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Abstract

In the first part of this work we will study the spatial decay of solutions of nonlinear
dispersive equations. The starting point will be the Korteweg-de Vries (KdV) equation,
for which it will be proved that a decay of exponential type is degraded in time, and that

the exhibited decay is optimal. More precisely, we will prove the following two theorems:

Theorem 1. For ug € L*(R) and T > 0, let u € C([0,T]; L*(R)) be the
solution of the KdV equation with uw(0) = ug. Let us suppose that for ag > 0,
e “fiﬂuo € L*(R). Then

ea(t)$+ u(t) S O aoxi/2u0‘

, te|0,T),
. for every [0, 7]

L2(R)

(&

3/2 ‘

where
Qo

\/1+ 2alt

and C = C (Cl(), T, ||u0||L2(]R)> ||€xU0||L2(R)).

a(t) == t € [07T]7

Theorem II. For T > 0, ap > 0 and 0 < € < %ao, there exist ug € S(R)
with e xi/2uo € L*(R) and C > 0 such that the solution u on [0,T] of the
KdV equation with initial datum ug satisfies

3/2

C e~ 9W(aote)z®? u(t)(z), for every t € [0,T) and every x > 0.
Here, g(t)(b) := \/ﬁ
2372

In particular, 9T (1) ¢ L2(R),  for every t € [0,T],

In the second part we will make an exposition on Symplectic and Poisson Geometry with
connections in Classical Mechanics to motivate a more abstract view of Poisson structures.
With these preliminaries we can then give way to a little digression on Integrable Systems,

and discuss the notion of complete integratbility in the sense of Liouville.

keywords
KdV equation, evolution dispersive equations, decay properties, Poisson structures, Liou-

ville integrable systems.
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Part 1

DECAY OF SOLUTIONS OF
DISPERSIVE EQUATIONS






Chapter 1

Introduction

In this thesis we consider the initial value problem (IVP) associated to the Korteweg-de
Vries (KdV) equation

O+ Bu+udyu =0, u=u(x,t), x,teR,
(1.1)
u(0) = uy,

and study a decay property of exponential type of its solutions w(z,t) in the positive

semiaxis x.

The KdV equation, introduced by Korteweg and de Vries in [I[XdV], describes the prop-
agation of one-dimensional longwaves of small amplitude in a shallow medium, and has
been studied in many aspects, of which we mention the local and global well-posedness,
the persistence of solutions that decay exponentially on the right and the unique contin-
uation of solutions. Results on the local and global well-posedness for the IVP (1.1) in
the context of Sobolev spaces H*(R) have been obtained and successively improved in a
series of papers of which we cite among others the works of Saut and Temam [ST|, Bona
and Smith [BS], Bona and Scott [BSc|, Kato [I{], Kenig, Ponce and Vega [KPV1], [KPV2],
Bourgain [B], Colliander, Keel, Staffilani, Takaoka and Tao [CIKSTT]|, Christ, Colliander
and Tao [CCT], Guo |G|, and Kishimoto [KKi]. In the last two papers, using variants of
the methods introduced in [B] and [CKSTT], it was proved that the IVP (1.1) is locally
and globally well-posed for initial data in H*(R) with s > —3/4. On the other hand, in
[KPV3], Kenig, Ponce and Vega showed that for s < —3/4 the data solution map is not
uniformly continuous, as a map from H*(R) into the space of continuous functions from
[0,T] into H*(R), C ([0,T]; H*(R)).

With regard to exponential decay of solutions, in [K], Kato proved that if uq € H?*(R)
is such that e?%ug € L%(R), 8 > 0, then, for the global solution u of the IVP (1.1) with

1



2 Introduction

initial datum wug, the following estimates hold:
||eﬁxu(t)||L2(R) < ekt ||eﬁ’”u0||L2(R) , foreveryt>0, and

o 1
| e e o) gy dt < 5 ey (1.2

where K = K (ﬁ, Hu0|yL2(R)).

It was also proved in [K] that if uy decays polynomially in such a way that uy € Zs,, =
H>™(R)N L*(|z[*" dz), n € N, then, the corresponding solution u on [0, T of the IVP (1.1)
is such that u € C ([0, T|; Z2n). From this, it is also concluded in [I{] that if, ug is in the
Schwartz space S(R), then the solution u of the IVP (1.1) is such that

ue C([0,T]; S(R)). (1.3)

This is also true for the linear problem associated to the equation:

{@u—i—@iu:o, u=u(z,t), zteR, (1.4)

u(0) = up.

The properties of decay preservation are closely related to the aspect of unique continu-
ation. That is, the determination of local character conditions (on the space of variables

x,t) that force the solution of the problem (or the difference of two solutions) to be null.

In [EKPV], Escauriaza, Kenig, Ponce and Vega showed that there exists a constant ag > 0
such that if @ > a¢ and if a solution u of the IVP (1.1) satisfies

3/2 9 3/2 9
e’ u(0) € L*(R) and e**+ u(l) € L*(R),

then v = 0. The exponent of order /2 is related to the decay of the fundamental solution
of the IVP (1.1), as we will see further.

The question arises about if, for an initial datum uq with e“oximuo € L*(R), the solution of
the IVP (1.1) keeps some decay with exponent of order xi/ ? as time evolves. An affirmative
answer to this question was given in [[L.P|, where it was proved, using weighted energy
estimates, that if e“oxipuo € L*(R), then the solution u(t) defined on an interval [0, 7] is

such that

a(t)xi/Q " ‘ < C 15
0 )| L < (15)
Where C = C (CLO,T, ||u0||L2(R)7 H€$UOHL2(R)), and
at)= —2 e,

V1+27a3t



Our purpose is to obtain an optimal function a(t), with a(0) = ao for which (1.5) holds if
e ziﬂuo € L*(R). In order to intuit what such a function can be, we analyze the behavior
of the fundamental solution S;(x) of the linear problem associated to the IVP (1.1). That

is, the solution of the problem

(1.6)

Ou+ Pu=0, xzteR,
u(0) =4,

where 0 is the Dirac delta function, which is described through the Fourier transform by

3\(5 ) = 1. The fundamental solution (z,t) — S;(z) is given by the improper integral

Sy(x) = %27 /_Oo e " g (1.7)

By the change of variable ¢’ = /3t ¢ it can be seen that

Sy(x) = %A (%) , (1.8)

where A is the Airy function, defined by

1 < .
Ax) = E/ /3 ¢ ¢

The Airy function presents the following asymptotic behavior (see [H]):

Alz) = { cox M4 e 37 L0 (x*7/4 e—§x3/2> , if >0 (1.9)

e~ Y% sin (%7“3/2 + %) + 0 (r*3/2) , if r=—x>0.
Furthermore, A is a bounded function.
From (1.8) and (1.9), it follows that for > 0,
—1/4 3/2
1 _2( _z_
Se(x) ~ (%) =€ 3(%)
3t V3t

2 13/2
~ x—1/4 2(/_—1/4 6—m vl

3/2

Let us notice that for ay > 0, the exponent in the above expression is agzr®/~ at the instant

to = %. In this way, if we take ¢y as the initial instant, and we measure the time ¢ from
0
that instant on, then the fundamental solution at the instant ¢ will be
ag 23/2

uw(t)(x) = Sype(x) ~ 2V (g + 1) Ve VTR 250, t>—t.  (1.10)




4 Introduction

In this thesis we will prove that the function

Qo

\/1+ 2 adt

produces the optimal decay of exponential order 3/2 to the right of the z-axis, as t evolves,

N . /
when the initial datum satisfies %% g € L2 (R).

a(t) =

In order to formulate in a precise way our theorems we refer to the local existence result
obtained in [B] (see also [XPV2]) in the context of the spaces X, which, for s,b € R, are
defined by

Xowi= { € Sp®)| IR, o= [[ a1 - 0P+ 01fie P dsar < oo}

where S%(IR?) is the space of tempered distributions in R? whose Fourier transform fcan
be represented through a function of the variables &, 7.

For b > 1/2, in virtue of the Sobolev embedding theorem, we have that X, is continuously
embedded in C (R; H*(R)) and thus, for T > 0, it makes sense to define the space of

restrictions f|jr] of the elements f in X, to the interval [0, 7T7:

Xs,b([oaT]) = {f|[O,T] | f € Xs,b}7

which is provided with the norm

lullx, (o = inf {I|fllx,, | f lo=1u}-

It was proved in [B] that for s > 0 (later in [KPV?2] for s > —3/4) and ug € H*(R), there
exist Ty = To(||wol| mrsmy) and b > 1/2 such that the IVP (1.1) has a unique solution

u € Xop([0, To]) = C ([0, To]; H*(R)) (1.11)

with u(0) = uy. Furthermore, the map ug — w is continuous from H*(R) into X, ([0, Tp])
and, for the case s = 0 the solution can be extended to any interval [0,7]. This solution
satisfies an integral equation associated to the Duhamel’s formula for the KdV equation
and, in general, it does not satisfy problem (1.1) in a pointwise way (that is, for each
value of t € [0,7]) because the low regularity terms in the equation could be meaningless.
However, for s large enough the solution in (1.11) satisfies the differential equation in (1.1)

allowing to carry out a priori estimates.

We will also denote x4 := = (|Jz| + x), for x € R.

1
2
We state now our main results.



Theorem I. For ug € L*(R) and T > 0, let u € C ([0, T]; L*(R)) be the solution of the
IVP (1.1) with u(0) = wug described in the previous paragraph. Let us suppose that for

ag >0
0 ) 3/2 )
e+ uy € L*(R).

Then

cOL )| <o

: t e 0,7, 1.12
) for every t € [0,T] (1.12)

L2(R)

3/2 ‘

where
Qo

\/1+ 2alt

and O = C (a()?T, HUOHLQ(R)v H@a:U()H]}(R)).

a(t) = t [0, 7], (1.13)

To simplify our notation, for ¢ > 0 and b > 0, let us define

g(t)(b) := S (1.14)

2719,
1+ 2

Our second result establishes that the function a(t) obtained in Theorem I is optimal.
This means that we can not expect a stronger decay than the one given in (1.12). More

precisely, we prove the following result:

Theorem II. ForT > 0,a9 >0 and 0 <e < %ao, there exist ug € S(R) with e ‘rimuo €
L*(R) and C > 0 such that the solution u on [0,T] of the IVP (1.1) with initial datum ug

satisfies

C e~ 9Waote) z*? < u(t)(z), for every t € [0,T) and every x > 0.

3/2

In particular, e9®@+ITL" (1) ¢ L2(R), for every t € [0,T].

The proof of Theorem I will be performed in Chapter 2 and is based on an energy estimate

which allows to minimize the losses from terms that are discarded from the estimates.

In Chapter 3 we prove Theorem II. For that we will apply Theorem I, the properties of

the Airy function and Duhamel’s formula.
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Chapter 2

Decay of solutions: Proof of Theorem I

We begin by proving an interpolation lemma which will be used to justify integration

processes in the proof of Theorem I.

Lemma 2.1. Let f € H®(R) and j € Z*. If e°*f € L*(R) for every 8 > 0, then
e?v9i f € L*(R) for every B > 0.

Proof.

Let us analyze the case in which j = 1:

We want to estimate the L?(R) norm of /29, f. For this, let us consider a truncation
function n € C*°(R) such that n(x) =1 if z < 1, and n(x) = 0 if z > 2. For example, one
like that whose graph is shown below:

H

Figure 1



8 Proof of Theorem I

Now, for n € Z* let us define n,(z) :=n (%) and 6,(z) := B/ nn(s)ds, x € R.
0

It can be seen that, for every x € R,

0,(r) - Bz and 0 (xr)— 5  when n — oo, (2.1)
O.(x) <2Bx and 6,(z) <20n, forall ze€R, (2.2)
0/ (x)| < B and 0] (x)] < %, for z € R. (2.3)
)
206n +
y = On(z)
on |
n on 7
Figure 2

Let us notice that, from (2.2) and from the fact that f € H(R), it follows that e2%9, f €
L*(R), for every n € ZT. In this way, integrating by parts and applying Cauchy-Schwarz

inequality we obtain that

/ @) (9, f)? do = — / 0y ("0, f) f dx
R R

= —l/eg(x)een@)ax(f?) dx—/ee"(’”)faifd:v

=5 [ o) - [ nopozsan

2 R R

1 17 / o (z n(x 2 12
/R[en@)wn(xﬂ ) 2 da 1 |02 oo [/R (e f) dx]

1/2
(% + 52) / 2 d + (|02 ]| { / 2 2 dx} | (2.4)
R R

<

IN

2
1
2 n
(

From (2.1) and (2.3) we have that for every z € R,

@ (9, f(x))* = 7 (8,f(x))* when n — oco.

Therefore, applying Fatou’s lemma on the left hand side of (2.4) it follows that

[ @t do< (@ [ o+ 088y VR (77 f) dx] (@5)



By hypothesis, the integrals involved on the right hand side of (2.5) are finite. This allows
us to conclude that €227, f € L2(R).

For the general case, we recursively apply the above reasoning in the following way: since
e2879,f € L*(R) and 0%(9,f) € L(R) (because f € H3(R)) we have that ei®79%f €
L?*(R). Continuing in this way and taking into account that f € H*(R), we can conclude
that e 7709 f € L2(R).

Since 8 > 0 is arbitrary in the hypothesis of the lemma, we could have started with 273
instead of 3 to obtain that e?*97f € L*(R), which completes the proof of this lemma.
v

Next we regularize the initial datum of the IVP (1.1) in a similar way as it was performed
in [[LLP]. This will allow us to deal with solutions having enough regularity and decay to
make a priori estimates on them and, in particular, to apply integration by parts. Later,

we will pass to the limit to obtain the result of Theorem I.

We consider a function p € C§°(R) with p > 0, supp(p) C [—1, 1] and such that

/pdle.
R

For e € (0,1), we define

1 )
po=r(;) and ‘ ‘
ug () == pe *x ug(- + €)(x) -1 —€ €1

= [ pwyuale+e=pa

Figure 3

Let us see that

am3/2e
e+ q

uy € H*(R) and <

L2(R) —

et

3/2 )

L2R)



10 Proof of Theorem I

Indeed, uf € H*(R) because p. € C§°(R). Furthermore, using Minkowski’s integral

inequality we have that

3/2

3o 9 1/2
et uo(x+e—y)‘ dx dy

a0 (2—ct)> 2 1/2
e Y+ uo(a:)‘ dx dy. (2.7)

Now, for y € supp(p.) C [—¢, €] we have that —e + y < 0 and therefore

ao (r—e+y)3/2 agz/?
e + <%+ | for every x € R.

Then, from (2.7) we obtain that

ax?’/ €
e+

" = /Rpe(y) (/R
_ (/R eaowi”uo(g;)r da:) 1/2/Rpe(y) dy

ax3/2
e+ g

\e ) 1/2
et T+ uo(az)‘ dx dy

L2(R)

from which (2.6) follows.

Let us notice that when we apply the above inequality with ay = 0 we obtain that

HU(EJHH(R) < ||u0HL2(R)' (2.8)
Proceeding in a similar way as we did to prove (2.6), it can be shown that for every g > 0,

o4

, < e” (2.9)

L2(R IBUOHB(R) :

Besides, we have that

uh = pe * Up(- +€) = up in L*(R), as e \, 0.
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For m € Z* we consider the IVP (1.1) with initial datum u(l]/ ™. which, by the global

well-posedness theory, has a unique solution
um € C*([0,T); H*(R)), (2.10)

which satisfies the differential equation in (1.1) in a classical sense in any space H*(R)
with s > 3. That is, for every s > 3 and every t € [0, 7],

Ou(t) + Ou(t) +u(t)0,u(t) =0, in H*3(R).

Furthermore, from the continuous dependence of solutions of the IVP (1.1) with respect

to the initial datum we have that for every ¢ € [0, T

U (t) — u(t) in L*(R), as m — oo. (2.11)

Along the proof we will work with w,, and with w,,(0) = ué/ "

, which for simplicity in
the writing we will continue denoting by w and by u(0), respectively. At the end of the
analysis of u,, we will pass to the limit to get the desired result for the solution u with

the assumptions of Theorem I.

Proof of Theorem I.
We will find in the proof that a(t) in (1.12) is given by (1.13). For the moment, let us

consider that a is a differentiable function on [0, 7], with a(0) = ay.

Next we are going to make an a priori estimate of u = wu,,. For this, let us take an
increasing function w € C*°(R), so that w(z) = 0, for z € (—o0, 1] and w(z) = 1, for

z € [3,00).

Y y = w(z)

[l Ll ~
N—= —

Figure 4
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For each positive integer n, we consider a function ), defined in the following fashion:

w(z)at)2®?, if x <n,

, (2.12)
log (P, (z,t)), if = >n,

Y(w,t) = Yu(a,t) = {

where, for fixed t € [0,T], P,(z,t) is the second degree polynomial in x which coincides

w(z)a(t) 22 _ alt

with e ed®M? at 4 = together with its two first derivatives. In this way,

wl(T)a I3/2 3
ewzewn_{e()(t)+’ it z<n, (2.13)

P,(z,t), if x>n.

Remark 2.1. From the definition of P,(z,t) we see that, for fixed ¢, ¥ is a C? function
of z, and, since 32P,(z,t) = 0 for z > n, it follows that the third derivative 92e¥ is
continuous and bounded for x < n , and vanishes for > n, with a saltus at x = n.

Hence, ¢ = log(e¥) inherits from e¥ the same regularity properties.

For a fixed positive integer m and for n € N, let us define
= fon = un e¥r = wue. (2.14)
Then, u = e~¥ f, and replacing u in the KdV equation we get:
e )+ e f) + (e £ D™ f) = 0. (2.15)
Proceeding formally, we multiply both sides of (2.15) by e¥ and use the fact that

e” 0t(€_w -) = 0y — ¢y, and
e Gi(e_w H) = (ew 8xe_¢)j = (0, — 7,Dx)j , for every j € N, (2.16)

to obtain that
(8t - ¢t> f + (az - %)3 f + 6_¢f (ax - ¢x) f = O (217)

Let us notice that
(aﬂc - ¢m)3 f = @gf - 3¢x 63]0 + (3 Qﬁi - 3¢xw) 6zf + (3 @Z)xwmz - ¢2 - ¢;m:c) f (2'18)

Therefore, equation (2.17) can be written as

8tf - wtf + 3§f - 3% agf + (3 ﬂ)i - 31/}a:m)awf + (3 ¢z1/}:c:c - ¢2 - ¢$:c$)f

2.19
+ eV (0uf)f — e Vb f? = 0. (2.19)



13

In order to justify the formal procedure leading to (2.19) we observe that, for all g > 0,
efT < Op gy €™ zy/? which, together with the fact that e wi/zu(O) € L*(R), implies that
e?*u(0) € L3(R) for every 8 > 0.
According to the result of Kato mentioned in (1.2), for each t € [0,7T], e’u(t) € L*(R)
for every 5 > 0. Furthermore, from (2.10), since u(0) = ué/m € H*(R), we have that
u(t) € H*(R) and so, from Lemma 2.1, #*diu(t) € L*(R) for j € Z*. In particular, for
J,k eN,

(14 2%) du(t) € L*(R). (2.20)

From (2.13), for fixed ¢, e¥(®") is a second degree polynomial in z if 2 > n and is bounded if
x < n. On the other hand, 9y, ., Y., and .., are bounded functions of the variable x for
fixed ¢ (see (2.29) below for the unbounded case x > n). Since f = ue?, from the Leibniz’s
formula for the derivatives of a product, from (2.20), and taking into account Remark 2.1,
we have that all terms in (2.19) belong to L?(R) and equation (2.19) is satisfied in L*(R)
for fixed t.

We now multiply (2.19) by f and integrate by parts with respect to the variable z, on R,
letting the variable ¢ fixed. For simplicity in the notation, we write [ instead of [, -dx

and omit the variable ¢ in the expressions. Thus, we obtain that

u/@Jﬁﬁi/w#2+ZE?ﬂf—?/¢ﬁ%fﬁ+?/ﬂﬁ—jmﬂ@fﬁ

A B C D

-+/@wmm—w3;%mﬁl+/ew@Jwﬂ—/édwaﬂza (2.21)

N

-

E

As we have seen in the preceding discussion, the regularity and decay of the terms in C,

D, and E allow us to integrate by parts to obtain that
5= [@ni=- [@ne.n= [@nen=- [ fen--b
thus B = 0.
C=—B/wA%ﬂf=3/¢m@Jﬁ+3/¢A@ﬂ2
=5 [ vutl 13 [y
=3 [ancl? 43 [ vutnr
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=3 [0 = w)@.Df =5 [ = be)onl )

__3 / Vit / -

B [evne - [evur =5 [eoouh) - [t
T R
——2 e
Furthermore, A:/(atf)f:%/at(f th/f

Replacing the equivalent expressions for A, B, C', Dy E in (2.21), grouping and simplifying

we obtain that

th /f + 3/% (0uf)? /(% 7 + Yuge) 2 — %/e—%zf?’ = 0. (2.22)

Since (9, f)? > 0 and 7 is an increasing function, we have that /¢x(8xf)2 > 0. Hence,
from (2.22), it follows that

th/f —/¢t+@/} + e f2 + 5 /e‘¢¢xf3. (2.23)

Our objective is to apply Gronwall’s lemma to estimate / f?. For this, with respect to
the first term on the right hand side of (2.23), we pretend to bound v + ¥3 + 1., with

a constant independent of ¢ € [0, T] by choosing a(t) in an appropriate way.

We start by studying the terms on the right hand side of (2.23) for 1 < x < n, where we

know that ¢» = a2/? and, in consequence,

b= d a:3/2 Wy = ;ax1/2’ 7/’2 _ 287 a3x3/2
3 3
wxz - 4_1 a$_1/27 wxxz = _ga ZL'_S/Q.

In this way, the first integrand on the right hand side of (2.23) is

27 3
(a’wS/Z + 3 332 _ < a:c3/2) 72,



15

To bound this last expression we take a(t) so that

This leads us to state the initial value problem

27
a(t) + < a(t)® =0,
a(0) = ao,
whose solution is given by
ag

at) = ———
1+ % 3t
which is precisely the function a = a(t) given in (1.13), in the statement of Theorem I.

With this choice of a, it turns out that

For the second integral on the right hand side of (2.23) we then have that

[ et =Sa [ arerp = Sa [ ot

< 5 ool limoey [
3
< 5l u0l=qoamy [ - (2.25)

From (2.24) and (2.25) we conclude that the integrals on the right hand side of (2.23)
performed on the interval [1,n] are bounded by

a0 112 2u() ] 1 (0.0 / . (2.26)

Next, we consider the contribution of the interval (n, o) to the integrals of the right hand
side of expression (2.23).

Let o, (2,t) = o(,t) = e*@a®2*  From the definition of P, given in (2.12) we have
that

Pla,t) = Py, 8) = o(n, ) + pa(n, £)(z — n) + %(pm(n, D —n)2.
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Let us observe that

@(n,t) — 6&77,3/2’
3
0z (n,t) = 5@ n'/? ™ and
3 9
@Iﬂ?(n)t) — (Z an—1/2 + Z a2n) 6@77,3/2‘
Hence
3 3 9 2
P(z,t) = [1 +5a an'?(x —n) + (§ an Y% 4 3 a2n) (x — n)z} e (2.27)

From (2.27) we can calculate the derivatives of P:

3 3 3 21 9
Py(z,t) =d [n3/2+<2n1/2+2an2> (x—n)+<8 _1/2+§an—|—8 a’ 5/2> (:B—n)ﬂ e,

P,(z,t) = §an1/2 + §an—1/2 + 9a2n (x—n)| ean*,
2 4 4
an;(x7t) = <?l an*1/2 + Za2n> ean3/2. (228)

Our immediate objective is to estimate vy + 12 + 14, on the interval (n,o00). Let us

observe that on (n,c0), 1, = log(P,) = log(P). Therefore

wt - Fa waz Fa wazm P - ﬁa
TTr — P P2 P3- .

Taking into account that P,., = 0 we have that

1
Ve )+ Yaaw = 55 [PPP+ 3P =3P PuPrg] (2.30)

In order to calculate the right hand side of (2.30) we proceed in the following way.

Let 7 := an'/?(z — n). Then r > 0 because z € (n,00). Using the fact that o’ = —2 ¢®

and highlighting the terms of degree 0 in n in the expressions of P and its derivatives in
(2.27) and (2.28), we write:



17

3 9
P, = an'/? {5 + (Z + €n4)) 7“:| e and
9
P,, = d*n (Z + e;‘*)) et (2.31)
where
3 3
(1) _ Dy — 2) _ (@) —
En En (t) 8 a n3/2 ) n En (t) 2 a n3/27
21 3 3
B) — B)(p) = ) — @)y = 2
6 =¢(t) Sai T g and € =€.(t) o (2.32)

Next, we calculate (2.30) taking formally ¥ = 0, j=1,2,3,4, for which we have that

3 9 27 3 9
P: (1+§7’+§T2> 6an3/2, Pt: —§&3n3/2 (1+§,r._'_§,r.2) ean3/2’
39 9 ,
P, = an'/? (5 + 1 r) 2™ and P, = 1 an e

Then,
P?P, + 3P —3PP,P,,

39 )\?/ 27 4 ap 39, 5 30 (3 9 \°
142 Z _= / 14+ 2 =z 202 42
<+2r+8r>< g amn +2r+8r +3a°n 2+47"

3 9 o 12 (3,9 9 o 3an3/?
3<1+2r+8r> an 2—1-47* 4ane

20 (1.3, .9 3+3 3.9 P97 L3, 0,2) (3,9
- —r+=-r - +-r)] —— —r+=r —+-r
8 2 '8 2 4 4 2 '8 2 4

The calculation of the above expression can be performed using a computer software, to

3/2
— a3n3/263an

obtain that such expression is equal to

8.3/2,Band/? (_ 19683 o 19683 5 19683 , 3645 5 27> “o

1006 '~ 1024 " T 512 128 8 (2.33)
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Let us define ¢, := <e£ll), 6%2), 6;3), (—:7(14)) . We see that the coefficients of the polynomials in r

appearing in the expressions of P and its derivatives in (2.31) are continuous functions of
¢n. Likewise, when calculating P>P,+3 P3—3 P P, P,, with general ¢,, a similar expression
to (2.33) is obtained in which the coefficients of the powers of r are polynomials in €,,
whose values at €, = 0 are the negative coefficients that appear in (2.33). Furthermore,
since a(t) is decreasing, it is clear, from the definition of e in (2.32), that €7 (t) < e (T),
for every t € [0, 7] and every j = 1,2,3,4, and thus it is observed in (2.32) that ¢,(t) — 0
uniformly in ¢ when n — oco. Thus, by the continuity of the coefficients of the powers of

r as functions of €,, there is a positive integer N such that if n > N, then
P20,P, +3(0,P,)* — 3 P,(0.P,)(0?P,) <0, (2.34)

for every x € (n,00) and every t € [0, T].

Since, from (2.31),

3 9
P = |:1 —+ 57’ —+ (g + 6;1)) r2:| ean3/2 2 ean3/2 > 0’

we conclude from (2.30) and (2.34) that, for = € (n,00) and n > N,

from which it follows that the first integral on the right hand side of (2.23) on (n,c0) is

nonpositive.

In order to estimate the second integral on the right hand side of (2.23) on (n, o), we

recall the expressions for P and P, given in (2.27) and (2.28) for x > n:

3 3 9 )

P(z,t) = {1 t3 an'?(x —n) + (g an~? + 3 a? n) (x — n)2] e and
3 3 9 5
Py(x,t) = [5 an*’? + (é_l an~V? 4 1 a2n) (x — n)] e,

From these two expressions and taking into account that x > n > 1 and a(t) < ao for all
t € 10,T], we see that
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0= Pofz,t) < ganl/QP(x, t) + Z an™(z —n)e "
< ganmP(x, t) + Z an'? (z — n)ean3/2
< ;anl/QP(x,t) + % P(x,t)
< (; agx'/? + %) P(z,1)
< g (1+ ap) x1/2P(9c7 t).
Therefore,
‘%Awe‘¢¢wf3 - ‘;/:wauf?
<2 [T =2 [T g
: %/m 5 (1 a0) ol
< (1+ap) Hxi/gu(t)HLoo([om)) /sz‘ (2.36)

From (2.35) and (2.36) we conclude that the integrals on the right hand side of (2.23)

performed on the interval (n, co) are bounded by

(1+a0)(xiﬂu(t)”m[o’m)) /R . (2.37)

On the other hand, for x < % we have that ¢ = 0 and therefore ¢y = ¢, = V,,, = 0, and

thus
1/4
e Vi f3 = 0. (2.38)

o0

/ 0 b 2 /

o

It remains to estimate the right hand side of (2.23) on the interval [}, 1]. We remark that
we have defined v by using the truncation function w in order to avoid the unboundedness
of the third order spatial derivative of a 23/ near the origin.
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In [4,1] we have that ¥(z,t) = w(z)a(t)2*? and a direct calculation shows that its deriva-

tives are given by

U =wd 3? = 27w >z,
8

¢$:a(gwx1/2+w’x3/2>,

3 -1/2 r,.1/2 " ,.3/2
Yoo = Q wa +3w ' H+w'x and
9

Yz = @ (—g wa 3?4 1 W a4 gw” 12 :z:3/2) .

Using the fact that 0 < a < ag, taking into account that w and its derivatives are bounded,
that w" > 0, and that x > % on the support of such functions, we can conclude that, for
z € [5,1],

¢t(xat) SO, 0§¢$(x7t) SoaOv
’¢mx(xat)| S C'aO and |¢w:m<=7fat)| S C(lo,

where C' is an absolute constant since it depends only upon the choice of w.

Therefore,

Consequently,
1
2y 3 2, 2
/14(wt+w T ) 2+ /1/4e bnf s/l (e + 08 + thusa) F2+ / ol f
1
<o+a [ A Cal Ol oy [ 7
<C(1+a}) L+ u®llegooy) [ £ (20
R

From (2.23), and putting together the results obtained in (2.26), (2.37), (2.38), and (2.40),

we conclude that

2dt/f < ( 1+ ag) ||z} *u(®) || = (oo + C (1 +ad) (1 + HU(t)||L°°<[o,oo>>)) /f2

<O+ (14 10+ u0llmioy) [ 1 (2.41)
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Since 1 + :L’i/Q < 2¢e*+, we have that

zﬁ/ﬂ<cu+%NHWe wimoy) [ 7

C (1 + ag) (1+||6U M oo m) /f
<C 1+ a) (14 1eudlg + 10 €u®) ) [ 7

<C1+a) (141Ul + e 0aldl ) [ 7

where C' is a universal constant.

Returning to the notation u = w,,, with u,, defined in (2.10), and f = f,,, = Ume?™, as
n (2.14), we then have that

1d . .
2dt/621/1n’u,m(t)2 dx S C(]. + ag) <1 + ||€ Um(t)HLQ(R) + ||€ axum(t)HLz(R)) /eanum(t)Q dx

= Bo(1) / 2y, (02 da. (2.42)

In order to apply Gronwall’s lemma, let us estimate the integral of 3, on [0,7]. Using
1.2) we see that

T T
/ B (s C (1 +ap) [/0 e um(s)ll L2 () d8+/0 €% Ot (5)| L) dS}
T T
< 1 3 Kms / Km g —Km g x U,
<C(1+ayp) [/0 e - ds + ; ez (e z % le"O,u (s)||L2(R)> ds|,

where K,,, = K <||u(1)/mHL2(R))' In virtue of (2.8) it follows that K, < K (Hu0||L2(R)) =K.
Therefore, from (1.2) and (2.9),

€ Uy

T r T
‘/BM@%SCO+£)TﬁTw%ﬂmm+£T/eJ?Wﬂ&wwwmwd%
0 L 0

- 7 1/2
< C(1+ag) |Te T |e*ugll oz + VTes" </ e foms IIexﬁzum(s)lliz(m) d8]
0

L2 (R)]

< C(1+ad)(1+T) X leuoll p2(ny - (2.43)

1 1
3 exuo/m

<O +a)) [T |leugll gy + VTe?" -

From (2.42) and (2.43), applying Gronwall’s lemma, we conclude that

T
/ew"(””’t)um(t)2 dr < exp </ Bin(s) ds) /“/’wn(m’o)um(o)2 dx

<C / 2n @0y (0)? dor, (2.44)
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where C' = C <a0,T, ||u0HL2(R) J ||€xuo||L2(R)>’

Let us observe that from (2.12), e¥»@ — e“(r)“(t)xi/27 for every x € R when n — oo. In
order to obtain our result we will make n — oo and will apply Fatou’s lemma on the left
hand side of (2.44), for which we will bound the integrand of the right hand side with
the integrable function eQWi/ng of the variable x. For this, it is enough to prove that for
rT=n

3/2

P @0 = P (z,0) < e®® (2.45)

Since P,(x,0) and e0®? "and their derivatives up to the second order, coincide at = = n,
to prove (2.45), it is enough to show that

2

d 2
O2P,(z,0) < ] e for x>n. (2.46)
T

With this purpose we observe from (2.28) that

3 9
2P, (z,0) = (Z agn” Y2 + 1 ag n) eaon™’?,
Furthermore,
d? 3 9
el eaoa™? (Z ag % 4 1 ap m) e (2.47)
Now,
d? 2 3 9 9 27 2
- e0®? (_§ apr 3% 4+ Z a2 + 1 ag + 5 a3x3/2> e/

8
2T 1 1
g Mt 9243 * aor3/?

+ 1) 207 5 (),

if v >nandn > (9a2)7'3 = N(a).

Therefore the expression in (2.47) is an increasing function of the variable z for x > n if
n > N(ap). From this fact, (2.46) is concluded and therefore (2.45) follows. In this way,
letting n — oo in (2.44), applying Fatou’s lemma, and using (2.6), we can conclude that

/ <e‘”(x)“(t) xi/Qum(t)>2 dr < C/ <e“°x3+/2um(0)>2 dx (2.48)

2 \2
< C/ <e“0”i/ u0> dz, for everyt € [0,T]. (2.49)
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Since w > 0 and 0 < a < ay, for x € [0, 1] it follows that

ea(t) x3/2 < ea(t) < 6a(t) ew(x) a(t) z3/2 < %0 ew(w) a(t) z3/2 )

Hence e*®7Y" < ¢ ew@ave , for every € R and every ¢ € [0,T]. Then, from (2.48),

we have that

/(e“(t) i/2um15 dr < C’/ ao’”+ uo dm, (2.50)
R

for every t € [0,T], and for all m € N.

Finally, from the continuity of the data-solution map for the IVP (1.1) mentioned in (2.11),
we have that for fixed ¢, u,,(t) — u(t) in L?*(R) as m — oo. Then, there is a subsequence
U, (t) such that um,,(t)(z) — u(t)(z), for almost every x € R, when j — oo. Thus,
applying Fatou’s lemma on the left hand side of (2.50) for this subsequence, we obtain
that

/(eamziﬂut e < C/ aou uo “dw, forallt € [0,T], (2.51)
R

which completes the proof of Theorem I.

il

Remark 2.2. For the linear problem (1.4), associated to the IVP (1.1), we can obtain a
result similar to that in Theorem I. In this case the proof is simpler due to the absence of
the nonlinear term. More specifically, under the same assumptions stated in Theorem I,
if u is a solution of the linear problem associated to (1.1) and e *+ v u(0) € L*(R), then

<C

2.52
L) (2.52)

o

ag /2
et v+ u(O))

L2(R)
where C = C(ao,T).

Proof.

To prove this fact it is enough to notice that for the linear problem the term E coming

from the nonlinear part of the KdV equation in equality (2.21), does not appear. Thus
(2.23) reduces to

2 3 2
. 2.
Therefore, from (2.24), (2.35), (2.38), and (2.39), it follows that

2dt/f <C (1+a}) /f (2.54)
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We then apply Gronwall’s lemma, and pass to the limit, as we did in the proof of Theorem
I, to estimate the L?(R) norm of ¢*® mipu(t), in terms of the L?(R) norm of e ‘”i/Qu(O),

this gives (2.52). i



Chapter 3

Optimal decay: Proof of Theorem 11

In the proof of Theorem II we will construct a function of the Schwartz class which
satisfies the conclusions of the theorem. For this function it will be important to study
the exponential decay of order 3/2 of its first and second derivatives, for which we now
present a result similar to Theorem I for such derivatives. It should be noted that it is
possible to show this result with weaker conditions on the initial datum than those we
impose here, as it was done for Theorem I. However, for our purposes, it will be enough

to take the initial datum in the Schwartz space.

Proposition 3.1. For T > 0 and uy € S(R) let u be the solution on [0,T] of the IVP

(1.1) with initial datum uy.

(a) If ap > 0 and e Ii/anUO € L*(R), then there exist constants C' and M, such that

a(t) >/? ap /2
e ©=¥ a,u)| oy ST Je axuoHLQ(R), for everyt € [0,T),
where M = C'(1+a}) st} [1 + (1 + xiﬂ)u(t)HLoo([o,oo)) + | 0zu(t)|| Lo (ry |, and C' s
te[o,T

an absolute constant.
(b) If ag > 0 and e ximaiuo € L*(R), then

ea(t)x < €MT

+ O%ult
20y

3/2 ‘

3/2
e 9%y . for everyt € [0,T],

where M is as in (a).

Proof.
Since the KdV equation preserves the Schwartz space, we have that u(t) € S(R), for every

25
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€ [0,T]. Let us denote v := d,u and w := *u. Taking derivative with respect to z in

the KAV equation we obtain
9,05t + tu + (Opu)” + ud?u = 0.
Therefore v satisfies the following equation:
v + 02 + v* + ud,v = 0. (3.1)

By differentiating with respect to x once more, we obtain

ata,,%u + agu + 30,u agu + u@i’u =0.
Therefore w satisfies

Opw + 03w + 3 (Opu) w + ud,w = 0. (3.2)

For part (a), we imitate the proof of Theorem I. Thus, we define f = f, == ve¥" = veY,
multiply (3.1) by e¥, replace v = e~ ¥ f in (3.1), apply (2.16), multiply by f, and integrate
by parts in the variable = over R, to obtain that

Zdt/f_/@btﬂb + Yuan) [ +/uz/)xf——/8uf (3.3)

For part (b), we proceed with (3.2) as we did with (3.1) by defining f = f, := we¥" = weY,

to obtain that
s [ [@rsrvm) P funp =3 four. G

The integration by parts processes performed to get (3.3) and (3.4) are justified since for
fixed t, u(t) € S(R), e*@" has polynomial growth for z > 0, and 1y, 1., ¥4z are bounded

functions of the variable z.

The first two integrals of the right hand side of (3.3) and (3.4) are estimated as we did in
the proof of Theorem I, to obtain estimate (2.41). Therefore (3.3) and (3.4) lead to

3o [ < e+ (1410 + 2B ooy + 10Ol lmim) [ 7
SM/f, (3.5)

where
M =C(1+af) sup [T+ (1 +2Y)u(t) [regosey + 10000 s
te[0,7)
Since uy € S(R), we have that v € C([0,7]; S(R)), and thus M is finite.
The rest of the proof is as in the proof of Theorem I, when we apply Gronwall’s lemma
from (3.5), and take limit when n — 0o to estimate the L*(R) norm of e*®) mi”axu(t) and

/ , / / .
(1) 28§u(t), in terms of the L?(R) norms of e® & anuo and €% Qag%UOa respectively.
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For the proof of the Theorem II it will be also convenient to study some monotonicity
properties of the function

(1,6) = g(7)(b) := L for 7,6 > 0,

,/1—1—%627'

defined in (1.14). Let us notice that for fixed 7 > 0, the function b — ¢(7)(b) is monotone

increasing; and for fixed b > 0, 7 — ¢(7)(b) is a monotone decreasing function.

We now highlight two properties of the function g.

Remark 3.1. First, if b; < by, then there exists n = 1(by,b2) > 0 such that g(¢)(b) <
g(t)(b2) —n, for every t € [0, T]. Namely, n = g(T)(b2) — g(T')(b1):

\ g(t)(b2) — g()(b1)
1n=g(T)(b2) — g(T)(b1)

Figure 5

Indeed, to see this, it is enough to notice that the function G(t) := g(t)(b2) — g(t)(b1) is a

decreasing function on [0, 7], for which we use the identity

So0)®) = 2 ()0,

which together with the fact that the function b +— ¢(¢)(b) is increasing, implies that

G'(t) = %7 [(g(t)(bl))3 - (g(t)(bg))g] <0, foreveryte[0,T].

Remark 3.2. Second, if A\, b; and by are positive constants such that A > 1, b; < by, and
Ag(T)(b1) < g(T)(b2), then this last inequality is still valid for every ¢ € [0,7]. That is,

Ag(t)(by) < g(t)(bg), for every t € [0,T].
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Figure 6

In fact, when we apply the intermediate value theorem to the function g(7)(-), there is
b € (b1, be) such that g(T")(b) = Ag(T)(by). This value of b can be explicitly computed:

. Ab
\/1 +2052(1 — A2)T

Let us fix t € [0,7] and let us notice that, in virtue of the monotonicity of the function
g(t)(b) < g(t)(by). (3.6)
Now, we observe that

Aby
1+2062(1-A2)T

V14 (i)

- by

- \/1 +22(1 — €2)T + A2

- by

U IR TR0 (T 1)
Y

— Ag(t)(by). (3.7)

since A > 1. From (3.6) and (3.7) it follows that, A g(¢)(b1) < g(¢)(b) < g(t)(ba).

g(t)(b) =
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We now proceed to prove Theorem II which we state again, for convenience.

Theorem II. ForT >0, a9 >0 and 0 <e < %ao, there exist uy € S(R) with e Iiﬂuo €
L*(R) and C > 0 such that the solution u on [0, T] of the IVP (1.1) with initial datum ug

satisfies

C e~ 9D(aote) 2/ u(t)(z), for every t € [0,T) and every x > 0.

3/2
23/

In particular, 9@ (1) ¢ L2(R), for every t € [0, T].

Proof of Theorem II.

Let us define ag := ap + ¢ and ay = ap — €.

Let us take a function ¢ € C2°(R) such that ¢ > 0, supp(¢) C (—1,1) and [, ¢ =1, and,
for § € (0,1/2) let @5 = 1 (5).

Let {S(t)} be the group associated to the linearized KdV equation, which is defined
through the Fourier transform by

1S (H)ue] ™= '€ G,

For o > 0 small, which will be properly chosen later in the development of the proof, we

consider problem (1.1) with initial datum

Ug,q = Ug = S(to)(aps),

where

4

ty=—— .
07 27(ap + €¢/3)?

Since s is a function of the Schwartz class, and the group S(t) preserves this class, then
up € S(R). Besides ug = asSy, * s, where S; is the fundamental solution (1.7). From the
theory of global well-posedness on spaces H*(R), for 7" > 0, the IVP (1.1) has a unique
solution u, = u € C([0,T];S(R)), which, given its regularity, satisfies the Duhamel’s

Formula pointwise; that is,

u(t) = S(t) up — /0 S(t—7) (u(r)0yu(r)) dr

= S(t)up — F(t), foreveryt e [0,T], (3.8)
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where the integral in (3.8) is a Bochner integral on any H"(R) with n € N, and, for every
xr € R and every t € [0,T],

uaxw::wawmuw—1lﬁsa—7xuvx%wﬂncwdr

Using the properties of the convolution and the asymptotic behavior of the Airy function,
given in (1.9), we will prove that for 6 > 0 small enough, x > 1 and t € [0, T,

3/2
)

Cae ()" < [S(t)uo] (z) < C e~ 9Waote/De (3.9)

where C' and C' are independent of a and of ¢ € [0, T).

es(x — )
ap +€/4
ap
a Gy g0 @) uy?
1 ) x ’ )
¢ 25 R
x—90 )
Figure 7

In fact, we have that
S(t)uo = S(t) S(to) (aps) = S(t + to) (cps)
= Strty * (Qp5) = @ Short * @5
Thus, from the asymptotic behavior of the Airy function in (1.9), and from (1.10), for
x> 1and t € [0,T] it follows that
S 95} ) = [ Siualo = ) osto) dy

R

5
~ Ct/ (z — y)*1/4efg(t)(ao+e/3) (x,y)g/zg[)é(y) dy, (3.10)
5
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where C; = C (o + t)71/4.

Now we can estimate [Sy, s * @s] (z) by taking into account the following remarks:
(1) For z > 1, it follows that

r—0>x—0r=x(1-9¢) and x+0 <z + dz =z(1+9). (3.11)

(71) For fixed 7 > 0, g(7)(-) is a monotone increasing function; hence,

9(T)(ao + €/4) < g(7)(ao + €/3) < g(7)(ao + €/2) < g(7)(ao + €).

From these properties, using the fact that x > 1, 0 < § < 1/2, and ¢ > 0, we have that

[S()uo] () = [ Sig+1 * @s] ()

J
<Ca / (3 — 1)~/ @) 5 (1
_5

5
< Cpa(a — §)" Ve ls®aote/3)] @=0)°/2 / es(y) dy
5

= Co(z — &) e l9®laote/3) (2-0)2 4
< Ca <§> o e~ l9(t)(ao+e/3)] (1—5)3/243/2
N 2

< Coelo®aote/s) (1-0)%/2a%/2 (3.12)

where C'is independent of ¢ € [0, 7.
We chose 6 € (0,1/2) small enough to have that
(1= 0)*29(T)(ao + €/3) > g(T)(ao + €/4). (3.13)
In view of Remark 3.2 (with A = (1 — §)~%2 > 1) it follows that
(1—0)*2g(t)(ao + €/3) > g(t)(ag + €/4), for every t € [0,T].
Therefore,

[S(t)uo] (z) < Cov e~ 9 aore/3)] (1=0)%/ 22
< Coe~l9®(@ote/4)] a2 (3.14)
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On the other hand, from (3.10) and (3.11), it follows that

[S(#)uo] () = & [Sio11 * @s] (2)

1
-5

5
> Cra(z—+6) Ve o0 aote/3) (@+0)7/2 / es(y) dy
-5
> Cra (1 + 6)—1/4x—1/46—[g(t)(a0+e/3)](1+5)3/2m3/2

“1/a
> Cra <g) x—1/46—[s}(t)(ao-ﬁ-6/2)—n](1+5)‘q’/2963/27 (3.15)

where, according to Remark 3.1, n = n(ag, T, €) > 0 is such that
g(t)(ao+€¢/3) < g(t)(ag+€/2) — n, for every t € [0, 7.

In order to deal with the term z~/* in (3.15) we use the fact that the function 6
91/46703/2, 0 > 0, is bounded, and therefore

$1/46—77:03/2 _ n—1/6(n2/3x)1/4€—(n2/3:c)3/2 < C«n—l/6‘

1/6
> 1},—1/46771;3/2 > 77_

C

3/2 .3/2
Thus, 2~ 1/4en (1482

In this way, from (3.15),
[S(t)uo) () > T cv e~ l9O e/ 1-+0)/22%/2

where C' = C(ap, T} €).

In addition to the condition for § stated in (3.13), we chose § € (0,1/2) small enough in
such a way that

(1+0)*2g(T)(ao + €/2) < g(T)(ao + ).
In view of Remark 3.2 (with A = (1 + )2 > 1) it follows that
(14 6)32g(t)(ag + €/2) < g(t)(ap +€), for every t € [0,T).

Therefore,

3/2

[S(t)UO] (l‘) > 604 efg(t)(aoJrG)x
= Cae D™, (3.16)

where C' does not depend upon t € [0,7], z > 1 and a > 0.
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Hence (3.9) follows from (3.14) and (3.16).

Let us observe that, applying (3.14) with ¢ = 0, for uy we obtain that

3/2

lug(z)| < C e @t/ z> 1
Then,
e lup(z)] < Cae i""” forz>1. (3.17)

Besides [[uo|| £2((~o0,1]) < [[2oll2) = [[aS(to)@s| L2y = @ll@s||2(r). From this fact, (3.17),

3/2
and taking into account that e 7/ < e% for x < 1, we conclude that

3/2

”eangr UOHL2(R) S Ca, (318)
where C' is independent of «.
Our next step is to show that the integral term F'(¢) in (3.8) decays as a?e™? =2 for some
B> g(t) (ag), for every t € [0,T].

Let us fix a; and ay such that ay < ay < a; < ag. Taking into account that 0%ug =
a 028y, * o5 = a Sy, * 02ps, and noticing that

1 1,y C
J1ezal =55 [ [0 ()| v < &

we can imitate for |a S(tg)9%ps| the procedure we followed to obtain (3.14) and (3.17) to
conclude that He“omimaguo]\ r2®) < Ca. Therefore, when we apply part (b) of Proposition
3.1 we obtain that
M.T a0x3/2 2
. < eVl |[ehT OZuol| 2wy
< CaeM®  forallt € [0,T], (3.19)

O g2 1)

where M, = C(1 4 ag) supyepo 1 [t (t)]l1,1, and || - ||11 is the Schwartz semi-norm defined
by

7llix = 1L+ 22) 2Rl e ) + 100 2o )
Here C' is independent of a and t € [0, 7.

It is important to observe now that M, is bounded by a constant M independent of
a € [0,1]. To see this, we compose the function o — « s, which is continuous from
[0,1] into S(R), with the data solution map from S(R) into C([0,T]; S(R)), which is also
continuous. Since the interval [0, 1] is compact we have that M, is bounded by a constant
M independent of a € [0,1]. Thus, from (3.19) we have that

eg(t)(ao)arﬁ/2 aiu(t)H (&) < Ca, (3.20)
L*(R
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where C' does not depend on « € [0,1] and ¢ € [0, 7.

Next, we will use the fact that u(t) € S(R), the Fundamental Theorem of Calculus, and
Cauchy-Schwarz inequality to estimate 0,u(t)(x), for t € [0,7] and = > 1:

Pl < [ " 10Pu(t)(w)| dy

- / O2u(t) (y)| e 2O dy

0 ) 1/2 r poo e V2
< { / dy} { / o—29()(a0)y¥ dy} '

From Remark 3.1, there exists 7; > 0 such that g(t)(a1) < g(t)(ag)—m, for every t € [0, T].

Then, from (3.20)
00 1/2
(6—29('5)(@)13/2/ e~ 2m y3/2 dy)
L?(R) T

S an_g(t)(al)x3/2’ (321)

9 (a0)y®/?

9@V 524 (1) ()

|Opu(t)(z)| <

eg(t)(ao)yf)’/2 (ﬁu(t) ‘

with C' independent of o and of ¢ € [0, T].

Again, by the Fundamental Theorem of Calculus and from (3.21), for z > 1 we have that

u(t)(@)] < / 0,u(t)(y)| dy < C / 9@ g,

T

< C e 9@ / e gy

T

S C Q e_g(t)(a2)fc3/2’ (322)

where 1, > 0 is such that g(t)(az) < g(t)(a;)—ns, for every t € [0, T], and C'is independent
of a and of t € [0, 7.

Let us recall that the integral term F(t) in (3.8) is given by
F(t) = /Ot S(t —7) (u(r)dyu(r)) dr, t €10,T7. (3.23)
In order to estimate F'(t), we first analyze 0, F(t):
D F(t) — /O "S(t— 1) f(r) dr. (3.24)

where f(7) = 0, (u(1)d,u(r)) = (pu(r))” + u(T)0?u(r).
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First, using (3.21), we notice that for 7 € [0, ¢],

/ oo] 20 0,u(r) ()| dy < / h oo’ g2 g
1 1

<Ca? /OO e29(M)(a2)y®? —29(m)(a2)y®/? ,—2m2y®/? ? dy
1
< Caz/ e 4y 4y < C o2, (3.25)
1
Besides, from (3.20), (3.22), and part (b) of Proposition 3.1 we obtain that
00 2 o0 2 2
/ 200 () () 02u(r) ()| dy = / oD () )| e 2u(r) ()| dy
1 1
o0 2
<ca? [T feren otur)w)| dy
1
o0 2
< Con/ ’eg(T)(ao)yS/z GQ%U(T)(QI)’ dy < Ca?,
1
(3.26)

where the constants in (3.25) y (3.26) are independent of 7 and ¢.

We now include in our estimates the values of x € (—o0,1]. For that, we use the fact
that the KdV equation preserves the L* norm, that is, ||u(7)||z2®) = ||uol|r2r), and apply
proposition 3.1 with ap = 0, and the Sobolev embedding H'(R) < L>(R) to obtain that

1l 22y = 1@eu(m))? + w(r) ()| gy
< 1@l gy + (O] 2y

< 11907 | ey 10207 | gy + 1) o oy | 020()
C (10007 gy + 10207 | gy ) 10T 2
€ () ey + 102 |y ) 102 | s

< € (102l ey + 0200l sy ) 1ortolza
+C (ol ey + 10wl sy ) 10200l ey

<Ca? (3.27)

lz2e)

where C' does not depend upon « and 7 € [0,¢], t € [0, 7.
Hence, from (3.25), (3.26), and (3.27), it follows that

< Ca?,

2g(r)(a2) 2/* ‘
He f(T> L2(R) —
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where C' is independent of 7 and ¢, 0 <7 <t <T.

When we apply Remark 2.2 from the previous chapter (linear problem) with initial datum
f(7) and weight e? 9(1@2) 5% e obtain that

< Cao? (3.28)

(IE-D2o @) g4 _ 1) (7)‘ L

where C' is independent of o, T and ¢, 0 < 7 <t <T.

Let us observe now that ¢(t)(2as) < g(t — 7) (2 g(7)(az)), for every 7 and ¢t with 0 < 7 <
t <T. In fact,

g(t =7)(29(7)(az)) = g(t — 7)

\/1 + 217(157 +27a3(t — 1)
- 2(12
\/1 + 27a3t — Sadr

> 2 )(2a). (3.29)

1+ 27a3t

Consequently, from (3.28) and (3.29) it follows that

. < Ca? (3.30)

DA (1 1) ()|

where C' is independent of 7 and ¢, 0 <7 <t <T.

In virtue of the Fundamental Theorem of Calculus, Fubini’s Theorem, Cauchy-Schwarz
inequality, (3.24), and (3.30) we obtain that for x > 0
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rowi < [Torowia- [ (- ) £(7) i )] ay

_ [T [ st - o) @) ar
[l
g/m/tl[S(t—T)f(T)] ()| dr dy
// St —7) (7)) (y)] dydr
_ / / O [(1 — 1) f(7)] (v)

t 00 1/2
< / (/ e~ 29(t)(2a2) y*/2 dy) dr
0 LZ(R) x
e 3/2 1/2
<CAT (/ e~ 29(t)(2a2) y*/ dy)

o0 1/2
< Ca?T e 90Ca)a*? (/ o2y d?/)

dy

e 9(D)(2a2)y*/?

dy dt

eg(t)(2a2)y3/25(t —7) f(7)

3/2

< Ca?Te9WCa)e (3.31)
where 73 > 0 is such that, g(t)(2ay) < g(t)(2as) — ns, for every t € [0, T].
Let us notice that if € < % ag, then 2ag > ag. Therefore, from (3.31)
F(t)(x) < Ca’e 90w Ha? (3.32)

with C' independent of x > 1, t € [0, 7], and of «.
Then, from (3.8), (3.9) and (3.32), it follows that for z > 0,

u(t)(z) > C e 90@H) e _ o 2 —g()(ag) 2>/

)

where C and C' do not depend upon z > 0, t € [0,7], and a > 0. Thus, by taking
a = C'/2C, we obtain that, for > 0

C s
- 4C 9

which concludes the proof of Theorem II.
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Part 11

POISSON BRACKETS IN
ALGEBRAIC GEOMETRY
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Chapter 4

Foundations on Geometry and

Mechanics

We begin with some preliminary in symplectic tensors and then study some properties
of these structures in the context of smooth manifolds. With this tool we can therefore
analyze one of its more important applications in the field of theoretical physics: Hamilto-
nian formalism in classical mechanics, and end with a central result in this discipline: the
Noether theorem. A more thorough discussion of the subject can be seen in [Ar], [CaWe],

|GuiSte], [Lee| and [LiMa], which have also been references to the following presentation.

4.1 Basic notions on Symplectic Algebra

Let V be a vector space. A 2-covector w on V is said to be non-degenerate if for every
nonzero vector v € V, there exists w € V such that w(v,w) # 0. It can be proved that

this definition is equivalent to:
o The linear map ® : V — V*, defined by ®(v) = t,w = w(v,-) is a vector space

isomorphism.

o In terms of some basis for V, the matrix (w;x); (Which represents to w in this basis)
is invertible. If this is the case, this property is in fact independent of the chosen
basis for V.

The 2-covector w is called a symplectic tensor, and we say that V is endowed with a

symplectic structure or that (V,w) is a symplectic vector space.

41
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Example 4.1.1. Let V be a real vector space of dimension 2n, and let us fix a basis
{A1,By,..., Ay, By} for V. Let {ay, (1, ..., an, 5,} be the corresponding dual basis, for
V*, and w € A*(V*) be the 2-covector defined by

n
w = Zaj N B;.
j=1

Let us notice that
w(Aj, Ak) = W(Bj, Bk) = 0,
(J.J(Aj,Bk) = —W(Bk,AJ’) = Ojk-
Ifv=>3"" (a;A; +b;B;) €V is such that w(v,w) = 0 for every w € V, then

a; = OJ(’U,BJ’) =0, and bj = _W(U7Aj) =0,

for every 7 = 1,...,n. Thus v = 0. Hence w is non-degenerate. We conclude that (V,w)

is a symplectic vector space.

Example 4.1.2. Let V be a vector space of dimension n, and V* its dual space. We

define a natural symplectic structure on the product space V x V* by

w((v1,61), (v2,&2)) = (&2, v1) — (§1,v2),

where (v1,&1), (v2,&2) € V x V* and (,) denotes the duality pairing of V with V*.

In what follows, we point out some important facts about symplectic vector spaces. For

this purpose we make the following definition.

Definition 4.1.3. Let (V,w) be a symplectic vector space and S C V be a vector subspace.

The symplectic complement of S is the vector subspace
St i={veV|w,w) =0, for every w € S}.
The following lemma justifies the label complement in the name of S+.

Lemma 4.1.4. With the above notation, dim(S) + dim(S*) = dim(V).

Proof.

Let us consider the linear map ¥ : V — S§*, defined by ¥(v) := ,w|g, that is, ¥(v)(w) =
w(v,w), for every v € V and w € S. Suppose that f € §* and let f € V* be an extension

of f to a linear functional on V. Since ¢ : )V — V* is an isomorphism, then there exists
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v € V in such a way that ®(v) = f. Then, restricting to S*, U(v) = f. Hence VU is a
surjective map.

In virtue of the Rank-nullity theorem, and taking into account that S+ = Ker(¥), it
follows that

dim(S*) = dim(Ker(¥)) = dim(V) — dim(S*)
= dim(V) — dim(S).

il

The next proposition can be considered as a symplectic version of the well-known Gram-

Schmidt process.

Proposition 4.1.5 (Canonical form for a symplectic tensor). Let w be a symplectic
tensor on a vector space V over R, of dimension m. Then V has even dimension m = 2n,
and there exists a basis {Ay, By, ..., An, B} for V such that

n
W = Z()éj Aﬂj,
j=1

where {aq, B1, ..., Qn, Bu} is the corresponding dual basis.

The set {Ay, By, ..., Ay, By} with his property is called a symplectic basis for V.

Proof.

We proceed by induction on m, proving that there exists a basis {A;, By, ..., A,, B,} for
V), such that
w(A;, Ay) =w(B;,By) =0, and w(A;, By) = djk.

For m = 0, there is nothing to prove. Let us suppose that this proposition holds true for
0<k<m.

Let (V,w) be a symplectic vector space of dimension m. Since m > 0, we can take
Ay € V — {0}. In addition, since w is non-degenerate, there exists By € V such that
w(A1, By) # 0, and this B; can be taken in such a way that w(A;, B;) = 1. Notice that
the set {Ay, By} is linearly independent, so dim()) > 2. Let S be the vector subspace
spanned by A; and B;. Hence, from the previous lemma, dim(S+) = m — 2, and it can
be easily verified that (St,w|s.) is a symplectic vector space. Applying the induction
hypothesis we get that dim(S*) = 2(n — 1) and there exists a basis {Ay, By, ..., A,, B,}
for S+, with the required properties. Finally, {A1, By, As, Bo, ..., A,, By} is the basis

which satisfies the statement. i
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Proposition 4.1.6. Let V be a vector space of dimension 2n, and w € N*(V*). Then w
1s a symplectic tensor if and only if W/* =w A -+ Aw # 0.

Proof.

Suppose that w is a symplectic tensor. Let {A;, B;}7_; be a symplectic basis for V. Then

w can be written as w = >_"_| a; A B1, where {a;, 3;}7_; is the corresponding dual basis.

Hence, we verify that w™ is a volume form:
w'=nllag AL A~ Nay, A By) # 0.
Now suppose that w is degenerate. Then, there exists v € V — {0} such that t,w = w(v,-)

is the trivial linear map. Since ¢ is an antiderivation, t,w" = n(t,w) A w" ! = 0. We

can extend v to a basis {ej}iil, where e; = v, and such that w"(ey,...,es,) = 0. Hence

w" = 0. v
4.2 Symplectic Geometry

4.2.1 Smooth Manifolds

Definition 4.2.1. An n-dimensional smooth manifold is a Hausdorff, second countable
topological space M together with a collection of open sets {U, }aea, called the coordinate
charts, such that

o The open sets U, (labeled by a countable set A) cover M.

o There exist homeomorphisms ¢, : U, — V, C R", such that for any pair of over-

lapping coordinate charts U, and Us the maps
—1 .
050 s+ Pa(Ua NUp) = p(Ua N Up)
are smooth (that is, infinitely differentiable) functions in the usual sense of R™.

Thus, a smooth manifold is a topological space together with an additional

structure which makes the differential calculus possible.

As examples of smooth manifolds we find R" (the local model), which can be covered by
one coordinate chart. Also, if M is any smooth manifold and U is a non-empty open

subset of M, then U inherits a smooth structure from M in a natural way.
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A less trivial example is the n-dimensional unit sphere
S" = {r e R""| ||r|| = 1}.
To see that S™ is indeed a smooth manifold, take the open sets

U:=S"-{0,...,0,1)}, and U:=8"-{(0,...,0,—1)},

which cover S”, and define local coordinates by stereographic projections:

1 Tn n
@(rl,...,rn,rnﬂ):(l T )z(xl,...,xn)ER,

— Tn+1 — Tn+1

(&1 Tn

Q(re, ooy Ty 1) = ( ) = (z1,...,2,) € R".

[ I
Taking into account that

7"]' :1—7’j+1 Tj
1—|—T’j+1 1—|—Tj+1 1—7’j+1

, forj=1,...,n,

where r, 1 # %1, it follows that on U N U, the transition functions

o Na Ty) = o “e
poyp 1y-++-3Ln 22 1., 7$%++$% ’

are smooth.

Next, we introduce the notion of the tangent bundle and later constructions that can be

obtained from this object.

In a more algebraic way, we define a tangent vector v, at p on M as a real-valued pointwise

derivation on the space of germs of smooth functions defined on a neighborhood of p. That

is, given real-valued smooth functions f and g, defined on some neighborhood of p, we

have:
¢ ) is a linear map over R,
o v(f) =v,(g), if f = g on some neighborhood of p,

¢ v, satisfies the Leibniz’s rule:

up(f 9) = f(p) vp(9) + g(p) vp(f)-
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A more geometric way to define tangent vectors is as infinitesimal curves in a space. We

will not explore the latter approach in this work.

The set of tangent vectors to M at the point p is denoted by T,M. It turns out that T, M

is an n-dimensional vector space over R. In local coordinates, if (U, ¢ = (z1,...,2,)) is a
chart for M at p, we have special tangent vectors % , defined by
p
0 0 _ :
7. (f):;(fowl) for j=1,...,n,
Tilp " ©(p)
where f is a smooth function defined near p and r1, . .., r, denote the standard coordinates

for R™. In fact, {%’ | j= 1,...,n} forms a basis for T, M.
7lp

Let TM = Upen/T,M = {(p,vp) | p € M, v, € T,M}, and let 7 : TM — M be the natural
projection map, 7 (p,v,) = p. Notice that 7~ *({p}) = T,M. The triple (TM, M, 7) is

called the tangent bundle of M. T'M can be endowed with a smooth structure, as follows:
If (U, ) is a coordinate chart for M, consider the function
¢:m ' (U) = UxR",
defined by
@ (Z), Z:aj ai%
j=1

It can be easily seen that (77'(U), ) is a coordinate chart for TM. Thus,

> = (p(p), a1, ..., an).

TM is a smooth manifold of dimension 2n. The chart (77*(U), @) is called a
trivialization, and it has the property that for every ¢ € U, the map Q|7 :
T,M — {q} x R" is a vector space isomorphism.

We also have the cotangent bundle T*M. For p € M, just consider the dual space to the
tangent space T, M, TxM := Hom(T,,M;R), which is called the cotangent space to M at
p. Suppose that (U, ¢ = (x1,...,2,)) is a coordinate chart for M at p. We have seen that

P

9

|j=1,...,np forms a basis for T,M. Then, take the dual basis to the latter,
p

which is usually denoted by {dz;|,|j =1,...,n}. Thus, a generic element w, € TyM can

n
Wp = E :aj dz;lp,
j=1

for some real coefficients a1, ..., a,.

be written as
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The disjoint union of all the cotangent spaces,
T"M = Upen T, M = {(p,wp) | peM, w, € T;]\/[},

with the natural projection map 7 : T*M — M, w(p,w,) = p is called the cotangent
bundle of M. In a similar way as it was done for TM, T*M can be endowed with a

smooth structure making it into a smooth manifold of dimension 2n.

A (smooth) vector field X on M is a (smooth) section of the tangent bundle 7M. This
means that X : M — T'M is a smooth map such that m o X = Id;;. We denote the space
of (smooth) vector fields on M by X'(M).

More generally, for k € N, we can consider the space of (smooth) multivector fields of degree
k on M to be the space of (smooth) sections of the bundle A"(TM) = Uyep A" (T, M),
which is denoted by X¥(M). It turns out that the space of multivector fields, X(M) =
D .cn XF(M), becomes a graded Lie algebra, with the bracket given by the Schouten-
Nijenhuis bracket (for more details, see [La-GePiVal).

An exterior differential k-form (or de Rham k-form) is a smooth section of the bundle
N(T*M) = Upens /\k(T;M) The space of differential k-forms is denoted by Q*(M). In
local coordinates, if p € M and (U, = (x1,...,2,)) is a coordinate chart for M at p,
then w(p) = w, € /\k(T;M) looks like
Wp = Z A(j1,eeeir) dle |p ARERNA d$jk|p’
1<j1<<jr<n

for some real coefficients ag;, ... j,)-

The direct sum Q(M) = @,y V(M) = @j_, (M) is called the algebra of exterior
differential forms. Let us notice that this space has the structure of an algebra with

respect to the wedge product, A.

There is a differential operator of degree 1 on Q(M), d : QF(M) — QFFL(M) for every k,
locally defined by

dfzzg%dxj, for f € Q°(M)=C>*(M;R),
=17

dw =" dfy Ndzj, A+ Aday,,
J

where w = >, frdzj A+ Ndxy, € Q5(M), for k=1,...,n,and J = {(j1,..., k) | 1 <
Ji<-or <jr <n}.
The operator d is called the exterior derivative on forms or the de Rham operator, and it

can be seen that d satisfies:
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o A graded Leibniz’s rule: for every w € Q¥(M) and n € QY (M),
dwAn) =dwAn+ (=1)Fw A dn.

o dod=0.

The properties above mentioned tell us that (Q(M), d) is a differential graded commutative
algebra. So, (2(M), d) is a cochain compler, called the de Rham complex, and its homology
is the de Rham cohomology of M:

H§R<M ) =
where

Z¥(M) = ker(d : Q¥(M) — Q*(M)), and
B¥(M) :=Tm(d : Q*"(M) — Q~(M))

are the vector spaces of closed and exact k-forms, respectively.

Let us finish this brief digression on smooth manifolds remarking an important example.

Definition 4.2.2. A Lie group G is a group and, at the same time a smooth manifold,

such that both structures are compatible in the sense that the group operations

GxG—G, (91,92) — q1- 9o,
1

G—G, g—g
are smooth maps. Here, G x G has the usual smooth product structure.
A Lie algebra of a Lie group G is the tangent space to G at the identity element, g = T.G,

with the Lie bracket defined by a commutator of vector fields.

Example 4.2.3. The general linear group G = GL(n,R) is an open set in R"™, defined
by the condition det(g) # 0, for g € G. It is therefore a Lie group of dimension n?. Its
Lie algebra is the vector space End(R™) equipped with the usual commutator of linear

operators on R".
4.2.2 Symplectic Manifolds

Definition 4.2.4. Let M be a smooth manifold. A non-degenerate de Rham 2-form on

M is a differential 2-form w such that w, is a non-degenerate 2-covector on T,M, for
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every p € M. As we mentioned before, w is said to be closed if it satisfies the differential
equation dw = 0, where d is the de Rham differential.
A symplectic form on M is a non-degenerate closed 2-form. In this case we say that w is

a symplectic structure and that (M,w) is a symplectic manifold.

Notice that if (M,w) is a symplectic manifold then, M has even dimension (as a con-
sequence of Proposition 4.1.5) and it is an orientable manifold (in virtue of Proposition
4.1.6).

Let us make another remark.

Remark 4.1. From one of the equivalent definitions to w, be a non-degenerate 2-covector

on T,M, at every p € M, we can conclude that w defines an isomorphism
W :TM — T*M, (4.1)

from the tangent bundle onto the cotangent bundle. This morphism is explicitly given by

the formula
b
W’ (vp) = wp(", vp),
for every v, € T,M and p € M. The morphism w” lifts to a morphism between sections of

the tangent and cotangent bundles, that is, between vector fields and differential forms.

Example 4.2.5 (Local model). Let M = R?*" with the standard coordinates x1, ..., x,,
Y1y -, Yn- The form
w = Z dz; N\ dy;
j=1
is symplectic. w is clearly a closed form, and it is non-degenerate because its value at
every point of R*" is the symplectic tensor described in Example 4.1.1. This w is called
the standard symplectic form on R?",

In addition, the set {i 0

78.
p Y

n
oy } is a symplectic basis for T,M, for every point
J p) i
7j=1

pE M =R™M™
Example 4.2.6. Let M = C", with the standard coordinates z1, ..., z,. The form
i~ i
w= 3 ; dz, N\ dZ

is symplectic. In fact, this example is the same that the previous one under the identifi-

cation C = R?", 2z, = x, + i ys.



50 Foundations on Geometry and Mechanics

Example 4.2.7. Let M = S* = {p € R?*| ||p|| = 1}. Tangent vectors to S* at p may be
identified with vectors orthogonal to p. On S? there is a standard symplectic form, given

in terms of the inner and exterior products:
wp(u,v) := (p,u x vy, for u,v € T,S".
This form is closed because it is of top degree, and it is non-degenerate because
(p,uxv) #0 when wu#0.

Take for example, v = u X p.

We can construct new symplectic manifolds from old ones, as it is shown in the next

proposition.

Proposition 4.2.8. Let (M, w) and (My,wsy) be two symplectic manifolds, and let M =
My x My be the product space. Consider the projection maps

m s My x My — My, and m: My X My — M.
Then, the 2-form w defined on M by
W= MWy — TyWs (4.2)
18 symplectic.

Proof.
Notice first that

* k
dw = d(mjwy — Tyws)
= mydwy — mydws

=0,

since wy and wy are closed 2-forms (that is, dw; = dws; = 0). Hence w is a closed 2-form
on M.

We also observe that the tangent space at a point p = (py,p2) of the product manifold
M = M, x M, may be identified with the direct sum 7}, My @ T,,, M>. Since w;|,, and
walp2 are non-degenerate 2-covectors on T),, My and T, M, respectively, we conclude that

wl, is a non-degenerate 2-covector on 1, M. il

Remark 4.2. In the previous proposition it is also possible to define w (as it was done in

(4.2)) by taking the sum of the pull-backs of w; and of w, instead of their difference.
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Next, we are going to point out a special example. It has to do with how to regard the

cotangent bundle as a symplectic manifold.

Let @ be any n-dimensional manifold, and M = T™*(Q) its cotangent bundle. Let us say that
the smooth structure on @ is locally described by a coordinate chart (U, ¢ = (q1,...,Gn))-
Then, at any point g € Q, the set of differentials {dqi|q, . .., dgn|,} forms a basis for T;Q.
Consequently, if p € T;Q, then p = Z;”:l p; dgjlq, for some coefficients py, ..., p,. Hence,

we have a local map
U — R*™"
(qap) = (qb <o qny Py - - 7pn)-

It turns out that, (T*U,q1,...,qn,P1,---,Pn) is a coordinate chart for M = T*Q. Now,
we define a 2-form on T*U by

w = quj A dp;.

j=1

To see that w is coordinate-independent, let us consider the 1-form on 7T*U given by

T = ij dg;.
j=1

Notice that w = —dr. So, let us see that 7 is intrinsically defined and then w so is:

Let (T"U,q1,...,qu,p1,---,Pn) and (T*U’,qy,....q,, D}, ..,D),) be two coor-
dinate charts. On T*U N T*U’, the two sets of coordinates are related by

A Y/’ gk
p; = > k1 Dk aq, - Then,

n n n a /
"= =3 (3 kgf]’“)Z(aZj)dqz
j=1 3/ =1

7j=1 k=1
- oqy oq;
= Z dewie —Ldg = Z pk d(ﬂ
k=1 q; 9q fi=1
= pebudg = Zpkqu =T.
fed=1 k=1

The 1-form 7 is known as the tautological form or Liouville-Poincaré 1-form, and w is

called the canonical symplectic form on the cotangent bundle.

There is an alternative way to construct the tautological 1-form 7, which shows its intrinsic

character:



52 Foundations on Geometry and Mechanics

Let 7 : T*Q — @ be the projection map. Consider a covector (p,q) € T*Q, that is,
m(p) = ¢ and p € T;Q. Differentiating the map 7 at the point p, we obtain

d7T|p : Tp(T*Q) — T,r(p)Q = TqQ.

Then, for v € T,(T*Q), dr|,(v) is an element of T,(). This allows us to define

7lp(v) := pldrlp(v)).

Here is one of the central results in symplectic geometry. The Darboux’s theorem tells us

that, locally, all symplectic forms look like the standard symplectic structure.

Theorem 4.2.9 (Darboux’s theorem). Let (M,w) be a symplectic manifold of dimen-

ston 2n. Then, each point p € M has a coordinate neighborhood U, with local coordinates

Ty s oy Y1y - - - Yn, Such that
wly = Zda:j A dy;.
j=1
The coordinates x1,...,Tn, Y1, --,Yn are called Darboux’s coordinates. Thus, in Darboux’s

coordinates w|y is the standard symplectic form on U.

We will not make a proof of this theorem, since later in the section of Poisson manifolds
we will prove the Weinstein’s splitting theorem, which includes the Darboux’s theorem as

a special case.

We end this section with a brief digression about the Hamiltonian formalism of classical

mechanics.

In a mechanical system the geometric object which models the possible positions of that
system is given by a smooth manifold, called the configuration space, and the space which
models positions and velocities (or momenta) of the given system is the cotangent bundle
of the configuration space, known as phase space. Notice that the phase space has even
dimension. It turns out that this space can be equipped with a symplectic structure (in

the same way as it was done with the canonical form on the cotangent bundle).

In this context, a special function plays a decisive role in the evolution of the system. This
special function is known as the Hamiltonian, and the vector field associated to this func-
tion satisfies the property that its integral curves represent the possible paths describing

the mechanical system. From these tools and this approach to the study of analytical
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mechanics, it is discovered that what matters is not the symplectic structure of the phase
space, but its nature of Poisson manifold that is obtained by defining an operation on the
algebra of smooth functions of this phase space, called the Poisson bracket, which makes
this algebra a Poisson algebra and the evolution of the mechanical system can then be

written in terms of this bracket.

Our aim is to become familiar with this language and prove an important result: Noether’s

theorem.

A vector field X on M is said to be symplectic if it preserves the symplectic structure w,
that is, Lxw = 0. Taking into account that w is a closed 2-form and using the Cartan’s

formula, we obtain a characterization of these vector fields, in the following way:

Lxw=d(txw)+ tx(dw) = dixw,
0

so that X is symplectic if and only if txw is a closed 1-form.

A vector field X on M is called Hamiltonian if txw is an exact 1-form, that is, if there
exists f € Q°(M) = C>(M;R), such that w(X,-) = df. Since w’ : TM — T*M is a vector
bundle isomorphism, which lifts to an isomorphism on sections, w’ : X1(M) — QY(M), we

can go in the other direction to get this kind of vector fields, as follows:

Given a smooth function f € C®(M;R), we have the 1-form df € Q'(M).
Then we define the Hamiltonian vector field associated to f to be the vector
field X; on M that corresponds to df under the map w”. This means that
X; = (w”)7}(df). In other words, X; is the unique vector field on M which

satisfies

w(Xf, ) = df

Let us fix a smooth function H € C*(M;R) (who will play the role of the Hamiltonian

function). We want to figure out how Xy can be locally written. In Darboux’s coordinates

X1y ey Tny Y1, - - -, Yp O Some open neighborhood U, we write
- 0 0
Xy = » b
' ;<%5‘%+ Jﬁy)’

for certain smooth coefficient functions aq,...,a,,b1,...,b, to be found.
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Notice that, on U,

i 9
“(Xn,) de]Ady’( <ak0_$k+bk3ﬁyk) )
k=1

= Z (akéjk dyj — bk‘djk‘ dl‘J)

k=1
= Z(—bj dfﬂj =+ Gj dy]) (43)
j=1
On U we also have that
"\ (OH OH
dH = —dx; + —dy. | . 4.4
z_: (3%’ it Ay, yj) (44

Since {dx;,dy;}7_, gives rise to a basis for T*U at each point of U, from (4.3) and (4.4)

we conclude that the coefficients in the expression of Xy are given by

0 0
= — = —— forj=1,...
a; Dy, and b; Dz, or J RN )
Hence, on U,
~(OH 0 OH 0
Xy = E (—————) (4.5)
=1 8yj 8mj a$j 8yj

Definition 4.2.10. A (symplectic) Hamiltonian system is a triplet (M,w, H), where
(M,w) is a symplectic manifold, called the phase space of the system, and H € C*(M;R)

is called the Hamiltonian of the system.

The differential equation on M, associated to the Hamiltonian vector field Xy,

L) = Xu(x(1)),

where ¢ can be interpreted as a time variable, is called the Hamilton’s equation.

The maximal integral curves ¢ — 7(t) of the vector field Xy are called the trajectories of
motion of the Hamiltonian system (M, w, H) and the first integrals of this vector field are

also known as the first integrals of (M,w, H).

In Darboux’s coordinates, from the expression obtained for Xy in (4.5), the trajectories
of motion of the system (M,w, H), v(t) = (x;(t),y;(t)), satisty
d OH d oOH
ii(t) = — z;(t) = —(y(t d g:(t)= —y(t) = —=—((t
)= ) = 5o00). and 50 = Fut) =-5-00)

J
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for j = 1,...,n, which are the well-known Hamilton’s equations of motion.

Proposition 4.2.11. A smooth function f € C*°(M;R) is a first integral of (M,w, H) if
and only if {f, H} =0, that is, if f and H are in involution (or Poisson commute).

The space of first integrals of (M,w, H) is a Lie subalgebra of C*°(M;R), for the Lie
subalgebra structure defined by the Poisson bracket.

Proof.

Let us observe that a function f € C>®(M;R) is a first integral of the vector field Xy if
and only if its derivative along this vector field, Xy(f), vanishes. But, Xy (f) = {f, H}.
Thus, f is a first integral of (M, w, H) if and only if {f, H} = 0.

For the last statement of the proposition, let us notice that if f and ¢ are first integrals
of (M,w, H) then their Poisson bracket is also a first integral of (M,w, H) (Poisson’s
theorem) because, by the Jacobi identity,

{f9h HY ={/ H} 97 +{f {9, H}}
=1{0,9} +{/.0}
=0.

il

A trivial fact, in view of the skew-symmetry of the Poisson bracket, is that H is a first
integral of (M,w, H), because {H, H} = 0.

Remark 4.3. As a consequence of the preceding proposition and of the skew-symmetry
of the Poisson bracket, if f,g € C*°(M;R) then f is a first integral of (M,w, g) if and only
if (M,w, f).

From Hamiltonian vector fields we can define an operation on the algebra of smooth

functions on a symplectic manifold (M, w).
We will denote this operation by {,} : C*(M) x C*(M) — C>*(M), and it is given by

{f7g} = W(vaXg>?

for every f,g € C*°(M). Let us notice that {f, g} = X,(f), so that {f, g} is a measure of
the rate of change of f along the Hamiltonian flow of g.

In Darboux’s coordinates,
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It turns out that (C*(M;R),{,}) becomes a Poisson algebra, a notion which will be
defined later.

In order to state the Noether’s theorem, we give a final definitions.

If (M,w, H) is a Hamiltonian system, any function f € C>(M;R) that is constant on every
integral curve of Xy is called a conserved quantity of the system. A smooth vector field
Y on M is called an infinitesimal symmetry of (M,w, H) if both w and H are invariant
under the flow of Y.

Proposition 4.2.12. Let (M,w, H) be a Hamiltonian system.
(a) A function f € C*(M;R) is a conserved quantity if and only if {f, H} = 0.

(b) The infinitesimal symmetries of (M,w, H) are precisely the symplectic vector fields
Y that satisfy V(H) = 0.

Proof.

(a) It is a consequence of the following observation: if ; denotes the flow of the vector
field Xy, then

d

(i) =7 (L f) = 7 (e lf)
=9 (expyix,w) = vw(Xy, Xn)

=%/ H}.
(b) Let Y a vector field on M. If o, denotes the flow of Y, then

d * * d * * *
E(Utw) =0, (Lyw), and E(at H)=o0;(LyH)=0,Y(H).

From this, part (b) follows.
il

Conserved quantities turn out to be deeply related to symmetries. The following result of
deep consequences in theoretical physics, establishes a bijective correspondence between
conserved quantities (modulo additive constants) and infinitesimal symmetries of a Hamil-

tonian system.
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Theorem 4.2.13 (Noether’s theorem). Let (M,w, H) be a Hamiltonian system. If f is
any conserved quantity, then its Hamiltonian vector field Xy is an infinitesimal symmetry.
Conversely, if Hin(M) = 0, then each infinitesimal symmetry is the Hamiltonian vector
field of a conserved quantity, which is unique up to addition of a function that is constant

on each component of M.

Proof.

Suppose that f is a conserved quantity, then from the preceding proposition, 4.2.12, it
follows that {f, H} = 0. Hence X;H = {H, f} = —{f, H} = 0, so H is constant along the
flow of X;. Since w is invariant along the flow of any Hamiltonian vector field we conclude

that X is an infinitesimal symmetry.

Now suppose that H}p (M) is trivial, and let X be an infinitesimal symmetry of (M, w, H).
Then X is symplectic by definition, that is, txw is a closed 1-form. Since HLn(M) = 0,
Poincaré’s lemma allows us to write txw = df, for some f € C®(M;R), so X is a
Hamiltonian vector field. In fact, X = X;. By part (b) of the previous proposition we
have that

{fHY = —{H, [} = —X;(H) = =X(f) = 0,

thus f is a conserved quantity. Finally, let us notice that if g € C>°(M;R) is any other
function with the property X, = X = X/, then

d(g — f) = w(Xy — Xy,-) =0,

so g — f must be constant on each component of M. v
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Chapter 5

Poisson Structures

In this chapter, we present some basic notions of Poisson structures, making an abstraction
of the essential ideas developed in the last section of the previous chapter, on symplectic
geometry. Then we see how these tools come into play in contexts of Poisson varieties and
of Poisson manifolds. A more thorough discussion of the subject can be seen in [AdvMVal,
[BLVi], [DuZu], and [La-GePiVa], which have also been references to the following presen-

tation.

5.1 Preliminary notions

In geometric terms, a Poisson structure on a smooth manifold M associates to every
smooth function H on M, a vector field Xy on M. When it comes to classical mechanics,
this vector field leads to the equations of motion, taking as Hamiltonian function H.
The essential ingredient here is the Poisson bracket, defined on smooth functions on M,
requiring that this is a Lie bracket in order to make valid the Poisson’s theorem, which

states that the Poisson bracket of two constants of motion is itself a constant of motion.

In algebraic terms, a (generally infinite-dimensional) vector space A is considered, endowed

with two different algebraic structures to identify:

© A commutative and associative multiplication.

¢ A Lie bracket.

With the first one, a commutative associative algebra is obtained. With the last one, a Lie

algebra is obtained. In addition, both structures are compatible. Roughly speaking, this

99
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compatibility condition, which will be mentioned later, is what allows us to get derivations

on A from elements of A. Here, derivations play the same role of vector fields.

In what follows, we fix a ground field F of characteristic zero, keeping in mind, as usual
examples, the fields R or C.

Definition 5.1.1. A Poisson algebra is an F-vector space A equipped with two binary
operations: -,{,} : A x A — A, such that

o (A,-) is a commutative associative algebra over F, with 1.

o (A, {,}) is a Lie algebra over F.

¢ Both structures are compatible in the sense that
{fg7h}:f{gah}+g{fah’}7 for every fagahEA' (51)

In this case the Lie bracket {,} is called a Poisson bracket.

Typical examples of Poisson algebras are the algebra of regular functions on an (affine
algebraic) variety, and the algebra of smooth (or holomorphic) functions on a smooth (or

complex) manifold.

Let us notice that a skew-symmetric bilinear map {,} : A x A — A which satisfies (5.1),

will be a Poisson bracket on A whenever Jacobi identity is hold:

{F Ag.h}} +{g.4h, f1} +{h.{f,9}} =0, forevery f,g,h € A. (5:2)

It is in this context that, in modern language, Poisson’s theorem comes alive. Let us fix an
element H € A. We will say that f € Ais a constant of motion relative to H if { f, H} = 0.

Theorem 5.1.2 (Poisson). If f and g are constants of motion relative to H, then so it
is {f, g}
Proof.

By hypothesis we have that {f, H} = {g, H} = 0. Thus, in view of Jacobi identity we get
that

{{f7g}7H} = {{f7H}7g}_{{g7H}7f}
= {07g}_{07f}
=0,
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which means that {f, g} is also a constant of motion relative to H.

Here we have used that {0,a} = 0, for every a € A, as an easy consequence of property

(5.1). 7

In the algebraic language, property (5.1) means that for every H € A the linear map
f—{f,H} is a derivation on A.
We recall that a linear map D : A — A is called a derivation on A (with values in A) if

D(f-9)=D(f)-g+ f -D(g), forevery f,g€ A, (5.3)

that is, when D satisfies Leibniz’s rule.

In analogy with vector fields on a smooth manifold, we denote by X'(A) the Lie algebra
of derivations of A, where the Lie bracket [,] on X'(A) is given by the usual commutator,
that is,

[D1,Ds) = Dyo Dy — Dyo Dy, for Dy, Dy € X'(A).

In fact, Poisson bracket defined on 5.1.1 leads to a biderivation on A, in virtue of skew-
symmetry and property (5.1). We recall that a bilinear map B : A x A — A is called a
biderivation on A (with values in A) if for every f € A, B(-, f) and B(f,-) are derivations
on A. The F-vector space of biderivations on A is denoted by X?(A).

As it is usual when dealing with algebraic structures, it is convenient to have a way to

compare them. This leads to the notion of morphisms between Poisson algebras.

Definition 5.1.3. Let (Ay,-1,{, }1) and (As, -2, {, }2) be two Poisson algebras over F. A
linear map ¢ : A; — As is called a morphism of Poisson algebras if for every f,g € A; it
holds that

o w(f19) =p(f)20(9),
o o({f,gt1) = {w(f), v(9)}2-

From the previous definition it is clear that a Poisson morphism respects both algebraic
structures, being a morphism of commutative associative algebras, and a morphism of Lie
algebras. In addition, if ¢ : A; — A, is a morphism of Poisson algebras and ¢ is bijective,
then =1 : Ay — A, is also a morphism of Poisson algebras. In this case ¢ is called an

1somorphism of Poisson algebras.

Next, given a Poisson algebra (A4, -, {, }), we distinguish two algebraic substructures: sub-
algebra and ideal refer to the associative multiplication and, Lie subalgebra and Lie ideal
refer to the Lie bracket.
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Definition 5.1.4. Let (A, -, {, }) be a Poisson algebra and let B C A be a vector subspace.
Then

o B is a Poisson subalgebra of A if it is a subalgebra and a Lie subalgebra of A. That
is,
B-BCB and {B,B}CB.

o B is a Poisson ideal of A if it is an ideal and a Lie ideal of A. That is,

B-ACB and {B,A} CB.

If B is a Poisson subalgebra of A then B becomes itself a Poisson algebra. It turns out
that the inclusion map ¢ : B < A is a morphism of Poisson algebras if and only if B is a
Poisson subalgebra of A.

If B is a Poisson ideal of A then the quotient A/B inherits a Poisson bracket from A. In
a similar way, the projection map 7 : A — A/B is a morphism of Poisson algebras if and

only if B is a Poisson ideal of A.

So far, for a fixed field F, we have defined a category whose objects are the Poisson algebras
over F and whose morphisms are the morphisms of Poisson algebras.
Next, we point out important objects and facts when dealing with Poisson algebras.

Definition 5.1.5. Let (A,-,{,}) be a Poisson algebra and let H € A. The derivation
Xy = {,H} of Ais called a Hamiltonian derivation and we call H a Hamiltonian
associated to Xz. We define

Ham(A) = {Xy | H € A},

the F-vector space of Hamiltonian derivations of A, so that we have an F-linear surjective

map

X:A— Ham(A)

An element in the kernel of the last map is called a Casimir. In other words, H € A is a
Casimir if Xy (f) ={f,H} =0, for every f € A. We denote the set of Casimir elements
by

Cas(A):={H € A|{f,H} =0, for every f € A}.

In virtue of bilinearity of {,}, Cas(A) is an F-vector space. Actually, it is the center of
the Lie algebra (A, {,}).
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We summarize some basic important facts in the next proposition.

Proposition 5.1.6. Let (A,-,{,}) be a Poisson algebra.

(1) Cas(A) is a subalgebra of (A,-), which contains the image of F in A, under the
natural inclusion a — a - 1.

(2) If A has no zero divisors, then Cas(A) is integrally closed in A.

(3) Ham(A) is not an A-module (in general). Instead,

Xrg=fXg+9Xs, forevery f,g € A

(4) Ham(A) is a Cas(A)-module.

(5) The map A — X'(A), defined by H — —Xpg is a morphism of Lie algebras. As a
consequence, Ham(A) is a Lie subalgebra of of X'(A).

(6) The Lie algebra sequence
0 — Cas(A) — A = Ham(A) — 0
18 a short exact sequence.

Proof.

(1) Let us see first that C'as(A) is a subalgebra of (A, ).
Let f and g be two Casimir elements of A. Notice that f-g is also a Casimir because
property (5.1):
{hafg} = _{fgah} = _f{gvh}_g{fah}
=fAhgt+g-{hf}
=f-04¢9g-0=0, foreveryhe A.
This shows that Cas(A) is a subalgebra of (A,-). Now, if a € F and f € A then

{f,a-l}z—{a-l,f}:—a-{l,f}:—a-{l-l,f}
=—a-1-{1,f}—a-1-{1,f}
:_2a'{17f}:2{f7a'1}7

and hence {f,a-1} =0. Soa-1 € Cas(A), for every a € F.
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(2)

Let f € A be integral over Cas(A). This means that there exists a monic polynomial
p(T') € Cas(A)[T], such that p(f) = 0, which we can assume to be the one of smallest
degree. We are going to show that f € Cas(A).

If deg(p) = 1, it is clear that f € Cas(A).

Let us suppose therefore that d := deg(p) > 1. From property (5.1) we have that
0={p(f),q}t =0 (H){f, g}, for every g € A, where p’ denotes the formal derivative
of p. But p/(f) # 0, as d~'p’ would otherwise be a monic polynomial of degree
d—1, such that d=1p/(f) = 0, contradicting the minimality of d. Since A has no zero
divisors, it follows that {f, g} = 0, for every g € A, which shows that f € Cas(A).

Set f,g,h € A. Then

Xf'g(h) = {haf ’ g} = _{f ’ gah}
= [ Xy(h) + g Xs(h).
Thus, X, = f X, + g X;.
In order to prove that Ham(A) is a Cas(A)-module, it is enough to show that if
H € A and f € Cas(A) then f Xy € Ham(A). In fact, if g € A then, by property
(5.1),
fXulg)=Ff {9, H} ={9,f-H} + H-{f,9}
={9.f-H}+H-0=X.u(yg),

because f € Cas(A), which implies that {f, g} = 0.
Thus, f Xu(9) = Xr.u(g), for every g € A. Hence f Xy = Xp.p € Ham(A).
We have mentioned that X is a an F-linear map, then so it is —X : A — X'(A). Let

us see that this map preserves the Lie bracket; that is, set f,g € A and let us show
that [- Xy, —Xy| = —X{;4. In fact, if h € A then, by Jacobi identity,

—X(p.gr(h) = —{hA{f, g3} = {f {9, h}} + {9, {h. f}}
=—{{g.h}, f} = {{h, f}, 9}
=—X;({g.h}) — Xy({h, [})
= X;({h,g9}) — X;({h. f})
= Xy (Xy(h)) — Xo(Xy(R))
= [ Xy, Xg|(h) = [- X}, =X ](R).



Poisson Varieties 65

We conclude that —X : A — X!'(A) is a morphism of Lie algebras. In particular,
the image of this map is a Lie subalgebra of X'(A), but —X(A) = — Ham(A), then
so it is Ham(A).

(6) In the sequence 0 — Cas(A) — A = Ham(A) — 0 we have that Cas(A)
and Ham(A) are Lie subalgebras of A (because Cas(A) is the center of (A4,{,}))
and (X'(A),[,]), respectively. It is clear that ¢ : Cas(A) < A is injective and
—X : A — Ham(A) is surjective, so it is enough to show that Cas(A) = Ker(—X).

First, if f € A is such that —X; = 0, then X; =0, thus f € Cas(A).

On the other hand, if f € Cas(A) and g € A then —X;(g) = —{g, f} ={f.9} =0,
thus —X; = 0 and therefore f € Ker(—X). This shows that the short exact

sequence above is exact.

il

In the case where A is an algebra of functions on some variety or manifold, the properties
of a Poisson bracket on A acquire a geometrical meaning.

Next we will make a brief introduction to Poisson varieties and Poisson manifolds, dis-
covering this way beautiful applications of Poisson brackets in algebraic and differential

geometry.

5.2 Poisson Varieties

Let us recall that an affine variety is an irreducible algebraic subset M of an affine space
F?¢.  Algebraic in the sense that M is the zero locus of a family of polynomials in d
variables. In this context we can consider the prime ideal Z of Flzy, ..., z4], which consists
of all polynomial functions vanishing on M. It turns out that Flzy, ..., z4]/Z becomes a
finitely generated, commutative associative algebra, which can be regarded as an algebra
of functions on M, since the evaluation of elements of Flxy, ..., 24]/Z at points of M is
a well-defined function. We will denote this algebra by F(M) := F[xy,...,x4]/Z, which
is called the affine coordinate ring of M. Let us notice that F(M) has no zero divisors,

since M is irreducible.

Definition 5.2.1. Let M be an affine variety and suppose that F(M) is equipped with
a Lie bracket {,} : F(M) x F(M) — F(M), which makes (F(M),-,{,}) into a Poisson
algebra. Then (M, {,}) is said to be an affine Poisson variety.
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Let us see now how to compute the Poisson bracket of two functions, in the case of an

affine Poisson variety.

Proposition 5.2.2. Let {,} be a Poisson bracket on A =F|xy,...,x4]. Then the Poisson
bracket of f and g in A is given by

(o= 3 o) o (5.4
jk=1
Proof.
Since both sides of (5.4) are bilinear in f and g, it is enough to show (5.4) in the case
when f and g are monomials in x1,..., x4 Let us reasoning according to the degree of f
and g.

If f or g is a monomial of total degree 0, then the right hand side of (5.4) is zero but this
is also the case for the left hand side, since constant functions are Casimirs.

Equality in (5.4) is also evident when f and g are monomials of degree 1. Take into account
that 0f/0x; and 0g/0x), are deltas of Kronecker in this situation; thus, the double sum
reduces to the only bracket term which consists of f and g.

Let us suppose that (5.4) holds when deg(f) + deg(g) < n, for some n > 2, and let us
show that it holds for all f and g such that deg(f) + deg(g) = n+ 1. Let f and g be
non-constant monomials such that deg(f) + deg(g) = n + 1; by skew-symmetry we can
assume that deg(f) > 1. Then, there exist monomials fi, fo € A with lower degrees than
deg(f), such that f = f; fo. Now we use the recursion hypothesis and the fact that {,} is

a biderivation to get

{f7g}:{f1f27g}:fl{f2a9}+f2{f17g}
a 2 a 8 1 8
A r o2 2 Z{x], ny 5o 5

Jk 1 =
_ ]kzl{x], o) (ﬁ + /> af1> o
—]kzl{ 77k} g;ﬁ) D,
- St g

Next we present the notion of a morphism of (affine) Poisson varieties.
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Definition 5.2.3. Let (M;,{,}1) and (M, {, }2) be two Poisson varieties. A morphism
of varieties ¢ : My — My is called a Poisson morphism if the dual morphism ¢* : F(Ms) —

F (M) is a morphism of Poisson algebras.

Here, the dual morphism ¢* is defined as ¢*(f) = fop, for every f € F(Ms). In this case,
the condition that ¢* : (F(Ma),{, }2) — (F(M;),{, }1) is a morphism of Lie algebras can

be written as

{f,gt200={fop,gopt, forevery f,g€ F(Ms).

In conclusion, for a fixed field F, we have defined a category whose objects are (affine)
Poisson varieties and whose morphisms are Poisson morphisms between Poisson varieties,

defined as above.

We finish this section with the notion of the rank of a Poisson structure.

Lemma 5.2.4. Let (M,{,}) be an affine Poisson variety and let p € M. The rank of the
Poisson matric X = ({T;,Tx});xr evaluated at p is independent of the chosen generators
Z1,...,2q of F(M). (z; denotes the class of x; in the quotient F(M) = Flzy,...,24]/T.)

Proof.

It is enough to prove that if 77, ..., T4 are generators of F(M) and T; is an arbitrary ele-
ment of F (M), then the matrices X, = ({Z;, Tr} (p))1<jn<a and X, = ({T5, Tr } (P))o<jr<d
have the same rank. Let us say that Tg = f(Zo,...,Tg), written as a polynomial in
T1,...,2q. According to the proposition 5.2.2,

(7. 75} p) Z{x],xk} 9 )

then the zeroth column of QEp is a linear combination of the other columns of )?p, that is,
the columns of X,. Hence, X, and X, have the same rank. )

In view of the last lemma, the following definition makes sense.

Definition 5.2.5. For a Poisson variety (M, {,}) and a point p € M, the rank of the
Poisson matrix of { , } with respect to an arbitrary system of generators of F (M), evaluated
at p, is called the rank of {,} at p, denoted by Rk,{,}. The rank of {,}, denoted by

RE{ .} is the maximum max,ecn Rk,{, }.

We highlight some important facts about the rank of a Poisson structure in the context

of Poisson varieties.
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Proposition 5.2.6. Let (M,{,}) be an affine Poisson variety.

(4)
(i)

(i)

For every p € M, Rk,{,} is an even number.
For each s € N, let us define
My :={pe M| Rk,{,}>2s} C M.

Then Mgy is open. In particular, the set U := {p € M| Rk,{,} = Rk{,}} is open

and dense in M.

RE{ .} is at most equal to the dimension of M.

Proof.

(4)

(i)

(iid)

It is a consequence that, for a system of generators 77, ..., Ty of F(M), the Poisson
matrix of {,} at p € M is the skew-symmetric matrix X, = ({7, T }(p)) %, Whose

rank is even.

Let us consider the open subset R, C gl; of all d x d matrices of rank greater
than or equal to 2s. Since M, is the inverse image of R, by the continuous map
X : M — gl,, defined by p — X}, then M,y C M is open. Now, since the considered
topology here is the Zarisky topology, these open subsets are dense as soon as they

are non-empty.

Let us consider p € M and let us say that Rk,{,} = 2r. Now, let us take p’ € M,
which is a smooth point of M (i.e. dim(T,M) attains its minimal value, precisely the
dimension of M, dim(M)). Such a point exists because M,y and the set of smooth
points of M are both dense in M.

Then, Rky{,} < Rky{,} < dim(ly/I}) = dim(M).

Since p is an arbitrary point of M in the last formula, we conclude that Rk{,} <
dim(M).

i

5.3 Poisson Manifolds

In this section we will consider both real and complex manifolds. So, when we say that

M is a manifold and ¢ : M — N is a map, we will be meaning one of the two possible
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contexts: M is a smooth manifold and ¢ : M — N is a smooth map, or, M is a complex
manifold and ¢ : M — N is an holomorphic map. In a similar way, F(M) will be the
algebra of real-valued smooth functions or the algebra of complex-valued holomorphic

functions on M.

For every p € M, the tangent space to M at p is T,M, which consists of pointwise
derivations at p. Specifically, 9, € T, M is a linear form on the vector space of all function

germs at p, satisfying the Leibniz’s rule:

op(f 9) = f(p) 6p(9) + 9(p) 6p(f),

where f and g are function germs at p.

The dual space to T, M is the cotangent space to M at p, denoted by TyM. We denote
by XY(M) the F(M)-module of vector fields on M. Tt is usually convenient to to think
a vector field X € X'(M) through its action on local functions, in the following way: if
U is a non-empty open subset of M and f € F(U), then X(f) : U — F is given by
X(f)(p) = X,(f), for every p € U. Here, X, € T,M.

As a consequence of Hadamard lemma (see [La-GePiVal), the basic pointwise skew-symmetric

biderivations % A 2| span the vector space of all pointwise skew-symmetric bideriva-
Z » Oz, »

tions at p, which is denoted by A*(T,M).

A bivector field on M is a map P : M — /\2(TM), such that for every p € M, P, €
N*(T,M), and for every open subset U C M, and f,g € F(U), P(f,g) € F(U), where
P(f,qg) is the function on U defined by P(f,¢)(q) = F,(f,g), for every ¢ € U.

In local coordinates, (U, x), P can be written as

P = Z P(x;,xy) 9 A o (5.5)

, dx;  Oxy
1<j<k<d

Definition 5.3.1. Let II be a bivector field on a manifold M. We say that II is a Poisson
structure on M if for every open subset U C M, the restriction of I to U makes F(U)

into a Poisson algebra. In this case, (M, 1) is called a Poisson manifold.

In bracket notation, {f, g} = II(f,g), where f,g € F(U). {,} is a Poisson bracket. So,

according to (5.5), II can also be written as

0 0

1<j<k<d
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Since the Poisson bracket is a biderivation, it vanishes whenever one of its arguments is
constant. In this way, to every Poisson bracket on M we can associate an F(M)-linear

map

I: QY (M) x QY(M) — F(M)
(df,dg) — {f. g}

This 1T is called the Poisson tensor associated to {,}, and the latter bracket can be

reconstructed from I1:
{f, 9} = 1(df, dg) = TI(df A dg).

From II we obtain a map
I: QYM) — XH(M),

given by 11(df)(g) = I(dg A df) = {g. [}.

The preceding reasoning shows that II(df) = {-, f} = X, for every f € F(M), where X;
is the Hamiltonian vector field associated to the function f.

We denote the bundle map T*M — TM that corresponds to II with the same letter.
Notice that, in the case where M is a symplectic manifold, this I is just the inverse map

of the isomorphism w’, given in (4.1).

There is an important characterization for a given bivector field to be a Poisson structure.

We make a little discussion about this fact.

Given a bivector field II on M, a necessary and sufficient condition for Il to define a
Poisson structure is that [II,IT]s = 0 € X*(M), where [, ]s denotes the Schouten-Nijenhuis
bracket. Let us see how this condition is achieved.
Let IT and II" be two bivector fields on M. For the next computation we will use the
bracket notation, let us say that I = {,} and II' = {,}’. Then, the Schouten-Nijenhuis
bracket of IT and II' is the trivector field given by

[H7 Hl]S(fvgv h’) = {{f7 g}v h}/ + {{g7 h}? f}/ + {{h7 f}ug}/
+{{f g}, h} +{{g, n}, [} + {{h. f}. g}

So that
[HvH]S(faga h) = 2( {{f7g}7h} + {{g7h}7f} + {{h7f}7g}>7

for every f,g,h € F(M). The above computation shows that II is a Poisson structure if
and only if {,} satisfies the Jacobi identity, if and only if [II, IT]s = 0.

The following proposition tells us a way to compare two given Poisson manifolds.
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Proposition 5.3.2. Let ® : M — N be a map between two Poisson manifolds (M,1I)
and (N,II"). Then ® is a Poisson map if and only if /\2(T<I>)H = Il', that is, for every
pe M, N(T,0)0, =T,

Proof.

Let p be a point of M, (U,z) be a coordinate chart for M around p, and f,g be two
functions defined on a neighborhood of ®(p). We have that

0 0
II = {zj, 26} =— N —.
1§j§§d J Ox;  Oxy
Then,
NI = S AT Lo o) —| A 2| )19
P PRI - P 7 aZL‘j 8:Ek ’
1<j<k<d p p
= Y e ne (ai ) AT (ai ) (1.9
1<j<k<d Ljlp Tk Ip
0 0
= {zj, 26} (p) 5| N 5| (fod,go®)
1<j;<d J 6xj P 8xk p

={fo®,g02}(p).

Setting {,}’ = II', we have that Il (f,9) = {f, g} (®(p)), so that N (T, )11, = IT if
and only if {fo®, go®}(p) = {f, g} (P(p)), that is, if and only if ¢ is a Poisson map. &

A standard construction for a new Poisson manifold from old ones is the product of Poisson
manifolds. For the next proposition, let us indicate the Poisson structure by the bracket

notation in order to get no confusion with the projection maps.

Proposition 5.3.3. Let (My,{, }1) and (Ma, {, })2 be two Poisson manifolds. The prod-

uct My x My has a natural Poisson structure such that the projection maps
7T11M1><M2—>M17 and o My X My — M,
are Poisson morphisms.

Proof.

In order for m; and m to be Poisson morphisms it is necessary and sufficient to define

{7l fumig} = mi{fioh, and {7 fo, m5g0} = m5{fo, g2 }o,
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for every f1,g1 € F(M;) and fo, g0 € F(Mz). In addition, we set {7} f1, 75 f2} := 0 for
every fi € F(My) and fy € F(Ms). These definitions extend uniquely to a skew-symmetric
biderivation {, } on F(M; x M,). Here is important to point out that the Poisson matrix
of {, } with respect to the system of local coordinates coming from local coordinates on M;
and on M, has a block form, where each block is the pull-back under 7} or 75 (according
to the case) of the Poisson matrix with respect to those local coordinates on M; and on
Ms;. Hence, the Jacobi identity is satisfied. v

In the previous chapter we made a discussion about a Hamiltonian vector field Xy, as-
sociated to a Hamiltonian function H € F(M). More generally, a vector field X is said
to be a locally Hamiltonian vector field if there exists H € F(U) such that X = Xy on
U. In this case, H is called a local Hamiltonian of X. According to (5.6), if (U,z) is a
coordinate chart and H € F(U), then Xy can be written as

d
OH 0

jk=1

Hamiltonian vector fields have a special behavior together with the bivector field II, pro-

vided that the latter is a Poisson structure, as it is stated in the following proposition.

Proposition 5.3.4. Let (M,I1) be a Poisson manifold. The Lie derivative of 1 with
respect to every (locally) Hamiltonian vector field is zero. As a consequence, the flow of

each (locally) Hamiltonian vector field preserves the Poisson structure.

Proof.

Let U be an open subset of M and let us consider f,g € F(U). We want to show that
if H € F(U) then Lx,II(f,g) = 0. For this, we will use the classical formula for the Lie

derivative of a tensor (in this case of a bivector field), that is,

LxP(f,g9)=X(P(f,9)— P(X(f),9)— P(f, X(9)),

where P € X?(U) and X € X! (U).
As it is usual, let us denote IT = {, }. Then,

»CXHH(fvg) :XH({fag}) - {XH(f)ag} - {f>XH(g)}
= {{fag}aH}_{{qu}ag}_{f7{g7H}}

={f.o} H} + {{H, f}. 9} + {9, H}, [}
=0,
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because II is a Poisson structure, so {, } satisfies the Jacobi identity. v

The previous fact motivates the following definition.

Definition 5.3.5. A vector field X is called a Poisson vector field if the Lie derivative of
IT with respect to X vanishes, that is, LxII = 0.

Thus, proposition 5.3.4 states that every Hamiltonian vector field is a Poisson vector field.

To finish this section, next we present a deep classical result on Poisson geometry, which
states that, in the neighborhood of a point where the rank of the Poisson structure is 2r,
the Poisson manifold is a product of a symplectic manifold of dimension 2r, and a Poisson

manifold which has rank zero at the origin. The proof is taken from |La-GePiVal.

Theorem 5.3.6 (Weinstein’s splitting theorem). Let (M,II) be a Poisson manifold.
Let © € M be an arbitrary point and denote the rank of I1 at x by 2r. There exists a
coordinate neighborhood U of x with coordinates qi,...,qr, D1y Dy 21, -, 25, centered
at x, such that, on U,

~ 0 9, 9] 9,
I=> —N—+ Z SOkl(Z)—k/\— (5.8)

where the functions @i are (smooth or holomorphic) functions which depend on z =

(z1,...,2s) only, and which vanish when z = 0.

Such local coordinates qi,...,qwP1s---,Pr,21,-..,2s are called splitting coordinates, cen-
tered at x.

Proof.

We proceed by induction on r.

For the case r = 0, it is clear that for every Poisson manifold (M, II) and for every point x
such that the rank of I at x is zero, an arbitrary system of local coordinates (z1, ..., zq),
centered at x, works.

Let r € Z* and assume that the theorem is valid for every Poisson manifold, at every
point where the rank is 2(r — 1).

Let (M,II) be a Poisson manifold and let x € M be a point for which Rk, II = 2r. We
will show that the theorem holds for (M, 1I) at z.

Since Rk,II > 0, there exists a function p; on a neighborhood of x, which can be taken
in such a way that p;(z) = 0, whose Hamiltonian vector field X,, does not vanish at x.

Since X, (z) # 0, there exists by straightening theorem (see [La-GePiVal) a system of
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o

coordinates (g1, v5, ..., y,) on a neighborhood U’ of x, centered at z, such that X, = B

Writing {, } = II, it follows that

0
{a, 1} = X, (1) = I

B oq
[anXm] = X{pl,ql} =—X; =0 and,
Xp(y;) =0, forj=2,...,d, onU.

Y

Writing X, in terms of these coordinates,

0 <K 0
X, =& — + p——
q 51 aql JZ2§] ayj

where §; = X, (¢1) = {1, 1} = 0, and all the coefficients &, ..., &, are independent of ¢,
since X, and X, commute. In addition, let us notice that

d
> 60) 5 = Xy (p)() = {1 Hr) = L

J

=2

so that the vector field X, is independent of ¢; and does not vanish at z. Apply-
ing the straightening theorem once more, we may introduce a system of coordinates
(1,7, Y3, --,yq) on a neighborhood of z, centered at x, where p},ys,...,ys depend on
Yo, ...,y only, with

d
0 Z 0
— Y = X,
opy = Oy
Substituting p} by p; we consider g1, p1,¥s, - - ., yq, which is also a system of coordinates

on a neighborhood U of z, since

0
3123’1 = —Xo(p1) ={a,pm} =1,

in a neighborhood of . Since p,ys,...,ys depend on v, ..., 1y, only, 6%1 has the same
meaning in both coordinate systems, so that the Poisson brackets take in the new coordi-

nates the following form:

{Q1>p1} = 17
oy
11— _X V=21 _
{‘ha yj} q1 (y]) ap/l )
9y;

Py} = =X (y5) = =0,

B oq
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for j = 3,...,d, and we conclude that, in terms of the coordinates ¢, p1,ys,...,yq, Il is
given by
ne 2,9, > A } 0 (5.9)
= No— Yk Yt 5= A - :
Iq 8p1 3<ki<d 8yz

As an easy consequence of the Jacobi identity for II = {,}, we get that {{yg, ui}, 1} =
{Hyk,ui}, 1} = 0, therefore {yx,y;} is independent of ¢; and py, for all k,l. The Jacobi
identity also yields that the second term in (5.9) defines a Poisson structure II' on a
neighborhood V' of the origin of F42. Tt turns out that II' has rank 2(r — 1) at 0, and
by the induction hypothesis, there exist local coordinates qo,..., ¢ P2y .-, Pry 21, - - -, Zss

centered at 0, such that I’ takes on V' the following form:

0 0
28—%/\—4' Z (pkl(z)a_zkA(’)_zl'

Op I 1<kl<s
In terms of the system of coordinates ¢, qo, ..., q-, p1,p2,...,0r, 21, - - -, 2s, Which is cen-
tered at x, II takes the required form (5.8). M

Example 5.3.7. A prime example of a Poisson manifold is that of a symplectic manifold
(M,w), that is, w is a non-degenerate closed de Rham 2-form. Such a manifold carries a
Poisson structure, which is defined for smooth functions f,g € C>(M;R) by

{fvg} = w(Xfu Xg>7
where for H € C*(M;R), the Hamiltonian vector field Xy is defined by
W(XH7 ) =dH.

This notation is coherent with the one we had before in order to write Xy = {-, H}.

The previous theorem shows that every Poisson manifold which has constant rank is
a symplectic manifold and that for any Poisson manifold the Hamiltonian vector fields
define a generalized distribution whose leaves inherit a natural symplectic structure. (For
more details, see [AdvMVal)

Example 5.3.8. It is possible to describe all Poisson structures on C? because in this
situation the Jacobi identity is trivially held for any skew-symmetric biderivation on F(C?).
Let us denote the standard coordinates on C? by x and y. Then, every Poisson bracket

on C? is of the form

of dg 99 Of
—p (L9 9T 5.10
tray=v (L2290, (5.10)
for some ¢ € F(C?), where f,g € F(C?). In fact, it is easy to see that ¢ = {z,y}, and
for any ¢ € F(M) the formula (5.10) defines a Poisson structure on C2.
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Example 5.3.9. Any constant skew-symmetric d x d matrix is the matrix of a Poisson
structure on C?. This Poisson structure is known as the constant Poisson structure. Using

the classification theorem for skew-symmetric bilinear forms there exists a linear system

of coordinates 1, ..., x4 of C? with respect to which the Poisson matrix takes the form
0 Id. O
X=|-Id 0 0
0 0 O

In this case, the rank of the Poisson structure is 2r

Example 5.3.10. Given a smooth manifold M, we can equip this with the trivial Poisson
structure: {f,g} =0, for all f,g € F(M) = C>(M). The rank of M is zero everywhere,

and the symplectic leaves are precisely the points of M.

Example 5.3.11. Let M be a connected symplectic manifold and N be an arbitrary
smooth manifold, equipped with the trivial Poisson structure. Then M x N is a Poisson
manifold with symplectic leaves {M x {q}|q € N}.

Example 5.3.12. The coadjoint orbits of a Lie group G can be realised as the symplectic
leaves of the Poisson manifold g* (see [AdvMVal). Let us mention that the Poisson bracket
on g* is given by

{f,1} () = (@, [df |5, dnly]), (5.11)
for f,h € C*(g*) and ¢ € g*. Here, df|, and dh|, are interpreted as elements of g when

computing the bracket. Rewriting (5.11) for A = H (in order to recognize a Hamiltonian

function) as
Xulo(f) = (o, _addH|¢df|s0> = <ad:lH|(p90>df‘tp>a

we find that the Hamiltonian vector field Xy is given, at ¢ € g* by

XH|50 = ad:{thogpa

where ad : g — End(g) indicates the adjoint representation of the Lie algebra g.

For example, if we consider the Lie group G = SU(2), then g* = su(2) ~ R3, and
the coadjoint action consists of rotations about the origin. The corresponding orbits are

concentric spheres about the origin, {0B(0;r) | r > 0}, each of which is symplectic.

Corollary 5.3.12.1. The only local invariant of a reqular (smooth or complex) Poisson
manifold (M,11) is its rank, RkII.



Chapter 6

A brief discussion on Integrable

Systems

In this chapter, we give some basic notions, results and examples of a Integrable Systems
in the context of Poisson varieties and of Poisson manifolds. A more thorough discussion
of the subject can be seen in [AdvMVal|, [Fo| [Lee] and [Va], which has also been a reference

to the following presentation.

6.1 Geometric precedents

The aim of this section is to present the notion of a generalized distribution, which has been
already mentioned in previous sections, and a central result in this subject: the Frobenius

theorem.

Let M be a (smooth or complex) manifold of dimension n. Instead of having a tangent
vector at each point of M, as is the case of a vector field on M, one may have a k-
dimensional subspace of the tangent space T, M. In this way we arrive to the notion of a

distribution.

A (generalized) k-dimensional distribution E on M is a datum of a k-dimensional subspace
E, of T,M, for every p € M. We say that E is smooth (or holomorphic) if for every p € M
there exist smooth (or holomorphic) vector fields V3, . .., V} on a neighborhood U of p, such
that for every ¢ € U, E, is the subspace spanned by the tangent vectors Vi, ..., Vi,

7
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There is also a similar version of integral curves in the case of distributions. An integral
manifold is a k-dimensional connected immersed submanifold N of M such that T, N = E,,

for every ¢ € N.

Example 6.1.1. In F", the vector fields 8%1’ ce % span a smooth (or complex if F = C)
distribution of rank k. The k-dimensional affine subspaces parallel to F" are integral

manifolds.

Unlike integral curves, integral manifolds need not exist in general, even locally. We point
out an important obstruction: if X and Y are two vector fields which are tangent to some
submanifold N (this means that X|,, Y|, € T, N, for every ¢ € N) then their Lie bracket
[X,Y] is also tangent to N.

We say that E' is an involutive distribution if for every vector fields X and Y on M, such
that X|,,Y|, € E,, for every p € M, their commutator [X, Y] also holds the last property:
[X.Y]|, € E,, for every p € M.

E is said to be completely integrable if for every point p € M there exists an integral

manifold of E everywhere of maximal dimension which contains p.

Given a k-dimensional distribution £ C T'M, we say that a coordinate chart (U, p =
(x1,...,2,)) is flat for E if p(U) is a cube in F", and at points of U, E' is spanned by the
first k£ coordinate vector fields 6%1, ce %.

A foliation of dimension k on M is a collection F of disjoint, connected, non-empty,
immersed k-dimensional submanifolds of M (called the leaves of the foliation), whose
union is M, and such that in a neighborhood of each point p € M there exists a flat chart

for F.

Example 6.1.2. The collection of all k-dimensional affine subspaces of F™ parallel to

F* x {0} is a k-dimensional foliation of F™.

Example 6.1.3. The collection of open rays of the form {Ax| A > 0} as x ranges over
F™ — {0} is a 1-dimensional foliation of F" — {0}.

Example 6.1.4. If M and N are connected manifolds, the collection {M x {¢}| ¢ € N}

forms a foliation of M x N, each of whose leaves is isomorphic to M.

The Frobenius theorem states that if F is a (smooth or holomorphic) k-dimensional dis-

tribution, then the following conditions are equivalent:

¢ F is involutive.
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o FE is completely integrable.

o FE arises from a k-dimensional foliation on M.

6.2 Algebraic integrability in Hamiltonian systems

Recall that an affine Poisson variety (M,{,}) is an affine variety M (defined over C) with

a Poisson algebra structure {, } on its algebra of regular functions F(M).

In the algebraic geometric context a vector field is a section of the tangent sheaf, which
is well-defined, even at singular points. For instance, to every f € F(M) there is an
associated vector field Xy, defined by X = {-, f}, which is called the Hamiltonian vector
field associated to f.

Recall also that a regular function whose associated Hamiltonian vector field is zero is

called a Casimir. The Casimirs form a subalgebra of (M), denoted by Cas(M).

Let A be a subalgebra of F(M). To every point p € M we may associate an algebra
homomorphism x, : A — C, given by x,(f) := f(p), for every f € A. To this point p we
can also associate the ideal {f —x,(f) | f € A}, which is a point in Spec(.A), the spectrum
of A. Thus, we have a natural map

wa: M — Spec(A)
p=A{f =] fe A}

We denote the Krull dimension of A by dim(.A). It turns out that, if A is finitely generated
then dim(A) = dim(Spec(A)).

Definition 6.2.1. Let (M, {, }) be an affine Poisson variety and let A be a subalgebra of
F(M).

o A is called involutive if {A, A} = 0.

o We say that A is complete if for any f € F(M) one has {f, A} = 0 if and only if
feA

The triplet (M,{,}, A), where A has the above two properties is called a complete invo-
lutive Hamiltonian system.
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Lemma 6.2.2. Let (M,{,}) be an affine Poisson variety. Then
dim(Cas(M)) < CoRk{,} :=dim(M) — Rk {,}.

Proof.

Let us consider a general fiber F' of the map M — Spec(.A), which is also induced by the
inclusion map A — F(M). We are going to use the fact that

dim(M) — dim(F) = dim(Cas(M)).

We also use the fact that Rk {,}r = Rk{,}, because F is a general fiber.

Since dim(F) is equal to the number of independent derivations of F (M), and Rk {, }r is
equal to the number of independent Hamiltonian derivations of F (M), at a general point
of F, then

dim(Cas(M)) = dim(M) — dim(F) < dim(M) — Rk{,} = CoRk{,}.
il

Proposition 6.2.3. Let (M,{,}, A) be a complete involutive Hamiltonian system. Then
1
dim(A) < dim(M) — 5 RE{,}.

Proof.

Let F be a general fiber of the map A — Spec(A), and let {, } r be the induced Poisson
structure on F. We use the fact that

dim(F) = dim(M) — dim(A). (6.1)

Next, we claim that involutivity of A implies that independent derivations can be con-
structed using elements of A.

For this, recall that the ideal F' is generated by the functions f — x,(f), where p € M is
arbitrary but fixed and f ranges over A. For any g € A we have

Xo(f =x(f)) ={[, 9} =0,

hence X, is tangent to the locus defined by the ideal F', which is the same F'.

Now, we are going to show that the elements of A lead to dim(A) — dim(Cas(M)) inde-

pendent derivations. For this, let us consider a nested sequence of subalgebras

Cas(M)=Ag C A C---CA =F(M),
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where dim(A;+1) = dim(A;) + 1, for every j = 0,...,r — 1. In particular, r = Rk {,}.
For any j = 0,...,r, let us denote by n; the number of independent vector fields coming
from A;. Thenn; <njy <n;j+1, ng=0 and n, =r,sothat n; = j,forall j =0,...,r.
From this and taking into account that dim(F') is equal to the number of independent

derivations of F(M) at an arbitrary point of F', we obtain

dim(F) > dim(A) — dim(Cas(A)). (6.2)

1

From Lemma 6.2.2, (6.1), and (6.2) we find
1
2 2

dim(A) < = (dim(M) + dim(Cas(M))) < dim(M)

RE{.}.

The previous proposition motivates to make the following definition.

Definition 6.2.4. If (M,{,}) is an affine Poisson variety whose algebra of Casimirs is

maximal and A is a complete involutive subalgebra of F(M) then A is called integrable if
1
dim(A) = dim(M) — 3 RE{,}.

The triplet (M, {, },.A) is then called and integrable Hamiltonian system and each non-zero
vector field in Ham(A) = {Xy| f € A} is called an integrable vector field.
The dimension of A is called the dimension or the degrees of freedom of the integrable

Hamiltonian system. M is called its phase space and A its base space.

6.3 Integrable systems on Poisson manifolds

The aim of this section is to give a notion of integrability in the sense of Liouville for

Poisson manifolds and present the Liouwille’s theorem.

The next definition is the analog version of Definition 6.2.1, given in the case of affine

Poisson varieties.

Definition 6.3.1. Let (M, {, }) be a Poisson manifold and let f,g € F(M). We say that
f and g are in involution (or Poisson commute) if {f,g} = 0. For a subset A of F(M) we
say that A is involutive if any two elements of A are in involution.

In order to give an interesting example, let us make a brief digression on bi- Hamiltonian

manifolds.
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Some Poisson manifolds carry another Poisson structure. This fact is relevant

in the study of Hamiltonian vector fields in relation to integrability.

Definition 6.3.2. Let M be a manifold and let {,};,...,{,}s be s Poisson structures
such that any linear combination of them is also a Poisson structure. Then these Poisson
brackets are called compatible Poisson structures, and M equipped with these Poisson
structures is called a multi- Hamiltonian manifold.

In the cases s = 2,3, it is usual to say that M is bi-Hamultonian, respectively tri-

Hamiltonian manifold.

If P, and P, denote the Poisson bivector fields that correspond to two Poisson brackets
{,}1 and {, }2 on M, then, for A\;,\s € F, A1 {,}1 + A2{, }2 is a Poisson bracket if and
only if

[MPL+ 2Py, MPL 4+ APy |s =0,

which is equivalent to [Py, P»]s = 0 (in the non trivial cases A1, Ay # 0), since [Py, Pi]g =0
and [Py, Py]s = 0. From this observation, it can be concluded that s Poisson structures
{, h,...,{,}s are compatible if and only if these s Poisson structures are pairwise com-

patible.

Consider a bi-Hamiltonian manifold (M, {, }1,{, }2), where {, }2 is not a scalar multiple
of {,}1. A vector field X is called bi-Hamiltonian vector field if it is Hamiltonian with

respect to both Poisson structures.

We are now ready to illustrate the following example, which keeps the same spirit that

Remark 4.3, given at the end of the first chapter, in the context of symplectic manifolds.

Example 6.3.3. Let X be a bi-hamiltonian vector field on a bi-Hamiltonian manifold
(M, {,}1,{, }2). Then, there exist functions f,g € F(M), such that X = {-, f}; and
X = {:,g}2. The special fact to note is that f and g are in involution with respect to both

brackets, because

{fag}2:X<f):{f7f}1:O, and

More generally, suppose that there is a sequence of functions A = {f;| j € Z} C F(M),
such that {-, f;}2 = {-, fj+1}1. These data are known as a bi-hamiltonian hierarchy. In

this case, for any j < k in Z,

Ui il =Afi feire = {fisn foer i = - = {fw, fih,
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so that {f;, fr}1 = 0, by skew.symmetry of {,};. It follows that A is involutive with

respect to {, };. Using the same argument, A is also involutive with respect to {, }».

Given s functions fi,..., fs € F(M), we denote by F' = (f1,..., fs) the s-tuple of this
data. Since {f, g} = X,(f) and since [ X, Xy| = —X{; 4 (as it was proved on Proposition
5.1.6), for any f,g € F(M), the following proposition follows immediately, without any
difficulty.

Proposition 6.3.4. Let (M,{,}) be a Poisson manifold and let us suppose that F =
(fi,..., fs) is involutive. Then,

(a) The Hamiltonian vector fields Xy, ,..., Xy, commute.

(b) The subalgebra of F(M), generated by the functions fi,..., fs is also involutive.

A version of Poisson theorem also appears in the context of Poisson manifolds, as it might

be expected.

Proposition 6.3.5 (Poisson). Let (M,{}) be a Poisson manifold and let f,g,h €
F(M). If {f,1} =0 and {g,h} = O then {{f. g}, h} = 0.

Proof.

Is is a consequence of the Jacobi identity, in the same way as it was done in Theorem
5.1.2. v

Let us fix a function H € F(M), which can be thought of as the Hamiltonian of a
mechanical system. Let us suppose that F' = (fi,..., fs) is an s-tuple of elements in
F (M), not necessarily in involution, but each of them in involution with H. In this case,
X is tangent to each of the hypersurfaces f; = constant, thus, all functions fi,..., fs are
constant on the trajectories of Xy. This is the reason why functions in involution with H

are classically called constants of motion or conserved quantities.

Finding enough independent constants of motion is very useful for the explicit integration
Hamilton’s equations. Next, we make precise the definition of the word independent in the
last assertion, and point out some important facts in the general context we are working
with.

Definition 6.3.6. Let (M, {,}) be a Poisson manifold and suppose that F' = (fi,..., fs)
is an s-tuple of elements in F(M). We say that F' is independent when the open subset
on which the differentials dfy, ..., dfs are independent is dense in M.
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This means that F' = (fi,..., fs) is independent if and only if the set

Up :={p € M| dfil, N Ndfs|, # 0}

is a dense open subset of M. We can express locally this condition in other way: for a

point p € M, let us take local coordinates x1, ..., z, in a neighborhood of p. Then, p € Up

()
Oy 1<j<s, 1<k<n

=J =9 txhv>

has rank s. It is evident that s < dim(M) when F = (f,..., fs) is independent.

if and only if the matrix

Proposition 6.3.7. let (M,{,}) be a Poisson manifold of rank 2r and suppose that
(fi,..., fs) is independent.

(a) If f1,..., fs are Casimirs then s < dim(M) — 2r.
(b) If (f1,--., f2) is involutive then s < dim(M) — r.

(¢) If F = (f1,...,fs) is involutive with s = dim(M) — r, then

dzm(span{Xfl |p7 e 7st p}) S 7",

for any p € Up, with equality if p € Up N M.

Proof.
We only show part (a). The rest of the proof can be found in [AdvMVal.

For p € M let us consider the map ﬁp : Ty M — T,M given by

ﬁp(df’p) = Xglp = {-, [} (»),

for every f € F(M). Recall that Rk, {,} denotes the rank of II,, and that for every f
in Cas(M) the covector df|, belongs to Ker(Il,), whose dimension is dim(M) — Rk, {, }.
Let F' = (fi,...,fs) be independent and let p be any point in the non-empty open set
Ur N M. Then dfi,, ..., dfs|, are independent. If fi,..., f; are Casimirs then we have
that

s < dim(Ker(I1,)) = dim(M) — 2r.
il

Now we are going to present the analog version of Definition 6.2.4, in the context of Poisson

manifolds
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Definition 6.3.8. Let (M, {,}) be a Poisson manifold of rank 2r and set a s-tuple F' =
(f1,..., fs) of elements in F(M). We say that F' is completely integrable, in the sense of
Liouville, if it is involutive, independent and s = dim(M) — r. In this case, (M, {, }, F) is
said to be a completely integrable system.

The vector fields Xy, are then called integrable vector fields, and F', regarded as a map
with values in F, is called the momentum map.

We say that the integer r is the number of degrees of freedom of the integrable system and

we call 2r its rank.

Let us notice that on Up N My the Hamiltonian vector fields Xy ,..., Xy, define an
integrable distribution D of rank r. The integral manifolds of D are the leaves of a
foliation F. Let us define F, the invariant manifold of F' = (fi,..., f) that passes
through p € Ur N M;, as the leaf of F passing through p. It turns out that F is an
(embedded) submanifold of M.

We finish this section with the Liouville Theorem for real integrable systems. The proof

of this theorem is taken from [La-GePiVal.

Theorem 6.3.9. Let (M,{,}, F) be a real integrable system of rank 2r, where F =
(f17"'7f8)'

(a) If F} is compact then there exists a diffeomorphism from F) to the torus T" = (R/Z)",
under which the vector fields Xy, ..., Xy, are mapped to linear vector fields.

b) If F! is not compact, but the flow of each of the vector fields X ;. is complete on F/

P fi P

then there exists a diffeomorphism from F} to a cylinder R™!xT! (0 <1 <r), under
which the vector fields Xy, are mapped to linear vector fields.

Proof.
For j =1,...,r, let us denote the flow of the integrable vector field X, by dU) . We are

going to make the assumption that each ) is complete on F[’), that is, @) is defined for
all ¢ € R. By ordering the functions f;, if it is necessary, we may suppose that the first r
vector fields Xy, ,..., Xy are independent at p. These vector fields are then independent

at every point of F}. In fact, since these Hamiltonian vector fields pairwise commute,
T
Ly, (Xp A AXp) = X A AKX, X AL A Xy, =0,
i=1

for j =1,...,s. This means that Xy A...A Xy, is conserved by the flow of each one of the

vector fields Xy, ..., Xy, . In particular, since this r—vector field is non-vanishing at p, it
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is non-vanishing on F). Therefore F} is a leaf of the distribution defined by Xp,,..., X},
in a neighborhood of F}.
By the completeness and commuativity of the vector fields Xy, ..., X}

s

on FT’, we can

define an action of R" on F} by
R X FL = F, o ((t,...t),q) = @) o0 87(g).

Since F, is the integral manifold through p of the distribution defined by the first r
integrable vector fields, this action is transitive on F) and F) becomes a homogeneous
space. This action is also locally free, because the vector fields Xy, are independent at
every point of Fj). Therefore the stabilizer is a discrete subgroup of R", let us say S,, and
F} is diffeomorphic to R"/S,. If F} is compact, then S, must be a lattice, so R"/S), is a
torus, smoothly embedded into M. Otherwise S, is a discrete subgroup whose rank [ is
at most r — 1 and R"/S,, is diffeomorphic to R"~! x T!. By construction, the vector fields

Xy, are mapped to translation-invariant vector fields in both cases.

il
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