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Abstract. The connection between functional analysis and
the classical theory of orthogonal polynomials is explored
in detail, at least in the bounded case. A functional analytic
proof of Markov's theorem, the main link between the two sub-
jects, is given. A special case of Darboux's asymptotic method
is presented, and an example showing the power of asymptotic
methods to determine orthogonality measures of systems defined
by three terms recurrence relations is included.

Resumen. Se estudia en detalle la conexidn entre el anali-
sis funcional y la teoria de polinomios ortogonales, al menos
en el caso acotado. Se da una demostracidn del teorema de Mar-
kov desde el punto de vista del andlisis funcional. Este teore-
ma es el eslabdn principal entre las dos teorias. Se examina
ademds un caso especial del método asintdtico de Darboux para la
determinacidn de la medida de ortogonalidad de sistemas defini-
dos por relaciones de recurrencia, lo cual se ilustra por medio
de un ejemplo.
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§1. Introduction. Recent research (Broad [6]; Reinhardt
and Yamani (23], [24]; Bank and Ismail [3]) on linear opera-
tors of Quantum Mechanics has called attention to an inter-
esting connection between the spectral theory of linear op-
erators on a Hilbert space and the classical theory of or-
thogonal polynomials. Roughly speaking the situation is as
follows: some linear operators on a separable Hilbert space,
the Jacobi operators, determine systems of orthogonal poly-
nomials whose orthogonality measure, if known, can pro-
vide innformation about the spectra and the spectral fa-
milies of the operators. This connection is not new and can
be traced back to Jacobi in some of his research on the cal-
culus of variations (Guelfand and Fomin [13], Chap.5 §30).
Given the variational nature of quantum teory, the interest
of Quantum Mechanics in the above mentioned connection is
not surprising. The development and refinement in recent
years of asymptotics and other techniques of the theory of
orthogonal polynomials to determine the orthogonality meas-
ures of systems of polynomials given a priori by recurrence
relations, on the other hand, make this connection fruitful,
since it can provide the means to effectively compute the

spectra of quantum mechanical systems.

One. of the links between classical orthogonal polynomi-
als and functional analysis is provided by a famous result
of Markov, which establishes an important relationship be-
tween the asymptotic behavior of the polynomials and the
Cauchy-Stieltjes transforma of their orthogonality measure.
This allows the Cauchy-Stieltjes inversion formula to recov-
er the measure from the asymptotics. Traditionally Markov's
theorem is looked upon as a theorem on continued fractions.
The main purpose of this paper is to show that the most
widely used form of the theorem is an easy consequence of
the underlying functional analysis. We hope this will help
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to shed further light on the above mentioned link.

In Section 2 we review the relevant facts on orthogonal
polynomials and in Section 3 the basic functional analysis.

Section 3 is largely inspired by Ahkiezer's important
monograph [1] on the moment problem, but our treatment is
more direct and, in view of the most common applications,
the results are more complete. In Section 4 we present our
point of view on Markov's theorem.

Section 4 was motivated by a talk of M.E.H. Ismail, a
few years ago, in the classical analysis seminar at Arizona
State University, where he explicitely calculated the ortho-
gonality measure of some classical polynomials by means of
what we consider the basic idea of the proof. In Section 5
we take a quick look at Darboux's method, although only to
the extent of being able to present a simple but meaningful
example of the power of asymptotic methods in orthogonal
polynomials. The example we have selected for Section 6 is
due to Chihara [10]. It has features which make it specially
suited for our purposes.

In view of the above mentioned characteristics, the
present paper lies somewhere between a research monograph
and an expository article. We hope it can find its place
and be of some help to the mathematical community.

§2. Orthogonal polynomials. Let An’ Bn’ Cn, n > 0, be

real numbers. The recurrence relation or second order dif-

ference equation.
(2.1) ypq = Ax+BIy -Coyyqs n> 1,
is called positive if

79



(2.2) Cooi/A AL >0 n=0,1,2,...

n+1

The solutions of (2.1) subject to the initial conditions

(2.3) Po(x) R T P1(x) =gy ™ on +BO

are a system of real polynomials ¥ Pn(x), n >» 0, where
Pn(x) has exact degree n. The system {Pn(x)l n > 0} is called
a system of orthogonal polynomials if (2.2) is satisfied.
The set {P:(x)} of solutions of (2.1) and initial conditions

(2.4) Ph(x) = 1, PI() = A

is called the associated system of numerator polynomials. It is al-
. . o *
so a system of polynomials with real coefficients, Pn(x)

having exact degree n-1 for n > 1.

I£ a, s b n > 0, are real numbers and

n,

(2.5) b > 0, n >0,
the recurrence ralation
(2-6) XYy = bnyn+1 tay, t bn-1yn-1’ 3

is a positive second order difference equation. The solu-
tions Y, = pn(x), n >0, of (2.6) subject to the initial

conditions
(2.7) Yy = po(x) =1, y; = P1(x) = 1/bo(x-ao)

are a system of orthogonal polynomials. It is called a sys-
tem of orthonormal polynomials. Their system of numerator
polynomials satisfies (2.6) and the initial conditions

(2.8) pa(0) = 0, py(x) = 1/b,.

A positive recurrence relation (2.1) gives rise to a
difference equation (2.6) if a, s bn are defined through

(2.9) a, = -Bn/An, b = /C +1/AnAn+1’ n 3 0.

n n
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Then, if {Pn(x)} and {pn(x)} are the corresponding systems
of orthogonal polynomials for (2.1) and (2.6), Pn(x) and
pn(x) are related through

(2.10) pn(x) = Pn(x)//kn; nz0,
where

Ao
(2.11) Ay = 15 xn = K; C1...Cn, n > 1.

This can be easily checked by direct substitution of
Pn(x)//T; in (2.6). Note that

n-1 AC
"k kR+1 . T,

(2.12) o=
nog=o AR+
The reason for the name orthogonal polynomials given to
the solutions Pn(x) of (2.1) and (2.3) is that there is a
positive measure u supported by the real line such that

+ o

(2.13) J PO P (Odu = A 6,

-

where X, is given by (2.11).

For the polynomials pn(x) determined by (2.6) and (2.7)
the measure p can be so chosen that (2.13) takes the form
+ o
(2.14) | pu0p, 00 = 6,

©

This explains the name orthonormal given to such polynomials.

The existence of the orthogonality measure y will be
discussed in the next section. Observe that once the problem
of finding a measure y satisfying (2.14) has been solved for
systems of orthonormal polynomials as defined by (2.6)and
(2.7), in which case y is also called an orthonormality
measure, the problem for systems determined by (2.1) and
(2.3) can be solved by reduction through (2.9). The ortho-
normality measure y so obtained will satisfy (2.13) with a
given by (2.11). Hence, it is enough to consider the case
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of orthonormal polynomials.

REMARK 2.1. If the coefficients of (2.1) and (2.6) are
related through (2.9), the corresponding systems of numera-

tor polynomials are related through

v
o

(2.15) pr(x) = PR /3, n

REMARK 2.2. Let {pn(x)} be a system of real polynomials
such that po(x) = pn(x) has exact degree n and positive
leading coefficient, and there is a positive measure M su-
pported by the real line such that (2.14) holds. Since
{pn(x)} is an algebraic basis for the R-space R[x] of real
polynomials (and also a basis for the C-space C[x] of complex
polynomials) then, for any m » 0,

m+1
(2.16) xpm(x) = hzo @ h pk(x), ap < R.

From (2.16) with m = n it follows that

+
(2.17) a, = [ xpn(x)ph(x)dp, R =20,1,2,...,n*1.
Since xpk(x) is a linear combination of po(x),...,pk+1(x),
from (2.16) with m = k also follows that if a , # 0 then
k = n-1, n, n+l. Let a, = a, . bn =t From (2.17) we
have A1 = &,.1 » SO that (2.16) reduces to (2.6)
and also b p,(x) = x-a,. If hn is the leading coefficient
of p,(x) then kn = bnkn+1’ n s 0, follows from (2.16), so

that bn > 0. Clearly a, is real. Hence {pn(X)} is a system
of orthonormal polynomials. If {Pn(X)} is such that Po(x)=1,
Pn(x) is a real polynomial of exact degree n, and (2.13)
holds for a positive measure y with Ap > 0, 2y = 1, it fol-
lows in the same manner that {Pn(x)} will be the system of
solutions of a difference equation (2.1) under initial con-

ditions (2.3). In this case
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(2.18) A =2

n = AaplA B, = A A,

n,n+1’ n n,nn

c =A A/
n

n nyn-1 » on3 1,
’

n-1

where
+o

(2.19) Aj g™ J X Po(x) P (x)du.

-

Observe that if Kn is the leading coefficient of Pn(x) then

K
_n
(2.20) An,n+1 =z An+1 # 0, n >0
n+1
Also,
2
Cp+1 An n+1
(2.21) T ® ot >0, n > 0.

Hence {Pn(x)} is a system of orthogonal polynomials.

Let {pn(x)} be the system of orthonormal polynomial de-
fined by (2.6) and (2.7), and let {p;(x)} be their system of
numerator polynomials. Induction based on (2.6) and (2.7)

readily shows that.
* * _
(z.22) b1, (Xp, (x) - p (XJp, 1)) =1, n21.

This is known as Abel's formula. It says that the left hand
side is not only different from zero but independent of x.

Formula (2.22) is the analogue for difference equations of

Abel's formula for second order differential equations. In-

duction also gives

n-1
(2.23) b, _1(p,_p,(W)-p,(X)p, (1)) = (y-x) kzoph(X)pk(y), nyl.

This is the Christoffel-Darboux identity. It has important

consequences.
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From (2.23) and L'Hospital's rule it follows that for
all x in R

n-1
(2.24) by (pyq (X)p, (0P, (VIpy (1) = ] PE(X), n > 1,
=0

and therefore

1 '
(2-25) Pn+1(x)Pn(X) - pn(x)pn+1(x) > 0, n>»0, x€R.

Let {pn(x)} be a system of orthonorrmal polynomials, u a
bounded positive measure such that (2.14) holds. The system
{p,(x)} is an algebraic basis of C[x]. If p(x)  C[x] has
degree n then

n
(2.26) p(x) = ] app,(x), a,eC,
k=0
so that
+o a_k 0< ks n,
(2:27) J P(xX)pp (x)du = 0, k>
Hence
+ o0

(2.28) J xkpn(x)du =0, 0 < k <n,

-

and if pn(x) = knxn+ lower terms, then

+ o

(2.29) J xnpn(x)du = 1/k, .

-

If p(x) # 0, then

+ N 2
2.3 [ p(x) Pl - Llel? > 0.
=0

Hence, if p(x) = R[x] and p(x) # 0, then
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+
(2.31) J p?(x)du > 0.
Now assume that Supp uw < [a,g] and let §(x) R[x],
§(x) # 0 and §(£) > 0 for t «[a,g]. If

+

[ $cord =0

-

and y is the set of £ « [a,g] such that §(t) # 0 then
w(U) = 0. Hence UN Supp y = @, L.e.,

Supp w € (£t = [a 8] | (&) = 0} = {£y,...,2}.

P

Let ¢(x) = (x-t1)(x-t2)...(x-tp). Then ¢ (%) = 0 for t eSupp v

so that
B

[ 2eods = 0.

a

This is absurd, as

J QZ(X)du = }qu(x)dp > 0.
a is

Hence

THEOREM 2.1. If u is an orthogonality measure for the
system {pn(x)} of orthogonal polynomials, and <f Supp u ;[ﬁ,ﬂ,

then Supp y is an infinite set and

[eﬂ(t)du > 0

o

for any non-zero polynomial §(x) <IR[x] such that §(£) » 0
for t = [a,8].

COROLLARY 2.1. Let {pn(x)} be a system of orthogonal
polynomials, u an orthogonality measure. Assume that
Supp y < [asB]. Then, for any n 3 1, the roots of p, (x) are
all real and simple, and are contained in (a,B)
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Proof. Let t1 <Ay <i..< tp be the odd multimplicity

roots of pn(x) which are contained in (a,B8). Since

+o

p, (£)du = p ()du =0 ,
n n

o -

then p > 1. Assume p < n and let q(x) = (x-t1)...(x-tp).
Since p(x)pn(x) never changes sign in (a,B) then

[[awp, 0 = [ aorp, tran # 0.

bl ¢
This contradicts (2.27). Hence p = n, and this completes the

proof. &

Let x < x $eiu € X be the n roots of p (x).
n,1 n,2 n,n n
Then

COROLLARY 2.2. The roots of pn(x) and pn+1(x), n s 1,

are interlaced; that is,

< X

(2.32) X Xn+1,n< n,n< xn+Ln+1'

n+1,1 %, 1 1,250

Proof. From (2.25) it follows that

Prot g 0P g, 1) 2 00 B = 152,00 e,
Since ph+1(x) # 0 at x = X, 41
ple) and has opposite sings at xn+1,k and xn+1,k+1’ also
pn(x) # 0 for x = xn+1,k and has opposite signs at xn+1’k
and xn+1,k+1’ Hence, pn(x) has a roots in each interval
1), and therefore exactly one. &

k (because the roots are sim-
’

(xn+1,k’ net, b+
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§3. Jacobi matrices and operators. A matrix

0 o

b a b 0 0 .
(3.1) 3y = o 1 1

0 b1 a, b2 0 --

where a bn are real numbers and

(3.2) b >0, nx>0,

is called a Jacobi matrix. It is also called a tridiagonal
matrixz. A Jacobi matrix is symmetric. Through (2.6) and
(2.7), the Jacobi matrix J defines a system {pn(x)} of ortho-
normal polynomials, called the J-polynomials. Conversely, a
system {pn(x)} of orthonormal polynomials determines a Jaco-
bi matrix J such that {pn(x)}is the associated system of
J-polynomials. the matrix J is called the matrix of the
polynomials. Direct substitution in (2.6) shows that if J

is a Jacobi matrix, and if

(3.3) 11=[a0], 3 = |bg ay by e 00

0 0 0 «::b ,a

and 5 is the nxn identity matrix, then the J-polynomials
are given by

1
(3.4) pn(x) = Eo_..-T-_ Det (x IV[ = Jn), ns1l,

n-1

so that the eigenvalues of Jn are the roots of pn(x).
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Let H be a separable Hilbert space with hermitian pro-
duct ( ; ) and norm | I. A linear operator L on H is called
a Jacobi operator if there is a complete orthonormal system
{enl ns 0} of H algebraically spanning the domain p(L) of
L and such that the matrix of L relative to {enl n» 0} is
a Jacobi matrix. The basis {en| n » 0} is called a Jacobi

basis for L.
The last statement means that

(3.5) Len = b tae *+ bn-1en-1’ n sy 0,

nén+1 non

where b_, = 0, ¢_, = 0. Note that p(L) is dense in H, so
that L is a densely defined symmetric operator. Hence [ is
closable and [ will denote its closure. A Jacobi operator
is not necessarily bounded. However, if for some constant
M > 0.

(3.6) la | < M/3, b, <« M/3, n>0,

holds, a simple calculation based on (3.5) shows that [ is

a bounded operator on H such that
(3.7 Iixl < Mlxl, x <= H.

A symmetric operator, and in particular a Jacobi opera-
tor,L , has a densely defined adjoint L*; as a matter of fact,
p(L) € o(L) CiD(L*). More precisely, L < L L*, so that L
is symmetric. Note that [ = L**, Clearly [* = L* but in gen-
eral [ # L*, so that [ may not be self-adjoint. In case [
is self-adjoint, L is said to be essentially self-adjoint.

A Jacobi operator L defines through its Jacobi matrix
J a system {pn(x)} of J-polynomials, called an associated
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system of orthonormal polynomials for L. Conversely, given

a complete orthonormal system {en| n» 0} of H, a Jacobi
matrix J determines through (3.5) a Jacobi operator L on the
algebraic span D(L) of {en}. Hence, a system {pn(x)} of or-
thonormal polynomials defines, through its Jacobi matrix and
a complete orthonormal system {en} of H, a Jacobi operator
L. The operator L is called the Jacobi operator of {pn(x)}
for {enl n s 0}.

Let L be a Jacobi operator on H with matrix J for{en}

A vector y = ¥,e, in H is in D(L™) if, and only if,

e~ 8

S y - Z (B Ypey * 2y * bn'1yn-1)en
is in H, 4.e., if and only if
T 2
(3.9) 2 Ibngn+1+ ay, *b gy, 417 < te.
n=o
In this case, y* = L*y. A1l this follows at once from

*

(3.10) (Len;y) = (e, 5y)-

From (3.8) we conclude that » « € is an eigenvalue of L* if,
and only if, there is a sequence {yn| n s 0}, not all of the
Y14 equal to 0, such that

(3.11) Ay, = bngn+1 tay * b, 1Y,-1> " > 0,

n-1

(here, b_1 = 0). Thus {yn{ n » 0} is a solution of (2.6)

withx =21, so that

(3.12) 4, = Yop,(2)s n >0,

n

where {pn(x)} is the associated system of orthonormal poly-

nomials for L. Hence, y # 0 and
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©

(3.13) I [P, (0% < + e
n=o

Conversely, if (3.13) holds, from (3.11) it follows that

o~ 8

(3.14) g, ™ p, (e,

n=o0

is eigenvector of L* for the eigenvalue A. We have proved:

THEOREM 3,1. A complex number )\ is an eigenvalue of the
adjoint £* of the Jacobi operators L if and only if

v 2
I lp, )% <+ =,
n=o

where {pn(X)} is an associated system of orthonormal poly-
nomials for L. In such a case, the space of eigenvectors of

L* for A is spanned by Yys where U is given by (3.14).

REMARK 3.1 Observe that A is an eigenvalue for L*if
and only if also A is an eigenvalue. This follows from

(3.15) I Ip, 1% = 1 Ip,()1%
n=o n=o
REMARK 3.2. If {pn(x)} is a system of orthogonal polyno-
mials and » « €, then pn(x) # 0 for an infinite number of
values of n. This follows at once from the recurrence rela-
tion (2.6). Hence, a Jacobi operator has no eigenvalues.

However, L may have eigenvalues.

From the general theory of linear operators on a Hil-
bert space (Gémez [12], Lang [19], Yosida [29]) it follows
that for a Jacobi operator L and its closure operator L

there are but two possibilities:

1) For all A = C-R, Im(L-AT)* = Kea(L*-31) = {0}
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2) For all A € TR, Im(L-21) = Ken(L*-A1)* is a closed sub-
space of H of codimension one.

This means that [ is either self-adjoint or has defficiency
indices equal to 1. A well known theorem of J. von Neumann
(Gémez [12], Yosida [29]) implies that

THEOREM 3.2. If L is a Jacobi operator on H, there is
a self-adjoint operator L on H which is an extension of L.
This extension L is unique if and only if L is essentially
self-adjoint, in which case L =1L.

If L is a Jacobi operator, inherited from L there is a

spectral family (E for L, 4i.e., a family of hermitian

A)AER
projections EA of H such that Ek < Eu if A <y,

(3.16) 24im IEAxl =0, L4im ﬂEAx—xl
A>-o A>-o

and "

(3.17) (Lx 3 y) = J Ad(EAx;y)

for all x =D(L) and all y < H. As a matter of fact (3.17)
holds for L, L* or i, and for x in their respective domains.
We recall that

+ o

(3.18) D(L) = {x=H| f Azdlkaﬂz <+ =}

and also that, necessarily,

(3.19) EAEu = Emin{x,u}'

It is usual to write
+o0

(3.20) Lx = J xdEAx, x =0(L)
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or even, at the risk of confussion,

+o
(3.21) L = J AdE
If
(3.22) Lim |E x - E x| = 0, x € #H,
A A L
A>u

(E,) is said to be right-continuous, and (3.22) is usually

written

(3.23) Eu+ox = Eux

Left continuity is defined through
(3.24) Lim |E x - E x| = 0, x €H,
A A
A>p

A<u

or equivalently,
(3.25) E x = E x.

Simultaneous left and right-continuity is equivalent to the
absence of eigenvalues for L. The uniqueness of a right or
left-continuous spectral family for L is equivalent to the

essential self-adjointness of L.
Induction based on (3.5) readily shows that
THEOREM 3.3. If L <s a Jacobi operator on #, {en} 18

a Jacobi basis for L and {pn(x)} is the corresponding system

of orthonormal polynomials of L for {en}, then

W
o

(3.26) pn(L)eo = e, n

Relation (3.26) is the key to the connection between
orthogonal polynomials and functional anlysis.
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LEMMA 3.1. Let L be a Jacobi-operator on H, ¢ # 0 a
vector in the domain D(L) of L, (Ex) a spectral family for
L. Then, for any polynomial p(x) = C[x],

+o
(3.27) (P(Les @) = [ pO)ACEe; o).

Proof. If is enough to prove (3.27) for p(x) = x",
and in such case it is trivial for , = 0,1. Notice that
t"e = D(L) for all n > 0. If we assume by induction that
(3.27) holds for n = m, and if [ is the self-adjoint ex-
tension of which determines (EA)’ then

+oo
W es o) = Weste) = [ 27 d(E e Le).

= o

But (E,e; Le) = (lEAe; e) and

+o A
(3.28) (lEAe; e) = f td(EtEAe; e) = J td(Ete; e)

Gémez [12], Yosida [29]). Then

d(LE,e; e) = Md(E,e; e),

and therefore
+ o

(Lm+1e; e) = J AM+1d(EAe; e).
Hence (3.27) also holds for p(x) = x", n = m+l. This proves

the lemma. a

THEOREM 3.4. Let L be a Jacobi operator, {en| n > 0}
a complete orthonormal system for H, {pn(x)l n>» 0} the as-
sociated system of orthogonal polynomials of L for {an}
Let (EA) be a spectral family for L. then

93



+ o0

(3290 | p, (R, 0d(E e e) = 6.

-

[}
o

Hence, the measure u on R determined by the non-decreasing

function

(3.30) o(2) = (Eye_;e), ASR,

(o)

18 an orthonormality measure for the system {pn(x)],

Proof. In fact, from (3.26) and (3.27),

o
[}

(e,se,) = (p,(Le,sp (L)ey)
+o

(o, (Lp,(Leysel) = [ p,(Np, (\)d(E e, s e,).

=

mn

This proves the theorem. &

We recall that if CO(R) is the space of compactly sup-
ported, complex valued, continuous functions on R, then u is

defined by

+o

(3.31) u(e) = J ¢ (2)do(2)

the right hand side being an ordinary Riemann-Stieljes in-

tegral. Since
+o

(3.32) J do(r) = 1,

= o

u is a bounded positive measure on R. Notice that

(3.33) Lim o(2) =1, £im o(2) = 0

A>+oo A

and, if (Ex) is right-continuous, then
A
(3.34) u((-=,2]) = a(1) = [ do(A), u((-=,1)) = o(2r-0)

and
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(3.35) u({r}) = o(A)-0(2-0)

Right continuity of (EA) is convenient in the sense that,
from (3.34), we can write
A A

(3.36) J du = J do(2),
so that T g

A A
(3.37) J fdu = J §do(2)

for any p-integrable function §. Relation (3.28) would take
the form
A
(3.38) [ gdo(t) = J fdu
e (-=,1)

if left continuity of (Ex) were assumed.

The following two corollaries of Theorem 3.4 contain
properties of the measure y which are of interest and im-

portance

COROLLARY 3.l1. Under the assumptions of the theorem,

the system {pn(x)} is a complete orthonormal system of

LZGR,u).

Proof. If o < B then

(3.39) (Eaeo;eo) (EBEaeo;eo)

e ) = } (Eaeo;ek)(fa"'o;"'k)'

(E e ;E
a 0O B O b=6

But
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(3.40) (Eyegie,) = (Epesp,(L)e)) = (p, (DE e se))

+ A

& J pk(t)d(EtE eo;eo) =I pk(t)d(Eteo;eo)
A
= J Ph(/t)du.

-0

If L2 is the characteristic function of (-«,A] then, from
(3.39) and (3.40),

4+ + o + o

(3.41) J b 0pdn = T ( J ¢ ppdn) ( I b gPpdu) .
=0

Since any step function is a linear combination of functions

¢,, if §, g are step functions then

4+ + + o

(3.42) f fad = kzo( I fppdn ) (J gp,du) -

-0 - -

From the density of step functions the above identiy also

holds for §,g = LZGR,u). But relationship (3.42) is the
Parseval identity for the orthonormal system {p,(x)}of

LZGR,u). Hence, {pn(x)} is a complete orthonormal system
of LZ(R,u). A

COROLLARY 3.2. Under the assumptions of the theorem,
the spectrum of the self-adjoint extension L defining (EA)

and the support of the measure y coincide.

Proof. If » = R does not belong to the spectrum 4([)
of | there are Ay <X <Ay such that [A1,A2]ﬂ o(l) = # and
therefore (Gémez [11], Yosida [29]) Exq = Expe It follows
that Et = Exq = Eyy for all ©t = (A1,A2), so that 4(a) is
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constant on (A1,A2). If ¢ = CO(R) and vanishes outside a
compact subset of (A1,x2) then

+ Ao
j ¢dp = I ¢ (t)do(t) = 0 ,
- A1

so that 2 ¢ supp u. This shows that supp y < o(L). Converse-
ly, let A ¢ suppy and take Aq < A <1, such that [A1,>\2] N suppy = 0.
From E L = [Eu (Gémez [12], Yosida [29]) it follows that

L = that
pn(L)Eu Eupn(L)’ so a

(3.43) (Euen;em) = (Eupn(L)eo;pm(L)eo) = (QJI)EuqymeJeo)
+o0
= (p, (D, (DE,egiey) = [ 1, (Op, DAEE o)
M -
= J pm(t)pn(t)du-
Hence
(3.44) (B, - Bade,ie) = [ (0, (Dds = 0
(A1,12]
so that
(3'4’5) ((EXZ = EA'I)X; y) =0

for x @ 0(0), y = H; 4-e-s Exq = Exge Thus ) & o([) and the
proof is complete. &

REMARK 3.3. We remark that in the previous theorem the
eigenvalues of [ correspond to the points of jump disconti-
nuities of ¢(1) = (Exeo’eo)' This is necessarily the case if
A is an isolated point of o([).

The following consequence of Theorem 3.4 is known as

Favard's theorem.
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THEOREM 3.5. Let {pn(x)| n » 0} be a system of orthogo-
nal polynomials determined by (2.6) and the initial condi-
tione (2.7). Then, there is a positive measure u on R such
that

+o
(3.46) [y cop,0ds = 6

-0

for all myn » 0. The measure y can be so chosen that {pn(x)}

18 a complete orthonormal system of LZGR,u).

Proof. Let J be the Jacobi matrix of the polynomials
and take H to be any separable Hilbert space and {enl n s 0}
a complete orthonormal system for H; for example H = g~ and
{en} the cannonical basis, ¢ bt (Gin)izo’ of this space.
Let L be the operator on H with Jacobi matrix J relative to
{e, - Then p (L)e, = e,-Hence, if [ is a self adjoint exten-
sion of L and (Ex) is a spectral family for [, then

+

J p,(Ap (X)d(E e se ) = (e 5e) =6 .
That {pn(x)} is a complete orthonormal system of LZGR,u)
follows from Theorem 3.4. &

REMARK 3.4. A proof of Favard's theorem from an enti-
rely different and more elementary point of view can be
found in Chihara [10].

Given a system {pn(x)} of orthogonal polynomials, there
arc in general several, and hence infinite, distinct mea-
sures y such that (3.46) holds true. For example, if the as-
sociated operator L in some Hilbert space is not essentially
self-adjoint, distinct self-adjoint extensions [ of L deter-
mine distinct spectral families (EA)' This is so because
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(3.47) [ = J AdE,

Since {en} is a topological basis of H, from
A

(3.48) E, e » nz { J p,()p, (£)dule,

-

it follows that distinct spectral families determine dis-

tinct measures.

A useful criterion for uniqueness is the following:

THEOREM 3.6. If the system {pn(x)} has a compactly sup-
ported orthogonality measure u and u(R) = 1, then v is the
only positive measure for which (3.46) holds.

Proof. Assume (3.46) also holds for the measure v.
Let ¢ € COOR) and M > 0 be large enough to have

Suppu U Suppé = (-M,M).

Let {qn(x)} be a sequence of polynomials >0 in [-M,M], uniformly
convergent to ¢ in [-M,M]. The existence of {qn(x)} is
granted by the Weierstrass approximation theorem. From

+ oo + oo + o0 + o
f
J du = [ dv = 1; J p,dv = J pdv =0, n>1,

it follows that

+ o +
f qndu = J qndv =a, n>0,

where a is the coefficient of Po (x) in the expansion of
a, (x) w1th respect to the algebraic basis {p (x) | n » 0} of
E[X] Hence, assuming ¢ > 0.
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+o M M 4+ 4+

J¢du = J édu = £Lm J qndu = £4m I qndu = £4m J a, dv

n—>o n—>»o n—>o

. M M - 5
Since
M M .
tim | gdv = [ odv = { sav ,
oo ) J J
&Y N &
we get 2 e
r
} odv < J odu ,

so that Suppve Suppu. But then

M + o0
J( (lnd\’ & J Qnd\’ ’
M ~oh
and so
+o +c0
J ¢dv = J odu

This proves the theorem. a

REMARK 3.5. If {pn(x)} has a compactly supported ortho-
normality measure p and v is another measure such that

+ o0

(3.49) [ o p,(av = k6,
where Kn 2 0, then v = KoH+ In fact,

) + o

[[av = J p,(0dv = 0, ny 1
Hence, for any polynomial ¢(x),

+ +

1 .

N I g(x)dv = a = J qg(x)du ,

o
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where a is the coefficient of po(x) in the expansion of
q(x) with respect to {pn(x)| n » 0}. The argument used in
the proof of the theorem shows that v = K yu. We also deduce
that K, = K_, n > 0. 1

The following corollary of Theorem 3.5 is useful.

COROLLARY 3.3. The Jacobi operator L determined on a
Hilbert space H by a system of orthonormal polynomials
{pn(x)} i8 bounded if and only if there is a compactly
supported measure y such that (3.46) holds. In such cases y

18 the unique orthonormality measure of the system {pn(x)}.

Proof. If | is bounded then ¢(L) is a compact set and
there is an orthonormality measure of {pn(x)} such that
o(L) = Supp u. Assume conversely that {pn(x)} has a com-
pactly supported orthonormality measure p.Then u is the only
orthonormality measure of {pn(x)} and hence is the measure
given by Theorem 3.4. But then Corollary 3.2 implies that
o(L) is compact and therefore that L is bounded. a

COROLLARY 3.4. Let {pn(x)} be given by (2.6) and the
initial conditions (2.7) If (3.6) holds then there is a

unique positive measure y satisfying (3.46). Furthermore

Supp w = [-M,M].

Proof. If [ on H is a Jacobi operator for the system
{p,(x)} then o(1) = [-|L],|L]], and |L] < M from (3.7). a

If L is self-adjoint but not bounded, uniqueness of
p can not be granted. However, the existence of a unique
measure u such that {pn(x)} is a complete orthonormal sys-
tem of LZ(R,u) can be asserted. To prove this observe that
if {gn| n » 0} is an orthonormal basis of H, the linear map
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T:H > LZGR,u) determined on {en} by

(3.50) r(e ) = p (x)
n n

is isometric and identifies the Jacobi operator L of the
pn(x) 4 in H for {ep} with the operator T of LZ(R,u) given
by

(3.51) T(E) (x) = x§(x)

on the linear span of {pn(x)}; i.e., T =TLT kfnlniss
essentially self-adjoint and (EA) is the uniquely determined
right-continuous spectral family of L then T is essentially
self-adjoint and FA= 1"]!3)\1‘"1 is the uniquely determined right-
continuous spectral family of T. From (3.48) it is easily

1

shown that
A

{j §()p, () du(£) 3P, (1)

(3.52) (Fi8) (%) = .1

n=o

and if o()) = <Fx1 ; 1>, where

(3.53) <§% 43 I §ady,
then
(3.54) du = do(})

Nofice that if (GA) is the left continuous spectral fam-
ily of T then

(3.55) (6, )(x) = [ ¢ j §()p, () du(D)}p, (X).
n70 (coyn)

If o(X) = <GA1; 1> then

(3.56) o(x)-o(r-0) = p({r}) = o(2+0) - p(1),

102



so that

(3.57) S={xe R|u({r}) # 0}

is the set of points of discontinuity of both ¢ and p and
they have the same jumps at these points. Since

(3.58) a(A) =p(A) + u({r}),

o and p coincide at all points of continuity. Hence, ¢ and
p define the same measure, {.e., u.

REMARK 3.6. Even if {pn(x)} is a complete orthonormal
system of LZ(R,u), essential self-adjointness of T can not
be asserted. If (FA) is defined through (3.52), it can be
shown to be a spectral family for the self-adjoint extension

+

T = J AdF)\
of T. Uniqueness of y with the above property is equivalent
to the essential self-adjointness of T. More generally: un-
der the assumption that {pn(x)} is a complete orthonormal
system for LZ(R,u), if {pn(x)} is the system of polynomials
associated to a general Jacobi operator L for the basis
{en}, a spectral family for L can be obtained through (3.48)
and linear extension, uniqueness of y being equivalent to
uniqueness of (EA) and therefore to essential self adjoin-
tness of [. It is in this sense that orthogonal polynomials
theory can be of great help in functional analysis.

REMARK 3.7. If {pn(x)} is not a complete orthonormal
system of LZUR,du), the family (FA) of non-negative hermi-
tian operators defined through (3.52) is still right-conti-
nuous and increasing, but it can not be asserted that the

103



(FA) are projections ({.e., FZ = F). As a matter of fact,
{pn(x)} is complete if and only if F FB = F for o < g, as
¢} ¢}

follows from
(3.59) <FaFBpm,pn> <Fupm,pn> s

holding if and only if
o B o
( j PPpdn) ( f P Ppdu) = J PP ¥

- - -

(3.60)

=~
He~18

(o}

which is equivalent to Parseval's identity for the system
{pn(x)}. The same observation holds in a general Hilbert
space for the family EA defined through (3.48).

REMARK 3.8. Uniqueness of the orthonormality measure for
a system {pn(x)} of polynomials ensures completeness of
{pn(x)} in L_(R,u) and essential self-adjointness of any
associated Jacobi operator. That is the case, for example,
if y is compactly supported. The existence and uniqueness
problem for orthonormality measures is closely related to
the problem of existence and uniqueness of a positive mea-
sure supported by the real line and having given moments;
Li.e., of e

J "dy , n=0,1,2,.

-

taking prescribed values. This is known as the moment prob-
lem. A careful study of the moment problem from very diverse
points of view is in Ahkiezer [1], where references about
the impressive ramifications of this problem throughout all

of mathematics can be found.
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s4. Markov's theorem. Let {pn(x)l n » 0} be the system
of orthonormal polynomials determined by (2.6) and the ini-
tial conditions (2.7). We will require the coefficients

a ,b to satisfy
n’n
(4.1 |anl < M/3, b, < M/3, n %0,

so that the support of their unique orthonormality measure
will be contained in [-M,M].

Now assume that the limit

*
. pn(z)
(4.2) Lim ——= = : x(2)
now Pp(Z)
can be determined for all z e C-[-M,M]. The function y(z)
with domain E—[-M,M] is then called the continued fraction
associated to the system {p, (x)} of orthogonal polynomials.
The reason for the name is that p;(z)/pn(z) is the nth-con-

vergent of the continued fraction

2

2 2
R RS~ T L . -,M_I_
Ixo-a |xo-a1 [Xo-az Xg~a,

o

as it easily follows from the Wallis formula (Chihara [10]).
A very deep study of continued fractions is in Wall [28].

Let J as in (3.1) be the Jacobi matrix of the system
{Pn(x)}. Let Jn be defined by (3.4), so that the eigen-
values of Jn are the n roots Apg<eee <A of pn(x),n > 1.

nn
Then
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PO(Ank)

pi(x )
(4.4) oM ol URRL 3, kasebgapr.of. g
pn-1(xnh)

is an eigenvector of Jn for Ank' From the Christoffel-Dar-
boux identity (2.23) it follows that

1

e
_Zopi(xnk)pi(xnj)

(4.5) Vén)'vfn)
L

- bn-T(pn-1(Anh)pn(An{)

- pn(knk)pn-1(Anj))/(xnj_xnk)

=0

for k # j. Hence, if

oy

(n)

(4.6) ;én) =-—;jq—;————— Ve k
b LZOpL(Ank)

then (Gg”),...,Qin)) is an orthonormal system of eigenvectors
for Jn' If

1525 sea ity

(4.7) u = (;gn)"._’sin))
then

Mo 0
(4.8 Uljnun - ik

0 Mt
so that
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n
(4.9) J = 3

n b 1Ank Ynk " nk
where
(4.10) . 1

Yk n-1 ?

izopi(xnh)

and

.. m) )T _ (n) (n) -
(4.11) Fnk il (Vh )= = Vi @Vp o R = 152,46
Observe that
(4:12) Fnh = (aij)nxn’
where
(4'13) a’LJ = p&()\nh)p_j()‘}’lk), 0{"-;1\( Vl_1-

Let L be the Jacobi operator on 4 with Jacobi matrix

J for the orthonormal basis {en| n » 0}, and let L, be the

operator having matrix

)
(4.14) T =

relative to {en| n > 0}. If

(4.15) u (iu” .
k.15 -
"\ C,/
then
An1 O X
T et y
St L AL PR T BT ki) A
0 -0
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Let

(4.17) E, oM O
nk '

C 0

Then
n -

(4.18) Ly = kz1 nk "nk Enk'
If we define

0 3 < An1 5

k -
(4.19) By = ) MiBnir M S A< Aperr R 2T,

Then (4.18) becomes e

L, = [ ME,

-

A

\
Since Ln is wholly defined on H, then

+

(4.20) (Lnx; y) = f Ad(EnAx; ¥), X,y = H.

-

Obviously (Enx) is a right-continuous spectral family for

L . Observe that Lnx = Lx as long as x is in the subspace
spanned. by {eo,...,en_1}. More generally, LZx = ¥ for x in
the span Sn_m of {eo,...,en_m}, so that

(4.21)  pLdx = p(Lx, x<S,

as long as p(x) has degree < m. For p(x) = E[x],

+

(4.22) pL,) = J PO IE, .

-

Hence, if k + m < n then
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+ o
(rp(Degin (e = [ b (0P, (IAE, e ie) = 6,

If we now define

(4.23) on(x) = (Enxeo;eo), » =R,

then 0 ¢ cn(x) < 1. Also gn(x) < gn(x') if x ¢ a'. 1f for

»e R we write IA = [0,1] and,RA R, then

(4.24) o, «T[ 1.« TR,

: FOR,R)
AeR 2ER

where F(R,R) is the space of all real valued functions on

R. Since TJ IA is a compact subset of F(R,R), as follows
reR
from Tichonov's Theorem (Simmons [26], Chap.3, §23), there

are ¢ = [[ 1. and a subsequence (an) of (o ) such that
reR ;.

(4.25) cnk(k) —  a(})
for all » = R. Clearly

(4.26) o(A) <« o(r") A€ AT,

From the so called Helly,s second selection principle (Chi-
hara [10]; Bourbaki [4], Chap.III,IV) we get

400 + oo
(4.27) ﬁfﬁ' J ¢doy, = J ¢do ¢ = C W)

By replacing o by 8(2) = o(Ax+0), if neccessary, we may as-
sume that o is right continuous.

THEOREM 4.1. The measure u on R defined by the bound-
ed non-decreasing function o 1s an orthonormality measure
for the system {pﬁ(x)}. Furthermore, Supp w € [-M,M], and

u is the only orthonormality measure for {pn(x)}.
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Proof. In fact, for all n > 1, Supp d°n = Zn 3 {xn1,
AnZ""’Ann}' From Corollary 3.4, there is a unique ortho-
normality measure v for {pn(x)}such that Suppv < [—M,M],and:hnm
Corollary 2.1, 7 < (-M,M). Hence Supp u = [-M,M], and from

(4.25) and (4.27) we get

+oo M
(.28 [ g, 0,00k = Lim [ (0P, 0)doy (1) = 5, -
e 1

so that p is in fact the orthogonality measure v for {pn(x)}

REMARK 4.1. If (Ex) is the right continuous spectral
family for L then

(4.29) a(M) = (E,e s e.)-

Now let x ¢ [-M,M]. From the general theory of opera-

tors in Hilbert space (Gémez [12], Lang [19], Yosida[29]),
+ o

) f dEpy,

Py

(4.30) Ry(L) = (L, - A1)

-

is the resolvent operator for Ln. We have

(4.31) © (R (Leg5e,) = k§1 *22?* (E,peq5e,)
From (4.13)
(4.32) (B, peei2s) = PO = 1,
so that
(4.33) @ (hdesiedom § otk
neo’ ot ply Ak
Now let
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*

(4.34) (1) § ok
P g1 App?

be the partial fractions decomposition of pZ(A)/pn(A). Then

* *
p.(2) P (A,p)
CAABE i e L4 WAl MAE A 2 bt ety LoD
nk ok nk o) " )
nk Py Pptpk

From (2.23) and (2.22) it follows that

-1
T 2
(4 3363 Pp )Py Cgp) = b, LZ1 P (A )
and
- itk
(4.37) PP, (A ) = f—a , N T
so that
o 1 5
i 369 T PR e mg
,Z pé(xnk)
£=0
Thus
* n + o0 d
A
(4.39) E.M = -(R.(L)e ;e )=- E “nl_z L Un(/t)
P, (1) AosBie O O oo omty AnkTd -

We can now prove Markov's theorem

THEOREM 4.2. (Markov) If (4.1) holds and if u is the

orthonormality measure of the system {pn(x)}, then
+ o

f
(4.40) x() = | B [

-

Furthermore, for some subsequence {nk} of N,
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+ oo

-f. 4

*
. Pnk(x)
(4.41) Fou Prp (V)

-

uniformly on compact subsets of T-[-M,M].

Proof. Let o be given by (4.23) and let (onk) be a
subsequence of (on) such that (4.25) and (4.27) fold. Let
u be the positive measure determined by o and let K be a
compact subset of C-[-M,M] and a < -M < M < b be such that
K ﬂ[ao,bo] = ¢. If ¢ is continuous, 0 <'¢ < 1, and ¢ = 1 on

[ao’bo1’ then

* ) bO bO bo
Pn I do(t S
sup |2y - [ B S [k | [ oo o] edome]-
nkg "
o t€fag, b do ao
Since bo bo
J ¢d°nk — J ¢do
) )
and
+ o bo
du (%) do (£
J A% e =5
s ao

the proof is complete. A

REMARK 4.2. It follows from (4.40) that x(1) is ana-
lytic in G—[-M,M]. As a mather of fact, x()) is analytic on
C-Supp u. Formula (4.40) says that x(1) is the Cauchy-
Stieltjes transform of the measure -2n{iu. Hence, Stieltjes'
inversion formula (Bremermann [5], Gdmez [12], Lang l19y

applies to give

+ 0 + oo
(4.41) l ¢du =efoﬁrg z%;i (x(2-4e)-x(2t+4e)) ¢ () dt, ¢=C (R)
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or what is the same,

A A

(4.42) (A )ya(r,-0) = J du = Lin o j (x(A-e)-x (+ée))dt
A >0 O 3
o (o]

A2 < R.

Formulae (4.41) and (4.42) allow the recovery of y from the
continued fraction x(A). They are basic in effectively com-

puting u.

REMARK 4.3. It can be shown (Ahkiezer [1], Wall [28]) that

Pr(}) _ deu(x)

(4.43) Lim o

now Pp(A)

-

uniformly on compact sets of C-[-M,M], so that the assump-
tion on the existence of x(A) is really superfluous. The
importance of formula (4.43) explains the name numerator
polynomials given to the p:(x) . In practice the existence
of x(A) is usually established independently of (4.43) by
means of asymptotic methods. We mention that Markov's theo-
rem holds in more general situation than the case of com-
pact supports we have considered. These general situations
are intimately related to the question of uniqueness of the
orthonormality measure and therefore to the moment problem.
Ahkiezer [1] and Shohat and Tamarkin [25] point in this

direction.
REMARK 4.4. Let u be the measure determined by o,

where o, is given by (4.23). Since o, is continuous except

for A = Nk R =1,2,...,n, and

(4.44)  w, (A1) = 0, (3 p) -0, (Xpp-0) = wy) = n-1,



it follows that Y has a mass with value M 2t each A= Ak?
and no other masses. Recall that the Ank'b are eigenvalues

of Ln'
Also, » = R is an eigenvalue of L if and only if

nzo Pi(x) < +o, It is a deep result of Tchebichev that in
such case the mass uy of the orthonormality measure u of
the p,(x)'s at x = A is given by

(4.45) uy = w({a}) = gt

nzo pn(x)
These are the only masses of u. Ahkiezer [1], Chihara [10],
Shohat and Tamarkin [25] and Szego [27] are good references

for the results of Tchebichev.

Let A be an isolated point of o(L), where [ is the
closure operator of L. Let Ap <A<y be such that
[A1,Az]n o(L) = {x}. Then o as given by (4.29) is constant
on [A1,A] and on [A,Az]. If 6(1) = o(A-0) then ¢ wold be
constant on [A1,x2] and A ¢ o(L). Hence, A is an eigenvalue
of L. Now let RE denote the rectangle of vertices xz-is,
A2+Le, A1+Le, A1—Le and give the boundary aRe of Re the pos-

itive orientation. Then

x(g)de = Res(x,1).

(4.46)

(38

3

'Y
N——

On the other hand
€
f x(de=4 J (X(A2+it)-x(x1+it))dt
BRE -€
2
(x (t-4e) -x(t+4e)dt ,

+
P Sy, 3
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and a continity argument shows that
€

Lim [ (X(a,*ét) - (A +it))dt = 0
>0

Since a(x1-0) = o(A1) it follows from (4.42) that

1

w1

J x(g) & = Res(x,r),
aR_

o(xz)-c(x1) = Lim 5
€0

£.e., that

4.47) p({2}) = o(A)-0(r-0) = Res(x,r).

Formula (4.47) provides a way to obtain the masses of
u at isolated points of the spectrum. For non isolated points
of discontinuity of o, (4.45) must be used.

§5. A glimpse at Darboux's asymptotic method. Darboux's
asymptotic method is useful in the determination of the con-
tinued fraction X(A). We give in this section a brief des-
cription of that method. Much more detailed analysis can be
found in Fields [11], Olver [21], Szego [27]. Multiple ap-
plications are in Ismail [14], [15], [16], [17], Ismail and
Mulla [18], Bank and Ismail [3] (where applications are
given to quantum theory) , in Charris and Ismail [8],

[9] and in Bustoz and Ismail [7].

First we recall that
b
(5.1) Lim I et g()dt = 0,

X>too
a

if g is piecewise continuous on [a,b], l@ <@ < b '<4+® Thig
is the Riemann-Lebesgue lemma of Fourier analysis (Olver
21]). Also recall that a, = o(bn), n > ® means
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., ap
(5+2) L4im e~ 0
nre p

and that a, v b n > = stands for

n’

(5.3) an . 4

L4im =
nre “p

Darboux's method is based on the following theorem (Olver

[21]).
THEOREM 5.1. (Darboux) Let

anz", g(z) = 3 bnz"

o n

(5.4) §(z) =

n

e~ 8
o~ 8

both have radius of convergence R, 0 < R < +», and assume

that h(z) = §(z) - g(z) is continuous on |z| < R. Then

_ 1
(5.5) a, = bn + o(EZ ).

If we further assume that h(e) = h(Reie), 8 = [0,27], is

Cm: 0 s m < +=, then

1
(5.6) a, = b, + O(nmR")

Proof. Since

2m
- = oo h(z) con - - -ine

(5.7) aVl bYl ol =v3 IzllR Z—hﬁ— dz = TR h(e)e da,

’ o
(5.5)_follows from theIRiemann-Lebesgue Lemma. If h is Cm,
from h(0) = h(2r), ¢ ¥*"" - 1, and

27 2T

J h(e)e “"Oqp = ;’m (M (6)e 044 |

n A
o o

(5.6) follows at once.

The following consequence of Theorem 5.1 is specially
suited for the applications we haye in mind,
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COROLLARY 5.1. If h is C", m 5 0, and if

(5.8) nR", > C#0, O0Osasm,
then
(5.9) a, ~ bn n -+ o
Proof. In fact, a, - bn = o(1/W"™™), so that

_ o (/"™ / (/n"™R"™)
an/bn -‘+Pnl-_5 naR”bn 1. A

The above result usually applies to a subsequense

n
"Zkkbnk* C # o. This is enough for many purposes.
REMARK 5.2. If a ~ b, a: v bY, n > e, and if
b*
Lim L =c¢ # 0,
n+eo by
then also
a* SR il
Lim Eﬂ = L4m —%- K. Eﬁ = C.
n>o n Norw n bn n

In the next section we give an example showing how
Darboux's method can be applied to the theory of orthogonal
polynomials. We remark that Darboux's method has a much wider
scope than the simple ideas of the above description.

§6. An example. In this section we give an example show-
ing how a combination of Darboux's asymptotic method, Markov's
theorem and the Stieltjes inversion formula can provide the tools
for fully determining the orthogonality measure of systems
of polynomials given by recurrence relations.
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The system {Sn(x) | n >0} we have selected has been intro-
duced by Chihara [10]. It is simple enough and has some in-
teresting features. Among them, the orthogonality breaks
into disjoint intervals and the discrete spectrum is non-
empty. This allows for neat application of some of the ba-
sic results of previous sections. The recurrence relationis

(6.1) Sn+1(x) = xsn(x) —Yn+13n_1(x), n 1,
where
(6.2) Yoo = % Youer T b, a >0, b>0, n>0.

The initial conditions are

(6.3) So(x) =1, SI(X) = X.

The system of numerator polynomials {SZ(X) | n > 0} satis-
fies (6.1) and the initial conditions

(6.4) S;(x) =0, sf(x) = 1.

To establish the generating function

(6.5) S(z,2) = J Sn(z)t"
n=o
we write
v 2n Yoo 2n+1
(6.6) S (z,1) nZOSZn(z)t » 8,(z,%) = n2032n+1(z)t ;

so that S(z,%) = Sp(z,t)+ Sy(z,2). Multiplying both sides

of (6.1) by tn+] and adding we obtain

IS n+l _ v R "2 v n-1
(6.7) nz13n+1(z)t = ztn£1sn(z)t t nzlyn+]sn_1(2)t ;
so that

v 2n+1 v 2n 2.8 2n-
(6.8) n£152"+1(2)t = ztnz132n(z)t - bt nZ1SZ”'1(2)t

and also
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v 2R+ v 2n+1 2% 2n
(6.9) HZ]SZMZ(z)t _z:cnz]szm(z)t -at z]s“(z)t .

n:
From (6.8) it follows that
(6.10) S_(z,2) -S,(2)¢ = z£[S_(z,8) - S_(2)] - bt?s (z,1)
o ) o o
and from (6.9), that

(6.11) Sp(z,t)-SZ(z)tz-So(z) = zt[Sc(z,/t)-S1(z)t]—a,tz[Sp(z,/t)-SO(z)].

Relations (6.10) and (6.11) lead respectively to

(6.12) [1+62%]s_(2,%) = 248 (2,1)
and
(6.13) [1 +at2]Sp(z,t) = 2t S_(z,1) +1.
Hence
2
(6.14) S Mgz poy S rnislitobe
i 1+(a+b—zz)tz+abt4
and
(6.15) S (z,8) = 2‘2 —
. 1+(a+b-z")t“+abt
Thus
2
(6.16) $(z,4) = —Trzlehe

1+(a+b—22)t2+abt4

Entirely similar calculations lead to

(6.17) s*(z,2) =

2 ©
1+ *
t( th"'g.t % T - Z Sn(z)tn.
1+(a+b-z")t"+abt n=0

Now let ¥Yz-1 be the branch of the square root of z-1
on € which is analytic for ze C-(-~,1] and positive for
z€ R, z > 1. Also let /z+T be analytic for C-(-=,-1] and
positive for ze= R, z > -1, 1If is easily verified that

119



(6.18) 221 = Jz-1 /z+1 (%)

is continuous on C-[-1,1]. Hence, it is analytic on € -[-1,1].

A straightforward argument shows that

x2-1, xi>21,
x2-1= L/1—x2, -l gx<1,
-/x° -1, x g -1
Let
(6.19) a(z) =z + A/22 -1, 8(2) = z -A\£% - 1.

Both a(z) and B(z) are analytic on C-[-1,1] and

(6.20) a(z) + g(z) = 2z , a(z)g(z) = 1.

Hence a(z) and g(z) are analytic selections in(C-[-1,1] of
the roots of the equation zz—Zzt-+1 = 0. On the other hand,
[—1,1] is a set of branch discontinuities of both ¢(z) and
B(z). As a matter of fact, for -1 ¢ x < 1,

{G(X), € > 0,
(6.2]) Lim Q(X.+4:E) =54
£7e B(x), e < 0.
and also
: (
BL) G T 0
(6.22) Lim B(x + ie) = {
ere LG(X), g1 < 0
so that
(6.23) 2im o(x+ie) -a(x-4e) = 24/1-x2 = &im (B(x=i€) - (x+4e))
€20+ €0+

(*) It is important to observe the difference in the notations

A/_—-— and V—_——

120



It is not difficult to prove that |a(z)| = |B(z)]| if
and only if -1 < z < 1. Since a(x) > B(x) for x > 1, it fol-
lows that |g(z)| < |a(z)| for z in €-[-1,1].

More details about the functions a(z), g(z) and A/z2 -1
can be found in [9]. They seem to play an important role
throughout the theory of orthogonal polynomials.

From (6.16) it follows, with

2id-b
(6.24) VTR e i
2/ab
that
1+ 22+ bt
(6.25) S(z,%) =
2 _a(w) 2 _B(w)
ab (2 735—)(1 T )
and
(6.26) %2, 6) = AELED 2t + at’)

2 _ a(w) 2 _ B(w
ab(e” - Ty (¢ - S

Now we recall that |a(w)| = |8(w)| if and only if w = [-1,1],
which amounts to z = I, where

(6.27) 1= [-/a - /B, -|va- /B|]V [|Va- /B|, Ya+ /B].

Note that if a # b then I is the union of two disjoint inter-
vils. If z¢ I then |B(w)| < |a(w)]|, so that S(z,%) and
S (z,%) are analytic functions of t for |Z| < n(z), where

(6.28) n(z) = fp(w)/7ab

and both have singularities at t2 = B(w)/Yab on |2| = n(2).1f

2
3(z, 1) 1+z£+b%t
Vab(8-a) (t2-8//ab)
(6.29) b
3%(z,0) = t(1+zt+at”)

vab(8-a) (t2-8/7ab)
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then

o % o L Wntebr?
Yab(a-8) (t2-a/Yab)
(6.30)
o* 5t t(1+zt+atl)

Yab(a-8) (£2-a//ab)

are analytic for |Z| < n(z) and continuous for |%| < x(z);
Ls Cotey S and 5* are comparison functions for S and S*, res-
pectively. Furthermore, (§T§)(d(z)eie) and (S*-§*)qu)e{e)
are C® functions of 6. Since

(6.31) 3(z,8) = s(l—s) (1%.2% 21 (@)n[(ne/g)tzmztzml}
n:

and similarly

® V4
(6.32)  $*(z,1) ( . i 21(‘%55"[(1+/%%) " b g™y,
Bla-B n=

Darboux's aymptotic method readily gives

n
(6.33) Son(@) v (80 (108 B il
Jabyn 1
(6.34) Sone1®) v () Ty
; giid g
(6.35) §5,(2) ~ (@)"»’ZE‘W ’
* vaby " 1
(8 36) Sone1 (2 v () [1+ (2] m]
and
(6.37) Sﬁn(Z)m 28 (w) 53n+1(z)mae(w)+/EE

Son(z) Vab+bg(w) San+1(z)  Vab z

Straightforward calculation shows that
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(6.38) x(2z2) = 28 (w) & ag(w)+vab ,
Yab+bB(w)  Vab z

z & 1U {0}

If x R then

(6.39) ¥(xsie) = SBlulrrle)}+/ab
(x+t4e)Vab
Since
(6.40) w(xtie) = [w(x) - e2/(2/ab)x i[(e/Vab) ],
if
(6.41) X EX) ® 0(%-Le)-X(x+Lc)

then, from (6.23),

2a4 1o (¥-a-b

2
« L, 0
/;E]xl 2/ab Vo ad

1 (6.42) eim  x_(x) =

e 0, x & 1U {0}
If a = b then
(6.43) Lim x_(0) = 24 28 .
erot

If a # b, 0 is an isolated singularity of x(z). Since

(b-a)/b, b > a
(6.44) Lim zx(z) =
z+0 0

9 a>b,

then 0 is a removable isolated singularity with x(0) = 0
if a > b and a simple pole with residue (b-a)/b if b > a.
In establishing (6.44) it is important to observe that
w(0) = -(a+b)/ 2Vab < -1, so that

w(0) —‘Vw(0)2-1

0(0) + /a(0)Z-7 = - axb- la-b|
2/ab

(6.45) B(w(0))
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If we define

(6.46) x(x) = £im xc (%), x R,ex #0
e»o”
and
5 24 éi , a=25b
(6.47) X(0) =
0 ’ a # b ’

Then x(x) is continuous on R if a » b and on R-{0} if b > a.
In any case, x. converges to i uniformly on I. Since yx van-
ishes at the end points of I, then

THEOREM 6.1. The orthogonality measure u for the system
{s,(x) | n » 0} <s given by

+ o0 +

(6-49) [ odu = 27 [ 400X(0dx + ug(O)
where
2a4 1- x? a b)Z , o xe 1

Vab) x ( 2v/ab

"
e

(6.49) X (x)

and

(6.50) .= 3

REMARK 6.1. We recall that another way to determine
whether 0bears a mass of y is by means of Theorem 3.1 ap-
plied to the system of orthonormal polynomials

(6'51) pn(x) e T_: n > 0’
n

where
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= = n
Aan = YoYzeeYgpoq = (aD)T,

(6.52)

Aopel = YoritYa, T a(ab)”" ns» 0.

Noticing that szn+1(0) = 0 and SZn(O)

+ a3z b

(6.53) i P, (0) = zo(7ﬁ5%vﬂz z ®" -

so that p only bears a mass if b > a. Observe that as
predicted by (4.45) we have

1

(6.54) . B e

o) 2
L,Pn(® (b-a)/b, b > a

REMARK 6.2. The Jacobi matrix J for the system
{pn(x)} given by (6.51) is

(0 2 0 0 o0

ve. 0 v6 0 0 - -
(6.55) 3iu-] @R "0 T O -

0 0 Ya 0 b -

REMARK 6.3. Chihara [10] has given for the system
{Sn(x)} the representation

Spu(0) = @)™ (1,000 +4§ 0, ()]
(6.56)

n/2

32n+1(x) = (ab) X un(w).

Here w is given by (6.24) and

b/(b-a), b> a

(-T)nan, we obtain
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un(COAe) = M n>0,

44n6 g

th Tchebichev polynomial of the second kind.
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