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ABSTRACT 

 

A Placement Model for Matrix Acidizing of Vertically Extensive, Multilayer Gas 

Reservoirs. (August 2008) 

Manabu Nozaki, B.E., Waseda University 

Chair of Advisory Committee: Dr. A. Daniel Hill 

 

Design of matrix acidizing treatments of carbonate formation is still a challenge 

although extensive research has been done on it. It is necessary to estimate acid 

distribution along the wellbore. This estimation is very important especially for the case 

where the reservoir properties vary along the wellbore. 

This work provides development and application of an apparent skin factor 

model which accounts for both damage and mobility difference between acid and gas. 

Combining this model with a conventional acid placement model, we develop an acid 

placement model for vertically extensive, multilayer gas reservoirs. A computer program 

is developed implementing the acid placement model. The program is used to simulate 

hypothetical examples of acid placement for vertically extensive, multilayer gas 

reservoirs. This model will improve matrix acidizing for gas reservoirs and enable real-

time monitoring of acid stimulation more accurately. 
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1. INTRODUCTION 

 

1.1 Statement of the Problem 

 Matrix acidizing is a well stimulation technique in which an acid solution is 

injected into the formation in order to dissolve some of the minerals present, and hence, 

recover or increase permeability. The acidizing treatment is called a matrix treatment 

because the acid is injected at pressures below the parting pressure of the formation, so 

that fractures are not created. The objective is to greatly enhance or recover the 

permeability near the wellbore, rather than affect a large portion of the reservoir. 

 Overall acid volumes for the treatment of short intervals in vertical wells tend to 

be small and good placement efficiency has been obtained in vertical wells. However, 

for vertically extensive wells, it is hard to stimulate the formation effectively. Some 

zones cannot be acidized sufficiently. To stimulate the formations effectively, estimating 

the volume of acid injected into each zone during the treatment is crucial. 

 Several acid placement models for oil reservoirs have been developed and 

applied in the field successfully. In those models transient flow or pseudosteady-state 

flow equation, and Hawkins’ formula are used to evaluate the effectiveness of the 

stimulation. However, when evaluating acidizing in a gas well, the models are not 

adequate because the mobility (viscosity and relative permeability) difference 

 

____________ 
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between the reservoir fluid (gas) and the injected fluid (acid) mainly affects the damage 

reduction process. Hence, an model for matrix acidizing in gas wells needs to account 

for such an effect to evaluate the effectiveness of the treatment. 

 

1.2 Background and Literature Review 

 Extensive research has been done on modeling acid placement in horizontal 

wells; however, only limited number of models for vertical wells exists in literature (Hill 

and Galloway, 1984; Hill and Rossen, 1994) because overall acid volumes for the 

treatment of short intervals in vertical wells tend to be small and good placement 

efficiency has been obtained. Even though acid-placement modeling in horizontal wells 

is more complicated, the same concepts can be applied for vertical wells. 

 Jones and Davies (1996) presented an acid placement model for horizontal wells. 

The model was for barefoot completions in sandstone formations, and the simulator used 

a pseudosteady-state reservoir model. They emphasized the need to include wellbore 

phenomena. 

 Using well testing theory, Hill and Zhu (1996) developed the real-time 

monitoring model for acidizing of single-phase oil reservoirs for the transient reservoir 

response. The model yielded the damage skin evolution from an inverse injectivity 

versus superposition time plot. On the basis of their model, Eckerfield et al. (2000) and 

Mishra et al. (2007) presented an acid-placement model for horizontal wells including an 

interface tracking model. 
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 Gdanski (2005) described recent advances in carbonate stimulation, stating that 

zonal coverage of long carbonate sections remains a challenge and most of the acidizing 

treatments are still designed on the basis of rules of thumb. 

 Zhu et al. (1998) presented a real-time monitoring model for acidizing of gas 

wells. In their model they successfully estimated skin evolution during an acid treatment 

for gas wells, accounting for a big difference of viscosity between acid and gas. On the 

basis of their model, Fadele et al. (2000) modeled acid treatment for gas reservoirs. 

However, their model didn’t account for wellbore phenomena. 

 

1.3 Objectives of Research 

 In this study, the effect of mobility difference between gas and acid is evaluated 

more accurately than the Fadele et al. model (2000) In addition, we account for wellbore 

phenomena by combining the wellbore flow model and the reservoir outflow model in 

the same way as Mishra et al. (2007). The model will improve acid treatments design for 

multilayer gas reservoirs and real-time monitoring. 

 The presented research project aims to develop an acid placement model for 

vertically extensive, multilayer gas reservoirs. Following are the basic objectives: 

� Analyze linear coreflood data. 

� Construct an apparent skin factor model on the basis of the analysis of coreflood 

data. 

� Couple the reservoir outflow model, the wellbore flow model, the interface 

tracking model, and the apparent skin factor model. 
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� Develop a computer program. 

� Apply the computer program to hypothetical data and study the results. 

 

1.4 Outline of the Thesis 

 In section 2 we analyze Shukla’s linear coreflood experimental data (2002), and 

show the effect of mobility difference between gas and acid. 

 In section 3 we present the formulation of the various model equations: wellbore 

flow model, reservoir outflow model, fluid interface tracking model, wormholing model, 

apparent skin factor model, and mechanical skin effect. The model couples several 

processes together. Each process is described separately in this section.  

 In section 4 we show a method to solve the model equations presented in section 

3. Also the details of a computer program developed are presented. 

 In section 5 we apply the computer program to hypothetical data. We study both 

one-layer case and multilayer case. 

 In section 6, the new developments from this work and their practical 

applicability are summarized. Potential future research works are also suggested. 
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2. LINEAR COREFLOOD DATA ANALYSIS 

 

2.1 Introduction 

 When carbonates are acidized using hydrochloric acid, the dissolution of rock 

matrix is not uniform as in sandstone acidizing. Instead, highly conductive flow channels 

known as wormholes result due to non-uniform dissolution. Thus, this highly selective 

pattern of dissolution dissolves certain parts of the medium creating infinitely permeable 

channels whereas other parts remain unaffected. 

 The propagation of wormholes during carbonate acidizing has been studied 

extensively, both experimentally and theoretically. A key finding of the experimental 

studies has been that if a given acid is pumped at a constant rate into a liquid saturated 

core maintained under confining pressure at a certain temperature within a core holder, 

then the differential pressure across the core declines mostly linearly with time (Fig. 2.1). 

 However, Shukla (2002) showed that this is not always true for acidizing in a gas 

saturated core. He carried out 19 experiments. In the five experiments the differential 

pressure built up until it reached a maximum differential pressure, and dropped rapidly 

(Fig. 2.2). This increase of differential pressure could be explained in terms of relative 

permeability and viscosity difference between gas and acid. 

 We analyze Shukla’s linear coreflood data by applying Darcy’s law along the 

core length. 
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     Fig. 2.1—Typical curves of pressure drop observed with HCl in limestone  
                      rocks (from Tardy et al., 2007). 

 

 

   Fig. 2.2—Differential pressure versus pore volumes in a gas saturated  
                   core (from Shukla, 2002). 
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2.2 Experiment Description 

 The layout of Shukla’s experimental apparatus is shown in Fig. 2.3. In the 

experiments, first gas was injected into a liquid saturated core until the core was at 

residual water saturation. Then acid was injected until wormhole broke through. 

Acidizing condition such as temperature, injection rate and gas injection method were 

varied. The permeability response during acidizing was monitored. 

 The cores were 6” long and 1” diameter cores fabricated from a Texas Cream 

Chalk rock sample of average permeability of 6.5 md and average porosity of 28 %. 

 

    Fig. 2.3—Experiment setup (from Shukla, 2002). 
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2.3 Data Analysis 

 During acidizing, we have the following three potential zones (Fig. 2.4):  

I. A zone where wormholes are created and pressure drop is negligible. 

II. A zone which is invaded by spent acid. 

III. A zone which is filled with an original fluid. 

Each zone has different mobility. Using Darcy’s law, the total pressure drop is given by 

     

,effrg

spentcoregas

effra

whspentacid )()(

Akk

LLq

Akk

LLq
p

oo

−
+

−
=∆

µµ
  ..............................................  (2.1) 

where ∆p is differential pressure along the core, q is injection rate, µacid is acid viscosity, 

Lspent is length of spent acid penetration, Lwh is length of wormhole penetration, k is 

absolute permeability, o

rak  is endpoint relative permeability to acid, µgas is gas viscosity, 

Lcore is core length, o

rgk  is endpoint relative permeability to gas, and Aeff is effective 

cross-sectional area. 

 

          Fig. 2.4—Displacement pattern in a gas saturated core during acidizing. 

Lwh 

Lspent 

Lcore 

Aeff 

Zone I Zone II Zone III 

Acid injection 
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 When acidizing in a liquid saturated core, mobility difference between acid and 

original fluid is small. Hence the two terms in Eq. 2.1 can be one term. In addition, the 

length of zone II in a liquid saturated core could be smaller than that in a gas saturated 

core. According to Shukla (2002), the wormhole in the gas saturated core was observed 

to have less branching than that in the liquid saturated core. Therefore the first term 

could be negligible in a liquid saturated core. 

 Assuming that both Lwh and Lspent increase with time linearly, then the total 

pressure drop is at its maximum when the front of spent acid gets to the outlet of the core. 

Then, 

     
.effra

*

whcoreacid
max

)(

Akk

LLq
p

o

−
=∆

µ
  ............................................................................  (2.2) 

Using Eqs. 2.1 and 2.2, max/ pp ∆∆  is given by 

     

.

*

whcorergacid

spentcoreragas

*

whcore

whspent

max )(

)(

LLk

LLk

LL

LL

p

p

−

−
+

−

−
=

∆

∆
o

o

µ

µ
  ...................................................  (2.3) 

Using Eq. 2.3, we analyze the linear coreflood data. We define the velocity of the spent 

acid front in ft/PV, spentα , and velocity of wormhole growth in ft/PV, whα , as follows: 

     ,spentspent PVL α=   ............................................................................................  (2.4) 

and 

     .whwh PVL α=   ................................................................................................  (2.5) 

Assuming that spentα  and whα  are constant, then they are calculated by 

     

,spent ,bt

core
spent

PV

L
=α   ...........................................................................................  (2.6) 
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and 

     

. wh,bt

core
wh

PV

L
=α   ...............................................................................................  (2.7) 

Using Eqs.2.4 through 2.7 and properties presented in Table 2.1, we analyze Shukla’s 

experiments 16, 17, 22, 30, and 31 (Table 2.2). Figs.2.5 (a) through (e) show the results.  

A good match is not obtained especially for the first part where spent acid does not break 

through. In this calculation, the length of zone II might be overestimated. 

 Next, we separate the curves into two parts, and we use Microsoft Excel Solver to 

get a better match for each part. The results are presented in Figs. 2.6 (a) through (e). 

These results show that spentα  and whα  of the first part do not differ so much. This 

means even if the length of zone II is very short, there is such a big pressure drop in zone 

II that the pressure drop in zone II dominates the total differential pressure. As to the 

second part, whα  are very small values. This might be reasonable since according to the 

Wood’s metal castings of Shukla’ experimental results the wormhole near the outlet was 

relatively denser than other part of the wormhole. This may be an “end effect” in a gas 

saturated case. 
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Table 2.1—Gas and acid properties of coreflood experiment. 

  Nitrogen viscosity, cp      0.00201 

  Endpoint relative permeability to nitrogen     0.9 

  Acid viscosity, cp     0.826  

  Endpoint relative permeability to acid     0.5 

 

 

Table 2.2—Experimental data (from Shukla, 2002). 

 Experiment No.  Temperature, oC  Injection rate, lm/min  Acid PVbt  

 16  50  4.12  0.21  

 17  50  5.8  0.20  

 22  50  1.5  1.5  

 30  50  1.83  1.83  

 31  50  2.7  2.7  
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                   Fig. 2.5 (a)—Data fit in experiment 16 (from Shukla, 2002). 
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                   Fig. 2.5 (b)—Data fit in experiment 17 (from Shukla, 2002). 
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0

0.2

0.4

0.6

0.8

1

0.00 0.05 0.10 0.15 0.20 0.25

Pore Volumes

∆
p

/∆
p

m
a

x

        

ft/PV 988.2spent =α

ft/PV 218.2wh =α

 
                   Fig. 2.5 (e)—Data fit in experiment 31 (from Shukla, 2002). 

 

Experimental Data 

Calculated result 

Experimental Data 

Calculated result 



 14 

0

0.2

0.4

0.6

0.8

1

0.00 0.05 0.10 0.15 0.20 0.25

Pore Volumes

∆
p

/∆
p

m
a

x

        
ft/PV 327.3spent =α

ft/PV 110.3wh1 =α

ft/PV 02567.0wh2 =α

 
                   Fig. 2.6 (a)—Data fit in experiment 16 (from Shukla, 2002). 

 

0

0.2

0.4

0.6

0.8

1

0.00 0.05 0.10 0.15 0.20 0.25

Pore Volumes

∆
p

/∆
p

m
a

x

        
ft/PV 327.3spent =α

ft/PV 319.3wh1 =α

ft/PV 02240.0wh2 =α

 
                   Fig. 2.6 (b)—Data fit in experiment 17 (from Shukla, 2002). 

Experimental data 

Calculated result 

Experimental data 

Calculated result 



 15 

0

0.2

0.4

0.6

0.8

1

0.000 0.100 0.200 0.300 0.400 0.500 0.600

Pore Volumes

∆
p

/∆
p

m
a

x

        

ft/PV 248.1spent =α

ft/PV 243.1wh1 =α

ft/PV 02016.0wh2 =α

 
                   Fig. 2.6 (c)—Data fit in experiment 22 (from Shukla, 2002). 

 

0

0.2

0.4

0.6

0.8

1

0.00 0.05 0.10 0.15 0.20 0.25 0.30

Pore Volumes

∆
p

/∆
p

m
a

x

        
ft/PV 289.2spent =α

ft/PV 270.2wh1 =α

ft/PV 08050.0wh2 =α

 
                   Fig. 2.6 (d)—Data fit in experiment 30 (from Shukla, 2002). 

Experimental data 

Calculated result 

Experimental data 

Calculated result 



 16 

0

0.2

0.4

0.6

0.8

1

0.00 0.05 0.10 0.15 0.20 0.25

Pore Volumes

∆
p

/∆
p

m
a

x

        
ft/PV 988.2spent =α

ft/PV 969.2wh1 =α

ft/PV 05400.0wh2 =α

 
                   Fig. 2.6 (e)—Data fit in experiment 31 (from Shukla, 2002). 

 

2.4 Section Summary 

 A good match is obtained by using Eq. 2.1. The result shows that mobility 

difference can cause a big differential pressure in spent acid zone. Hence if length of 

spent acid zone (= Lspent – Lwh) is long enough, then mobility difference in the zone is 

negligible. 

Calculated result 
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3. ACID PLACEMENT MODEL IN GAS WELLS 

 

3.1 Introduction 

 In this section, an acidizing placement model for gas wells is presented. In a 

typical matrix acidizing process, acid is injected into the formation through production 

tubing, coiled tubing, or drill pipe. The acid flows into the formation and creates a few 

large channels, called wormholes. This enhances the productivity of a well. A critical 

factor to the success of a matrix acidizing treatment is proper placement of the acid so 

that all of the productive intervals are contacted by sufficient volumes of acid. If the 

reservoir properties such as permeability vary significantly, then the acid will tend to 

flow primarily into the higher-permeability zones, leaving lower-permeability zones 

virtually untreated. The longer the target zone is, the more difficult it is to stimulate all 

zones efficiently. 

 As we discussed in the previous section, it is needed to evaluate the effect of 

mobility difference between acid and gas during acidizing in gas wells. To account for 

this effect, we introduce a new apparent skin factor model. This model also accounts for 

damage reduction at the same time. This model enables us to estimate the volume of acid 

injected more accurately than the previous model. 

 To simulate the acidizing process, an acid placement model includes a wellbore 

model which handles the pressure drop and material balance in the wellbore; an interface 

tracking model to predict the movement of interfaces between different fluids in the 
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wellbore; a transient reservoir flow model; and an apparent skin factor model. Each 

model is discussed separately. 

 

3.2 Wellbore Flow Model 

 The wellbore flow model is developed on the basis of wellbore material balance 

and wellbore pressure drop calculations. The fluids injected during the acid injection 

process are mostly incompressible so single phase incompressible flow in the wellbore is 

assumed in these equations. 

 

3.2.1 Wellbore Material Balance 

 Fig. 3.1 shows a schematic of a slanted wellbore during an acid injection process. 

Single phase (liquid) flow through a reservoir in a fully penetrating deviated well is 

considered. Apparently the reservoir flow in the slanted well is not perpendicular to the 

wellbore. This effect can be accounted for by slant skin effect (discussed later). pw is 

wellbore pressure at any point in the wellbore, qw is the flow rate in the wellbore, and qsR 

is specific reservoir outflow i.e. per unit thickness. The flow rate changes along the 

wellbore due to the fluid flow into the reservoir. As a result, material balance will give 

     
.sR

w q
z

q
−=

∂

∂
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Eq. 3.1 states that the specific reservoir outflow should be equal to the decrease in 

wellbore flow rate per unit thickness. 
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Fig. 3.1—Schematic of a section of a slanted well during an acidizing. 

 

3.2.2 Wellbore Pressure Drop 

 The pressure drop of single-phase flow in a pipe over distance, L, can be 

obtained by solving the mechanical energy balance equation, which in differential form 

is 
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If the fluid is incompressible ( ρ  is constant), and there is no shaft work device in the 

pipeline, this equation can be readily integrated to yield 
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for fluid moving from position 1 to position 2. The three terms on the right-hand side are 

potential energy, kinetic energy, and frictional contribution to the overall pressure drop, 

or 

z

r
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θ
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.FKEPE pppp ∆+∆+∆=∆   ................................................................................  (3.4) 

Generally, there is no change in cross-sectional area of the pipe in the reservoir zone. 

Hence the pressure drop due to kinetic energy change is zero. Also, the frictional 

pressure drop is negligible since the pressure drop due to potential energy change 

dominate the total pressure drop (if gelled or foamed acid is used, this assumption is 

invalid). 

 The potential energy pressure drop, PEp∆ , is given by 

     ,PE cosθρL
g

g
p

c

=∆   .......................................................................................  (3.5) 

where g is acceleration due to gravity in ft/sec
2
, gc is conversion factor in lbm-ft/lbf-sec

2
, 

ρ  is density of the fluid in lbm/ft
3
, L is pipe length in ft, and θ  is defined as the angle 

between vertical and the direction of flow. Assuming g/gc = 1.0 lbf/lbm and using fresh 

water density ( ρ  = 62.4 lbm/ft
3
), we have 

     ,PE 433.0 zp a∆=∆ γ   .........................................................................................  (3.6) 

where aγ  is the specific gravity and θcosLz =∆ . 

In the differential form the total pressure drop equation can be written as 
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p
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3.3 Reservoir Outflow Model 

 The unsteady-state equation for slightly compressible liquid in a homogenous-

acting infinite-acting reservoir is the line-source (Ei-function) solution to the diffusivity 

equation: 
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where pi is initial reservoir pressure in psi and is calculated by g
i

z

p
γ433.0=

∂

∂
 , pw is well 

pressure in psi, q is flow rate in STB/day, B is formation volume factor in resbbl/STB, µ 

is viscosity in cp, k is effective permeability in md, t is time in hour, φ  is porosity in 

fraction, ct is total compressibility in psi
-1

, s is skin factor in dimensionless. This 

equation can be altered by replacing pressure with real-gas pseudopressure. These 

transformations account for variations in gas properties with pressure. Accuracy is 

improved for both semilog and type-curve analysis of gas well tests by replacing 

pressure with the real-gas pseudopressure function, m(p), 
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For some gases at high pressure (e.g., above 3,000 psia), an adequate approximation is 
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When this approximation is valid, Eq. 3.8 becomes 
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This approximation is valid for gas reservoirs because typical gas reservoirs exist in such 

a deeper depth that pressure is higher than 3,000 psia. 

 Now we consider gas displacement by acid. The mobility ratio, M, of this two-

phase flow is defined as, 
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λ

λ
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where 
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µ
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In Eq. 3.13, krj is the relative permeability of phase j and μis the viscosity of phase j. 

Generally, mobility of acid is less than that of gas. Hence, M < 1. The fractional flow of 

the acid is given by 
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which is greater than 0.5. Therefore there is no tendency for the gas to be by-passed. 

Then we have a piston-like displacement with a sharp interface between acid and gas. 

Hence the gas saturation in the acid zone is critical gas saturation, Sgc (gas is immobile). 

Because of a piston-like displacement, the following equation is valid at the interface: 

     
,aagg BqBq =   ................................................................................................  (3.15) 
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where qa is acid solution flow rate in STB/day and Ba is acid solution formation volume 

factor in resbbl/STB. In addition, using an apparent skin factor (discussed later) to 

account for pressure drop in the acid zone, then Eq. 3.11 becomes 
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Using resbbl/day instead of STB/day, then we have 
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Then we apply the superposition theorem for reservoir outflow equation during acid 

injection: 
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where 
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Now t is in minutes. If the wellbore is divided into small segments of thickness h, then 

Eq. 3.18 can be applied for each segment as the acid injection imitates and early radial 
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flow pattern. The term qsR (= qR/h) is specific reservoir outflow defined in unit bpm/ft. 

After dividing Eq. 3.18 by h and rearranging, we get 
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The above equation can further be rearranged by using Eq. 3.19 as 
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Then solving for n

sRq , we obtain 
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where the coefficient, aJ an bJ are defined by Eqs. 3.25 and 3.26 respectively, 
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3.4 Fluid Interface Tracking Model 

 A model to track the interfaces created between various fluids was presented by 

Jones and Davies (1996) and Eckerfield et al. (2000). This acid placement model will 

use a discretized solution approach which is integrated with the reservoir out flow, 
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wormholing, and apparent skin factor models. Fig. 3.2 depicts a part of the wellbore 

where the interface created between different fluids. Assuming piston-like displacement, 

the velocity of an interface located at zint is given by 
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In discrete form the location of interface at time ( tt ∆+ ) can be written as 
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where 

     
,cosθ

A
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A is the cross-sectional area of flow in the pipe, and θ  is slant angle. Eq. 3.28 is solved 

by discretizing the wellbore into small segments and assuming constant qw over each 

segment. 

 A gas well is filled with gas or kill/completion fluid as an initial condition. If a 

wellbore is filled with gas, an interface will move up from the bottom. If wellbore is 

filled with kill/completion fluid, an interface will move down from the top. 
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                                         Fig. 3.2—Interface movement in the wellbore. 

 Once the interfaces and reservoir outflows in the wellbore parts are estimated, it 

is necessary to get the growth of wormhole during the injection time. A wormholing 

model is applied with injection volume or rate as input to get the wormhole growth. 

Penetration of wormhole is calculated by integrating growth in every small time step. 

 

3.5 Wormholing Model 

 Models for predicting wormhole propagation have been widely discussed in the 

literature. Tardy et al. (2007) categorize the models in the following way: 

I. 1D-averaged models 

II. Discrete models 

III. Darcy-scale 2D and 3D continuum models 

IV. Multi-pore scale network models 

Most models are usually successful in predicting wormhole growth under idealized 

conditions in the laboratory: linear core flow tests, one main wormhole, simple fluids 
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like HCl with known rheology and reactivity, etc. In the design of an acid treatment, 

however, these models are less useful because they cannot handle the complex field 

conditions such as: redial flow, multiple wormholes, complex fluids such as emulsified 

acids or foams, etc. 

 In this study, the semi-empirical model by Buijse and Glasbergen (2005) is used. 

This model can be applied to acidizing not only in oil wells but also in gas wells because 

the dependence on parameters such as rock properties, temperature, acid type and 

concentration is incorporated by fitting the model to the result of a laboratory experiment. 

 In the model, the growth rate of the wormhole front, Vwh, is expressed as a 

function of the interstitial fluid velocity, Vi: 

     .i

2/3

iffwh )(VBVWV e ⋅⋅=   ...................................................................................  (3.30) 

The constant Weff in Eq. 3.30 is the wormhole efficiency factor which can be determined 

experimentally. The B-function in Eq. 3.30 describes the compact dissolution regime at 

low values of Vi. A convenient expression for B (Vi) is found to be: 
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At high values of Vi, the B-function is equal to 1, and has no effect on Vwh. When Vi is 

less than the optimum interstitial velocity, Vi-opt, the B-function has a value < 1, and has 

an inhibiting effect on the wormhole growth rate. The constant WB is the wormhole B-

factor. Its value is directly related to the optimum injection rate. An expression for the 

pore volumes to break through, PVbt, is given by 
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Substituting Eq. 3.30 into Eq. 3.32, we obtain 
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The constants, Weff and WB, can be determined experimentally by fitting Eq. 3.30 or 3.33 

to the result of linear coreflood tests. For example, Fig. 3.3 displays the results of such a 

fit. This procedure must be done numerically. Although the accuracy is less compared to 

a direct fit of a curve, the following equations give acceptable values: 
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                  Fig. 3.3—Coreflood test results and numerical data fit (from Buijse and  
                                  Glasbergen, 2005). 
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In radial geometry, Vi is given by 
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Hence interstitial velocity changes with respect to radial distance. In addition, skin 

reduction affects flow rates. Therefore, it is needed to calculate the growth rate of 

wormhole front by Eq. 3.30 at each time step. 

 

3.6 Apparent Skin Factor Model 

3.6.1 Introduction 

 When acidizing a gas well, injection of liquid phase (acid) strongly affects the 

apparent skin factor depends on the viscosity difference between the reservoir fluid (gas) 

and injected fluid (acid). On the basis of this, Zhu et al. presented the following apparent 

skin factor model: 
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In Eq. 3.38, µacid is acid viscosity in cp, µg is gas viscosity in cp, and racid is radius 

penetrated by acid in ft. This might work for sandstone formations, but not for carbonate 

formations since the pressure drop through a wormholed region is overestimated in Eq. 

3.38. Because the wormholes created in carbonates are such big channels, it is generally 

assumed that the pressure drop through the wormholed region is negligible. Hence it is 
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not needed to evaluate the viscous skin effect in the wormholed region. As discussed in 

section 2, relative permeability difference should be accounted for as well. In the next 

section, a new apparent skin factor model is presented. 

 

3.6.2 Derivation of Apparent Skin Factor Model 

 As discussed in Section 3.3, we assume a piston-like displacement. Hence gas 

saturation in the acid invaded zone is critical gas saturation, which means that gas is 

immobile. We derive an apparent skin factor model by following Hawkins’ way (1956) 

in which steady-state flow is assumed in the vicinity of the wellbore. According to 

Brownscombe and Collins (1950), this assumption is valid because almost no difference 

between compressible and incompressible steady-state flow in the vicinity of the 

wellbore and the small volume of fluid in the vicinity of the wellbore makes unsteady-

state mechanics unnecessary. 

 We have five different cases. We derive the equation for each case. 

(i) dspentwh rrr ≤≤  

 In this case, both spent acid front and wormhole front terminate within the 

damage region and spent acid front is ahead of wormhole front (Fig. 3.4 (a)). Then a 

steady-state pressure drop between the outer boundary pressure (pd) and the well would 

result in a pwf,ideal given by 
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where k is original permeability in md, o

rgk  is endpoint relative permeability to gas, and 

rd is radius of damage zone. Though, the real bottomhole pressure is related by 
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where rspent is radius at spent acid front in ft, and o

rak  is endpoint relative permeability to 

acid. The difference between pwf,ideal and pwf,real is exactly the pressure drop due to the ski 

effect, sp∆ . Therefore, from Eqs. 3.39 and 3.40, 
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Assuming ∞k  is infinite and solving for sapp, we finally obtain 
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In Eq. 3.42, the first term accounts for both damage effect and mobility difference effect 

while the second term accounts for only damage effect. 

(ii) spentdwh rrr ≤≤  

 In this case, spent acid front terminates outside the damage zone while wormhole 

front terminates within the damage zone (Fig. 3.4 (b)). The ideal pressure drop is given 

by 
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  (a) 
.dspentwh rrr ≤≤    (b) 

.spentdwh rrr ≤≤    (c) 
.spentwhd rrr ≤≤  

  

 

  (d) 
.dwhspent rrr ≤≤    (e) 

.whspentdwhdspent or  rrrrrr ≤≤≤≤  

 

 
                   Fig. 3.4—Schematics of near-wellbore zone while acidizing in a gas well.
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The real bottomhole pressure is related by 
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Using Eqs. 3.43 and 3.44, sapp is given by 
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(iii) spentwhd rrr ≤≤  

 In this case, both spent acid front and wormhole front terminate outside the 

damage region (Fig. 3.4 (c)). The ideal pressure drop is given by Eq. 3.43. The real 

bottomhole pressure is related by 
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Using Eqs. 3.43 and 3.46, sapp is given by 
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According to Eq. 3.46, even if wormhole front breaks through, there is still mobility 

difference effect. The pressure drop due to mobility difference is equivalent to the first 

term in Eq. 2.1. 

(iv) dwhspent rrr ≤≤  
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 In this case, both spent acid front and wormhole front terminate within the 

damage region and wormhole front is ahead of spent acid front (Fig. 3.4 (d)). The ideal 

pressure drop is given by Eq. 3.39. The real bottomhole pressure is related by 
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Using Eqs. 3.39 and 3.48, sapp is given by 
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In this case there is no effect of mobility difference. 

(v) whspentdwhdspent or  rrrrrr ≤≤≤≤  

  In this case, wormhole front terminate outside the damage region and wormhole 

front is ahead of spent acid front (Fig. 3.4 (e)). The ideal pressure drop is given by 
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The real bottomhole pressure is related by 
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Using Eqs. 3.50 and 3.51, sapp is given by 
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3.7 Slant Skin Effect 

 Deviated holes are drilled to increase the surface area exposed to formation, 

thereby improving the well productivity. Several researchers have developed 

correlations to determine the slant skin factor, θs . Cinco-Ley et al. (1975) defined this 

version of the skin factor as functions of slant angle, horizontal permeability and vertical 

permeability: 
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for oo 750 ≤′≤ wθ , where 
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Besson (1990) studied performance of slanted and horizontal wells using the definition 

of a geometrical skin. Besson obtained the following correlation of skin for slanted 

wells: 
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where 
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Rogers and Economides presented a correlation for skin factor to account for slant 

deviation: 
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The three models are semi-analytical models. We compare these models using different 

indices of permeability anisotropy ( VH kkI /ani = ). Figs. 3.5 (a) through (c) show the 

results. Cinco-Ley et al. model and Besson model give almost same results while Rogers 

and Economides model’s result differs from other results. In addition, since Cinco-Ley 

et al. model has a limitation of slant angle range, we use Besson model. 
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3.8 Section Summary 

In this section, we presented an acid placement model for gas wells which includes: 

� Wellbore flow model. 

� Reservoir outflow model. 

� Fluid interface tracking model. 

� Wormholing model. 

� Apparent skin factor model. 

� Slant skin factor model. 

We show a method to solve the model equations in the next section. 
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4. ACID PLACEMENT SIMULATOR 

 

4.1 Solution of Acid Placement Model 

 To solve the problem of matrix acid placement in a gas well, all models 

presented in the previous section are integrated and solved in a discretized manner in 

time and space (discussed in Sec. 4.2). Initial conditions to solve the system of equations 

are defined as: 

     ,0)0,( =zqw   ...................................................................................................  (4.1) 

and 

     
.

)0,( iw pzp =   ..................................................................................................  (4.2) 

Eq. 4.1 explains that the initial wellbore flow rate at any points is zero. To satisfy this 

condition, the initial pressure is equal to the initial reservoir pressure. If the wellbore is 

filled with kill/completion fluid, then we set the following conditions along with the 

above initial conditions: 

     ,inj )(),0( tqtqw =   .............................................................................................  (4.3) 

and 

     . bottom 0),( == tzzqw   ......................................................................................  (4.4) 

If the wellbore is filled with gas, then we set the following conditions along with the 

above initial conditions: 

     ,0),0( =tqw   ....................................................................................................  (4.5) 

and 
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     .inj bottom )(),( tqtzzqw ==   ...............................................................................  (4.6) 

Although there is two-phase flow in this condition, we consider single-phase flow for 

each segment. We assume that the injected acid falls down to the bottom of the wellbore 

instantaneously and it works as a source for the acid-filled part of the wellbore. For 

convenience, we treat it not as a source term but a boundary condition (Eq. 4.6) since the 

real flow rate at the boundary is zero. We must use a big enough time step to make the 

assumption valid. 

 The followings are the steps to solve the model equations: 

1. Divide the slanted wellbore into small segments. 

2. Apply the initial and boundary conditions. 

3. Use the apparent skin factor model and slant skin model to get the total skin 

factor for the reservoir at each segment. 

4. Solve the pressure drop equation and the reservoir out flow equation to get pw, 

qw, qR. 

5. Use the interface tracking model to get the interface locations. 

6. Calculate the volume of acid injected into each segment during the time step 

from the flow distribution and interface tracking. 

7. Use the wormhole model to get the penetration of wormhole in each segment. 

8. Go back to step 3 and loop through the skin factor calculation using new 

wormhole length. 

In the next section, we show the acid placement model in a discretized form and then 

provide the details about how to implement step 4. 
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4.2 Discretization 

 

Fig. 4.1—A schematic of segmented wellbore. 

 

 Fig. 4.1 provides a schematic of segmented wellbore. In this example case the 

wellbore is divided into 5 segments. The wellbore pressure in each segment is defined as 

pw,j, where j denotes the segment number. These segments can be of a uniform size or a 

non-uniform size. Height of each segment is defined as ∆zj and specific reservoir 

outflow from each segment is denoted as qsR,i. The wellbore flow is defined as qw,i as it 

is defined at the faces of the grid blocks.  

 The wellbore pressure drop equation, Eq. 3.7, can be written in discretized form 

as 
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Right hand side of Eq. 4.7 can be assumed constant. Hence, there is only one unknown, 

and pw,j is given by 
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In addition, we define c1 = 0. 

 The equation which couples wellbore material balance and reservoir outflow, Eqs. 

3.1 and 3.24 respectively, can be also written in discretized form as 

     .,,,,,1, 5 and 4, 3, 2, 1,jfor    ])([ =+−∆=−+ jJjwjijJjjwjw bppazqq   .................  (4.9) 

Substituting Eq. 4.8 into Eq. 4.9, we obtain 

     .,1,,,,1, 5 and 4, 3, 2, 1,jfor    ])([ =+−−∆=−+ jJjwjijJjjwjw bcppazqq   ...........  (4.10) 

After applying the boundary conditions for gas-filled wellbore (Eqs. 4.5 and 4.6), these 

equations can be set as 
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This equation is linear. Hence it does not need iterative calculation. 
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4.3 Program Structure 

 The acid placement model has been developed in Fortran Programming language. 

Fig. 4.2 shows the program structure. The wellbore is divided into various segments on 

the basis of input data, and large enough time step size to satisfy CFL condition is 

selected. Then, the solution matrix (Eq. 4.11) is constructed and solved at each time step. 

At a new time step, wormhole penetration and spent acid penetration are calculated, and 

a new total skin factor is calculated by using the skin models derived in section 3. Then, 

the solution matrix is constructed and solved, again. 

 The following equation is used to calculate radius at spent acid front in radial 

geometry: 

    

,

acid2

spent
)1( gc

w
Sh

V
rr

−
+=

φπ
  ............................................................................  (4.12) 

where Vacid is total volume of acid injected, and Sgc is critical gas saturation. In this 

equation, either porosity change or fluid loss is not accounted for. Hence, radius at spent 

acid front will be overestimated. Though, this might give us a good approximation 

because as discussed in section 2, the wormhole in the gas saturated core was observed 

to have less branching than that in the liquid saturated core.  

 The simulation ends when the time reaches to the end time. The output gives the 

pressure, wellbore flow rate, and injection rate at each segment for each time step. Those 

data are valuable information needed to evaluate the performance of acidizing process. A 

history match can then be performed for observed data and simulated data by varying the 

treatment schedule. 
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Fig. 4.2—Simulator flow chart. 
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5. HYPOTHETICAL EXAMPLES 

 

5.1 One-Layer Case 

5.1.1 Base Case 

 We implement sensitivity analysis. We see skin factor profile and flow rate 

profile with different reservoir thicknesses, original permeabilities, damage 

permeabilities, radii of damage region, optimal pore volumes to breakthrough, and 

optimal interstitial velocities. Table 5.1 shows the base case data. In this analysis, 

wellbore pressure is set as a constant. 

 First, we show typical apparent skin factor profile and flow rate profile with the 

result from the base data. Fig. 5.1 shows the skin factor profile. At the first 

discontinuous point spent acid front breaks through, and at the second discontinuous 

point wormhole front breaks through. We have an unusual value of skin factor because 

this skin factor accounts for not only damage skin effect but also mobility skin effect. 

We should notice that the skin factor is based on Eq.3.41. The flow rate profile (Fig. 5.2) 

also has two discontinuous points which are correspond to the discontinuous points in 

Fig. 5.2. The decrease of the flow rate is cause by the mobility difference skin effect. 

 In the next section, we see how each property affect the skin factor profile and 

flow rate profile. 
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Table 5.1—Base case data 

 Wellbore data  

 Well pressure, psi  5,600  

 Well radius, ft  0.328  

 Completion type  Openhole  

 Reservoir data  

 Initial reservoir pressure, psi  5,315  

 Original permeability, md  100  

 Damage permeability, md  10  

 Radius of damage region, ft  1.5  

 Reservoir thickness, ft  50  

 Temperature, 
o
F  220  

 Porosity, fraction  0.25  

 Gas viscosity at p = pi, cp  0.0305  

 Gas compressibility at p = pi, psi
-1

  0.000107087  

 Endpoint gas relative permeability  0.9  

 Critical gas saturation, fraction  0.1  

 Optimal interstitial velocity, cm/min  0.3  

 Optimal pore volumes to breakthrough  1.0  

 Acid data  

 Acid type  15% HCl  

 Acid viscosity, cp  0.445  

 Endpoint acid solution relative permeability  0.5  
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Fig. 5.1—Skin factor profile using base case data. 

 

 

Fig. 5.2—Flow rate profile using base case data. 
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Breakthrough point 
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5.1.2 Sensitivity Analysis 

(i) Reservoir thickness 

 Fig. 5.3 shows that reservoir thickness does not affect the apparent skin factor at 

all. Hence there is no effect on the flow rate profile (Fig. 5.4). 

(ii) Original permeability 

 Apparent skin factor strongly depends on original permeability (Fig. 5.5) while 

flow rate does not (Fig. 5.6) before wormhole front breaks through. On the other hand, 

after wormhole front breaks through, apparent skin factor does not depend on original 

permeability while flow rate depends on original permeability. The results imply that 

pressure drop in acid invaded zone is bigger than that in gas zone and original 

permeability does not affect the flow rate much while wormhole terminates within the 

damage region. 

(iii) Damage permeability 

 Fig. 5.7 shows that damage permeability affects apparent skin factor. Obviously 

damage permeability is one of the key factors of both wormhole front’s and spent acid’s 

front velocity. In our calculation, the bigger damage permeability we have, the larger 

amount of spent acid is ahead of wormhole and the more time is needed for wormhole to 

break through because of overestimation of rspent. Flow rate also depends on damage 

permeability (Fig. 5.8).  
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(iv) Radius of damage region 

 In the same as damage permeability, radius of damage region strongly affects the 

apparent skin factor and flow rate (Figs. 5.9 and 5.10). The figures show that final 

apparent skin factor is almost constant. This may imply that the final value is dependent 

on the mobility difference between acid and gas.  

 Here, we must notice that a final apparent skin factor can be greater than the 

initial apparent skin factor. This does not mean there is still damage in the reservoir. 

There is mobility difference effect. 

(v) Optimal pore volume to breakthrough 

 Optimal pore volume to breakthrough is one of input constants of wormholing 

model (Eq. 3.34). Hence this affects the wormhole growth. As Fig. 5.11 shows, the 

smaller the optimal pore volume to breakthrough is, the smaller the difference of 

velocity between wormhole front and spent acid front is, i.e., the smaller volume of 

spent acid is ahead of wormhole. Hence, flow rate also depends on the optimal pore 

volume to breakthrough (Fig. 5.12). 

(vi) Optimal interstitial velocity 

 Optimal interstitial velocity is also one of input constants of wormholing model 

(Eqs. 3.34 and 3.35). In the same as the optimal pore volumes to break through, it affects 

wormhole growth. According to Fig. 5.13, the bigger value the optimal interstitial value 

is, the smaller the apparent skin factor is and the bigger flow rate is (Fig. 5.14). 
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         Fig. 5.3—A comparison of apparent skin factor profile among different reservoir  
                         thicknesses. 
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         Fig. 5.4—A comparison of flow rate profile among different reservoir  
                         thicknesses. 
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         Fig. 5.5—A comparison of apparent skin factor profile among different original  
                         permeabilities. 

0

5

10

15

20

25

30

35

40

0 10 20 30 40 50 60 70

Time, min.

F
lo

w
 r

a
te

, 
b

p
m

md 50

md 100

md 200

md 300

md 400

md 500=k

 
         Fig. 5.6—A comparison of apparent flow rate profile among different original  
                         permeabilities. 
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         Fig. 5.7—A comparison of apparent skin factor profile among different damage  
                         permeabilities. 
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         Fig. 5.8—A comparison of flow rate profile among different damage  
                         permeabilities. 
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         Fig. 5.9—A comparison of apparent skin factor profile among different radii  
                         of damage region. 
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         Fig. 5.10—A comparison of flow rate profile among different radii  
                           of damage region. 
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         Fig. 5.11—A comparison of apparent skin factor profile among different 
                           optimal pore volumes to breakthrough. 
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         Fig. 5.12—A comparison of flow rate profile among different 
                           optimal pore volumes to breakthrough. 
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         Fig. 5.13—A comparison of apparent skin factor profile among different 
                           optimal interstitial velocities. 

0

2

4

6

8

10

12

0 50 100 150 200 250 300 350 400 450 500

Time, min.

F
lo

w
 r

a
te

, 
b

p
m

cm/min 10.0=−optiv

20.0

30.0

40.0
50.0

 
         Fig. 5.14—A comparison of flow rate profile among different 
                           optimal interstitial velocities. 
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5.2 Multilayer Case 

 According to Fadale et al. (2000), the remarkable contrast of viscosity between 

acid solution and gas causes some viscous diversion to occur, and the viscous diversion 

is not very effective in re-distributing flow when the layer permeabilities differ 

significantly. In this section, we study this diversion effect. The data in this study are 

presented in Tables 5.2 and 5.3.  

 

Table 5.2—Layers’ data. 

 Layer No.  
Thicknes 

(ft)  
Permeability 

(md)  
Damage permeability 

(md)  Porosity  

 1  100  2  1  0.25  

 2  100  6  1  0.25  

 3  10  1,000  1  0.25  

 4  150  4  1  0.25  

 

Table 5.3—Data for multilayer case. 

 Reservoir data  

 Formation temperature, 
o
F  220  

 Apparent molecular weight  21.75  

 Critical gas saturation  0.10  

 Connate water saturation  0.20  

 Endpoint relative permeability to gas  0.90  

 Optimal pore volumes to break through  1.5  

 Optimal interstitial velocity, cm/min  0.6  

 Acid data  

 Endpoint relative permeability to acid  0.50  

 Injection rate, bpm  2.0  

 Specific gravity of acid  1.1  

 Acid viscosity, cp  0.65  

 Wellbore data  

 Well radius, ft  0.328  

 Slant angle, degrees  15  

 Tubing inner diameter, inches  4.5  

 Casing inner diameter, inches  6.184  

 Competion type  Openhole  
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       Fig. 5.15—Wormhole’s and spent acid’s fronts before wormhole breaks through. 
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       Fig. 5.16—Wormhole’s and spent acid’s fronts after wormhole breaks through. 
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 Fig. 5.15 shows the wormhole’s and spent acid’s fronts before wormhole breaks 

through. Compared to a typical acid distribution in oil wells, the acid in layer 3 whose 

permeability is 1 darcy penetrates shallowly. As discussed in the previous section, 

original permeability does not affect the acid penetration so much. This is the diversion 

effect of mobility skin effect with combination of damage skin. 

 What will happen after wormhole breaks through? Fig. 5.16 shows the result. 

Once wormhole goes through the damage region, the acid tends to flow into the higher-

permeability zone. Hence, after wormhole breaks through, it is very hard to treat the 

lower-permeability zones. Because the lower-permeability zones also have their mobility 

skin effect, the situation is much worse than acidizing in oil wells. To treat the lower-

permeability zones, some diverting method is needed. 
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6. CONCLUSIONS AND RECOMMENDATIONS 

 

6.1 Conclusions 

 Shukla’s experimental results (2002) have been analyzed successfully. The 

analysis has showed that the differential pressure in a gas saturated core does not linearly 

drop during acidizing. Rather than that, differential pressure can increase and the 

increase can be explained by the mobility difference between acid solution and gas. 

 On the basis of the analysis, a new apparent skin factor model has been 

developed. A placement model for matrix acidizing of vertically extensive, multilayer 

gas reservoirs has been developed with the model. With this model, it was found that: 

� Before the wormhole in a higher-permeability zone breaks through, the 

combination of mobility and damage skin effect in the zone is a function of 

diverter. 

� After the wormhole in a higher-permeability zone breaks through, the 

combination of mobility and damage skin effect in the other zones has a negative 

effect on acid diversion. 

 

6.2 Recommendations 

 We analyzed Shukla’s experimental results and showed that the change of 

differential pressure can be explained by the mobility difference between acid solution 

and gas. However, we did not construct how to get the speed of wormhole growth. If we 
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understand what happens after spent acid’s front gets the outlet of the core, then we 

might be able to construct a wormholing model and a spent acid model for gas wells like 

Buijese and Glasbergen model. One of the biggest problem is to find out in what 

conditions there is enough spent acid ahead of the wormhole region to have mobility 

skin effect. It will be needed to carry out so many experiments to get some trends. 

Perhaps, that is still not enough. As discussed in section 3.6, the combination of damage 

and mobility skin effects has to be accounted for. Hence the criteria when spent acid 

causes big enough mobility skin effect may not be able to apply to the field case. 

 Also, the combination of mobility, damage, and completion skin effects needs to 

be studied. As many researchers noticed, the combination is not linear.  

 As to the wellbore flow, we must study the effects of gravity segregation and gas 

condensate in a wellbore.  

 In addition, it is needed to study diversion. Although mobility skin effect in 

higher-permeability zones diverts acid solution into lower permeability zone, once the 

wormhole in a higher-permeability zone breaks through, the effect does not work any 

more. Hence in the same way as matrix acidizing in oil wells, it is needed to construct a 

diversion model. 
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NOMENCLATURE 

 

Symbol  Description 

 A = cross-sectional area to flow, L
2
, ft

2 

 A′  
= cross-sectional area perpendicular to z-direction, L

2
, ft

2
 

 Aeff = effective cross-sectional area, L
2
, ft

2 

 
B = formation volume factor, resbbl/STB 

 ct = total compressibility,Lt
2
/m, psi

-1
 

 
D = pipe diameter, L, in. 

 facid = acid fractional flow, fraction 

 ff = Fanning friction factor, dimensionless 

 h = thickness, L, ft 

 
g = acceleration of gravity, L/t

2
, ft/sec

2
 [m/sec

2
] 

 k = permeability, L
2
, md 

 kd = damage permeability, L
2
, md 

 kH = horizontal permeability, L
2
, md 

 krj = relative permeability to phase j, dimensionless 

 o

rjk  = endpoint relative permeability to phase j, dimensionless 

 kV = vertical permeability, L
2
, md 

 Lcore = core length, L, ft [in.] 

 Lspent = length of spent acid penetration, L, ft 

 Lwh = length of wormhole penetration, L, ft 
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 *

whL  = length of wormhole penetration when spent acid 

   breaks through, L, ft 

 M = mobility ratio, dimensionless 

 p = pressure, m/Lt
2
, psi 

 pD = dimensionless pressure, dimensionless 

 pi = initial reservoir pressure, m/Lt
2
, psi 

 PV = pore volumes, dimensionless 

 PVbt = pore volumes to breakthrough, dimensionless 

 PVbt-opt = optimal pore volumes to breakthrough, dimensionless 

 q = flow rate, L
3
/t, bbl/min 

 qinj = injection rate, L
3
/t, bbl/min 

 qw = wellbore flow rate, L
3
/t, bbl/min 

 qsR = specific flow rate, L
2
/t, bbl/(min-ft) 

 r = radius, ft 

 rspent = spent acid penetration in radial geometry, L, ft 

 rw = wellbore radius, ft 

 rwh = wormhole penetration in radial geometry, L, ft 

 s = skin factor, dimensionless 

 sapp = apparent skin factor, dimensionless 

 sd = damage skin factor, dimensionless 

 svis = viscous skin factor, dimensionless 

 t = time, t, days [minutes] 
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 tD = dimensionless time, dimensionless 

 u = velocity, L/t, ft/min 

 Vi = interstitial velocity of fluid, L/t, ft/min 

 Vi-opt = optimal interstitial velocity, L/t, ft/min 

 Vwh = interstitial velocity of wormhole front, L/t, ft/min 

 Weff = constant in wormhole model, (L/t)
1/3

, (m/s)
1/3

 [(ft/min)
1/3

] 

 WB = constant in wormhole model, (L/t)
-2

, (m/s)
-2

 [(ft/min)
-2

] 

 z = elevation, L, ft 

 Z = gas compressibility (gas deviation factor), dimensionless 

Greek 

 αspent = Velocity at spent acid front, L, ft/PV 

 αwh = Velocity at wormhole front, L, ft/PV 

 γa = Acid specific gravity, dimensionless 

 θ = slant angle, degrees [rad] 

 µj = viscosity of phase j, m/Lt, cp 

 ρ = density, m/L
3
, lbm/ft

3 

 φ  
=

 
porosity, fraction 

 ∆ = as a prefix for difference 

Subscript 

 a = acid 

 c = constant 

 core = core 
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 D = dimensionless 

 g = gas 

 i = initial 

 inj = injection 

 int = interface 

 max = maximum 

 spent = spent acid 

 w = wellbore 

 wh = wormhole 

Superscript 

 o  = endpoint 
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