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ABSTRACT

2 5 - o
In the field F of convolution quotients, A~ is the operator of
e
X
integration of fractional order & and A f is the Riemann- Liouville

integral of order O of f. In this paper we give a generalization of
o,
this operator, which is denoted as /Ja . Some particuiar cases are

mentioned and the inverse operator is obtained.

1. Introduction. In a certain approach to the solution of mixed boundary va-
lue problems, an important part is played by certain operators of fractional integration.
A brief account of operators of fractional integration is given in Sneddon’s book
[131, Operators of fractional integration involving generalized hypergeometric
functions have been defined and discussed by Kalla {6, 7, 81, Riemann-I.iouvi-
Ile and Weyl fractional integrals and their connections with certain integral trans-
forms are given in [3, 4, 5] .. Kalla and Saxena [9] have discussed integral ope -

rators involving Gauss hypergeometric function F. and they have established



their connections with the Hankel operator [10] .

On the other hand, when we look into the field ' of convolution quotient [ 1,

12] . A, the constant function {11, which is the restriction of Heaviside’s unit

[unciion 1o the half line 7> 0, plays an important role as an operator F L is
X . (04

regarded as the operator of integration of fractional order «, and b / the Rie-

mann- Liouville integral of order o of f.

The object of the present paper is to generalize the operaior 5%, We denote

. a’ V . .
the generalized operator as ba f. Several special cases of this operator are
mentioned and the inverse operator is discussed. Integral operators involving Be-

ssel functions can also be derived from our generalized operator.

2. Definition and Special Cases. We have [1, p. 141

h(t) =1, (1)
t
)+ h(t) = b2t) = [ h(x)b(1-x) dx = 1, (2)
(7]
ﬂ"(]

o ' (-1
b ('f—‘) o Re(n) > 0. (3)

()

Thus, the Riemann-Liouville fractional integration of order & may be conside -

“red as .
X
y -1
h — | (x-1) f(1) dt, Re(®) > 0 (4)
["(w
0
If we set
v-1 at
f(t) =t e , Re(v) »0, Re(a) >0, (5)

then [3, p.187]



BUE ] e i Bt G T s b )
Pra oy 100 (e s axl, (6)
where
= ] N ;
h S and ) S . (7)

The relation (6) can be rewritten as

(S—ﬂ)—ll gk = d
s b, s ey sax) (8)
& Moy 11
= =¥ |8
We shall denote the operator _(s_q/(__)__ by /*(/‘ ; thus
Ly (s-a)
by == (9)
For any clements g ¢ . we have
RY
o ' il
by 87— (x-1) (v o calx=0) . g() dr,
(1)
° (10)
Re (1r) 0. Re(a) > 0. When >0
X
320 gt I (x-t) ghdr. Re(i) 0 (11)
4 b —_— x-t g1 dr . e (2 ,
e % £ Tw

0
we obtain the Riemann-Liouville fractional integral of order 0 (4) .

L,
We mention some .s'pv(-iui cases of our g('nvruli/vd operator b”

(i) By virtue of the relation [ 11, p 2711

. ax
II(, L (l.\) [ 24 ([_‘))



x

we have , v—1 .1
he Ve l—(’—)— -0 e (13)
-

Similarly on using the special cases of the conflucut hypergecometrie function 11y

LIL p 271 ], we obtain the following particular cases ol our sperator :

%
1% 2
(iil) b, e~ 2__//&/. [ c(x-1) 1 g(t)dt, (14)
¢“ c\m
()

where Erf. stands for error function [11 1,

(iii) If we replace o and v by v+ 1 and v+ respectively,then we ob-

tain
vielv+ 3 72'/1‘(1r41) i a(x-t) a(x-1)
lrﬂ g — exp(-'__) IV (_'._____)3(,) dt .
a" I'( 21+ DJ, 2 Y
(15)
iv) I -k and @ = p+ L+ k  then we gel
X
.‘l+;+/\:;u§ -k 1 -k-1 (x-1)
b ) = - (x-1) n.\;(“_’_“_)m [a(x-1)1g(t)dt
- € (1“'/‘[‘(2,1&1)‘[ 4 2 k.p
0
(16)
3. Inverse Operator . THEOREM : If Re(0) >0, ge I, ©(0) = 9’(0) =
- o™ Dgy-0, us Re(aiv)>0 and
X
o, 1 W1
b, g=—=——|[(x-t) By ter jalx=1)g(1) dt = ©,(say)  (17)
[ (1)
0
then
X
n=- i —1
g(x) = S SR ) IR ("”,'H‘""l',‘ﬂ(»\'—’))."(")(f) dt,
[ (=0 2r)
(7 (18)

that is to say, if
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by &=0 (19)

then n-0, -1 (n)
¢=h, ¢ (20)
Proof : We have
b(l,l/ (S-(l)-"'
a = —F (21)
s
hence
o v
g=s (s-a) @
R A , n-0, -p
-t (n—0 = )(5~a)' (s"9) = l’a '(p(")), (22)
by virtue of the result [1,p. 281 |
n n n-1 n-2 =1
s f=f vl )+ f ). sk et f(0).S" (23)

The results (17) and (18) are in agreement with those given by Wimp [ 141,
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