CENTER MANIFOLD ANALYSIS OF DELAYED LIENARD EQUATION AND
ITS APPLICATIONS

A Thesis
by
SIMING ZHAO

Submitted to the Office of Graduate Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

MASTER OF SCIENCE

August 2009

Major Subject: Aerospace Engineering



https://core.ac.uk/display/4276222?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

CENTER MANIFOLD ANALYSIS OF DELAYED LIENARD EQUATION AND
ITS APPLICATIONS

A Thesis
by
SIMING ZHAO

Submitted to the Office of Graduate Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

MASTER OF SCIENCE

Approved by:

Chair of Committee, Tamés Kalmar-Nagy
Committee Members, John Junkins

Suman Chakravorty
Takis Zourntos
Head of Department, Dimitris Lagoudas

August 2009

Major Subject: Aerospace Engineering



il

ABSTRACT

Center Manifold Analysis of Delayed Liénard Equation and Its Applications.
(August 2009)
Siming Zhao, B.E., Harbin Institute of Technology, China

Chair of Advisory Committee: Dr. Tamés Kalmar-Nagy

Liénard Equations serve as the elegant models for oscillating circuits. Motivated
by this fact, this thesis addresses the stability property of a class of delayed Liénard
equations. It shows the existence of the Hopf bifurcation around the steady state.
It has both practical and theoretical importance in determining the criticality of the
Hopf bifurcation. For such purpose, center manifold analysis on the bifurcation line
is required. This thesis uses operator differential equation formulation to reduce the
infinite dimensional delayed Liénard equation onto a two-dimensional manifold on
the critical bifurcation line. Based on the reduced two-dimensional system, the so
called Poincaré-Lyapunov constant is analytically determined, which determines the
criticality of the Hopf bifurcation. Numerics based on a Matlab bifurcation toolbox
(DDE-Biftool) and Matlab solver (DDE-23) are given to compare with the theoretical

calculation. Two examples are given to illustrate the method.
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CHAPTER I

INTRODUCTION

A. Motivation and Literature Review

Starting from the early days of nonlinear dynamics, there has been a great deal of
research in nonlinear oscillators. In particular, during the development of radio and
vacuum tubes, Liénard equations were intensely studied since they served as elegant
models of oscillating circuits. These equations are second-order differential equations
of the form [1]

¥+ f(x)t+ g(x) =0, (1.1)

it is a generalization of the Van der Pol and unforced Duffing equation. It can be
interpreted mechanically as the equation of motion for a unit mass subjecting to a
damping force — f(z)4 and a restoring force —g(x). With appropriate hypotheses on
f(z) and g(z), this equation admits an unique stable limit cycle. See [2] for a proof.

This thesis considers a delayed version of the above Liénard equation, which

assumes the form
E(t) + fx(t)d + g(z(t — 7)) =0, (1.2)

where f,g € C*, f(0) =K >0, g(0) =0, ¢'(0) =1, and 7 > 0 is a finite time delay.

Equation of type (1.2) is called delay differential equation (DDE). At each time
instant, the behavior of the system not only depends on the current states, but
also on the past ones. A good exposition of delay equations can be found in [3].
Several classical methods developed to study ordinary differential equations can be

well applied to DDEs, these include the method of multiple scales [4], the Lindstedt-

The journal model is IEEE Transactions on Automatic Control.



Poincaré method [5, 6], harmonic balance [7] and the averaging method [8]. Among
all the available methods, center manifold theory [9] is one of the most rigorous
mathematical tools to study local bifurcations of delay differential equations [10].
Luk [11] and Zhang [12] derived necessary and sufficient conditions for the bound-
edness of all solutions by using Lyapunov-functional approach. Zhang [13] and Omari
[14] showed the existence of periodic orbits for this equation. Metzen [15] proved the
existence of periodic orbits in a Duffing-type equation with delay and studied the
effects of delay on the solvability of the problem. Acosta and Lizana [16] and Xu and
Lu [17] investigated the linear stability of equation (1.2). Xu and Lu [17] performed
a center manifold based Hopf bifurcation analysis. Campbell et al. [18] also used
center manifold analysis of single and double Hopf bifurcations of a similar second
order delay-differential-equation. Colonius [19] studied optimal periodic control of

(1.2).

B. Problem Statement

The goal of this thesis is to investigate the bifurcation structure of the steady state
of equation (1.2), i.e. how time delay and the nonlinearities affect system dynamics.
This is an important problem of both application and theoretical merit.

In this thesis, center manifold reduction is used to project this infinite dimen-
sional system onto a two dimensional local manifold which describes the local dy-
namics of the the system. Xu and Lu [17] first proposed this problem. But in their
analysis, the curvature of the center manifold, caused by the quadratic terms, was
not accounted. It will be considered in this thesis.

The main challenge of this thesis is the analytical determination of the criti-

cality of the Hopf bifurcation. It requires operator formulation and large symbolic



calculations.

C. Outline of the Thesis

This thesis is organized as follows. Mathematical preliminaries required are reviewed
in Chapter II. Main results are presented in Chapter III. Chapter IV contains numer-
ical simulations. Chapter V shows two examples to illustrate this method. Lastly,

Chapter VI concludes the thesis.



CHAPTER II

MATHEMATICAL PRELIMINARIES
Center manifold analysis of delay differential equations requires mathematical tools
such as advanced calculus and functional analysis. The work here is an extension
and application of well established theory on delay differential equations ([10]). Main
mathematical techniques that will be used throughout this thesis are the topics of

this chapter.

A. Delay Differential Equation

In most engineering applications, system is modeled by ordinary differential equation
which assumes future behavior of the system is uniquely determined by the present
states and independent of the past. In delay differential equation (DDE), the past
exerts its influence on the future in a significant manner. In this section, some basics

on DDE will be discussed. The contents followed Hale [10] and Niculescu [20].

1. Definition, Existence and Uniqueness

This thesis will adapt definitions from [10]. Let C([a,b], R™) be the Banach space
of continuous functions mapping the interval [a,b] into R™. If ty € R,d > 0 and
x € C([to — 7,to + d], R™), then for any t € [to,to + d], let x, € C' be defined by

x:(0) =x(t+6),—7 < 0 <0. The following relation
x = f(t,xy), (2.1)

is called functional differential equation. Equations of this type are very general and
it includes delay differential equation (DDE).

A function x is said to be a solution of (2.1) if there exists to € R,d > 0



such that x € C([ty — 7,t0 + A], R") and x satisfies (2.1) for ¢ € (tg,to +d). In
this case x is defined as a solution of (2.1) on [ty — 7,1ty + d) with initial condition
x(to +9) = ¢(6),6 € [—7,0].

If the function f(¢,x) is continuous and it satisfies local Lipschitz condition in
terms of x, then solution x defined above exists and is unique. The solution is also

continuous dependent on the initial data ¢(6),d € [—7,0].

2. Step Method

Step method was first proposed by Bellman and Cooke [3]. Almost all existing DDE
numerical solvers are based on this method. More discussion and further references

can be found in Cryer [21]. Consider the following DDE
x = f(t,x,x(t — 7)), (2.2)

with initial data x(to + ) = ¢(4),6 € [—,0].

In order to propagate the equation, the 'minimum’ amount of initial data nec-
essary for the existence of a solution is the initial function defined in the interval
[to — T,to]. From (2.2), it can be observed that the solution x(ty,¢) on the interval

[to, to + 7] is defined by the solution of
5(1 :f(t,Xl,Xl(t—T)) :f(t,Xl,X(t—T>>, YVt € [to,t0+7) (23)

since the initial data x(t — 7),t € [to,to + 7) is given, solution x(o, ¢) on the interval
[to,to + 7) can be solved as an ordinary differential equation with initial condition
x1(to) = x(to) = ¢(0).

Apply same procedure on the next interval [tg + 7, ¢y + 27], the solution x(tg, ¢)



on [ty + 7) is defined by the solution of
%y = f(t, %o, %a(t — 7)) = £(t, %0, x1(t — 7)), VtE [to+ 7,t0+ 27) (2.4)

where x;(t — 7) = x1(9),0 € [to, to + 7).
By iteration, this procedure can be continued, the solution of DDE (2.2) can be

solved up to any finite time.

3. Stability Property of DDE

Let Cy =1 € C : || < H. Consider system (2.1) with f(¢,0) = 0 which satisfies all
conditions for existence and uniqueness of the solutions. Solution x = 0 is a trivial

solution of the system, it’s stability is defined as

Definition 1. [10)]

The solution x = 0 of (2.1) is called stable at to,to > 0 if

1. There exists a b= b(ty) > 0 such that € C, = € C : || < b implies the solu-
tion x(tg, ) of (2.1) exists fort >ty and x4(tg, ) isinCyg =y € C: || < H
fort > 1.

2. For everye > 0, there exists a d = d(to,€) > 0 such that € Cs = € C: || <§

implies the solution X(tg, 1) satisfies x;(tg, ) € Cc =1 € C : || < € fort > t,.
p 9 9

The solution x = 0 of (2.1) is called asymptotically stable at to,to > 0 if it is
stable and there exists an Hy = Hy(to) such that 1 € Cp, implies the solution x(to, 1)
satisfies

lim [x(tg, )] = 0.

The solution x = 0 of (2.1) is called unstable at ty if it is not stable at t.

Similar like ODE, Lyapunov stability analysis can also be applied into DDE. If



there exists a continuous function V : Rt x Cy — R, define

V(e ) = limsup 3 [V(E+ hxean(t, ) = VD)L, (2.5)

where x;,,(t,7) is the solution of (2.1). Then the following theorem can be applied

to determine Lyapunov stability.

Theorem 1. [10]

Suppose £ takes closed bounded sets of RT™ x Cy into closed bounded sets of R".
Suppose u(s), v(s) and w(s) are continuous functions for s € [0, H). Both u(s) and
v(s) are positive and nondecreasing for s # 0,u(0) = v(0) = 0, w(s) is nonnegative

and nondecreasing. If there exists a continuous function V : Rt x Cg — R such that

u(|(0)]) < V(t, ) < o(|y)]),
V(t,y) < —w(|v(0)]),

then solution x = 0 of (2.1) is uniformly stable. If, in addition, w(s) > 0 for
s > 0 while w(s) is nondecreasing, then the solution x = 0 of (2.1) is uniformly

asymptotically stable.

Local linear stability of the solution x = 0 is determined by the characteristic

equation of the linearized equation around x =0
x = Ax + Bx(t — 1), (2.6)
the following defines the characteristic equation of (2.1) around x = 0
F(A) =det(M — A — Be ™). (2.7)

This is a transcendental equation with infinite number of zeros. One of common

ways in analyzing this equation is to substitute A = iw into it, which corresponds to



stability boundary of the system. Later in the thesis, the procedure will be further
elaborated. For more discussions on the distribution of zeros of such characteristic

equation, see Bellman and Cooke [3], Stépan [22] and MacDonald [23].

B. Center Manifold Theory

Center manifold theory is one of the most powerful tools to study local behaviors
of a dynamical system. It forms the foundation for bifurcation theory. Here in this
section, center manifold theory for ODE will be briefly introduced. It systematically
followed Kuznetsov [24].

First, consider the following linear system
x = Ax, (2.8)

where A is a n X n matrix. The system has invariant subspaces £°, £ and E" which
are spanned by the generalized eigenvectors which in turn corresponds to eigenvalues
having negative, zero and positive real parts. Solutions of this system will decay to
zero/neither grow nor decay/become unbounded if initial conditions are started from
E*/E¢/E".

If the linearized version of a nonlinear system around the fixed point has zero
eigenvalues, this equilibrium is called non-hyperbolic fixed point. The main idea for
center manifold theory is to find an invariant manifold passing through this fixed
point to which the system could be restricted in order to study local behaviors of the

fixed point. Consider the following nonlinear system
x =f(x), xeR" (2.9)

where f is sufficiently smooth, £f(0) = 0. Let the eigenvalues of the Jacobian ma-



trix evaluated at the fixed point xo = 0 be A1, Ao, ..., A,. Assume that there
are n_/ng/n, eigenvalues with negative/zero/positive real parts, they span linear
eigenspaces E°, E° and E" correspondingly. Rewriting (2.9) in an eigenbasis formed

by all eigenvectors of its Jacobian matrix

u = Bu+g(u,v),

v =Cv + h(u,v), (2.10)

where u € R™, v € R™ 1"~ matrix B has all its eigenvalues on the imaginary axis.
A center manifold W of the system (2.10) can be locally represented as the graph of

a smooth function (Figure 1)
We={(a,v):v=V(uv)}

where V : R™ — R"+*"-_ Since W¢ is tangent at the fixed point, V = O(||ul[?).

A

A3 AU .
A2

- »
Im (%}
>

0

Re vq

Fig. 1. A 2-D center manifold as the graph of a function v = V(u).



10

The following theorem tells the existence and property of the center manifold. It

is beautifully introduced and proved by Carr [25].

Theorem 2. There exists a smooth ng-dimensional invariant manifold V¢ of (2.10)
which is tangent to E° at t = 0. The dynamics of (2.10) restricted to the center

manifold in the neighborhood of the fixed point is given by
u=Bu+g(u,V(u)), (2.11)

the above system is topologically the same with (2.10).

The obvious question now is how to compute the center manifold. Differentiating
v = V(u) with respect to time implies v = DVu. Substituting (2.10) into the above

differentiated form gives a condition each center manifold needs to satisfy
N(V(u)) = DV[Bu + g(u, V(u))] — Cv — h(u, V(u)) = 0, (2.12)

the above equation is a quasilinear partial differential equation which is a necessary
condition for V(u) to be an invariant manifold.
This equation is very difficult to solve. But the following theorem gives a method

for computing an approximate solution of (2.12), the proof is also in Carr [25]

Theorem 3. Let ¢ : R™ — R™ = be a mapping with ¢(0) = Dp(0) = 0 such that
N (¢(u)) = O(|ul?) as u— 0 for some ¢ > 1. Then

|V (u) — ¢(u)| = O(|ul?), u— 0. (2.13)

Theorem 2 allows the center manifold to be computed to any desired degree of
accuracy by solving (2.12) to the same degree of accuracy. For this reason, power series
expansions will work out nicely. In this thesis, second order power series expansion

will be used to approximate the center manifold.
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CHAPTER III

MAIN RESULTS!
The main results of this thesis are presented in this chapter. Followed by linear
stability analysis, operator differential form is formulated in order to project the
infinite dimensional system onto a two dimensional manifold. The so called Poincaré-

Lyapunov constant is calculated based on the projected equation.

A. Model Description and Linear Stability Analysis

The equation considered here assumes the form

E(t) + fz(t)d +g(z(t — 7)) =0, (3.1)

where f,g € C*, f(0) = K >0, g(0) =0, ¢’(0) =1, and 7 > 0 is a finite time delay.
Obviously, x = 0 is the null solution of the equation.

Equation (3.1) can be rewritten in the following state space form

y(t) = —g(z(t = 7)), (3.2)

where S(z) = [ f(8)ds.

Expanding (3.2) in the neighborhood of the null solution up to third order yields

i(t) = y(t) — Kao(t) + ax®(t) + ba’(t),

y(t) = —x(t — 1) + ca®(t — 7) + dz(t — 7), (3.3)

'Reprinted with permission from S.M. Zhao and T. Kalmar-Nagy, Center man-
ifold analysis of the delayed Liénard equation, Delay Differential Equations-Recent
Advances and New Directions, pp. 203219, Balachandran, B., Kalmar-Nagy, T.,
Gilsinn, D.E. (Eds.), copyright[2009] by Springer.
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where a = —3 f/(0), b= —% f"(0), ¢ = —1¢"(0), and d = —%¢"(0). By defining a new

vector z = (z,y)T, the above system can be written in vector form

z(t) =Lz(t) + Rz(t — 7) + f (z), (3.4)
where
-K 1 0 0 ax® + ba®
L— . R= L f(z) =
0 0 -1 0 cx?(t — 7) + dx*(t — 7)
(3.5)

The above third order Taylor expanded form (3.3) up to is topological equivalent
to the original nonlinear system [26]. The center manifold analysis in this thesis is
based on this expanded form (3.3).

Note that state space form (3.2) is not unique. The reason why (3.2) is used here,
is that the nonlinearity f(z) only contains the first component of the state vector z,
which can simplify further calculations.

Neglecting the higher order terms yields the following linear system which will

be used to carry out linear stability analysis
z(t) = Lz(t) + Rz(t — 1), (3.6)
whose characteristic equation reads
N4 KX +e =0, (3.7)

On the stability boundary, the characteristic equation (3.7) has a pair of pure

imaginary roots. To find out such roots, substituting A = iw, w > 0 into (3.7) and



separating the real and imaginary parts

w? = coswr,

Kw = sinwr.

Using simple trigonometry, (3.8) can be reduced to

1 —wt
2 b

K =

w

1
T = —(2nm 4 arctan —),
w w

where 0 < w < 1 and n is a nonnegative integer.

13

(3.8)

(3.9)

Note that (3.9) describes infinitely many curves in the (7, K) plane, but the the

first branch (n = 0) (shown in Figure 2) actually separates the stable and unstable

regions (this is a consequence of a theorem by Hale [10]).

2.5¢

2t Stable region

1.5¢

Unstable region
0.5¢

Fig. 2. Linear stability boundary of the delayed Liénard equation.

For a fixed time delay 7, the critical value of the bifurcation parameter K (i.e.

on the stability boundary) will be denoted by k. A necessary condition for the
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existence of periodic orbits is that by changing bifurcation parameter K, the critical
characteristic roots cross the imaginary axis with nonzero velocity, i.e. d\/dK |x—x#

0. Taking the first derivative with respect to K in (3.7) and using (3.9) gives

_ Re d\ . W (2 + k1)
7T K KT (k —71w?)? + (2w + kTw)?

> 0, (3.10)

which means that the root crossing velocity is positive. This velocity v will later be
used to estimate the vibration amplitude.

In order to prove the existence of the Hopf bifurcation, criticality of such bifur-
cation needs to be addressed, which requires normal form of the Hopf bifurcation on
the local manifold around the origin. It is a well established procedure from Hale [10].
The following sections will closely follow a friendly-explained version by Kalmar-Nagy

et al. [27].

B. Operator Differential Equation Formulation

Generally delay differential equations can be expressed as abstract evolution equations

on the Banach space H of continuously differentiable functions p : [—7,0] — R?
2 = Dz, + F(z), (3.11)
where the shift of time z;(p) € H is defined as
z(p) =z(t+ ), @€ [-1,0]. (3.12)
The linear operator D at the critical bifurcation parameter assumes the form

Du(y) = i ul(p), pe[-70) |
Lu(0) + Ru(—7), ¢=0
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while the nonlinear operator is written as

07 p e [_T7 0)
f(u), =0
au?(0) + bu3(0)
cu?(—7) + dui(—7)
In order to calculate the center manifold, the adjoint operator needs to be defined

on the adjoint space H* of continuously differentiable functions 6 : [0, 7] — R?, which

assumes the form

—%u(gp), wE (077—]
L*u(0) + R*u(r), ¢ =

D*u(f) =

with respect to the bilinear form (-,-) : H* x H — R
0

(v, ) = v*(0)u(0) + / v*(6 + 7)Ru(0)dd. (3.13)
Since the critical eigenvalues of the linear operator D just coincide with the crit-
ical characteristic roots of the characteristic function D(\, K), the Hopf bifurcation
can be studied on the two-dimensional center manifold embedded in the infinite di-
mensional phase space. The center subspace is spanned by the real and imaginary
parts of the complex eigenfunction p(p) of D corresponding to the critical charac-

teristic roots iw. The complex eigenfunction p(y) and the eigenfunctions q(6) of the

adjoint operator D* can be found from

Dp(p) = iwp(p),
D*q(#) = —iwq(0). (3.14)
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The general solutions to (3.14) are of the form

p(p) = P1(p) + ip2(p) = ce™?,

a(0) = ai(y) + iqz(p) = de™?, (3.15)

the constants p and q are found by using the boundary conditions embedded in the

operator equations (3.14)

(iwl — L — e ™" R)c = 0,

(—iwl — LT — e“"RT)d = 0.

The vectors p and q should not be aligned, i.e. the bilinear form of q and p

should be nonzero
(a,p) =B #0, (3.16)

the constant ( can be freely chosen. From the bilinear form defined by (3.13), the

following equation can be achieved

0

(@) = q*(0)p(0) + / o' (€ + 7)Rp(€)de

0
= d*c + d*Ree ™" / dé (3.17)

-7

=d*(I+7e ™" R)c.

To summarize, the vectors ¢ and d can be found from the following equations

(iwl - L — e ™" R)c = 0, (3.18)
(iwl + LT +“"R%)d = 0, (3.19)
d* I+ e ™" R)c = 2. (3.20)

There are 4 complex unknowns for the above three complex equations. (3.18)
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and (3.19) result in (note that ¢; and dy are complex variables)
1 —iw
k+ 1w 1
The following equation can be obtained from (3.20)

crdyk — Wt 4 i(2w + kwt)] = 2. (3.21)

Fixing 1 unknown (choosing ¢; = 1) yields

2
dy = . 3.22
2k — w27 4 i(2w + kwrt) (3:22)

After separating the real and imaginary part, ¢ and d have the following form

c 1
c; =Rec= Tl = )
C12 ]{?
C21 0
CQZImC: = ,
Co9 w
d w1+ Lkt
dy=Red=| = |=0 (1+ zk7) ,
d12 %(kf—sz)
d —9(k — Wt
dy=Imd=| " | =0 3 ) ,
d22 w(l—l—%/{n’)

_ 4y
where ) = -

Decomposing the solution z,(y) into two components y; (t) and y»(t) lying in the

center subspace and the infinite-dimensional component w transverse to the center
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subspace

z:(0) = y1(1)p1 () + v2(t)P2() + w(t)(p),

() = (q1,2) ‘4,0207 Y2(t) = (q2,2¢) ‘cp=0 :

These new coordinates above transform the operator differential equation (3.11)

into

41 = wys +qj (0)F, (3.23)
Yo = —wyi + qj (0)F, (3.24)
W = Dw + F(z) — qi (0)Fp; — a3 (0)Fp,. (3.25)

Note that the nonlinear operator in (3.25) should be written as

07 2 € [_Tv O)
F(yhp1 + yop2 + W) = )
F, ¢=0

where F = (fi, fo)7 and f; and f, are given as (neglecting terms higher than third

order)

fi = a(wi(0) + y1)* + b(wi(0) +31)* = a(yi + 241w (0)) + by, (3.26)

fo = c(wi(—7) + coswry; — sinwrys)? + d(wi(—7) + coswTy; — sinwry,)*
= c(w'y} + FWys — 2kw’yiys + 2w w1 (=7)y1 — 2kwws (—7)ys) (3.27)
+d(Wy) = Kwlyy — 3k yiys + 3K2why1y3).
In the next section, dynamics of y; and ¥, in the center manifold will be derived

by approximating w(y,ys2)(¢) by quadratic terms (higher order terms of w are not

relevant for local Hopf bifurcation analysis).



19

C. Center Manifold Reduction

The center manifold is tangent to y; — y2 plane at the origin, and is locally invariant
and attractive to the flow of (3.11). Notice that when a = ¢ = 0 (symmetric nonlin-
earities), the center manifold coincides with the center sub-space which is spanned by
the eigenfunctions calculated earlier. Since the nonlinearities considered here are not
always symmetric, center manifold can be a nonlinear surface. Consider the following

quadratic form

Wln,32) () = 5 (03 (9)5% + 2ha()yrys + s (0)d) (3.25)

The time derivative of ¢ can be expressed by differentiating the right-hand side

of the above equation via substituting (3.23) and (3.24)

w = hyy191 + hoyotyi + hoyiyo + hsyoy
= 11 (hyyr + hoys) + g2 (hoyy + hgyo) (3.29)
= —whyy? + w(hi — hy)yiys + whoys + O(y?).

Comparing the coefficients of y%, y1y2, y5 with another form of w from (3.25)

yields the following boundary value problem

1.
§h1 = —why + mfi1; + nfor,
h2 = wh; — whs +mfi12 + nfoo,

1.
§h3 = why + mfi29 + 0 for, (3.30)

S (L0,(0) + Rhy (~7) = ~who(0) + m(0) s+ 0(0) for — 1,

th(O) + Rhg(—T) = whl (O) — CL)hg(O) + m(O)fllg + 1’1(0)le2 — Sog,

%(th(()) + Rhy(—7)) = who(0) + m(0) fizs + 0(0) fom — 85, (3.31)



with

m(p) = dipi(p) + da1pa(p),

n(p) = dizp1(p) + d2pa(p).
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The coefficients of the quadratic terms can be extracted from (3.26) and (3.27)

as

f111 = a, f211 = cw4,
fii2 =0, faz = —2ckw?,

f122 =0, f222 = ck*w?.

Introducing the following notations

h; 0 21
h; 0 21
28051 2NOSI
S = SUSQ ) n= NOS2
280S3 2N0$3
flll f112
851 = ) So = ) S3 =
f211 f212
SO _ dll d12
kdiy +wdy  kdyo + wday
d21 d22
Ny =

kdy — wdyy  kda — wdis

f122

f222
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Equation (3.30) can be written as the following inhomogeneous differential equa-
tion

d
—h (p) = Ch + scoswy + nsinwy, (3.32)

de

the above linear ODE has the general solution form
h(p) = ¢““K + M cos wyp + Nsinwe. (3.33)

Substituting this solution form into (3.32) yields the following equations which
solve for M, N and K

Coxs —wlgxs M _ S ’ (3.34)
wlsws  Cexe N n
Ph(0) + Qh(—7) =s —r, (3.35)
where
L 0 O
P=] 0L 0 |—Cexs
0 0 L
R 0 O 281
Q=] 0 R 0 |, T=]| s
0 0 R 2S3
The expressions for wy(0) and wy(—7) are given by
1
wi(0) = 5((M1 + K1)yt + 2(Ms + K3)yiyo + (Ms + K5)y3) (3.36)

= hnoy% + ha1oy1y2 + hzlo?/g,
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1
wi(—7) = 5((€7CTK |\ +M, coswT — N sinwT)y;

+2(e7 9K |3 +M3 coswT — N3sinwr)y1ys
(3.37)

+ (679K |5 +Mj; coswr — Ny sinwr)y?2)

= hi1r; + hatr i1y + hairys.
From (3.36) and (3.37), the first, third and fifth component of M, N, K, e 'K

can be calculated

Ml ad21 + ch(—legkw + d22(2k'2 + w2))
2
M3 = _3_(,(} —adll + cw2(d22kw + dlg(k‘Z — wQ)) )
M5 2(Ld21 + cw2(2d12k:w + dgg(/{?Q + 2w2))
Nl ad11 + cw2(2d22kw + d12<2]€2 + w2))
2
N3 = B_Cd adQl + Cw2(d12kw + dgg(—k’Q + C(JQ)) )
N5 2ad11 + ch(—2d22kw + d12(k2 + 2w2))
K, w(—2ak(w? — 1) + 3cw?(4 + k* — 2w? — w?))
Ky | =¢ a(l — 4w? — 2k2w?) + ck(1 + 2w?) ;
K w(2ak(—1 + w?) + c(2k? + 8w? — 2w?))
e’CTK |1
e—CTK |3 =
e—CTK ‘5

w(—2ak(1 + 2w*) + cw?(9 + 2k? + 2k* + (2k* — 6)w? + 8k%w?)
¢ a(l — 4w8) + ckw?(—1 — 5% + (7 + 4k*)w? — 4k2w?) 7
w(2ak(1 + 2wh) + c(3k? — 2 + (8 — 8k?)w? + 8k1w?))

2w

where ( = EE L R
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D. Hopf Bifurcation Analysis

In order to restrict a third-order approximation of system (3.23) and (3.24) to the
two-dimensional center manifold calculated in the previous section, the dynamics of

y1 and ¥, is assumed to have following norm form

U1 = wys + as0Y; + any1ye + aoeYs + az0y; + aa1Yiye + a1ey1ys + aosys,

Yo = —WY1 + b20y% + bnyiye + bo2y§ + b3oy:1)) + b21y%y2 + buylyﬁ + b03y§. (3.38)

Using the 10 out of these 14 coefficients a;i, b;, the so called Poincaré-Lyapunov
constant A can be calculated ([9])

1
A= _w((a20 + ap2)(—ay1 + bag — bo2) + (bag + bo2)(az0 — aoz + b11))

8 1 (3.39)
+ §(3CL30 + a2 + ba1 + 3bo3).

Based on the center manifold calculation, the 10 coefficients are as follows

asy = adyy + cwdyo,

bao = aday + cw'das,

ay = —2ckw3dys,

by = —2ckw3dys,

Qo2 = ck:2w2d12,

boz = ck2w2d22,

aso = (2ahy1p + b)dyy + (2cw?hir, + dw®)ds,

a1 = 2aha1odyy + (2cw0?hs1, — 2ckwhay + 3dk*w*)ds,
boy = 2aha1odar + (2cw?horr — 2ckwhyi, — 3dkw®)dys,

b03 = —(2ckwh317 + dk3w3)d22.
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Substituting all these coefficients into (3.39) yields (tedious simplification)

A == lldlg + l2d22, (340)
where
3, ., d 2 4 ac 2 4
llzgdw +ZwC(1+4w —Qw)—gka(l%—w +w?)
c? 11 2 2 4 6
+ —w((— + k° + 2w* + 120" — 12w°),
4 "2 (3.41)
b= Sbw — Sk + Tk 2001 = w?) + 20 4 w? 4 10wt — 1009)
= —bw — —dkw + —kw —w —((= 4+ w w* — 10w
78 8 2 449
c? 11 ) A 6
+Zk<’(—? +w® — 120" 4+ 12w°),
Wh6f6§=M}—j’_8w6.

This is the main result in this thesis. All the calculations are prepared for this
constant whose sign determines the criticality of Hopf bifurcation (negative/positive

sign of /A implies super-critical /sub-critical Hopf bifurcation).
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CHAPTER IV

SIMULATION RESULTS
In order to validate the above center manifold calculation, continuation-based DDE-
Biftool [28, 29] and Matlab numerical solver DDE-23 are used. By defining o = I,

the vibration amplitude in the neighborhood of the bifurcation point is estimated as

r = JalK—F). (4.1)

The delayed Liénard equation

i(t) = y(t) — Kao(t) + ax®(t) + ba’(t),

y(t) = —x(t — 1) + cx®(t — 7) + d2®(t — 1), (4.2)

with three different sets of parameters (see Table I) was solved by continuation (DDE-
Biftool) and numerical integration (DDE-23). For 7 = 1,2,3,4, Table II shows the
value of k at the bifurcation point, the critical frequency w and the percent error € =
100]0‘_0‘%|. The numerical approximation ,,,,, has been obtained from the DDE-
Biftool results (using amplitudes corresponding to values of the bifurcation parameter
K such that |[K — k| < 0.0005k) by least-squares fit.

Figures 3, 4 and 5 show the amplitude estimate of (4.2) for the parameters
from Table I. The solid line, dots, and rectangles show the analytical amplitude
estimate based on (4.1), the DDE-Biftool results, and numerical results by DDE-23,
respectively. The DDE-23 results are obtained by combining numerical integration,
estimation of amplitude decay/growth, and bisection to locate periodic orbits.

Finally, by randomly choosing a,b,¢,d from [—10,10] and 7 from [0, 5], 1000
DDE-Biftool simulations were performed and the amplitude results were compared

with the analytical ones. It shows that o agrees very well with .., (approximation



Table I. Sets of parameter values of three different delayed Liénard equations.

al|blc|d
I | 1]-2(5]-2
Im{-3(-2(1,-4
mri{-3(-1/4, 3

26

Table II. Critical bifurcation parameter k, critical frequency w and error e evaluated

at different time delays 7.

T 1 2 3 4

k| 0.891 | 1.552 | 2.154 | 2.753
w | 0.824 | 0.601 | 0.454 | 0.360
er | 0.13% | 0.10% | 0.15% | 0.11%
err 1 0.91% | 0.94% | 0.30% | 0.25%
errr | 0.29% | 0.15% | 0.09% | 0.15%
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Fig. 3. Amplitude estimate for K for case I of Table I. The solid line is the estimated
vibration amplitude based on (4.1), the dots and rectangles are results obtained

from DDE-Biftool and DDE-23, respectively. The bifurcation is sub-critical.
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Fig. 4. Amplitude estimate for K for case II of Table I. The solid line is the estimated
vibration amplitude based on (4.1), the dots and rectangles are results obtained

from DDE-Biftool and DDE-23, respectively.
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Fig. 5. Amplitude estimate for K for case III of Table I. The solid line is the estimated
vibration amplitude based on (4.1), the dots and rectangles are results obtained

from DDE-Biftool and DDE-23, respectively. The bifurcation is super-critical.
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is again based on amplitudes within 0.05% of the critical value k): the mean error is

0.8%, with a small variance of 5.43 x 1074
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CHAPTER V

APPLICATION OF CENTER MANIFOLD ANALYSIS
In this chapter, two examples of Liénard equation will be presented. The first one
is the so-called Sunflower Equation which describes the helical movement of the tip
of sunflower. The second one deals with free vibration of a nonlinear damped mass-

spring system with delayed force.

A. Hopf Bifurcation in the Sunflower Equation
Israelson and Johnson [30] proposed the following equation
A B .
y" + ?y' + - siny(t —€) =0, (5.1)

to explain the helical movement of the tip of sunflower. The upper part of the stem
performs a rotating movement. y(#) is the angle of the plant with respect to the
vertical line, the delay factor € corresponds to a geotropic reaction time in the effect
due to accumulation of the growth hormone alternatively on both side of the plant.
The parameters A and B can be obtained experimentally.

Somolinos [31] proved the existence of periodic solutions for (5.1), this result
covers both small amplitude limit cycle generated by Hopf bifurcation and large am-
plitude limit cycles. Casal and Freedman [5] computed a perturbation expansion
based on the Lindstedt-Poincaré method. MacDonald [7] performed first order har-
monic balance of (5.1).

Introducing a time scaling ¢t — \/gf and expanding (5.1) about the null solution
up to third order

1
T+ éa’:+x(t—7) — 8333(15—7) =0, (5.2)
T
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where 7 = V/Be, z(t) = y(/51).
This equation is in the same form as (3.1) with K = é,a =b=c=0,and d = %,
therefore previous results can be directly applied. The characteristic equation has the

following form

A
A+ A e =0. (5.3)

On the stability boundary

w? = coswr,

A
—w = sinwr. (5.4)
-

The parametric curve (7 (w), A.- (w)) describes the stability boundary (see Fig-

ure 6).

16}
14}
12}

10r
A Stable Region

Unstable Region

o N M O
T T T T

Fig. 6. Linear stability boundary of the Sunflower equation.

Now substituting % = k into the Poincaré-Lyapunov constant formula (3.40)
A:-ﬁ(A w?+7%) <0 (5.5)
3277 ’ '
472

5. In order to obtain the amplitude estimate, rooting

where () = (Aer—T2w?)2+(2Tw+AcrTw)
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crossing velocity on the stability curve is required

d\ _w_2

= R _— _ =
7 ©dA A= 4t

(2+ A2 <0. (5.6)

It can be concluded that the Hopf bifurcation of the Sunflower equation is always
super-critical. This conclusion is in full agreement with the earlier studies referred

above. From (4.1), (5.5) and (5.6), the amplitude of the limit cycle can be estimated

as

. 5.7
Aw? 4 72 (5.7)

o 2w\/—2(2 + A)(A - Ay)

Figure 7a shows the amplitude estimate for B = 4 and ¢ = 1. The solid line
denotes the plot of the analytical result based on (5.7), while the dots and triangles
correspond to the numerical results of DDE-Biftool based on the original equation
(5.1) and the Taylor expanded one (5.2). Figure 7b shows the x —& plot corresponding
to point C (A = 3,B = 4,¢ = 1) in Figure 7a. The initial function is chosen as

o(t) = 0.1, te(-1,0].

My C=(3,05479)

[ VN
! "By, Stable Limit Cycle

0 . &
2.95 3 3.05 3.1 3.15 -1 -05 0 0.5 1
X

(a) Amplitude estimate (b)  — & plot

Fig. 7. Simulation results of the sunflower equation 5.1 and 7.
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B. Self-Excitation of a Delayed Liénard Oscillator

Free vibration of a nonlinear damped mass-spring system with delayed force can be
modeled as

i+ Ki+at—71)+p2*(t—71) =0, (5.8)

where K > 0 is the positive damping force and time delay 7 is caused by the time-
dependence of the deformation of the spring element when the spring is no longer an
idea elastic body. For detailed discussion of this problem, readers are referred to [32].

In [33], the resonance of this positive damped equation is analyzed by applying
averaging method. Das and Chatterjee [34] studied Hopf bifurcation of the same
equation by using multiple scales. Wang et al. [35] considered it through energy
analysis and averaging technique.

This equation has the same form as (3.1) with a = b = ¢ = 0,d = —/3, therefore
the previous results can be directly applied, substituting all these coefficients into the

Poincaré-Lyapunov constant formula (3.40)

3v6(kw? + 1)
N=—"——F—"= 5.9
4w (2 + k) (5.9)

From (5.9) it can be interpreted that the direction of the Hopf bifurcation is
determined by the sign of (3, the bifurcation is sub-critical for 3 > 0 and super-

critical for f < 0, this result agrees well with the ones in the literature. Figure 8

shows the amplitude estimate of (5.8) when § > 0 and 3 < 0.
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Fig. 8. Amplitude estimate for K when fixing time delay 7 = 1, the solid

line denotes the estimated vibration amplitude by using our pre-calculated

Poincaré-Lyapunov constant, the dot points are obtained from DDE-Biftool.
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CHAPTER VI

CONCLUSION
This thesis has shown the existence of the Hopf bifurcation around the null solution
of a class of delayed Liénard equation using center manifold analysis. Based on a
projected two-dimensional manifold, a closed-form criterion for the criticality of the
Hopf bifurcation is derived. The amplitude estimate for the bifurcating limit cycle was
obtained by using the calculated root crossing velocity () and Poincaré-Lyapunov
constant (A). The analytical results agree well with the numerical ones obtained from
DDE-Biftool and DDE-23. Finally, two examples have been discussed to illustrate

the method.
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