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Abstract: We show the possibility of arbitrary longitudinal spatial modeling of non-diffracting
light beams over micrometric regions. The resulting beams, which are highly non-paraxial,
possess subwavelength spots and can acquire multiple intensity peaks at predefined locations
over regions that are few times larger than the wavelength. The formulation we present here
provides exact solutions to the Maxwell’s equations where the linear, radial, and azimuthal beam
polarizations are all considered. Modeling the longitudinal intensity pattern at small scale can
address many challenges in three-dimensional optical trapping and micromanipulation.
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1. Introduction

A non-diffracting beam that has been recently utilized in many applications is the Bessel beam [1].
Despite their interesting diffraction-resistance and self-healing behavior, Bessel beams typically
lack the high intensity gradient in their longitudinal direction, i.e., their longitudinal intensity
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gradient is not sufficient to overcome the beam scattering force which is a critical requirement,
for instance, in optical trapping. This drawback was mitigated by using a more advanced class
of diffraction-resistant light beams, known as Frozen Waves (FWs) [5–7], whose longitudinal
intensity profile can be made to follow a predefined pattern and thus possess a customized
(strong) intensity gradient. FWs have been experimentally generated in several media [8, 9] and
have been examined for possible applications in optical trapping [10, 11].

Previously, FW beams were obtained using discrete superposition of co-propagating Bessel
beams. In this case, the longitudinal intensity profile was controlled over relatively large propa-
gation distances (centimeters). In optical trapping and micromanipulation applications, however,
it is desirable to shape the optical beam over micrometer space regions. This can be done more
efficiently through a continuous superposition of Bessel beams which can be expressed as a
discrete superposition of Mackinnon type beams [12]. However, longitudinal intensity control
over small regions, few times larger than the wavelength, will result in highly non-paraxial beams.
Accordingly, the previous scalar paraxial approximation of FWs breaks down and it becomes
necessary to formulate the solution in an exact vectorial form of Maxwell’s equations.

In this work, we extend the scalar method of FWs, based on continuous superposition of Bessel
beams, to the vectorial case. Our formulation provides exact solutions of Maxwell’s equations for
structured light under different polarization states (linear, azimuthal, and radial) over micrometer
space regions. In contrast with previous work [13] which also deals with non-paraxial beams via
superposition of Mackinnon type beams, here we focus on beam spatial modeling.

We envision this generalized form of FWs to be useful for optical trapping purposes, where
the achievable high intensity gradients can ensure three-dimensional optical trapping at pre-
determined points over micrometer regions. In addition, the results presented here can have
significant impact on many other applications including nanofabrication, microlithography,
imaging, super-resolution microscopy, plasmonic coupling and excitation, and magneto-optics.

2. Scalar method

An integral solution to the wave equation �2Ψ = 0 in the case of azimuthal symmetry is given by
a continuous superposition of zero-order Bessel beams over the longitudinal wavenumber kz :

Ψ(ρ, z, t) = exp (−iωt)
∫ ω/c

−ω/c
dkz S(kz ) J0

ρ
√
ω2

c2 − k2
z

 exp (ikz z) , (1)

It can be shown that by expanding S(kz ) in a Fourier series, S(kz ) =∑∞
n=−∞ An exp (in 2π

K
kz ), with K = 2ω/c and An = F (−2nπ/K ), the exact solution of Eq.(1)

is given by the following superposition of Mackinnon-type beams [12]

Ψ(ρ, z, t) = exp (−iωt)
∞∑

n=−∞

F
(
−

2nπ
K

)
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2
 , (2)

which, as showed in [12], can present resistance to the diffraction effects, with a longitudinal
intensity profile that can be chosen a priori, i.e., |Ψ(ρ = 0, z, t) |2 ≈ |F (z) |2, where F (z) =

f (z) eiQz . Here, Q is a positive constant parameter that ensures that the spectrum S(kz ) acquires
negligible values for kz < 0, yielding mostly forward-travelling Bessel beams in the superposition

of Eq. (1). The spot radius, r0, is related to Q through r0 ≈ 2.4/
√
ω2

c2 − Q2.
We note that the beams given by Eq. (2) do not carry orbital angular momentum (OAM) as they

are composed of zero order Bessel beams. However, this solution can be transformed into higher
order solutions equivalent to considering a superposition of higher order Bessel beams. Starting
with “0–th order” solution (2), an “` order” solution can be obtained by applying the operator
U ≡ exp(iφ) [∂/∂ρ + (i/ρ)∂/∂φ)] ` times. This provides an exact solution to the scalar wave
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equation, resulting in beams carrying OAM of topological charge ` with a longitudinal intensity
pattern similar to that of the “0–th order” solution, but shifted from ρ = 0 to a cylindrical surface
with ρ = ρ` . Here, ρ` is related to the parameter Q and can be approximately evaluated as the

first non-null root of the equation
[
d
dρ J`

(
ρ
√

(ω
2

c2 − Q2)
)]
ρ=ρ`

= 0.

While this scalar method is very effective for shaping the diffraction resistant beam within
micrometer spatial regions, providing fast convergence for the series Ψ(ρ, z, t) in Eq. (2),
it cannot be used for our purpose of modeling the light beam over small regions (order of
few wavelengths), without taking the vectorial nature of electromagnetic waves into account.
Accordingly, in the following section, we extend the scalar method to the vectorial case in
order to provide exact solutions to Maxwell’s equations and generate beams whose longitudinal
intensity can be modeled over micrometers.

3. Extending the method: vectorial beams

In this section, we obtain the vectorial beams as exact solutions of Maxwell’s equations, shaping
the longitudinal intensity profiles over micrometric regions. The extension of the scalar method to
the vectorial case will be carried out directly through the electric and magnetic fields, while taking
into account the cases of linear, azimuthal, and radial polarization. Naturally, any wavelength can
be used. Here, in all examples, we will consider λ = 0.532µm, widely used in many applications.

3.1. Linear polarization

In this case, we consider the electric field as E = E0Ψ x̂ + Ez ẑ, where E0 is a constant with
dimensions of electric field and Ψ is given by the solution in Eq. (2). The longitudinal component
is given by the Gauss law (source free) Ez = −E0

∂
∂x

∫
Ψ dz. From Eq. (1), we have that

∫
Ψ dz = exp (−iωt)

∫ ω/c

−ω/c
dkz

S(kz )
ikz

J0

ρ
√
ω2

c2 − k2
z

 exp (ikz z) . (3)

The integral of Eq. (3) can be resolved as a superposition of Mackinnon type beams whose
complex amplitudes are given by the Fourier coefficients of S(kz )/ikz where, as we already
know, S(kz ) =

∑∞
n=−∞ F (−2nπ/K ) exp (in 2π

K
kz ). In this way, it can be shown that

S(kz )
ikz

=
1
K

∞∑
n=−∞

g
(
−

2nπ
K

)
exp (in

2π
K

kz ), where, g
(
−

2nπ
K

)
=

[∫
F (z) dz

]
z=−2nπ/K

, (4)

in such a way that

Ez = −E0 exp (−iωt) cos φ
∞∑

n=−∞

g
(
−

2nπ
K

)
∂

∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2
 , (5)

where we have used ∂/∂x = (cos φ) ∂/∂ρ − (sin φ/ρ) ∂/∂φ. We can thus model and shape
the longitudinal intensity pattern of the linear transverse electric field component, Ex = E0Ψ,
through Eq. (2), taking into account that the axial field component will be given by Eq. (5).
Furthermore, the corresponding magnetic field can be easily calculated from the Faraday law,
where B = − i

ω

[
∂Ez

∂y x̂ +
(
∂Ex

∂z −
∂Ez

∂x

)
ŷ − ∂Ex

∂y ẑ
]
.

As an example, we demonstrate a case in which we generate a linearly polarized light beam of
spot radius r0 ≈ 0.28 µm with longitudinal intensity profile given by a super-Gaussian of depth
25.2 µm multiplied by an Airy function squared. For this, we choose F (z) as

F (z) = exp (iQz) exp
(
−

1
2

( z
Z

)8
)

Ai
(
3π

z − 0.8Z
Z

)
. (6)
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Here, Z = 12.61 µm and Q = 0.7ω/c (from r0 ≈ 2.4/
√
ω2

c2 − Q2). As such, Ex = E0 Ψ, with Ψ
given by Eq. (2). Figure 1(a) depicts the spectrum S(kz ) in this case and Fig. 1(d) shows the
longitudinal intensity |F (z) |2, chosen for Ex , in the continuous blue line, and the result obtained
through our solution of Eq. (2) in red dash line. A very good agreement is observed. In addition,
the 3D intensity of the transverse beam component Ex is shown in Fig. 2(a). It is observed that
the desired spatial modeling is successfully realized over microns scale. For this, we only used
105 terms in the series of Eq. (2). Finally, Fig. 2(b) shows the 3D intensity of the axial field
component, Ez , given by Eqs. (5) and (4) and follows the same intensity profile of Ex .

3.2. Azimuthal polarization

In this subsection, we consider the case of azimuthal polarization with azimuthal symmetry,
i.e., E = Eφ (ρ, z, t) φ̂, where Eφ (ρ, z, t) must obey ∇2Eφ − Eφ/ρ2 − ∂2

ct Eφ = 0. A general
propagating beam solution is given by an integral expression similar to Eq. (1), but with the
“0–th” order Bessel function replaced with a first order one, that is

Eφ (ρ, z, t) =
c
ω

E0 exp (−iωt)
∫ ω/c

−ω/c
dkz S′(kz ) J1

ρ
√
ω2

c2 − k2
z

 exp (ikz z) . (7)

Although it is possible to obtain an analytical solution to the integral appearing in Eq. (7) for any
S′(kz ), we adopt a simpler procedure by considering the derivative of Ψ, Eq. (2), with respect to

ρ. This yields a superposition similar to Eq. (7), with S′(kz ) = −

√
ω2/c2 − k2

z S(kz ). With this,
the solution for Eφ becomes

Eφ (ρ, z, t) =
c
ω

E0 exp (−iωt)
∞∑

n=−∞

F
(
−

2nπ
K

)
∂

∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2
 , (8)

This solution preserves the desired longitudinal intensity pattern, |F (z) |2, of the resulting beam,
which is no longer concentrated along ρ = 0, but it is now concentrated over a cylindrical
surface of radius ρ1, which is approximately given by the first non-null root of the equation[

d
dρ J1

(
ρ
√

(ω
2

c2 − Q2)
)]
ρ=ρ1

= 0. The magnetic field B can be obtained from Faraday’s law,

which in this case provides B = Bρ ρ̂ + Bz ẑ. This results in

Bρ (ρ, z, t) =
ic
ω2 E0 exp (−iωt)

∞∑
n=−∞

F
(
−

2nπ
K

)
∂2

∂z∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2
 , (9)

and Bz (ρ, z, t) = −
ic
ω2 E0 exp (−iωt)

∞∑
n=−∞

F
(
−

2nπ
K

)
1
ρ

∂

∂ρ

ρ ∂

∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2

 ,

(10)
As an example, we present a scenario in which we obtain azimuthally polarized light beam

with a longitudinal intensity pattern given by two super-Gaussians of width 2.5µm, concentrated
over a cylindrical surface of radius ρ1 ≈ 0.24µm, and separated by 5µm. In this case we choose

F (z) = exp (iQz)

exp

− 1
2

(
z + Z/2

Z/4

)8 + exp

− 1
2

(
z − Z/2

Z/4

)8 , (11)

with Z = 10 µm and Q = 0.75ω/c. Our solution is then given by Eq. (8), where F (z) is given by
Eq. (11). In this case, only 77 terms in the series of Eq. (8) are sufficient to produce a very close
result. Figure 1(b) shows the kz spectrum S′(kz ) whereas Fig. 1(e) depicts the predetermined
longitudinal intensity pattern |F (z) |2 chosen for Eφ (in continuous blue line). The result obtained
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through the solution in Eq. (8) is shown in red dash line, exhibiting an excellent agreement.
Figure 2(c) shows the 3D intensity of the electric field, Eφ , of the resulting beam.

Fig. 1. The calculated spectra S(kz ) and S′(kz ) for the case of linear (a), radial (b), and
azimuthal (c) polarization states. Figures (d-f) show the corresponding longitudinal intensity
patterns, where the desired profile |F (z) |2 is shown in the continuous blue line and the
actual field profile in red dashed line exhibiting a very good agreement.

3.3. Radial polarization

Here, we derive the beam with radial polarization (E,B) from that with azimuthal polarization
(E′,B′). Using the concept of duality, we assign E = cB′ and B = −1/cE′ in E′ = E′φ (ρ, z, t) φ̂
and B′ = B′ρ ρ̂ + B′z ẑ. Accordingly, we obtain E = Eρ ρ̂ + Ez ẑ and B = Bφ (ρ, z, t) φ̂ with

Eρ (ρ, z, t) =
ic2

ω2 E0 exp (−iωt)
∞∑

n=−∞

F
(
−

2nπ
K

)
∂2

∂z∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2
 , (12)

Ez (ρ, z, t) = −
ic2

ω2 E0 exp (−iωt)
∞∑

n=−∞

F
(
−

2nπ
K

)
1
ρ

∂

∂ρ

ρ ∂

∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2

 ,
(13)

and Bφ (ρ, z, t) = −
E0
ω

exp(−iωt)
∞∑

n=−∞

F
(
−

2nπ
K

)
∂

∂ρ
sinc


√
ω2

c2 ρ2 +

(
ω

c
z + nπ

)2
 . (14)

As an example, we choose a field profile for Eρ with intensity that is given by a sequence of
seven donuts of radius ρ0 ≈ 0.24µm, with a longitudinal depth of 0.57µm and separated by a
distance of 2.28µm. This can be obtained by choosing |F (z) |2 as a cosine squared modulated by
super-gaussian. More specifically, we choose

F (z) = exp (iQz) exp
(
−

1
2

( z
Z

)8
)

cos
(

7πz
2Z

)
, (15)

with Q = 0.75ω/c and Z = 8µm. Figure 1(c) shows the kz spectrum, S′(kz ) whereas Fig. 1(f)
shows the corresponding longitudinal intensity pattern |F (z) |2 chosen for Eρ in continuous blue
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Fig. 2. The 3D intensities of: (a) Ex , for the case of linear polarization and (b) the corre-
sponding axial field component Ez ; (c) Eφ , for the azimuthal polarization; (d) Eρ for the
radial polarization and (e) the correspondent axial field component Ez .

line. The figure also depicts the result obtained via our solution from Eq. (12) in red dashed line.
Figure 2(d) shows the 3D intensity of the transverse beam component Eρ . In this case, we have
incorporated 73 terms in the series of Eq. (2) to achieve the desired spatial modeling within the
micrometer region. Finally, Fig. 2(e) shows the 3D intensity of the correspondent axial field
component, Ez , given by Eq. (13), it follows the same longitudinal intensity pattern of Eρ but
possesses larger intensity as a result of the high non-paraxiality.

4. Conclusion

We presented the generalized Frozen Wave (FW) theory. Our formulation provides exact solutions
to Maxwell’s equations in which the three polarization states (linear, azimuthal, and radial) are
considered. The method allows the generation of highly non-paraxial beams that can be spatially
shaped over micrometer spatial regions, on demand. We envision this development to be useful for
optical trapping and micro-manipulation purposes, nanofabrication, microlithography, imaging,
super-resolution microscopy, plasmonic coupling and excitation, and magneto-optics.
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