = )‘zm” X+ %tanh(ka )
mv<m

so for m > 1, and any x € [0,a] ,

2+ AVa —
b= \/ " + zm‘/m_tanh(zx ma)
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By choosing k, = lf\/Dm in (2.2), we get for fe 110, a], and

m21
2
(Z/Dm+1) 1

1
Aif) - fr =) (4.2)
L ()£ : 7= w(f" T )

We note that by choosing A = 0 in (4.2) one obtains for Szész

operators
(2 a +1)2 1

1
0 ) f;_—
L f-fIl < - Jm_w( ‘/;),

which is sharper than the corresponding estimate of Stancu [9]:

IA

s 11 < (Ja +a)‘/—rln_—w(f', ,/%n— )
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