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ABSTRACT

Volumes of Certain Loci of Polynomials
and Their Applications. (May 2009)
Swaminathan Sethuraman, B.E., Anna University;
M.S., Texas A&M University

Chair of Advisory Committee: Dr. J. Maurice Rojas

To prove that a polynomial is nonnegative on R", one can try to show that it
is a sum of squares of polynomials (SOS). The latter problem is now known to be
reducible to a semi-definite programming (SDP) computation that is much faster than
classical algebraic methods, thus enabling new speed-ups in algebraic optimization.
However, exactly how often nonnegative polynomials are in fact sums of squares of
polynomials remains an open problem. Blekherman was recently able to show that
for degree k polynomials in n variables with & = 4 fixed those that are SOS occupy
a vanishingly small fraction of those that are nonnegative on R", as n — oco. With
an eye toward the case of small n, we refine Blekherman’s bounds by incorporating
the underlying Newton polytope, simultaneously sharpening some of his older bounds
along the way. Our refined asymptotics show that certain Newton polytopes may lead

to families of polynomials where efficient SDP can still be used for most inputs.
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CHAPTER I

INTRODUCTION

A. Motivation and previous work

In my dissertation I study certain quantitative versions of Hilbert’s Nullstellensatz.

We begin by recalling the Positivestellensatz of Stengle,

Theorem 1. Stengle’s Positivestellensatz [1] Let R be a real-closed field, and F a

finite set of polynomials over R in n variables. Let W be the semialgebraic set
W={xeR"|VfeF f(x)>0},

and let C be the cone generated by ¥ (i.e., the subsemiring of R[ X1, ..., X,,] generated

by F and arbitrary squares). Let p € R[X1,..., X,| be a polynomial. Then
Ve e W : p(x) > 0if and only if 3f1, fo € C : pfi =1+ f2

The Nullstellensatz gives an algebraic framework for the following decision prob-
lem: Givenan f € R[xq,...,z,], decide if there exists an = € R™ such that f(x) = 0.
If we let n vary, this problem is known to be NP hard [2]. For n = 1, we can decide if
f has real roots in time polynomial in the degree of f, deg(f). This has been known
since the beginning of the twentieth century [3], [4]. For sparse polynomials an upper
bound polynomial in logdeg(f) is unknown. For polynomials with 3 terms, we can
find such a complexity bound due to a result of Rojas [5]. For a real polynomial to
have roots it needs to be either always positive or always negative. So it makes sense

to study positivity and in particular its relations to sums of squares. In particular we

This dissertation follows the style of IEEE Transactions on Automatic Control.



have the following result:

For,n=1f(z) >0« f=fi+...+ fi+c

where f; € R[z] and ¢ >0

Thus in the case n = 1, checking positivity is the same as checking sums of squares.
Checking sums of squares can be done in polynomial time via semi definite program-
ming, but its behavior for sparse polynomials is still not understood. For example,
there are semi definite programming softwares which accomplish this (see [6], [7], [8]).
Hilbert [9] also showed that for n = 2 and degree 4, positivity is the same as SOS
(sums of squares). It was known that in all other cases positivity and SOS are not

the same. Motzkin was the first to produce a counterexample. For example,
p(z,y, 2) = v*y* + 22y* + 2% — 32%y? 22

p >0, for all z,y, z € R, yet p is not a sum of squares. Choi and Lam showed another
counterexample in 1987 [10].

Nevertheless, these results dont shed any light on the volume of positive polyno-
mials that are not SOS. This question is very important to assess the effectiveness of
algorithms [6], [7] which employ SOS methods to approximate maximum value of a
multivariate polynomial. Blekherman [11] was the first to study positive polynomials
and sums of squares as convex bodies. He showed that for homogeneous polynomials
of n variables and of degree 2k, the volume of positive polynomials goes down as
O(n~Y/?), whereas that of SOS polynomials goes down as O(n~*/2). This means that
as k increases, there are significantly more positive polynomials than sums of squares.

In this dissertation, I extend Blekherman’s dissertation to multihomogeneous

polynomials. There are two main reasons for doing this:



1. There are important problems in control systems theory where SOS methods

are used to determine the postivity of multihomogeneous polynomials [12].

2. Addition of more symmetries occurs in the multihomogeneous case and it is un-
known whether that would have any impact on the ratio of SOS versus positive

polynomials.

We now briefly describe the mathematical setup and our results.

B. Organization of the dissertation

In Chapter II, we introduce the notation and background in a general setting for
our results. After the definition of the objects of interest namely the three cones
of multihomogeneous polynomials - nonnegative polynomials, sums of squares(SOS)
polynomials and sums of powers of linear forms we move onto describe a natural
inner product in the space of multihomogeneous polynomials. Choosing the correct
inner product is of paramount importance in this work, because a suitable choice can
greatly simplify the calculations of the bounds we seek. Chapter II also provides a
basic introduction to the convexity results used in this dissertation. For a greater
understanding of these concepts we provide sufficient references. Chapter II ends
with a discussion of Barvinok’s results which form an important tool for most of the
results we obtain and also an introduction to some of the exotic metrics we use in
this dissertation.

In Chapter III, we examine the case of bihomogeneous polynomials in detail. We
do this for two reasons. The first one being the difficulty posed by the compact general
notation of Chapter II towards the understanding of methods employed. Secondly,
we use the example to help calculate the improvements in our bounds to the ones

obtained by Blekherman. Armed with the insight obtained from Chapter II, we



proceed to the general multihomogeneous case in Chapter 1V.

Chapter V talks about some applications in motion planning of robot systems
arising from our joint work with Mayank Lal [13]. This is one of the first instances of
the application of discriminant variety to motion planning and it provides an insight
as to how recent developments in real algebraic geometry [14] offer fresh approaches

in practical applications of great current interest.

C. Summary of results

Multihomogeneous polynomials are a natural extension of P, to the setting where
the variable are divided into [ blocks, with n; variables in each block. Furthermore
each block is homogeneous of degree k;. More specifically if we set N = (ny,...,n)
and K = (ky,...,k), then,

l
Prnokx = ®;_1 Py, 21,

It is clear that Pyog is a vector space. Chapter II describes in greater detail the
properties of this vector space, namely its dimension and also describes a basis for this
vector space. Inside Py ok, are three cones of interest, the nonnegative polynomials,
Posy ok, the sums of squares Sqy 2k and the sums of powers of linear forms L fy ok
For precise definitions we refer the reader to the first section in Chapter II.

One of the goals of this dissertation is to provide a comparison of the volumes of
Pos, Sqgand Lf. We use a measure called relative volume which takes into account the
effect of high dimensions [15]. We need to overcome a main hurdle in attempting to
use methods of convex geometry towards this problem. The theorems in convexity are
geared towards convex bodies with origins in their interior. But unfortunately Pos,
Sq and Lf do not have this property. Also they are not compact. The way around is

described in Blekherman [11]. We extend this to our general setting. The solution is



to take sections of these cones with the linear space of multihomogeneous forms which
integrate to zero over the products of spheres. The next step is to translate these
sections so that the origin lies in their interior. We name these translated sections

Posn 2k, SQN,2K and LfNQK'

We are now in a position to state our results.

Theorem 2. Lower bound on the volume of non negative multihomogeneous polyno-
maals

The following is a lower bound on the volume of non negative multihomogeneous

polynomials:
— 1/D
VolPosyakx " S I}
VolBs ~ Vmaxier, {n;In(2k; + 1)}
where (§ = %

This clearly reduces to Barvinok’s result [16] when [ = 1. We also have the

following upper bound on the volume of non negative multihomogeneous polynomials.

Theorem 3. Upper bound on the volume of non negative multihomogeneous polyno-
maals
The following is an upper bound on the volume of non negative multihomoge-

neous polynomials:

— 1/D
POSNQK [P ﬁ 2]{32 1/2
VolB), = 4k‘2 +n;—2

Theorem 4. Upper bound on the volume of sums of squares(SOS) of multihomoge-
neous polynomaials

The following is an upper bound on the volume of SOS multihomogeneous poly-



nomials:

~ 1/D 1/2
Sqn 2k [ < \/_H 42ki (2, ) ;o2 /
VO].BM

Theorem 5. Lower bound on the volume of SOS multihomogeneous polynomials

The following is a lower bound on the volume of SOS multihomogeneous poly-

—~ 1/Dy
SQN,2K (/f )'2 1/2
<VO13M> = \/—H (4% (2k) (/2 + ks ) )

Theorem 6. Lower bound on the volume of sums of powers of linear forms of mul-

nomials:

tihomogeneous polynomaials
The following is a lower bound on the volume of sums of powers of linear forms
of multihomogeneous polynomials:

— 1/D 1/2
(LfMQK)/M ﬁ( OWARZ £, — 2>/

VolBy 4kiv/2(ni )2 + 2k;)*

In the next section we shall discuss the improvements obtained by our results in
contrast with Blekherman’s results. Although we provide these numerical examples
here, the focus of the dissertation is in the methods involved. Hence our numerical

exploration will be brief and confined to this introductory chapter.

D. Discussion of results

All these bounds reduce to Blekherman’s results in the case [ = 1. Table I and
Table II compare the improvements obtained by our bounds versus that of Blekher-
man’s, keeping the number of variables and the number of blocks fixed. The greatest
improvement is obtained when the blocks are even sized, that is when k; = ks.

Our next two tables(Table III and Table IV) compare the case when the degrees
are kept constant at k; = ko = 3, but the number of variables is allowed to vary.

Again the results are similar to the one obtained above.



Table I. Lower bound on non negative polynomials with n; = 3,ns = 3

1{71:1 ]{71:2 k’1:3 k1:4

ko =1 | 0.0046 | 0.0031 | 0.0026 | 0.0023

ko =2 | 0.0031 | 0.0031 | 0.0026 | 0.0023

ko =3 | 0.0026 | 0.0026 | 0.0026 | 0.0023

ko =4 | 0.0023 | 0.0023 | 0.0023 | 0.0023

Table II. Blekherman’s lower bound on non negative polynomials with n; = 3,n, = 3

/{31:]. ]C1:2 k1:3 ]{51:4

ks =1 | 0.0016 | 0.0013 | 0.0011 | 0.0010

ky =2 | 0.0013 | 0.0011 | 0.0010 | 0.0010

ks =3 | 0.0011 | 0.0010 | 0.0010 | 0.0009

ko =4 | 0.0010 | 0.0010 | 0.0009 | 0.0009

Finally we shall investigate the effect of increasing the number of blocks . We
find that keeping the number of variables and the degrees fixed, increasing the blocks
provides a greater improvement in our bounds. For the sake of definiteness, we fix
n = 10 and 2k = 20. Blekherman’s bound for the non negatives is 0.0005. We

compare this value with our results for different number of blocks in Table V.

E. An algebraic geometry method for motion coordination of mobile agents

In this section, we sketch a novel method for motion coordination of mobile agents.
Autonomous mobile agents have a number of applications these days with a lot of

research being done in building them with better capabilities. Multiple robots are



Table ITI. Lower bound on non negative polynomials with k; = 3, ks = 3

n1:2 n1:3 n1:4 n1:5

ny =2 | 0.0039 | 0.0026 | 0.0019 | 0.0015

ng =3 | 0.0026 | 0.0026 | 0.0019 | 0.0015

ne =4 | 0.0019 | 0.0019 | 0.0019 | 0.0015

ny =5 | 0.0015 | 0.0015 | 0.0015 | 0.0015

Table IV. Blekherman’s lower bound on non negative polynomials with k; = 3, ky = 3

n1:2 n1:3 n1:4 n1:5

ng =2 | 0.0015 | 0.0012 | 0.0010 | 0.0008

ny =3 | 0.0012 | 0.0010 | 0.0008 | 0.0007

ng =4 | 0.0010 | 0.0008 | 0.0007 | 0.0007

ng =5 | 0.0008 | 0.0007 | 0.0007 | 0.0006

more useful than single robots and are capable of doing many tasks which cannot be
done by single robots. Applications include deployment of a group of mobile agents
with sensors mounted on them in an area affected by earthquake, flood etc. so that
data regarding the damage can be assessed and relief provided accordingly. Most of
the research that has been done in the area of motion planning uses the composite
configuration approach or the decoupled planning approach. The method we describe
differs from these methods in that the planning is being done in polynomial space.
The basic idea is that given n agents moving in a 2-D space, we represent them
as point objects. Let (x1;,y1:), -, (Tni, Yni) be the initial configuration of the agents

and (1f,Y1f), -, (Tnf, Yns) be the desired final configuration. We create two polyno-



Table V. Lower bound on non negative polynomials with different block sizes

Lower bound
N =(2,2,2,2,2) and K = (2,2,2,2,2) 0.0047
N =(3, 3, 2,2) and K = (3,3,2,2) 0.0026
N =(3,4, 3) and K = (3,4,3) 0.0017
N =(5,5) and K = (5,5) 0.0013

mials P; and Py from the initial and final configurations respectively, by mapping the
configuration in R? to C? and using the n points in C? as roots of the corresponding
polynomials. Then we deform the intial polynomial P; to the final polynomial P; by
means of a straight line path connecting each coefficient. Now the set of polynomials
of degree n having multiple roots is called the discriminant variety, »,. There is a
result [17] which states that the complement of the discriminant variety in C™ is
connected. There is also a simple parametrization of 3,, due to [14]. This enables us
to give a quick method to verify that our deformation indeed does not pass through
the discriminant variety. It is important that the path does not pass through X,
to ensure that the agents do not collide at any point in time. We shall now briefly

describe the algorithm.

1. Algorithm description

If (214, v14), (T2i,Y2i)s - - -, (T, Yni) are the coordinates of the agents in the initial con-
figuration and (x17,y17), (T2f,Y2r), - - -, (Tng, Yny) are the coordinates of the agents in

the final configuration, then we define the initial and final polynomials as follows:

Pi(x) = (x — o(x1; +y11)) - 21(x — (Tpi + Yni))
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Py(x) == (x — @1y + y1p)) - - o(@ — (@ng + Yng))

Let, X,, be the discriminant variety of polynomials P, of degree n. Then we know
[17] that the complement of the discriminant variety, that is P, ¥, is connected. We
consider the following ”straight line” path in the parameter space, P(A) = (1—-\)P;+
APj. The algorithm [13] described in the dissertation computes a path from P;(x)
to py(z) which avoids the discriminant variety ¥,. This means that we have an
algorithm to move the mobile agents from the initial to final configuration avoiding
collisions.

We can impose velocity and acceleration constraints on each mobile agent by
reparametrizing P. The next main improvement would be to make sure that the
agents avoid stationary obstacles. This is done by first finding the bounding disc for
the agents at any given time. The bounding disc is a disc which contains all the
roots of the polynomial P()\). This can be obtained by means of the following result

[4]: All the roots of a polynomial , a,x"™ + ...+ ap can be bounded within a disc of

an

radius 7 = 2maxge(,. oy | =5 ]1/’“. Once the bounding disc is found, we can use any

an
standard methods of motion planning of a single agent for planning the motion of the
bounding disc.

Chapter V describes all these algorithms in greater detail with illustrative ex-
amples. Since these results are among the first of its kind, there is a lot of scope
to expand this idea. Extending this method to agents in three dimensional space is
clearly one of the main open problems. One can also try to relax the treatment of
agents as point objects. Given the size of the agents , research can be done to find

complete algorithms which guarantee maintenance of a certain distance between the

agents at all times.
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CHAPTER II

NOTATION AND BACKGROUND

A. Preliminaries

In this section, we define the general class of multihomogeneous polynomials and
describe some of their properties. Let P, j, denote the set of all homogeneous poly-
nomials in n variables and degree k. Multihomogeneous polynomials are a natural
extension of P, to the setting where the variable are divided into [ blocks, with n,
variables in each block. Furthermore each block is homogeneous of degree k;. More

specifically if we set N = (nq,...,n;) and K = (ky,..., k), then,
PN,K = ®§:1Pni,ki

We can define the sums of squares and sums of powers of linear forms analogous

to the [ = 1 case.

Sqnak = {f € Py i such that, f = fo, for some f; € PN7K}

i=1

m 1
Lfnokx = {f € Py i such that, f = ZHff]k, for some f;; € Pni’l}

i=1 j=1

Also, we have the non negative polynomials,
Posyax = {f € Pk such that, f(z1,...,2)) >0, V(z1...2;) € R™ x ... x R"}

We shall shortly demonstrate that Py x can be viewed as a function on a suitable

product of spheres. First the definition. For N = (ng,...,n;), we shall use the
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notation SV to denote the product of spheres S™~1.. . Su~! je.,

l
SM=Tsm!
=1

Clearly, Py can be considered as a function on SV, because if we know the
value of f € Py at some v = (vy,...,v;) € SV, the value at any x = (21,...,1;) €
Hizl R™ is determined. This is because there are \; such that z; = \v; for all
i =1...n. Thus the value of f at x would simply be Hé=1 Aif(v). Let N = Zizl n;.
We can also consider f € Py k as a function on SN -1, However, Py  is not invariant
under the action of SO(N), but it is invariant under the action of [['_, SO(n).
This distinction is the crux of most of the arguments used in subsequent sections.
Henceforth in this dissertation, we shall employ the products of spheres exclusively

and also the product of SO(n;)’s which we shall denote by SO(N), i.e.,

SO(N) := [ [ SO(n;)

B. A natural inner product

Since we would be using a lot of convex geometry methods, it is very essential to
work with a suitable inner product. Due to the fact that we will be exploiting the
invariance of Py under SO(N). We have the following lemma, which provides a

way to get an inner product on V; ® ... ® V,,, when we have inner products (,); on

V.

Lemma 1. [15] Givenv =101 ®...Qu, andw =u ®...Quw, nV =V®...QV,,
we can construct the following inner product (,) on decomposable tensors and extend

them via linearity to all elements of V.
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n

<U7 w> = H<Ui; wi>z‘

i=1
Example 1. For f , g in P, we have the following natural inner product which is

invariant under the action of SO(n).

(f.9) = fgdo

Sn—1

Using Lemma 1 we can extend this to an inner product on Py i that is invariant

under the action of SO(N).

!
(i®.. Lo ®...0q) = H/ lfigidai
=175

= /l (fi-- f)lgr-. g)do
[Tiey STt

C. Basics of convexity

For the basic definitions and concepts in convex geometry we refer the reader to the
following excellent books [18], [19]. A delightful intuitive presentation is the excellent
article by K.Ball [20]. We recall some of these in order to be as self contained as

possible but we strongly encourage the reader to consult the above mentioned books.

Definition 1. Let V' be a real vector space. A set A C V is called convex, provided

for all z,y € A, the interval,
[z, y) ={ar+(1—-a)y: 0<a <1}
is contained in A. An empty set is convex by convention.

If in addition the vector space V' is endowed with an inner product (,), then we
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can identify V* with V by associating a v € V' with every [ € V* as follows:
b(w) = (w,v)
This leads us to the definition of a polar body of a convex set.

Definition 2. Polar of a convexr body Let K C V', be a convex set in a vector space

V. We have the following definition of the polar of K, K°.
Ke={leV*:l(v)<1,Vve K}

In case the vector space V' is endowed with an inner product (,), then we can

identify K° with a subset of V itself.
Ke={weV:(vw) <1,Vve K}

Definition 3. A subset K of a vector space V is called a cone, if 0 € K and \v € K
for every x € K and A > 0. Also K s called a convex cone if it is both convexr and a

cone or alternatively, ax + By € K for a, 3 > 0 and for every x € K.

To describe some of the properties of Pos, Sq and Lf, we shall find it useful
to describe a basis for Py . First we shall introduce some compact notations to
represent monomials in the multihomogeneous case. Let, z; = (zi1,...,Ty,,) € R™,
for ¢ = 1,...,1 represent the [ blocks of variables with corresponding homogeneous

degrees k;. We denote a monomial in the i** block as follows,

Q5 Q61 QXin,
Li =T - Ty,
— n; ; L n; _
where a; = (i1, ..., ;) € Z™ is the exponent vector such that |a;| :== Y7 oy =

k.

Now for x = (z1,...,7;) € R™ x ... x R™  and for a string of exponent vectors
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a=(ag,...,0q) €Z™M x ... x Z™ we define,

o .01 aq
x*i=alt ..

where |a;| = k; for i = 1...1. We also say that || = K when this condition holds.
From now on we shall adopt the notation, RY := R™ x ... x R™.
Now, a polynomial f € Py x can be expressed in the following form,
f= Z CaX”
|a|=K
In fact z, with |a| = K forms a basis for Py . We shall call this the standard basis

of Pnak. This leads us directly to the following lemma.

Lemma 2. The dimension of Py i is given by,
!
Dim (Py k) = H ( " )
Lemma 3. Posy i, Sqnokx and Lfnok are full dimensional convex cones in Py o .
Proof. Tt is easy to show that Pos,Sq and Lf are convex cones. For example for
f,9 € Posyak, clearly af > 0 for every a@ > 0 and hence af 4+ 89 € Posy 2k, for all
a,8 > 0. For f,g € Sqnak, we have, af + (g = (\/5)2f + (\/B)Qg € Sqnak. We
can construct a very similar argument for Lfyox. To show closure is a little more

involved and we shall prove it via the following lemmas. [

Lemma 4. The boundary OPosnak of the cone of non negative polynomials is com-

prised of the set of non negative polynomials that attain zero at some point, i.e |

M = {f € Posyar, such that 3x # 0 € RN, with, f(x) = 0}. We have,
8P03N72K =M

Proof. We shall first show that M C 0Posyak. Let f € M, f # 0 be such that
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f(y) = 0 for some y € RY. Let us write a non zero f € M in terms of the above
mentioned standard basis of Pyok, that is let f = Z|a\:2K ceX®. Since f is non
zero, there is some @, such that y® # 0. Let ¢ = sign(y®). Let f; = —(c/n)y® + f.
Consider the sequence {f;}3°,. Clearly f; ¢ Posyak for all ¢ and f; — f. Thus
f € OPosy k. As for the other direction, let us assume that there exists a sequence
{fi}2, in Posy ok such that f; — g, where g ¢ M. This implies that there is some
y € RY such that g(y) = ¢ < 0. Hence there is some L € N such that f;(y) < ¢/2,

for all + > L. This is clearly a contradiction to f; being in Posy ax- O

To show Sqn ok is closed, we first note that any sequence > -, Zj‘;l fj that
converges to f € Pyaox can be written as sum of squares whose coefficients are
bounded. Hence we can find a subsequence in {f;;}32, that converges to f; for each
i. Thus we have f = >7°, f2. Hence Sq is closed. A similar argument works for
Lfnak.

Now we get back to proving that Posy sk is full dimensional. To do this, we
shall show, that if g ¢ 0Posnakx and f € Pyag, then there exists an N, € N such
that g — f/N € Posyax. First we note that since SV is compact, g has a minimum
on S, say m, > 0. Also let m; be the minimum of f. Then we see that we can set
N, > mgy/my. A similar argument works for Lfyox. For Sqn ok , we refer the reader

to [19].

Definition 4. For a convex body K in a vector space V' containing the origin in its

interior, we define the gauge function G as follows:
Gi(z):=sup{A>0: \x € K}

Lemma 5. [20] Let K be a convex body in V with origin in its interior and let (,)

be an inner product on V. Let S be the unit sphere in V' and du the SO(V') invariant
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measure on S. Then we have the following formula for the volume of K.

Vol(K)
VOlBM

~ [ aR (@
s
where Dy 1s the dimension of the vector space V' and By is the unit ball in V.

Definition 5. [18] For a convex body K in V', a point v € K is called an extreme

point of K if v = avy + Pvy with o, > 0, implies that vy, ve are multiples of v.
Lemma 6. The extreme points of Sqnax are squares. That s, if f is an extreme
point of Sqn 2k, then f = g* for some g € Sqn k.

D. Slices of multihomogeneous polynomials

To compare the volumes of Posyox, Sqna2x and Lfy ok it would be useful to define
slices of these objects with an appropriate hyperplane in Py 2. To this end we define

two hyperplane sections and a special polynomial £

Lysx ={p € PN,2K|/ pdo =1}
SN

Myok ={p€ PN,2K|/ pdo = 0}
SN

l

H("EZQI + e xz?nl)ki

=1

F

Now we are in a position to describe the slices.
/
POSN72K = POSNQK N LNng

Sq;v,zK = Sqnpok N Lok

szlvg;( = Lfnork N Lok
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To use all the convexity results mentioned above, we need to work with convex bodies

with origin in their interiors. Hence we shall translate Pos’,Sq¢ and Lf by F.

/P?O—TSNQK = {p € MN,2K|p+ F e POSINQK}
Sqn ok = {p € Myoklp+ F € Sq;V,QK}
Lfnox :=1{p € Myoklp+ F € LfJ,V,2K}

To take into account the effect of dimension on the volume, we shall define and use

what is called the relative volume [15].

Definition 6. The relative volume RV ol of a convex body K in a D dimensional

vector space V', with respect to the unit ball B in V is defined as,

VOlK) 1/Dy

Vol .=
RVo (VolB

Example 2. ﬁ\OTSNQK is a convex body in Myaok. The dimension of M is Dy =

i=1 k; VolB)s ’

__ = 1/D
Hl (’”H“_l) — 1, using 2. Thus we have, RVol(Posyak) = (M) Y

where By is the unit ball in My 2k .

E. Multihomogeneous polynomials as linear functionals on group orbits

It is convenient to view Pyox as a linear functional in some tensor product space.
This would enable us to use the powerful results of Barvinok [16]. As always we
have N = (ny,...,n;) and K = (kq,...,k;). Let us begin by considering the tensor

product of R™ ’s.
Tni = (R™)*" @ (R™)* g ... @ (R™)*M

We can think of t € T as an [ dimensional array, each of whose elements is a
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multidimensional array indexed by k; tuples, {1 <i; <iy...4, < n;}. That is,
t; = {lemklu <ip <... <k <n}

Given an x = (1,...,1) € Hi:l R", we have 2®K given by the following element in

Tn x, whose i'" multidimensional array is given by,

U150 0kd

Let, Symg(Ty.x) be the symmetric part of Ty x under S(K) = [['_, &(k;),

where G(k;) is the symmetric group of k; objects. This means that y € Symg (T k)

K

-----

= y%(l),...,o(im) for every o € &(k;) and every i. Clearly, 2% is

implies that, y’
in Symg(Tn k).

Now choose e € SV and let w = €®2X. Then the orbit {gw|g € SO(N)} lies in
the symmetric part of Tnox. Let t = f gn gw do be the center of the orbit. Then
from [16] ¢ is a multiple of F'. Translating the orbit by shifting ¢ to the origin we

obtain the convex hull of the orbit of v = w — ¢.
B := conv{gv: g € SO(N)}

A multihomogeneous polynomial f = Z|a|:2 K CaX® € Pnog, viewed as men-
tioned above, as a function on the product of spheres S can be identified with the
restriction onto the orbit {gw : g € SO(N)} of a linear functional | : Tyax — R,
defined by coefficients c¢,. Hence it is rather easy to see that the linear functionals
on B are in one to one correspondence with the polynomials in My ox. Furthermore
the negative polar —B° can be identified with Pos N2K-

We shall now state and explain the theorems of Barvinok alluded to in the above

paragraph.
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Theorem 7. Barvinok’s Theorem [16]
Let G be a compact group acting on a finite dimensional vector space V. Let

v €V be apoint and let | : V — R be a linear functional. Let us define
f:G—=R, flg)=1l(gv),VgeC (2.1)

For k > 0, let dy, be the dimension of the subspace spanned by the orbit {gv®*, g € G}

in V. In particular dj, < (%) Then,

1f o < mazgec| f(9)] < (i) (1 f 1o (2.2)

This theorem enables to bound the sup norm of a function f by means of its 2k

norms. We shall use this in our lower bound results.

Lemma 7. Barvinok’s Lemma [16]

Let G be a compact group acting on a finite d-dimensional real vector space V
endowed with a G— invariant scalar product (,) and let v € V be a point. Let
S4=1 C V be the unit sphere endowed with the Haar probability measure dc. Then,

for every positive integer k, we have,

1/2k
[ ([eora) ™ s 2
si-1 \Ja d

F. More results from convexity

We shall first describe the Blaschke-Santalo inequality [21], [22], [18], [23]. This
will prove quite useful in this dissertation, to transfer lower bound results into upper
bound results. Let K be a convex set in an n dimensional vector space V', endowed
with an inner product (,). We introduced the concept of a polar body above. This

can be generalized to what is called the polar of K with respect to an arbitrary point
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z € V. Thus we have,
K :={y+z:(yv+2) <1,VoreK}

Let,

p(K) = inf{(VolK?)(VolK) : z € int(K)}

This infimum is reached for a unique point in V' called the Santalo point of K, s(K).

The following is the Blaschke-Santalo inequality.
(Vo1K)(Vol K*U)) < (Vol1By,)?

where By, is the unit ball in V. This was proved by fairly technical arguments in [21].
Saint Raymond in 1981 [24] gave a simple proof of this for the special case of centrally
symmetric convex bodies. A simple proof of a generalization of the Blaschke-Santalo

inequality was provided by Meyer and Pajor [25] using Steiner symmetrization.
Definition 7. The sup norm of f € Py 1is defined as,
[ flloo := sup{f(z) : = € S}
Definition 8. The unit ball in My ok under the sup norm is as follows:
Bo :={f € Mn2k : [|fllc <1}

Lemma 8. By, is the intersection of P\O/SjV’QK with its negative polar, —]/3\0/52,,21{.

Proof. f € 15\0/3;,72[(, implies that ||f|l.c > —1. Therefore, f € —J/D\&Sj\,ﬂ(, implies

that || f]|cc < —1.Thus clearly we have the desired result. O

Lemma 9. For subsets A and B of a vector space V', the polar of AN B is the convex
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hull of the polars of A and B. That is,
(AN B)° = Conv{A°,NB°}

Proof. f € Conv{A°, NB°}, implies that there exist f; € A° and f, € B°, such that,
f=XM1+ (1 =XN)fo. Now (f,g) = X(f1,9) + (1 = XN){fe,g). For g € AN B, we have
(f1,9) < 1and (fs,g) < 1. This clearly means, (f,g) < 1. O

We shall now introduce the concept of Minkowski addition of subsets of a vector
space. This has widespread applications in many areas of convexity and we encourage

the reader to consult [18] for more on this very useful topic.
Definition 9. For subsets A, B of a vector space V', we define the Minkowski sum of
A and B as follows:

Ao B={veV :3dxe Aye B with,v=1x+y}

Since a closed convex set is given by the intersection of its supporting half spaces,
such a set can be conveniently described by the position of its support planes. Such a
description is given by the support function. This is used the the proof of the upper

bound for SOS polynomials.
Definition 10. For a non empty closed convex set K C V', the support function
h(K,.) = hg, is defined by,

WK, y) == sup{{z,y) : v € K}
The support plane is given by H(K,y) := {x € V : (z,y) = h(K,y)}. The support
set F(K,y) is nothing but the intersection of the support plane H(K,y) with K.

The intuition of the support function is that it for each v € S(V) it gives the

element of K that is furthest from wv.
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We shall end our section on convexity with an inequality which makes use of the
celebrated Brunn-Minkowski inequality, namely the Rogers-Shephard inequality. The
proof of this is beyond the scope of this dissertation. An useful reference is [18]. But

first a definition.

Definition 11. For a convex body K C V', the difference body D(K) is defined by,
DIK)=K—-K={zeV : KNn(K+zx)# o}

Lemma 10. For K C V in an n dimensional vector space, V', we have,

2n

Vol(D(K)) < ( )Vol(K)

n

G. Exotic metrics on Py ok

1. The gradient metric

We shall now briefly discuss a couple of important metrics that would be used in our
proofs later. Let us begin by defining a multigradient on Pyox along the lines of
Lemma 1. The idea is that given gradients V; on P, »;, we can tensor them together
to obtain a gradient on Py k.

Vi=®_,V;

where for every f; € P, we have V,(f;) = (;x’:il,...,ai{;) and V(f) would be

®'_,Vi(f;), when f = ®._, f; is a decomposable tensor. Using linearity like before,

we can extend this to the whole of Py ok.

Definition 12. For f,g € Pyax, we define the gradient metric as follows:

1
V9o = g / LTI do

We have the following result of Kellogg [26]that is useful.
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Lemma 11. For f € Pyax we have,

1flle = I fllc

2. The differential metric on the space of multihomogeneous polynomials

We extend the differential metric of Blekherman’s paper to the multihomogeneous
case. First some more notation. Let x; = (z11,...,%1n,), T2 = (Ta1, ..., Tony), -« -
zn, = (Tn, ..., T, ) denote the [ sets of variables. Like before, x = (z1,...,2;) € R" x
R™ x ... x R™. We shall use the following compact notation to name the associated

differential operators of monomials. Let ag = (a1, ..., Q1ny), - o, @ = (g1, - . ., Qupyy ).

Let a = (ay,...,0q). Then,

and,

|la|=2K
we can define an associated linear operator as follows:
Dy = Z ca Dy
|o|=2K
Now we finally get to defining the differential metric using a positive definite bilinear
form using Dy.

(f,9)p = Dy(9)
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H. Representation theory

We will need some simple concepts from representation theory for our proof of the
upper bound for non negative polynomials. The basic reference [27] is more than
adequate for our purpose. In particular we shall need the following lemma. If G; and
G5 are two groups and V; and V5 are representations of G and G5, then the tensor
product, Vi ® V3 is a representation of Gy X G, by (g1 X g2).(v1 ®v2) = g101 ® gavo. To
distinguish this ”"external” tensor product from the ”internal” tensor product when

G1 = G5, we denote this by, V; ® V5.

Lemma 12. If V| and V5 are irreducible then Vi ® Vy is also irreducible and every

irreducible representation of G X Gy arises this way.
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CHAPTER III

VOLUMES OF CERTAIN CONES OF BIHOMOGENEOUS POLYNOMIALS

A. Preliminaries

In this Chapter we shall obtain extensions of Blekherman’s results [28](also see [29],
[30] and [31]) to the bihomogeneous case. In this section we shall quickly summarize
what the general notation introduced in Chapter II boils down to in the case the
number of blocks [ = 2. Thus bihomogeneous polynomials are an extension of the
usual homogeneous polynomials where there are two sets of variables with n, variables
in the first block and ny variables in the second block. In the notation of Chapter II,

we have, N = (ny,ns), K = (ki1, k2) and of course [ = 2.
PN,K = Pm,k1 ® Pnz,k2

We denote the two blocks by x; = (z11,...,%T1,,) and x5 = (221, ..., To,,). We may
also use z = (x1,...,2,,) and y = (y1,. .., Yn,), to denote the two blocks. The sums
of squares and the sums of powers of linear forms reduce to the following,

Sqnak = {f € Py i such that, f = fo, for some f; € PNJ(}

=1

m 2
LfN’QK = {f c PN,K such that, f = Z H fZ-iji, for some fz‘j S Pni,l}

i=1 j=1

Also like before, we have the non negative polynomials,
Posnax = {f € Pnak such that, f(x1,x9) > 0, V(z1,72) € R™ x R™}

We also use the notation P, n,), (k) and so forth to denote Py . As outlined

in ITA, bihomogeneous polynomials can be considered as functions on the product of
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spheres SV = Sm~1 x Sm2=1 We have the action of SO(N) = SO(n;) x SO(ny) on
Py i by means of an orthogonal change of coordinates. We can similarly write down
the SO(n;) x SO(ng) invariant inner product introduced in Chapter II, example 1.

For f1 ® f2,91 ® g2 € Py i, we have,

(f1® f2, 01 ® go) = /S" . _1(f1 ® f2)(g1 ® g2) do (3.1)

:/ fin dUl/ f2g2 do
Sn1—1 Sno—1

where, do is the rotation invariant probability measure on S™~! x S"2~! and do; is
the probability measure on S™~! for i = 1,2. The hyperplane sections described in

I1D become,
Lyok = {p € Pnox] p do =1}

S”l_lx5”2—1

My 2k = {p € Pn k] p do = 0}

S'ILlleSTLQfl

and the polynomial F, reduces to (23, + ... + z1, )* (23, + ... + 23,,)*. The
slices are given by, POS,NQK = Posyox N Ly 2k, Sq;\,ﬂ( = Sqn2k N Lok, ijlmK =

Lfnarx N Lyok and the translates are,

ﬁ\o-g/S)N’QK = {p € MN,QK p+F e POSINQK} (32)
:5'?11\/,21( ={peMyoxk :p+F¢€ Sq;v,zK}

Lfnox ={p € Myaok : p+ F € Lf]/V,QK}

From lemma 2 we see that the dimension Dy; of My ok is,

ny + 2]{31 — ].) <TL2 + 2k2 — ].)
Dy = -1
. ( ka ks
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As explained in Chapter II, Sy, will be the unit sphere in My ok and Bj; the unit

ball in My 2x. We shall now compute the gauge of Pos N2K-

Lemma 13. The gauge G5, of FOJSNQK at any polynomial f € My ok 15 given by,

G () =1 inf f(v)]™

Posn 2k veSN

Proof. From definition 4 we have,

(f)=sup{A>0:\f € %N,QK}

POSN’QK

We know from the definition of f’\o/sNQK that if g € My 2k, then ¢ is in ﬁ\OTSNQK if
inf, con g(v) > —1. Let my, = inf cgn g(v). Clearly if g € My ok, then my, < 0. Now

inf csv g/|m,y| > —1 and inf,cgn g/|m, + €| < —1 for every € > 0. O

B. A lower bound for the non negative multihomogeneous polynomials

The proof of the lower bound for VolPos ~2k can be broken down into the following

steps, analogous to the approach adopted in [28]:

1. The volume taking into account the effect of higher dimensions is defined using

the integral of gauge function of ﬁo/sNng over the unit sphere in My ok, Su.

2. This is then manipulated to an integral involving the sup norm of bihomoge-

neous polynomials over Sy;.

3. Using Barvinok’s theorem, (Theorem 7) we bound || f||o by the & norm of f,

|| f|lx, for some suitably chosen k € N.

4. Using Barvinok’s lemma, (Lemma 7) we then bound || f||x to obtain our result,

which we shall state as our first theorem.
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Theorem 8.

__ 1/D
VolPosy a2k Y > s
VolBy — /maz{n; In(2k; + 1), nyIn(2ky + 1)}

— 02 _ 1
where o = 9e* and § = 5.

Since Pos N2k 1s a convex body with origin in its interior, we can use definition 4
and Lemma 26 to represent the relative volume of Pos ~N2k- One can prove this using
integration in polar coordinates. However we shall not present the proof. Instead the

interested reader can consult [20]. We have,

__ 1/D
VOlPOSN,gK M - / GDM ; 1/Dn
VolBy, N Su Posy 2k K

We notice that we can apply Holder’s theorem, since the right hand side is nothing

but the Djy; norm of Gp. Hence,

VolPos
TOSTONK ) Gp(f) du (by Holder’s Inequality)  (3.3)
VOlBM Sar
> (/ | inf f(v)|_1du> (by Lemma 26)
Sy veESY
-1
> ( / | inf f (v)\du) (by Jensen’s Inequality)
S vesSN

Finally, it is easy to observe that || f||s > |inf,cgnv f(v)|. Hence to lower bound the
volume of non negative multihomogeneous polynomials we only have to estimate the

integral of the sup norm over the unit sphere.

VOlﬁZSNQK -1
TO22 OON2K ) od
( i >_(/SM||fH )

We proceed by bounding the || f||o norm by || f||2x using Barvinok’s results (The-
orem 7). To apply Barvinok’s theorem, we shall view an f € Py g as the restriction

of a linear functional on a particular vector space T ox to a SO(ny) x SO(ng) orbit
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in Ty ok. The vector space Ty oi is described in section D.

Lemma 14. Given a vector space V.=V, x Vo and a group action of G = G1 x G

on'V, we have a natural G action on VK .= VEM @ VER2 - As usual K = (ky, k).

Proof. For g1 X go € G, and decomposable tensor (v; ® ... Qug, ) ® (W ® ... Qwy,) €

VOK  we set,

G1xg2((1®. . .U, ) (w1 ®. . .Bw,)) = (91(01)®. .. ©g1(vk, ) D (g2(w1)®. . .@ga(wh, ))-
We extend this to other elements of V®X by appealing to linearity. [

Example 3. In our setting we have a natural action of SO(N) = SO(n;y) x SO(ny)

on R™ x R". Following the procedure in Lemma 14, we extend this to T 2k,
TN,2K _ (Rn1)®2/€1 ® (Rn2)®2k2

We can think of T 2k as an array, indexed by multi indices, that is L (Vi Ving, ), (21,00 2y ) 2
where 1 < dy,...00, < ny and 1 < J1,... Jok, < ng. Given an x = (x1,15) €

R™ x R™, we can think of x®% as given by,

T (Lt ooy 21T Gky) = (g« + - Thinge ) (T2, -+ - T2y, (3.4)

We notice that z®% lies in Symog, (R™) @ Symar, (R™2). A bihomogeneous polyno-

mial p € Pyok of the form, as described in Section C

where o = (1, 9) € N™ x N™  with |aq| = k1 and |as| = ko. We shall write this
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out in all its gory detail just for fun,
p= Z colzfft .. x?ﬁ?l)(ngl . :L‘?ZZQ) (3.5)
la|l=K

= Z Cti, o Ling, (21 jag) (T - Tigge ) (T2 - Ty, ) (3.6)

1<ty <
1< 10y <M

We conclude the last equation by comparing with equation 3.4. This basically
means that we have, p(z) = (¢, 2®%). With ¢ as in equation 3.6, we have the following

linear functional [, on T,

for every v € Tyox. Thus we have the following equivalence p < [, between bi-
homogeneous polynomials and linear functionals on G orbits on 7. Let us take

r = (e1,¢;) € S~ x §"71 Then we have, for all g € G,

p(gz) = (¢, gz®%) = l,(gv)

This means that we have a group action of G = SO(n;) x SO(n2) on Tyox and a
linear functional on T'. Define, f : G — R as f(g) = l;(gz®"). For f € Sy, we have,
1fllee = sup fgz) (3.7)

geSO(n1)xSO(n2—1)

= s L) 33
geSO(n1)xSO(n2—1)

Now we can apply Barvinok’s theorem to bound, ||f||s by || f|lx. For k& > 0, let
dy, be the dimension of the subspce spanned by the orbit, {g (x®K ) ®k}. Then from

Theorem 7, we have,

1fll2k < I flloe < (i) £l
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It is easy to see that in our case,

7’L1+2]€1]{7—1 n2+2k2k—1
d, = 3.9
g ( ik ) ( sk ) (3:9)

This leads us to the following upper bound for || f||s-

Hf” < ny + 2k1k —1 1/2k1 Ny + 2kok — 1 UQ}QHfH (3 10)
o = ki ke kol F '

We shall now use the following lemma to upper bound the combinatorial factor ap-

pearing in the above equation.

Lemma 15. When k > nin(m + 1),

(n+mlg_1)1/2k Sa
m

for some absolute constant a.

Proof. From [32] we have the following estimate for (),

<‘;) < expati (%)

where, H(z) = zIn(2) + (1 — 2)In(+=), where 0 < 2 < 1. We note that H(5) =

H(1—6), when 0 < § <0.5. Also, H(x) is decreasing in the interval [0.5,1]. Now,

mk 1
B A SO
n+mk-—1" mk

Let 0 = —=. Then with b = mk and a = n + mk — 1, using the above inequality and

the properties of H(x), we see that,

o) < 1)

o =

Now expanding the entropy function formula and noting that when 0 < z < 0.5,
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21/* > (1 — 2)M/0=2) we get the following bound for H(4):

H(6) = %111(%1{;) + (1 - %) In; _1%)

Therefore we get,

Finally using & > nln(m + 1),

(b)“z’“S <mnln(m+1)>run(nm+1) .
a n

Corollary 1. When k > max{n; In(m; + 1), nyIn(ms + 1)},

N /2K LN /2K
(n—i—mk 1) (n+mk 1> < 0¢2

mk mk

As promised above, using the Corollary 1 in Equation 4.3, and taking & =

max{ni In(2k; + 1), noIn(2ky + 1)}, we obtain,

1 flloo < 3e*[1 £ 11k

Hence we now have,

(fsM " “°°d“> < @( | Hfdeu>

To obtain a bound for || f||x, we use Lemma 7 due to Barvinok [16].
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Letting ¢ = [y, this lemma helps us to bound the integral of || || as follows:

( /S ||f||kdﬂ) - kg]\;}>

But since (v,v) = Dy, we have

(/ ) ) <

Thus we finally prove that,

_ 1/D
VOlPOSN,gK [P > 5
VolBy ~ /maz{n, n(2k; + 1), no In(2ky + 1)}

— 0p2 1
where a = 9¢® and 8 = 5.

C. An upper bound on the volume of non negative multihomogeneous polynomials

Theorem 9.

Posyax 4 212 12 212 12

The proof of the upper bound for Pos ~2k can be broken down into the following

steps,

1. Relate the volume of Pos N2k to that of its polar, ]/DBTS?V,Q i, using the Blaschke-

Santalo inequality.

2. Obtain a relation between the polar of the unit ball in the sup norm, B3 and

——0

Posy o

3. Introduce gradient metric to upper bound B, by the unit ball in the gradient

metric, Bg.
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4. Finally bound the ratio of Bg to By, using arguments from representation

theory.

We begin by defining the polar 15\0/33)\,’2 i of Pos N2k, using definition 2.
Posy o = {f € Myar = (f,9) <1,Vg € Posyak}

Since P08~N72K is fixed by SO(n1) x SO(ny) and origin is the only point in My ok
fixed by SO(n;) x SO(ng). From Chapter II we have that the Santalo point of a
convex body is unique. Hence the origin is the Santalo point of P03~N’2K. Using

Blaschke-Santalo inequality, we get the following:

2
<V01P05N72K> <V01P032’2K> < (VolBM)
Therefore it would suffice to show that,
VolPosy o 1 2%? 1/2 212 12
VolB)y ~ 4\ 4k} +ny —2 4k2 4+ ny — 2
We define the unit ball in the sup-norm as follows,
Boo ={f € Myok | || flleo <1}
Now B, is the intersection of Pos N2k With —]/3\0/5;)\,’2 K

- [¢]
B = Posnax N —Posy o

From Lemma 9, we see that,

——— O ——— 0 ——— 0 o
°c _
BS, = Conv{Posy . , — Posyoit C Posy g © —Posyop

We now apply Rogers and Shephard theorem [18] in convex geometry to get a
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bound on the polar of the sup norm unit ball.

2D ——o
VolB < ( M) VolPosy o
DM ’

Lemma 16. For n > 0, we have,

Proof. The left hand side is the coefficient of the 2™ term in the expansion of (1+4z)?".

Taking = 1, we clearly have, (*") < (14 1)?" = 4", O

From Lemma 16 it follows that,

l/Dju
VolBZ, S
VolPosy o -

This reduces the proof of the upper bound to,

1/D
volBe \ (4 =2 V2 a2 4oy — 2\
VolBy - 2k3 2k3

We now bound the infinity ball using the gradient metric introduced in Lemma 12.

o |

For f € My 2k, which is decomposable, say f = f1 ® fa, we have,

_(oh R\ (0% O
Vf—(ax;“"a%)®(ay;'“’aym)

From Lemma 12, the gradient metric of f as above would be,

1 ofi\> of \>

O s ((87> bt () )
0f2\? afs \’

((8_%) +...+(ayn2> ) do

Let Bg be the unit ball in the gradient metric and the corresponding norm || f||¢.
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From Kellog’s lemma, (Lemma 11),

BoogBG

Polarity reverses inclusion and so,

By C B, (3.11)
o (VOIBM>2 . .
VolB} = ——— (Using the Blaschke-Santalo Inequality) (3.12)
VOlBG
o (VolBjy)?
Consequently, we have, VolBS > ﬁ and hence,

VOlBgO > VOlBM
VolB,; ~— VolBg

Thus, we are left with proving the following:

Lemma 17.

VolBy \ /P (4t =2 V2 a2 4oy — 2\
VolBg - 2k3 2k3

Proof. It is enough that we show the following is true for all f € My k.

/{Z2 _ 1/2 /{Z2 _ 1/2
vz (=) (=) e

By the invariance of both inner products under the action of SO(n;) x SO(ns), it is
enough to prove the lemma in the irreducible components of the representation. We

know that(Lemma 12), the irreducible components are H,,, o, ® Hp, o, for 0 <1y <k

and 0 S lQ S kg. And,
Hn,Zl = {f S Pn,?k | f = ("L‘% +...+ xi)k_lhv h € P’VZ,Ql}
If f is a harmonic form of degree 2d in n variables, Stokes’ formula gives us,

(. £l = gl

:4d+n—
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Also, when f = (2% + ... + 22)k~9h, where h is a harmonic form of degree 2d < 2k,

it is easy to check that,

d? k? — d?
(f, fla = ﬁ(h, h)a + 12

{h, h)

We now obtain the following similar results when f; = (22 + ... + 22,)*~%h; and

fo(y? + ...+ y2)F2 % hy. We notice that,

(fifo, fifo)a = (fi, falfe f2)a
7 K@
- (k_%<h17h1>0 + k% <h’17h1>>

d? k2 — d?
(k;_;(h% ha)e + %Ul% h2>>
2 2
2k32 2k3

4k +ny — 2 4k? +ny — 2
< < 1 ST >< - 242 )<f1f2,f1f2>

) Frfos fufe)

The last step follows since the minimum clearly occurs when d; = dy = 1. This proves

the lemma. O

D. Upper bound for bihomogeneous SOS polynomials

Throughout this Chapter we shall assume N = (ny,ns) and K = (ky, k2), and hence
2K = (2ky,2ks). We can outline the steps involved in computing the lower bound of

multihomogeneous polynomials as follows:

1. Bound the volume of SOS polynomials by the average width using results from

convexity theory [18].

2. Express the average width in terms of an integral involving the support function

of SOS polynomials.
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3. Bound the support function by a max norm.

4. Use Barvinok’s method to bound the integral of the max norm by a high L?P

norm.

We have the following bound for the volume of multihomogeneous SOS polyno-

mials from the Uryshon’s Inequality [18].

—~ 1/D
(VolSqN,2K> /Do Wy,

<
VOlBM - 2

Here Wévq is the average width of 5(/] and is given by,

L@%@ ::2(/2M_L§ady

where Lg_ is the support function of SA'c/] ~,2r Which can be computed by the following

formula:

Lg,(f) = max(f, g)

geSq

Thus we can obtain a lower bound for the volume of multihomogeneous SOS polyno-
mials by bounding their average width Ws.. The extreme points in Sqy 2x are clearly
perfect squares. Hence the since Sq is a translation of Sgq by (23 + ...+ 22 )" (y] +

oot %212)]@» the extreme points in :S;(/] are given as below.

=@+ 2+ YR

where g € Py ik and / g*do =1

Snlfl XSTL271

For f € MN,2K7

<f,<:c%+---+rci1)’“<y%+---+yi2)’°2>=/ fdo =0
5"1_1X5”2_1
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Hence the expression for the support function simplifies to,

Lg,(f) = max (f.g°)

geSPN,K

Now we introduce a quadratic form on Py x whose norm bounds LETI'

Hg(g) = (f, 92>f01" g€ Pyik

Now,
L, (f) < 1Hlloo

We can now use Barvinok’s theorem to bound || H ||~ by a high L* norm of H;.

Since H is a form of degree 2 on the vector space Py x of dimension Dy x we get,
|Hlloo < 2V3|[Hyll2ny

We now proceed as in the case of non negative multihomogeneous polynomials,

using Holder’s inequality to estimate the integral of || H||oo.

[ (], f
SM S]u S

Since the inner integral depends only on the projection of ¢g? into Myax, we

1/2DN,K
(f.g*)?PNdo(g)dp(f ))

PN K

have,
/<f792>2DN’Kdu(f)§H92H3DN’K/ (f, pY*PNxdpu(f)
Sy Sm

for any p € Sy;.
We can compute the second integral easily due to the invariance of the inner
product under SO(ny) x SO(ny). See for example [33] and [16].

~ I'(Dyx+ %)F(%DM)
VIIT(Dy i + %DM)

/S (. PP dp( f)
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Furthermore, Duoandikoetxea [34](also see [35] has shown that for g € Sp, , |

llg2]]2 < 4%t This implies that for g € Py, ||g2|]2 < 42k142F>

Combining these two results, we have,

1
/ Lo (f)dpe < 420 g2 | LD + )0 Dar) ) 708
S 0 VIIT (D + £Dyr)

Abramowitz and Stegun [36] list the following inequality for the Gamma function,

I'(n+a) 1
Tt =

s forb—a>0,a>0,neN
n a

Using this we obtain,

1
LD ™[22
I'(Dn,x + 2Dy) ~ VDuy

1

L(5 + Dy) | 0"
( NG < VDnxk

This implies,
2DN,K

/ Lg(f)du < 4%14%22V/3 5
Sy M

Thus we get the following upper bound for the volume on SOS multihomogeneous

polynomials.

Theorem 10. Upper bound on the volume of SOS multihomogeneous polynomials

—~ 1/Dy
VolSqy ok Dy
— TR < fPRrg2ka fog, [ R 3.13
ki —1 ko — 1
where,Dy i = (m + R ) (n2 + R ) (3.14)
k1 ko

7’Ll+2]{31—1 7’Ll+2l{31—1
d Dy = —1 1
e ( 2k, > ( 2k, > (3.15)



We can further simplify the above expression to get,

~ 1/Dn
(VOlSQN,2K> <42k142k2m(2k1)!(2k32)! k1 /2, —ka/2

n
VO].BM k‘l'kgl !

E. The differential metric on the space of bihomogeneous polynomials

42

We would need to switch to a new metric during the course of the proof of the

lower bound for multihomogeneous polynomials. We extend the differential metric of

Blekherman’s paper to the multihomogeneous case. First some more notation. Let

X = (21,...,%y,) and y = (y1, ..., Yn,) denote the two sets of variables. We shall use

the following compact notation to name monomials and their associated differential

operators. Let a = (iy,...,4,,) and 8= (J1,...,Jn,). Then,

a

i in jnz
X =Ty ...Tnyq

and y° =yJ' .. .ym

1

and,

Do o OO L

Now for a form f € Py ok,

f= Yo cax’

Q=(i1y1einy )5l =2k1
B:(jlv"'van )7|B|:2k2

we can define an associated linear operator as follows:

Df = Z CaﬂDanyﬁ

a=(i1,...,inq ),|a|=2k1
B=(41--15n ):B1=2kz2

p— —‘ /L. . . ]
oxy ... 0xn} Oyt . .. OYny?

Now we finally get to defining the differential metric using a positive definite

bilinear form using Dy.

<fa g)D = Df(Q)
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The reason for defining the differential metric is that a certain linear operator 7' :
Pnox — Pyox maps the dual cone in the usual metric into the dual cone in the
differential metric. It will be shown later that the dual cone of the semidefinite forms
under the differential metric is contained in the cone of semi definite forms. This can
be used to transfer the upper bound result into a lower bound result.

For v € S™~1 x S™2~1 such that v = (vy, v9) we will use v2X where K = (ky, k)

to denote the following form in Py ok,

2K

v = (Ullxl + ...+ Ulnl.fﬂnl)mﬁ (’U21y1 + ...+ ’U2n2yn2)2k2

Now we can define the linear operator 7" mentioned in the previous paragraph.

For f € Py ok, we have,

T(f) = /Sn11 . f()v*"dodoy

The reason T" maps the dual cone in the usual metric into the dual cone in the

differential metric is due to the following lemma:

Lemma 18. There is the following relationship between the differential and the L*

metric.

(T'f,9)p = (2k1)(2k2!)(f, 9)

Proof. For f = fi ® f2,9 = g1 ® 92 € Pn ok,

.90 =1 [

Sni—1

= / (f(v1)vi™, g1) pdo / (f(v2)v3*, go) pdory
Sn1-1

Sna—1

F (0o dor / Falvs)v22dos, g1 ® go)

Sno—1

Now,

(0™, gi)p = (2k)lgi(wi) , for i € 1,2
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and so,

(T = (2k)(2k) /

Snl_l

f(0n)g(vr)doy / F(o)g(vs)dos

Sn2—1

O

We shall now describe the important property of the operator T'. Let L be a full
dimensional cone. Let (z}+...+22 )2 (y?+... 432, )*2 be in the interior of L. We
recall My ox is the set of all forms in Pyox whose integral is zero. We translate L

by (23 + ...+ a2 )* (y7 + ...+ y2,)*™ as follows,
L={f€Myaxlf + (@t +...+23 @i +... +y5,)" € L}
Let L} and L} be the duals of L in the L? and the differential metric respectively.

Ly ={f € Pn2kl(f.9) 2 0,Vg € L}

Ly ={f € Pyaoxl(f,9)p > 0,Vg € L}

Since (zf + ...+ ) )* (yf + ...+ y2,)*" lies in the interior of both L} and L}

we can define ZZ; and Zé exactly analogous to L. From Lemma 18 it is clear that T
maps L} to L},

T(L;) = Lg
Since, T' commutes with the action of SO(ny) x SO(ny), T acts by contraction in

each irreducible subspace of Py k. From [28], we have,

T(('x% + D _'_ xil)Zkl(y% + st + y’?l,z)QkQ) = C(x% + M + xil)2k1<y% _'_ ct + y727,2)2k2
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And c is computed as,

C:/ x%dm/ y%d@:r(@)r(%)n%é_ﬂ)r(%)
gni—1 1 gna-1 1 ﬁl—w(mJ;Zkl) ﬁr(an;ng)

Therefore (1/¢)T is a contraction operator on each irreducible subspace of Py ok and

VolL?
VollL?

1/D]u
the change in volume ( ) , is bounded by the largest contraction coefficient:

—~~\ 1/D
VO].LZ [P > kﬂr(kl + n1/2) kz'F(kQ -+ n2/2
Voll: — [(2k1 +n1/2) T(2ky +ny/2)

Like before we can bound the ration of gamma functions,

C(k+n/2) _ K
T(2k + n/2) = (n/2 + k)F

Combining these we have the following useful lemma,

Lemma 19.

—~\ 1/D
volLy\ k! k!
VolL! T (na/2 + k)R (ng/2 + )k
We now take the next big step towards obtaining the lower bound via the fol-

lowing lemma.

Lemma 20. The dual cone to the cone of multihomogeneous SOS polynomials in the
differential metric, namely, Sq}, is contained in the cone of multihomogeneous SOS

polynomials, Sqn 2k .

Proof. We recall that,

Sqp =1{f € Pnakl(f,9)p > 0,Yg € Sqnar}

Now, for f € Sq},, we can associate the following quadratic form Hy in Py g, for
any p € Pk,

Hy(p) = (0, [)p
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We shall now proceed to show that Hy = Hs~ g2, thereby proving that f € Sqn2x. To
each quadratic form A in Py k, there is a corresponding symmetric matrix My. Let
W denote the vector space of all quadratic forms on Py . Then H; can be written

as the sum of rank one forms A, of the form,

Aq(p) = (v, )%

and,

H; = ZAq, for some, ¢ € Py

Let V' be the subspace of W given by the linear span of Hy where f € Pyog. P is

the orthogonal projection of W onto V', then,

2k ' 2k \
P(Aq):(/ﬁl) (/@2) Hee

It suffices to show A, — (2]’“)71 (%2)71qu is orthogonal to H,2x since forms of this

k1 ko
type span V.
2k, \ [ 2k
Hyx (p) = (2k1) (2ko ) p(0)?K = (= > ) A (p)
AN
Hence,
2%\ !/ 2k
(4,- (7 ) Hp,Hpex) = Hpex(q)— (Hp, Aper)
ko Ky

= Hypx(q) — Hp(v®) =0

Applying P to both sides,

2]{?1 -t 2k2 -t 2]{31 - 2]{32 -
mop () =3 () () e () ()
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F. Lower bound for SOS bihomogeneous polynomials
We prove the lower bound by first noting that as a result of Lemma 20 we have,
Sq, €S AN 2K

This gives us,
-~ ~ %
VOlSQN,QK > VOlSqd
VO].BM - VO].BM

Hence we are done if we find an upper bound for the right-hand side of that above
equation. To do that, we shall obtain inequalities involving the relative sizes of 3\212

and SA'&: and also that of SA‘&? and Bj;. We begin by observing that, (22 + ...+

x2 )M (y7 + ... 4 y2,)** lies in the interior of g&z, by Lemma 6. Therefore applying

ni

Lemma 20,

—~x\ 1/Dpy
VOlSQd > ]{?1' 1{32‘
Vol%: (n1/2 + k1)Fr (n2/2 + ko)*

For the part involving SfTZ]j, we start by defining the unit ball in the sq norm,
namely Bg,.

By ={f € Mnaor : || fllsq £ 1}

Let G'g,, be the gauge of B,,. From Lemma 5, we obtain,

VolB,,
— = Gg,, d
VOlBM /SM Bsq a

It is not very difficult to determine the gauge of By,. Indeed we have the following

lemma.

Lemma 21. For f € Sy, the gauge of By, is given by,

Gp., () =1l

Proof. g € 0By, implies that ||g||s, =. Thus for f € Sy, Af € By, means \||f||sq = 1.
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O

We shall go through the same process as in Section IIIC to bound the volume of

Bg,.

—VOlBSq = / Gp,, du
VO].BM S 5

= / ||f||s_q1 dp (by Lemma 31)

Sm
-1
= < /s 1/ 11sq dﬂ) (by Jensen’s inequality)
M

1 ko k! k1/2 ka2
> 1 2
- 42’9142]62@ (21{?1)‘(21{32)‘“1 "2

The last equality follows from Theorem 13, where we essentially had,

2k1 42ko (2k1)'(2k2)' *k‘1/2 7]6‘2/2
([ 171 ) < a0t 2L

Lemma 22.

Bsqg = Sqnax N —Sqy 2k

Lemma 23.
SQN,2K = =9S¢,
where, 3\&: is the dual cone of Sqn 2k in the differential metric.

From the above two lemmas we get,

—~x\ 1/Dyp
(qu) > 1 k1 lks! k1/2 ko/2

B = 2kig2he /o] (2k)1(2ko)! L 2

< *\ 1/Dap
Combining this with our bound for <V°1§3$>

VolSyq;

, we finally get,

VOl/S\_(_}d > 1 k’l'k’g‘ k1/2 ko/2 kﬁl' ]{72'

VolBy = 42k426 /21 (261 (2ka)! L "2 (/2 + k1)F (na)2 + o)k

(3.16)
(3.17)

(3.18)

(3.19)
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G. Sums of powers of linear forms

1. Lower bound

Theorem 11.

—~ 1/Dy
VolLfyow \ L (4R -2 V2 AR 4y — 2\
VolBy, — 4 2k? 2k3

((”1/2]{1! 27€1)'f> ((”2/2ki! 27%'2)'5)

We start with the following observation,

Lemma 24.

LfNVQK = POSZ

That is, the sum of powers of linear forms is dual to the non negative polynomials in

the differential metric.

Proof. f € Pos}; implies, (f,g)p > 0, for all g € Posyax. Letting f = v?X we find

using Lemma 20, that

(W™, 9)p = (2k1)!(2k2)g(v)

This implies that if f = v* (f,g)p >0, for all g € Posyax. Hence, Pos’y C Lfn k-

Now if we take some g ¢ Posy 2k, the right hand side will be negative for some value

of v and hence we have, L fyox C Pos). O
Thus we have,

VolLfy,x  VolPos,
VolB,,  VolBy

Lemma 25.

——0 —— %
Pos = —Pos;



Proof. Let us recall the definition of Pos .
Pos = {feMyaok: (f.g) <1,Vg€ Mnor}

We also have,

—Pos; ={f € Pyvax : (f,9) <0,Vg € Pyax}

Now it is easy to see that the usual tilde operation gives us the desired result.

Hence we have,

— 1/D ——on\ 1/D ——=x\ 1/D
VolLf ok " S VolPos " VolPos, "
VolB)y =\ VolBy VolPos,,
oL (4 4 =2\ IS 4 np -2\
=1 242 2k3

VolPos: Yo
(VO1EQ£Z>

1 (4k% g — 2)1/2 (4k§ +ng— 2)1/2
— 4 2k3 2k3

( (nl/QkﬂlL! 2k1)'f) ( (n2/2ki! 27?2)'5)

This concludes the proof of our theorem.

V

20
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CHAPTER IV

EXTENSION TO THE GENERAL MULTIHOMOGENEOUS CASE

A. Preliminaries

In this chapter, we shall extend the results of the previous chapter to the general
multihomogeneous case. This is by and large straight forward and hence we shall be
concise to avoid too much repetition. Throughout this chapter, N = (nq,...,n;) and
K= (ki,..., k).

From lemma 2 we see that the dimension Dy of My ok 1is,

l
DM:H( ki )

i=1
Like before, Sy will be the unit sphere in My ok and Bjs the unit ball in My ox. We

shall now compute the gauge of Pos N2K-

Lemma 26. The gauge G5, of ]%fsNQK at any polynomial f € My ox 1s given by,

O ar () = | inf_ ()|

veSN

Proof. From definition 4 we have,

Gp(;SMZK(f) =sup{A>0:\f € I/D\JSN,QK}

We know from the definition of _/P—\O—:SNVQK that if g € My 2k, then ¢ is in ?O—TSNVQK if
inf csv g(v) > —1. Let my = inf, gy g(v). Clearly if g € My ok, then m, < 0. Now

inf, con g/|m,y| > —1 and inf v g/|my + €| < —1 for every € > 0. O

B. A lower bound for the general non negative multihomogeneous polynomials

The proof follows that of the bihomogeneous case closely.
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Theorem 12.

__ 1/D
VolPosy ok [P S 15}
VolBy - \/maxie{L_,_,l}{n,» In(2k; + 1)}

— 02 _ 1
where o = 9e* and § = 5.

Like before the first step is to express Vol Posy ox in terms of the integral of its

gauge function. We have,

__ 1/D
VOlPOSN,gK M - / GDM ; 1/Dn
VolBy, N Su Posy 2k K

We notice that we can apply Holder’s theorem, since the right hand side is nothing

but the Djy; norm of Gp. Hence,

VolPos
TOSTONK ) Gp(f) du (by Holder’s Inequality)  (4.1)
VOlBM Sar
> (/ | inf f(v)|_1du> (by Lemma 26)
Sy veSY
-1
> ( / | inf f (v)\du) (by Jensen’s Inequality)
S esnN

. Hence to lower bound the

Finally, it is easy to observe that || f|c > |inf,conv f(v)
volume of non negative multihomogeneous polynomials we only have to estimate the

integral of the sup norm over the unit sphere.

VOlfi')\O—jS’NQK !
R el > ood
( VoD >_(/SMHfH u)

We can bound || f||cc norm by || f{|2x using Barvinok’s theorem. To apply this in
the general setting, we shall generalize T 2 to the multihomogeneous case.

l
Tnax = @ (R")*

=1

Now we can apply Barvinok’s theorem to bound, ||f|| by || f]/x. For & > 0, let
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di be the dimension of the subspce spanned by the orbit, {g (z®¥ )®k}. Then from

Theorem 7, we have,

1fll2k < I flloe < (i) £l

In the general case,

l
d’“zg( ik )

This leads us to the following upper bound for || f||o-

l
I < T2 s
i=1 ’

We shall now appeal to Lemma 15 to conclude,

1 £lloo < 3e*[1f1lx

( /SM ||f||kd,u> - k(DM>

But since (v,v) = Dy, we have

(LJW@@)SM%

Thus we obtain the following bound in the general case:

Using Lemma 7,

—— 1/D
VolPosy ok " > s
VO].BM

— .2 _ 1
where a = 9e” and 8 = 5.

~ V/maxi_ {n;In(2k; + 1)}

(4.2)

(4.3)

C. An upper bound on the volume of non negative multihomogeneous polynomials

Theorem 13.
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The Blaschke-Santalo inequality generalizes to the general setting and we get the

following:
2
<V01P03N72K> (VolPosjV,zK) < (VOZBM>

Therefore it would suffice to show that,
VolPosj\,gK - 1 ﬁ 2k? 1/2

Boo ={f € Mok | | flleo <1}

We recall that,

and that,

[¢]

From Lemma 9, and applying Rogers and Shephard theorem,
2D —~o
VolBS, < ( Dﬂf) VolPosy 5
From Lemma 16 it follows that,
1/D
VolBZ, [P
—_— >
VolPosy op
This reduces the proof of the upper bound to,
1/D
VolBZ, [ H 4k +mn; — 2 12
VolB)y, - 2k

We now bound the infinity ball using the gradient metric introduced in Lemma 12.

|

For f € My, which is decomposable, say f = ®._, f;, we have the following gener-
alization of the graident metric ,

From Lemma 12, the gradient metric of f as above would be,

ot L)+ (22)) o
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Let Bg be the unit ball in the gradient metric and the corresponding norm || f||s-

From Kellog’s lemma, (Lemma 11),
Boo - BG

Polarity reverses inclusion and so,

B C B2, (4.4)
o (VOlBM)2 . .
VolBp = ——— (Using the Blaschke-Santalo Inequality) (4.5)
VOlBG
Consequently, we have, VolBS > % and hence,

VolB3, S VolBy
VO].BM - VOlBG

Thus, we are left with proving the following:

VolBy, | /P li[ Ak2 +n; — 2\
VolBg Pl 2k2

Proof. The proof follows that of the bihomogeneous case. We note the invariance

Lemma 27.

of both inner products under the action of SO(N), it is enough to prove the lemma
in the irreducible components of the representation. In this setting, the irreducible

components are ®§:1Hni721i for 0 < l; < k;. And,
Hn,2l = {f € Pn,Qk | f = ([L‘% +oo+ I?L)k_lha h € Pn,Ql}

We finally notice that,

The last step follows since the minimum clearly occurs when d; = 1. This proves the

lemma. ]
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D. Upper bound for multihomogeneous SOS polynomials

We still have the following bound for the volume of multihomogeneous SOS polyno-

mials from the Uryshon’s Inequality [18].

(vozfs*qu,QK> KR 1

<
VOZBM - 2

Bounding their average width W~ by the support function L . and using the fol-

lowing simplification, we have,

Lg,(f) = max (f.g°)

9€SPy

We shall now bound the support function as follows:

Hy(g) = (f, 92>f01" g€ Py
Now,
L (f) < [[Hfll

We can now use Barvinok’s theorem to bound || H ||« by a high L* norm of H;.

Since H is a form of degree 2 on the vector space Py i of dimension Dy x we get,

1Hlloo < 2V3(|H |20

We now proceed as in the case of non negative multihomogeneous polynomials,

using Holder’s inequality to estimate the integral of ||H||oo.

[ = ([,

Since the inner integral depends only on the projection of g2 into Myax, we

1/2Dn i
(f,g*)2Pxdo(g )dﬂ(f)>

PN K
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have,
/<f,gz>2DN*Kdu(f)§H92||§DN’K/ (f, pY*PNxdpu(f)
Sy Sm

for any p € Sy.
We can compute the second integral easily due to the invariance of the inner

product under SO(N).

_ I'(Dyk +3)T(5Du)
VIIT'(Dy,x + 3Dur)

/ (f.p)*PNsdu(f)
Sm

Using, the results of Duoandikoetxea [34], we have,

1
l 1 1 D
I'(D Hrip N
I | e v
Swm i1 HF(DNJ( -+ EDM)

We also have,

1
(3 Dum) e [ 20
F(DN’K—F%DM) Dy

L(5 + Dy) |\ 7
( N < VDnx

IN

This implies,

l
. 2DNK
Lo (f)du < || 4%*V3 :
., tstnan<1I D

Thus we get the following upper bound for the volume on SOS multihomogeneous

polynomials.



o8

Theorem 14. Upper bound on the volume of SOS multihomogeneous polynomials

—~ 1/D
VolSqy o5 [P . Dy i
Nk < [[4*ved ) == (4.6)
i=1

VolBy Dy
!
k1
where,Dy = H <nz +kz ) (4.7)
i=1 ‘
!
i+ 2k —1
and Dy = H (n +2k- > (4.8)

i=1

We can further simplify the above expression to get,

— 1/Dpp l
VolSqy ok 2k; (2k;)! —ki/2
e £l < 44%iN/24——n,
( Vol By —g Bl

E. Generalized differential metric

Let a = (aq,...,a,,) € N Then,

o 01 ni
X =T . .anl
and,
0%t ... 0%
Dy

Now for a form f € Pnak,

l

@

f = E Cay...qq | |X ¢
=1

i =(0 5oy Qi | ),lvi|=2k5

we can define an associated linear operator as follows:

l
Df = Z HDX%

Now we finally get to defining the differential metric using a positive definite
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bilinear form using Dy.

(f,9)p = Dy(9)

The linear operator 1" can be written as follows. For f € Py g, we have,

7(f) = [ Fwpdo

The reason T" maps the dual cone in the usual metric into the dual cone in the
differential metric is due to the following lemma, which in the multihomogeneous case
is:

Lemma 28. There is the following relationship between the differential and the L?

metric.
l

(Tf,9)p = [ [(2k:)(f, 9)

=1

Let L} and L} be the duals of L in the L? and the differential metric respectively.

Ly ={f € Pnvaxl(f,9)p > 0,Vg € L}

Since, T'" commutes with the action of SO(N), T acts by contraction in each
irreducible subspace of Py k.

Combining these we have the following lemma,

—~\ 1/Dum 1
VolL? /2 + k’

=1

Lemma 29.

And this leads us to,

Lemma 30. The dual cone to the cone of multihomogeneous SOS polynomials in the

differential metric, namely, Sq}, is contained in the cone of multihomogeneous SOS
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polynomials, Sqn 2k -

F. Lower bound for SOS multihomogeneous polynomials
We prove the lower bound by first noting that as a result of Lemma 20 we have,
Sqq C SCIN,zK

This gives us, .
VolSqy ok - VolSq,
VOlBM - VO]_BM

Hence we are done if we find an upper bound for the right-hand side of that above

equation. Therefore applying Lemma 30,

—~ %\ 1/D
VolSq, " ﬁ
Vol%: m/Q —l— k‘

=1

For the part involving gq/[:, we have like before By,.

B ={f € Mnaor : || fllsq £ 1}

Let G'p,, be the gauge of B,,. From Lemma 5, we obtain,

VolB,,
222w [ Gy d
VOlBM /SM Bsq a

It is not very difficult to determine the gauge of B,,. Indeed we have the following

lemma.

Lemma 31. For f € Sy, the gauge of By, is given by,

Gp.,(f) = I/l

We shall go through the same process as in Section IIIC to bound the volume of



Lemma 32.

Lemma 33.

Bsq = SQN,2K N _SQN,zK

SC]N,QK = =9S¢,

where, S’E: is the dual cone of Sqn 2k in the differential metric.

From the above two lemmas we get,

Combining this with our bound for (

~=x\ 1/Dum l
% > H 1 k! n’?z’/2
Bu T A%/24 (2K

< *\ 1/D
VolSqy /Pu
Vol,’S;(/];k

, we finally get,

l

VolBy — 11 42ki /24 (2k;)

1" 2+ k)
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CHAPTER V

A HOMOTOPY APPROACH FOR THE MOTION COORDINATION OF A
GROUP OF MOBILE AGENTS

A. Introduction

Autonomous mobile agents have been gaining a lot of attention in recent years be-
cause of their potential applications in military operations, automated factories and
automated highways. It is widely believed that cooperative mobile robots will have
a number of civilian and defense applications in addition to the ones listed above. In
such scenarios, studying the motion planning algorithms becomes of paramount im-
portance. The following topics generally fall under the umbrella of motion planning

algorithms:

1. Algorithms which enable a group of n mobile agents to change position and

formation

2. Algorithms which enable the mobile agents to avoid obstacles so as to negotiate

through the amibient environment.

In this chapter we summarize our recent works in this area [13]. The listed
references listed give an applied treatment, whereas in this thesis we shall adopt a
more mathematical approach in an attempt to clarify the underlying mathematics.
The motivation for this work has been to provide a complete numerical algorithm for
the problem of pattern change in two dimensions, with central planning and hence
with limited communication among the agents. Although we have not explored ways
to optimize our solution, we believe that our work is among the first to transfer the

motion planning problem to a simple root finding exercise.
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Most of the current research that has been done in this area uses the composite
configuration approach or decoupled planning approach [37], [38], [39]. These ap-
proaches do not often capture the conditions for the combined motion of the agents as
succinctly as out polynomial space approach. Another common approach adopted in
current literature is the distributed motion planning method [40], [41], [42], [43], [44],
[45]. However this approach is limited to motion planning to achieve a limited number
of patterns. Using the method in our work motion planning can be tailored to obtain
any pattern starting from an arbitrary pattern. We shall also extend the algorithm
described in the initial sections in combination with the framework proposed in [46]
to avoid pre specified obstacles in two dimensions.

We shall now quickly summarize our approach. We represent the initial configu-
ration of a group of n mobile agents by means of the roots of a polynomial of degree
n, say P; and the final configuration by roots of a polynomial P;. In order to get
from the initial configuration to the final configuration, we deform the coefficients of
P; to that of P;. The condition to avoid collision is given by requiring the interme-
diate polynomial to have distinct roots throughout the deformation. The set of all
polynomials of degree n having atleast one multiple root is called the discriminant
variety 2,. It is known that the complement of the discriminant variety is connected
in C [17]. Hence, there is always a path from P, to Py which avoids the discriminant
variety, assuring that the agents do not collide. A parametric representation for ¥, is
described in [14]. Using this we can obtain a certificate that our path lies entirely in
the complement of ¥,,. This method requires computation of roots of a polynomial of
degree n at each time step during the deformation. We use Newton Raphson method
for computing the roots. Due to the fact that the deformation changes the coefficients
only slightly at each step, the roots of the previous polynomial would provide us with

a very good guess at each time step for the Newton Raphson method to converge
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effectively.

B. Description of the motion planning algorithm

1. Assumptions
The key assumptions are:

1. The mobile agents move in a two dimensional space.

2. The agents are represented as point objects, that is having no girth.

Although our algorithm only guarantees that the point objects do not collide at any
given time, it is possible to handle finite sized objects as well. This is made possible
by means of a result which lower bounds the minimum distance between roots of a
polynomial of degree n [47]. We shall discuss this in greater detail in the final section
of this chapter where we describe obstacle avoidance.

We now establish some notation and definitions. We consider n agents or objects
Ry, Ry, ..., R,. By a "pattern” we essentially refer to the set of coordinates of the n
objects in a particular local coordinate system(see Figure 1). We allow for the case

where the coordinate system itself is undergoing some translation.

Definition 13. Discriminant variety The discriminant variety %, is the set of all

polynomials with coefficients in C of degree n with multiple roots.
Y, :={f € P, : fhas multiple roots}

where, P, s the set of all polynomials of degree, n. Hence, P, — X, represents the

set of all polynomials of degree n with distinct roots.

According to [17] the complement of the discriminant variety is connected. Hence

given two polynomials in the complement of the discriminant variety we can find a
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path connecting them, that lies entirely in the complement of the discriminant variety.

Lemma 34. [17] The complement of the discriminant variety is connected.

b
5 4 Y
o
° o
=]
¥ 8 o °
P o
e o < o
(o)
X
9 L4 Q - - . N - N -
5 Final Triangle formation with coordinates in
o ol I o L L B
Local Frame:(x .5 ) (%% )-{5.7,)
0 4 g U
o 0 g
——

X

Initial Square formation with coordinates in Local
Frame:{ x,. 5, J(xy ¥y Jom {500 )

Q

Coordinates of Oy and Onin Global Frame © (X1.Y1) &
(X2,Y2) mspectively.

Fig. 1. Local and global coordinates

In our algorithm we represent the position of the agents with respect to some
local coordinate system L in which the motion planning is carried out, by means of
roots of polynomials. Given an initial pattern Q; = {(z1:, ¥1:), - - -, (Tni, Yni) }, We can

associate an initial polynomial P; to (); as follows:

H = (fL’ — (xu + yh-z) Ce. (SL’ — (.Tm + ymz))

Also, we can expand the above expression and write this in a more familiar
coefficient notation as,

P=a, +aux+...+ aux"”
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Similarly for the final pattern Qr = {(z1f,v1¢),- .-, (@nf,yns)}, We can associate

a final polynomial Py to (s as follows:

Ppi= (v — (z1f +y150) - (& — (Tng + Yns?))

and like before we can expand and write this in the more familiar coefficient
notation as,

Pf:aof—i—alfx—l—...—l—anfx”

Now since we know that in the initial and final patterns, the agents do not collide,
we clearly have that the roots of both these polynomials P; and Py are distinct. Hence
we have, P;, Py € ¥ — P,. From Lemma 34 we know that this set is connected. Let
T be the time in which we need to deform pattern @); to Q)¢ in the local frame L. We
shall consider a particularly simple deformation of P; into Py and describe a procedure

to ensure that the polynomials arising in the deformation are always in ¥, — P,.

Definition 14. Straight Line Deformation

A straight line deformation of P; to Py is given by the following parametrization:
P(X) :== (1 = N\)P, + APy, where, A € [0,1]

Here we have reparametrized [0, 7] to [0, 1], using A = ¢/T, for t € [0, T].

We can use the results in [14] which describe a way to parametrize ¥, ,to verify
whether P(A\) € ¥, — B,, for all A € [0,1]. First we note that if a polynomial
p=ap+ a1x + ...+ a,x™ has multiple roots, so does any multiple of p. Thus we can
represent each point in 3, as a point in P(C"*!). We shall now describe the Horn

parametrization of ¥,,.
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Lemma 35. Horn uniformization Let A be the following matriz,

A=

Let K be the kernel of A in C*Y. The discriminant variety is parametrized as follows:
Yp = {[nizo : MTew1 TRy 1 L. TiTY Ty - T, T2 € (CH)? (w0, 20, .., 1) € K}
We shall now find a basis for K. For (zg,z1,...,x,) € K, we have,

To+xr1+...+2,=0

x1+2x2+...+nxn:0

Using these two equation, we can conclude that the following (n — 1) vectors

form a basis for K.

vp=(1 =210 ...0)

v3=(2 =301 ...0)

vp=Mm—-1—-n0...1)

Let o, 71, T, denote the projections in C"*! along (1,...,0),...,(0,...,1) re-

spectively. Then from the above we see that the parametrization of the discriminant
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reduces to,

Zn = {[7'1<7T0(CIZQ'UO —+ ... ill'n'l}n) . 7'17'2(7T1 (£C2U0 + .. .l’n'l}n) . 7'17'22(71'2(1'21)0 + ... xnvn) .

(5.1)

T (T (Tove + L Tvn)] T, T2 € (CF)? (29, 28, ..., 2,) € CPT2Y

(5.2)

= {[n(mo(x2wo + . .. Tpwy) : T (w1 (T2wy + . .. Tpwy,) Ty (T2(T2wo + . . . THWY,) -

(5.3)

(T (Tawo + .. mpwy)] - T, T € (C) (29, 23, . .., ,) € CV2)

(5.4)

where,

wy=(1 =27, 730 ...0)

w3 =(2 -3, 075 ...0)

w,=n—1—nmn0 ...77)

Lemma 36. A polynomial p = ag + a1z + ... + a,x™, lies in X, if and only if,

(ag ay ...ay) lies in the span of wa, ... w,.
Proof. This is clear from Equation 5.1 ]

Lemma 37. We can find two vectors, s1 and sy such that p = a9+ a1x+ ...+ a,a”,

lies in 3, if and only if, (P,s1) =0 and (P, s3) = 0.

Proof. 1f we find two linearly independent vectors orthogonal to ws, ..., w,, we would
have our result. Since the dimension of the vector space we are considering is n + 1,

the subspace orthogonal to the one spanned by ws, ..., w, is 2 dimensional. We shall
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now explicitly write down two such vectors. Since, s; is orthogonal to ws, ... w,, we

have,

% 7 24

25 — 3mpst + ...+ 15, =0

(n—1)sh — n7est + ...+ 755" =0

where s} is the j% component of s, for i = 1,2 and j = 0,1,...,n. Letting s§ =

0,51 =1 and s3 =1, s = 0, we have our desired two vectors.

s1=(012/m3/m5 ...n/m8 1)

s9=(10 —1/r2 —2/73 ...~ (n—1)/73)

Theorem 15. There exists a continuous path A : [0,1] — C, such that P(\) =

(1 = N)P, + APy is not in 3, for every X € Image(A).

Proof. Using the above mentioned vectors s; and s, we construct two polynomial
equations, corresponding to (P(A), s;1) = 0 and (P(\),s9) =0

We can easily eliminate A from one of the equations, because it is a linear term.
The polynomial resulting from the elimination is a polynomial in 75 alone. Each of
the solutions for 75 gives a corresponding value for A. Thus there are only finitely
many solutions for A. Hence we can always find a path A : [0, 1] — C which avoids
all the above values of . If the value of A do not lie in [0, 1] then the simple straight
line path A : [0,1] — [0, 1] does the job. O
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Once it has been verified that the straight line path between polynomials avoids
the discriminant variety,the roots of the polynomial can be found out at each step
to find the position of each mobile agent in local frame with the current local frame
having undergone a translation from the initial frame. In other words each mobile
agent is translated by the same amount with deformation caused by homotopy of the
polynomial. The planning for translation can be done as in [20]. Given the initial
and final polynomial to each mobile agent, its initial position and the velocity of
translation,using Newton Raphson the mobile agents can calculate their position in
the next time step in a distributed manner. Newton Raphson method can be used as
we have a good initial guess at each time step for calculating the roots. The results

of the simulations are plotted in Figure 2 and Figure 3

120
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i 40f
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x —————— >

Fig. 2. Square to line formation
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Fig. 3. Square to triangle formation

C. Imposing velocity and acceleration constraints

We can impose velocity and acceleration constraints on each mobile agent by repa-
rameterizing P. Suppose we have a path A : [0,1] — [0,1], such that P()\) ¢ 3,
for all A € [0,1]. Let z;(\) denote the position of the i’ agent. Then its velocity is
given by, dz;/d)\ and the speed would be, |dx;/d)|. Given a constraint on the speed,
7, our approach would be to reparametrize A with f : [0,1] — [0, 1] so as to main-
tain the new speed, |dz;(A(f)))/df| below ~. Since |dx;/df| = |dz;/d\| x |d\/df],
we can set |dA/df] in such a way to keep |dz;/df| below ~. For instance, setting
|d\/df| < 0.9 x v/|d\/df| would achieve our goal. Figures 4 and 5 illustrate this.
The sparsely spaced dots in Figure 4 indicate high velocities which are kept

within bounds using velocity constraint as shown in Figure 5.
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D. [Illustrative example

We shall present an example which has four mobile agents arranged in a square initial

pattern, which needs to be deformed into a line.

1. Initial pattern, @; = {(0,0), (20, 0), (0, 20), (20,20)}.
Final pattern Q; = {(0,0), (15,0), (30,0), (45, 0)}.

2. Hence, we have the initial and final polynomials as follows:

P, = (z —0)(z — 20)(x — 202)(z — 20 — 202)

Py = (z —0)(z — 15)(x — 20)(z — 45)

3. Using a straight line deformation, P(A) = (1 — )P, + AP;. The following steps
will verify that P()\) ¢ X, for all A € [0, 1].

4. We have,

1 1 1 11
A=

012 3 4

5. We have the following basis for the kernel of A.

va=(1 -2100)
v3=(2 —3010)

U4:(3 —4001)

6. The discriminant variety is parametrized as ,

Y, =An(mo(zawe + . .. zqwy) : 7y (w1 (T2wo + ... qwy) T (m2(T2w0 + . . T4WY)

(T (zowo + .. mgwy)] s T, T2 € (CF)2) (19, 23, 24) € C*}



5

where we have,

wy=(1 =21 75 0 0)
W3 = (2 - 37'2 0 7'23 0)

wy =3 —4m 0 0 7))

7. The following two vectors are orthogonal to ws, w3 and wy.

s = 0 1 2/7 3/75 4/75)

Sy = 1 0 —1/7 =2/ —(n-1)/m)

8. Using, (P(\),s1) = 0 and (P()), s2) = 0 and solving for A we get,

A ={0.6384 + 0.26902, —0.0111 4 0.1943¢,0.0149 + 0.01521,

0.0040 — 0.588172,0.2441 — 0.6700¢}

Clearly these values do not lie in [0,1]. Hence P(\) does not intersect the
discriminant variety X,, for any A € [0, 1]. The simulations shown in Figure 2
also show that the agents do not collide while they are deformed from the initial

to the final pattern.

E. Discussion

Paths were generated for groups of mobile agents for different initial and final shapes.
Also the velocity and acceleration were kept under bounds by reparameterization
which was done numerically using lookup tables. Even though the paths intersect
they do so at different time steps. The paths generated are smooth as expected and
are mostly non-linear.

Since this is a result which is first of its kind there is a lot of scope to extend the
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idea. Given the size of the agents research can go into finding complete algorithms
which guarantee the maintenance of a certain distance between the agents at all
times. This would require moving in a sub space of the discriminant variety space
in which minimum distance between the roots is the sum of the radii of the largest
mobile agents. Research can also be done to find the probability of avoidance of the
discriminant variety using the straight line interpolation. Also if a generalized method
to find all paths parameterized in time in the complement of the discriminant variety
space is found research can go into finding the optimal path. Another interesting idea
is to study the paths in polynomial space which ensure that the mobile agents do not
wander too far off from the group [48]. In other words the idea of bounding the size
of the formation at each time instant using this method will be explored. Also the

3-D extension of the method remains a significant open problem.



7

CHAPTER VI

CONCLUSION

Much recent work in optimization and algorithmic real algebraic geometry has arisen
from the fact that deciding whether a polynomial is SOS can be done efficiently via
SDP [8]. In particular, for certain n-variate degree k polynomials, it was shown in
[8] that one could approximate their real minima within nO(1) arithmetic operations
via SOS and SDP. This is in sharp contrast to the kO(n) complex- ity bounds coming
from the best known algorithms from real algebraic geometry [29]. However, for an
approach via SDP to be practical, one obviously needs to know how often nonnegative
polynomials are in fact SOS. In one variable, nonnegative polynomials are actually
always SOS , so one can then safely use SDP to decide nonnegativity and even decide
the existence of real roots. However, since the classical technique of Sturm-Habicht
sequences is already known to have complexity near-linear in the degree [30], the
potential complexity savings of SDP over Sturm-Habicht are not clear. Whether SDP
can provide a significant gain in speed for larger n, for a large fraction of inputs, is thus
an important question. Similarly, many algebraic algorithms lack provable speed-ups
when the input polynomials are sparse or have structured Newton polytopes, and
thus one should also ask if SDP can provides speed gains in these settings as well.

Let us state clearly that while no current bounds (including our own) adequately
describe classes of multigraded polynomial where Yk n occupies a provably large
fraction of Par n our results are at least a first step toward incorporating Newton
polytopes and sparsity in the quantitative study of P, and X, ;. In particular, we
can at least point out new families where there are significantly more nonnegative

polynomials than sums of squares.
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