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Abstract 
Monte Carlo simulations combined with the Heisenberg model and Metropolis algorithm were used to study the equilibrium magnetic 
properties of magnetic multi-core nanoparticles of magnetite. Three effects were considered in this simulation: the Zeeman effect, magneto 
crystalline anisotropy, and dipolar interaction. Moreover, the influence of the size distribution (mean diameter and standard deviation) on 
the magnetization was analyzed. As an important result, a reduction of the equilibrium magnetization caused by the dipolar interaction and 
the magneto crystalline anisotropy was observed. On the other hand, the nanoparticle size increase produces an enhancement in the 
equilibrium magnetization, because of the lower influence of dipolar interaction. Cooling temperature effect was also observed, presenting 
a decrease in the equilibrium magnetization as the temperature was increased. The influence of the easy axis direction was studied. 
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Competición entre la anisotropía y la interacción dipolar en 
nanopartículas multi-núcleo: simulación Monte Carlo 

 
Resumen 
Se realizaron simulaciones computacionales empleando Monte Carlo combinado con el modelo de Heisenberg y el algoritmo de Metropolis con el 
fin de estudiar las propiedades de equilibrio magnético en nano partículas multi-núcleo de magnetita. Se consideraron tres tipos de efectos: Interacción 
Zeeman, anisotropía magneto cristalina e interacción dipolar. Se observó una reducción en la magnetización debido a la influencia de la interacción 
dipolar y la anisotropía. Se estudió el efecto de la distribución de tamaños (diámetro medio y desviación estándar) en la magnetización de las nano 
partículas, obteniéndose un mejor comportamiento magnético para tamaños grandes, ya que, en este caso se reduce la influencia del término de 
interacción dipolar. Se estudió además el efecto de la temperatura y de la dirección del eje fácil de magnetización sobre las propiedades magnéticas. 
 
Palabras clave: Nanopartículas multi-núcleo, Monte Carlo, Interacción dipolar, Anisotropía magnetocristalina, magnetita. 

 
 
 

1.  Introduction 
 
Nanostructures have been widely studied for several 

applications as semiconductors [1], cements [2] mechanics 
[3] and magnetics [4] among others. The use of magnetic 
nanoparticles in several technological applications has 
increased, making the experimental and theoretical 
investigations very important and even essential [5]. Over the 
past few years, the scientific community have studied the 
applications of nanoparticles in medicine and the most 

important applications have been those using  nanoparticles 
as magnetic carriers in bio separation [6-8], drug delivery 
[9,10] and mediators for hyperthermia in cancer treatment 
[11-13]. Magnetic particles composed by several magnetic 
single domains, named multi-core nanoparticle (MCN), can 
be used in bio-medical applications [14], because of their 
higher particle magnetic moment compared to single-core 
particles containing only one or a few magnetic single 
domains [15]. The efficiency of the bio-medical applications 
based on magnetic MCN depends on the well-characterized  
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magnetic properties of these particles [8,16]. In the case 
of biomedical application, nanoparticles should be small in  

order to produce a super-paramagnetic behavior to avoid 
agglomeration and remain in circulation without being 
removed by the body’s natural filters such as the liver or the 
immune system [15,17,18]. Magnetic multi-core 
nanoparticles typically have a hydrodynamic diameter of 50–
200 nm containing a magnetic core consisting of a cluster of 
magnetite (Fe3O4) or magnetite (g-Fe2O3) single domains 
with a diameter of about 5–20 nm each, surrounded by a non-
magnetic coating (e.g. dextranorstarch) [19,20]. 

There are a few theoretical works in MCN which have 
studied the magnetic properties of MCN [19,21-22]. 
Nevertheless, they have not studied the influence of different size 
distributions of MCN in the magnetic properties of these systems.  

In this work, we carried out a numerical investigation in order 
to study the influence of the single-domain size distribution on 
the magnetic behavior of MCN systems. Monte Carlo simulation 
based on the Heisenberg model and Metropolis algorithm were 
carried out to study the MCN magnetic properties with different 
single-domain size distribution. The magnetic anisotropy of the 
single domains and the dipolar interactions between the single 
domains were considered and their influence on magnetization 
was studied. The influence of the temperature on magnetization 
behavior was also studied. 

 
2.  Simulations model   

 
The geometry and model employed in these simulations 

of MCN are similar to those described by V. Schaller et al. 
[19]. The geometry consists in a three dimensional cluster of 
single domains where each domain is randomly located in a 
finite tree dimensional volume and is in contact with at least 
one neighbor in the cluster. The sizes of the single domains 
vary according to a log-normal distribution. Fig. 1 (a) shows 
a cluster of nanoparticles implemented in this work and Fig. 
1(b) presents one of the log-normal distributions employed 
for the simulations. Each single-domain has a uniform 
magnetization due to the coherent rotation of the atomic 
moments within the single domain [23]. Hence, the magnetic 
moment of the single domain is represented by a classical 
vector with magnitude 
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where, Ms is the intrinsic saturation magnetization and Vi 

is the volume of the i-th single domain. 
The model is based on a three dimensional classical 

Heisenberg Hamiltonian which is described by 
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Figure 1(a). Simulated 3D cluster of 100 spherical single domains with log-
normal size distribution and (b) Size distribution of 100 single domains of 
diameter Dm randomly sampled from a log-normal distribution function 
(solid line) with a mean diameter of 10 nm and standard deviation 2.5nm. 
Source: The authors 

 
The first term describes the Zeeman energy with B


as the 

external applied magnetic field. The second term corresponds 
to the anisotropy energy, where 

ie
 as a unit is the vector along 

the magnetization easy axis of the single domain, and 
aK  is 

the anisotropy constant. The last term is the dipolar 
interaction, where µ0 is the vacuum permeability and 

jiij rrr


  is a distance vector joining the centers of the two 

dipoles (
i
 and

j ). This interaction is taken into account if 

the distance between the single domains is less than or equal 
to five times the mean diameter. Further increases of the 
distance do not influence the simulation results for the 
particle [19]. 

Monte Carlo simulations with the standard Metropolis 
algorithm were used for calculating the cluster equilibrium 
magnetization. A first direction of

i
  is chosen and H1 is 

calculated. A random direction of 
i
  is chosen and H2 is 

calculated. The difference ∆H is calculated and the new 
direction of 

i
 is accepted or rejected according to the 

Metropolis criterion [24] with the probability determined by 
the Boltzmann distribution factor exp (-ΔH/KBT), where KB is  
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Table 1.  
Values of size parameters used in the simulations.  

Mean diameter (nm) Standard deviation (nm) 
6 1.7 

8.8 3.5 
10 2.5 
19 4.5 

Source: The authors 

 
 

the Boltzmann constant and T is the absolute temperature.  
This procedure is undertaken for all the single domains. 
Because the MCN is in suspension in a liquid (non-magnetic 
coating), the rotation of the particle in the liquid must be 
considered in the algorithm. Then, the interaction energy 
between the applied magnetic field B


and the total magnetic 

moment of the particle 
p , defined as the vector sum of all 

the Nth single domains ( 


N

i ip 1
  ), is calculated by 
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Contrary toV. Schaller et al. [19], we calculated the energy 

difference ∆Hp changing the direction of
p . The direction of p



obtained by the sum of all single domains is used to calculate 
Hp1,Hp2is calculated choosing a random direction of

p . As 

explained above the new direction is accepted or rejected 
according to the metropolis criterion. This procedure is carried 
out at each Monte Carlo step (MCS). 

The particle equilibrium magnetic properties are 
characterized by the projection of the particle magnetic 
moment in the direction of the applied field BBpB


/ 

The magnetization is defined as
magB V/ , where 

magV is the 

sum of the volume of all single domains and 
B  is the 

average value [19]. 
Around 50000 MCS were considered in order to compute 

equilibrium averages. The parameter values used in our 
simulation were an absolute temperature Tof 293K, an 
intrinsic saturation magnetization of Ms=350kA/m which is 
a typical value for magnetite single domains in the nanometer 
range at room temperature. The anisotropy constant used was 
1.5x104J/m3; these values were used by Vincent Schaller et 
al. [19].Three different cases of the easy axis direction were 
studied: random direction, the magnetic field direction and 
the single domain direction. All the simulations were carried 
out for 100 single domains and the sizes varied according to 
a log-normal distribution. The parameters needed to 
construct a log-normal distribution are the mean diameter Dm 
and the standard deviation σ of the single domains. In our 
simulations, we used different size distributions with similar 
values to those obtained in experimental works of magnetic 
nanoparticles [19, 2, 5]. These values are shown in Table 1. 

 
3.  Results and discussion 

 
Fig. 2 presents magnetization curves for three different 

cases of the easy axis direction at a size distribution of Dm=6 

nm and σ= 3.5 nm. An increase in the magnetization values 
was observed when the easy axis has the same direction of 
the external magnetic field. Both, magnetic field and the 
anisotropy produce an ordering effect in the single domains; 
therefore, magnetization in this case is higher than in the 
others. Anisotropy aligned randomly and in the single 
domain direction can reproduce the real behavior of MCN 
systems, where the easy axis of each single domain is 
oriented in different directions. 

Figs. 3(a) and 3(b) show the influence of the anisotropy 
and the dipolar interaction on the magnetization depending 
on the applied field. Curves at room temperature (293K) for 
two cases of easy axis direction were obtained: at random and 
the external magnetic field directions. 

Parameters used were Dm=8.8nm and a standard deviation 
σ=3.5nm; the external magnetic field direction remained 
constant in the x-axis. Fig. 3(a) shows the magnetic curves 
when the direction of the easy axis was randomly chosen. The 
signature of both, dipolar interaction and anisotropy effects on 
these systems is a reduction of equilibrium magnetization 
[19,22]. According to the reports [26], it must be stressed that 
the resulting magnetic structure depends upon the anisotropy 
and consequently magnetization is affected. Fig. 3(b) shows 
the magnetic curves when the easy axis was chosen in the 
magnetic field direction. In this case, the magnetic behavior is 
contrary to the random case, it is because the anisotropy 
generates an ordering in the system, and it aligns the single 
domains. This effect combined with the alignment generated 
by the magnetic field produces a higher magnetization.  
According to the literature, for the case of a nonzero anisotropy 
(KV≠ 0), the magnitude of the average value of atomic spin 
projection onto the rotating total moment direction depends on 
the angle between the anisotropy axis and the direction of the 
total magnetic moment [27]. Regarding the dipolar interaction 
effect, it seems to have a poor influence on the magnetic 
properties. This interaction enlarges the disorder of the 
magnetic moments but not as simply as thermal fluctuations 

 

 
Figure 2. Magnetization curves obtained by Monte Carlo simulation for a cluster 
of 100 single domains, Dm 6nm, σ 1.7nm (293K), for three different easy axis 
directions: random, magnetic field direction and single domain direction. 
Source: The authors  
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Figure 3.Magnetization curves obtained for a cluster of 100 single domains, 
Dm 8.8nm, σ 3.5nm (293K),taking in account only dipole-field interaction, 
and all three interactions. a) Directions of easy axes were chosen randomly. 
b) Directions of easy axes were chosen in the same direction as the applied 
magnetic field. 
Source: The authors 

 
 

do. Firstly, the structure of the systems—spatial arrangement 
and easy axis distribution—affects the energy barrier 
distribution and consequently affects the magnetization 
process; secondly, the dipolar interaction can also introduce 
a certain magnetic order which also gives rise to a large 
spread in the effective energy barrier distribution as the 
nanoparticles concentration increases [28].  

In Fig. 4, the magnetization obtained for different size 
distribution is plotted as a function of the applied magnetic 
field. Random directions of easy axes were chosen to 
simulate real cases.  These curve shows that the saturation 
magnetization decreases as the sizes of the single domains 
decrease. This behavior has been reported for magnetic 
nanoparticles in experimental works [29-31]; nevertheless it 
is attributed to a surface disorder in small nanoparticles due 
to the increased surface/volume ratio [30,32]. 

F. Tournus et al. [33] stated that the final moment of a 
nanoparticle assembly is proportional to its volume. In this 
work, we have represented MCN as a system composed by 
spherical particles with uniform magnetization, according to 
the Stoner and Wohlfarth model [32,34]. It means that all 

spins are collinear and rotate coherently without 
differentiating the core and surface nanoparticle components. 
This representation is valid for small particles and dense 
systems [32], hence the obtained results indicate that the 
reduction in the saturation magnetization is not only 
associated to surface disorder but also to the sizes of the 
single domains (MCN size). Thus, this could be due to 
dipolar interactions being dominant among small sized 
nanoparticles due to less separation between the magnetic 
particles. According to many experiments, substantial dipolar 
interactions between nanoparticles in a compacted sample (as 
presented here) were observed, finding evidence that the 
nanoparticles in dense samples are organized in a dipolar 
super spin-glass system [35]. Then, the super paramagnetic 
behavior is better observed in small particles (6nm 
and10nm), and when the particle size increases, the magnetic 
behavior tends to be ferromagnetic. The magnetite particles 
are ferromagnetic when they exceed the super paramagnetic 
limit, which is in the order of 26nm at room temperature [35]. 
Thus, it could be concluded that for different applications 
(i.e. medical interest), the nanoparticles size is highly 
relevant. If the nanoparticle size is lower than a critical value, 
the dipolar interaction increases, this being negative for the 
total magnetization (that decreases). On the other hand, if 
nanoparticle size is greater than the critical value, not only do 
the nanoparticle clusters tend to behave in a ferromagnetic 
way, but they are also difficult to transport into the body and 
to eliminate. 

Figs. 5(a) and 5(b) show the magnetization as a function 
of the applied magnetic field of 100 single domains with 
Dm10nm and σ of 2.5 nm for different temperatures. Easy 
axes were chosen randomly. The obtained behavior in Fig. 
5(a) is consistent with the expected; as the temperature 
increases, the magnetization exhibits a slight increment. The 
small reduction in the magnetization is due to the small 
disorder caused by the temperature in the orientation of the 
single-domain magnetic moments that presents a competition 
with the magnetic field. Given that one of the most important 
applications of these nanoparticles is in medicine—as they 
are inserted into biological organisms—Fig. 5(b) shows the 
magnetization curve for temperatures close to the human 

 

Figure 4.Magnetization curves of different size distributions. All curves 
were simulated at 293K, easy axes were chosen randomly. 
Source: The authors  
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body temperature. This behavior allows us to observe that the 
multicore nanoparticles exhibit a super paramagnetic 
behavior presenting almost the same magnetization, this 
being a suitable characteristic for medical applications in the 
human body. 

 
4.  Conclusions 

 
The magnetic properties of MCN were studied using 

Monte Carlo simulations combined with the Metropolis 
Algorithm. In agreement with previous works, a reduction in 
the equilibrium magnetization was observed as a 
consequence of dipolar interaction and anisotropy The 
magnetization behaviour of different size distributions was 
studied, observing that the reduction in size of the 
nanoparticles produces a decrease in the saturation 
magnetization, caused by the increase in the dipolar 
interaction. The influence of the temperature on the 
magnetization was also studied, finding that temperature 
generates a disorder in the system causing a reduction in the 
magnetization. It was also found that for temperatures close 
to the human body temperature, the magnetic behaviour of 
MCN does not change. 
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Figure 5 Magnetization curves of 100 singledomains with Dm10 nm and 
σ=2.5 nm for different temperatures a) 293K, 300K and 500K. b) 
Temperatures close to the human body temperature 293K, 300K and 310K. 
Source: The authors 

The influence of the easy axis direction in the 
magnetization behaviour was studied, and it was found that 
the random direction decreases the magnetic behaviour 
generating a disorder in the system. The magnetization 
increased when the easy axis was chosen in the same 
direction as the applied magnetic field; in this case, the 
anisotropy increased the magnetic ordering in the system, in 
contrast to the random case.  
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