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1 Introduction

Our understanding of theories of interacting spin-2 fields has experienced significant progress
in the past few years. In a development mimicking the way in which interacting spin-1 theories
were discovered and explored in the past — leading from massless Maxwell-like and Yang-
Mills theories all the way to the construction of the bosonic sector of the Standard Model —
consistent theories for the spin-2 sector have been identified. Taking general relativity (the
theory of a massless spin-2 field) as a starting point, consistent theories of a single massive
spin-2, ghost-free (dRGT) Massive Gravity [1–3], were discovered recently and have since been
extended to interacting theories of two spin-2 fields, Bigravity [4–6], and Multi-Gravity [7].
As a result we have gained significant insight into consistent potential-like self-interactions
in the spin-2 sector. For some excellent reviews on the topic see [8, 9].

Having constructed such consistent self-interacting spin-2 theories, a crucial question is
how these fields couple to matter. This is still a largely unexplored area. A known consistent
way of coupling to matter is to simply always minimally couple matter to just one single spin-
2 field (this of course breaks any symmetry between multiple spin-2 fields potentially present
at the level of their self-interactions). Minimally coupling matter to more than one spin-2
field has been explored in [10–12]. This, however, breaks the weak equivalence principle and
also generically gives rise to the propagation of ghost-like degrees of freedom at unacceptably
low energy scales [13, 14]. Here we investigate whether there are any potentially consistent
ways of coupling matter to more than one spin-2 field, which still respect the weak equivalence
principle. We find that there are and explicitly construct a general family of metrics and
vielbeins, which are functions of N spin-2 fields and which we can use to couple matter to
N spin-2 fields in a way that respects the weak equivalence principle and which does not
generically lead to the propagation of any ghost-like degrees of freedom (at least up to the
decoupling limit scale Λ3 — see [14]).

While this paper was being finished, [13, 14] appeared, which also investigate aspects
of the coupling to matter in Massive and Bigravity. In particular the parts of this paper
dealing with Bigravity theories have some overlap with the analysis presented in [14] (albeit
in different formulations — we work in the vielbein picture, whereas [14] work in the metric
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formulation — and with somewhat different starting points — our approach constructively
generates coupling terms from a classical perspective, whereas [14] generate their coupling
terms by requiring that one-loop effects do not introduce any ghosts). Our approaches are
complementary and, where results overlap, they are in agreement.

Throughout this paper we use the vielbein formulation, which in a gravity context was
developed in [15–19]. For a thorough discussion of when the metric and vielbein formulations
are equivalent and when they are not, see [7, 20] — also see [21–23] for constraint analyses
of massive gravity models in the vielbein formulation and related outstanding questions e.g.
concerning the absence of ghosts in general multi-vielbein theories. This formulation lends
itself to a general Multi-Gravity analysis, since interactions between more than two spin-2
fields take on a vastly simpler form than in the metric formulation [24]. Moreover, it is
straightforward to construct ghost-free Multi-Gravity theories with arbitrary superpositions
of interaction terms [7, 25] in this picture, especially also in cases where the model’s ‘theory
graph’ contains closed loops and the equivalence between vielbein and metric pictures breaks
down [7, 20, 26].

Outline: the plan for this paper is as follows. In section 2 we review the construction
of consistent theories of N interacting spin-2 fields — theories of Massive, Bi- and Multi-
Gravity. In section 3 we then use those results to generate all candidate couplings to matter
of the spin-2 fields subject to the requirements of 1) The weak equivalence principle 2)
Ghost-freedom of pure spin-2 interactions generated by the matter action. This constructive
argument generates a family of ways in which matter can couple to N spin-2 fields in D

dimensions, where we have assumed that the effective matter metric is a general function of
the vielbeins and the Lorentz metric ηAB only. We also investigate the cases of 2D Bigravity
and 4D Massive and Bigravity in some additional detail. Finally we conclude in section 4
and have collected a few additional concrete examples illustrating our results in appendix A.

Conventions: throughout this paper we use the following conventions. D refers to the
number of spacetime dimensions and we use Greek letters µ, ν, . . . to denote spacetime in-
dices, which are raised and lowered with the metric gµν . Capital Latin letters A, B, . . . are
reserved for Lorentz indices and are raised and lowered with the Minkowski metric ηAB.
Bracketed indices (i), (j), . . ., label the different vielbeins/spin-2 fields — label indices are
not automatically summed over and whether they are upper or lower indices carries no mean-
ing. We denote the completely anti-symmetric epsilon symbol by ǫ̃ and define it such that
ǫ̃012···D = 1 regardless of the signature of the metric or the position (up/down) of indices
(hence ǫ̃012···D = ǫ̃012···D = 1).

2 Massive, bi- and multi-gravity: consistently interacting spin-2 fields

In this section we quickly review the construction of consistent theories of interacting spin-2
fields — Massive, Bi- and Multi-Gravity — in the vielbein formulation closely following [7],
collecting several useful results for constructing general matter couplings in the next section.
We begin with an action for N massless, non-interacting spin-2 fields (or ‘metrics’) g(i)

S =
N∑

i=1

MD−2
(i)

2

∫
dDx

√
−g(i)R[g(i)], (2.1)
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where R[g(i)] is the Ricci scalar formed out of a metric g(i) and having different M(i) allows
for different Planck masses for each g(i). We can recast this in a vielbein formulation by

defining vielbein one-forms EA
(i) = E(i)

A
µ (x)dxµ, which satisfy1

g(i)µν = E(i)
A
µ E(i)

B
ν ηAB . (2.2)

The action (2.1) can then equivalently be written in terms of vielbeins

S =
N∑

i=1

MD−2
(i)

2

∫
dDx det(E(i))R[E(i)], (2.3)

since
√
−g(i) = det(E(i)) and R

µν
αβ = E A

(i)αE
B

(i)βR
µν
AB, where R

µν
AB is the gauge curvature 2-

form, so that R[E(i)] = E A
(i)µE

B
(i)νR

µν
AB = R[g(i)]. Note that, in the absence of further (cross-)

interaction terms between the different fields, (2.3) is invariant under local diffeomorphism
symmetries f(i) and Lorentz transformations Λ(i) for each field E(i) separately

E(i)
A
µ (x) →

∂f(i)
ν

∂xµ
E(i)

A
ν (f(i)(x)) , E(i)

A
µ → Λ(i)

A
BE(i)

B
µ . (2.4)

Consistent interaction terms: what interaction terms between vielbeins can one add
to (2.3) without introducing ghost-like instabilities into the resulting theory? Focussing
on non-derivative interactions (most relevant at low energies), consistent Massive Gravity
interactions were found in the metric formalism in [1–3] and then generalised to the case
of two dynamical spin-2 fields in Bigravity [4–6]. In [7] these interactions were recast in
the vielbein language and generalised to the case of Multi-Gravity with interactions between
arbitrarily many spin-2 fields in D dimensions. This led to the conjecture [7] that the most
general ghost-free interaction term for N spin-2 fields in D dimensions is2

Î(i1i2...iD) ≡ ǫ̃A1A2···AD
EA1

(i1)
∧EA2

(i2)
∧ . . . ∧E

AD

(iD), (2.5)

where the indices (i1i2 . . . iD) keep track of which fields are interacting and where the wedge
product is defined as usual, so that

Î(i1i2...iD) = ǫ̃A1A2···AD
ǫ̃µ1µ2···µD E(i1)

A1
µ1

E(i2)
A2
µ2

· · ·E(iD)
AD
µD

dDx ≡ I(i1i2...iD)d
Dx , (2.6)

where we have defined I for later convenience. The anti-symmetric nature of the interac-
tion term means the order of labels in (2.5) (i1i2 . . . iD) is irrelevant, i.e. Î(i1...ij ...ik...iD) =

Î(i1...ik...ij ...iD). Note that, while (2.5) has been conjectured to describe all consistent inter-
action terms (it certainly includes all the known consistent interactions [1–7]), it is still an
open question whether all solutions of (2.5) (plus Einstein-Hilbert terms for the participating
spin-2 fields) are fully ghost-free [20–22]. Here, however, we will work with the conjecture
that (2.5) does indeed describe all consistent interaction terms and as such we write the
general potential for N spin-2 fields as

V
(
E(i1), . . . , E(iN )

)
=

∑̂
c(i1i2...iD)Î(i1i2...iD) (2.7)

1Note that the inverse vielbeins E(i)
µ
A
(x) satisfy E(i)

µ
A
E(i)

B
µ

= δBA and E(i)
µ
A
E(i)

A
ν

= δµν .
2Regarding a discussion of the ‘uniqueness’ of these interaction terms, at least in the case of Massive

Gravity, we refer to [1, 2, 27–29].
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where the c(i1i2...iD) are constant coefficients completely symmetric in all ij and we have

defined the ordered sum
∑̂

∑̂
c(i1i2...iD)Î(i1i2...iD) ≡

i1≤i2≤...≤iD∑

i1,i2,...,iD=0,1,...,N

c(i1i2...iD)Î(i1i2...iD), (2.8)

which sums over the indices (i1, i2, . . . , iD) from 1 to N for each index ij , subject to the
requirement that i1 ≤ i2 ≤ . . . ≤ iD (otherwise we repeatedly sum over identical terms, since
the ordering of the label indices does not matter due to the anti-symmetry of the interaction
term). At this point also note that interaction terms break the N copies of Lorentz and
local diffeomorphism synmmetry down to their respective diagonal subgroups.3 A general
Multi-Gravity theory is then governed by the action

S =
∑

i

MD−2
(i)

2

∫
dDx (detE(i))R[E(i)]−

m2MD−2
eff

8

∫ ∑̂
c(i1i2...iD)Î(i1i2...iD) , (2.9)

where Meff is the effective Planck mass for the interaction term.4

Interaction terms in 4D: as a concrete example let us list all possible non-derivative
interaction terms in 4D described by (2.5). For a single spin-2 field and hence a single
vielbein E(i)

A
µ the only term is

I(iiii) = det(E(i)) =
√
−g(i), (2.10)

i.e. a cosmological constant term and the only allowed non-derivative self-interaction term for
a spin-2 field in GR (the other allowed term, if we impose second-order equations of motion, is
the second Lovelock invariant in 4D, i.e. the derivative Einstein-Hilbert term self-interaction).
For two spin-2 fields E(i), E(j) the possible interactions are

I(iiii), I(jjjj), I(iiij), I(iijj), I(ijjj), (2.11)

i.e. a copy of the single spin-2 field term for each field and three new cross-interaction terms.
The resulting five total terms in fact encapsulate all the interactions of ghost-free Massive
and Bigravity [1–7]. For three spin-2 fields E(i), E(j), E(k) we have the following three-field
interaction terms

I(iijk), I(ijjk), I(ijkk). (2.12)

Of course in a theory with three fields all the ways of choosing two fields and building
interaction terms as in (2.11) (9 terms) or building cosmological constant type terms with
one field as in (2.10) (3 terms) are also allowed. Finally for four fields E(i), E(j), E(k), E(l) we
have all the ways of choosing one, two or three fields and building one-, two- or three-field
interaction terms as above and in addition the four-field interaction term

I(ijkl), (2.13)

3This is true as long as the ‘theory graph’ for the model in question is connected. If not, each disconnected
‘island’ will have one remaining copy of Lorentz and local diffeomorphism synmmetry each — see [7, 25] for
details.

4We may choose any M(i) or some dimensionally correct combination thereof — overall constants of
proportionality can be traded between m,Meff and the c(i1...iD)’s. For Bigravity the standard choice is
MD−2

eff = (1/MD−2
(1) + 1/MD−2

(2) )−1. Also note that we have assumed standard Einstein-Hilbert derivative

interactions in (2.9) — for a discussion of alternative ‘kinetic terms’ see [30–33].
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resulting in a total of 35 terms for four fields in 4D. Naturally there are no interaction terms
for more than D fields in D dimensions of the type considered here, since ǫ̃ vanishes if it
carries more than D indices.

N fields in D dimensions: in the general case the total number of possible interaction
terms (in terms of binomial coefficients

(
a
b

)
) is

N∑

n

(
N
n

)(
D − 1
n− 1

)
=

(
N +D − 1

D

)
, (2.14)

where the first binomial coefficient counts the number of ways of choosing n fields from the
N fields in the theory and the second coefficient counts the number of n field interaction
terms in D dimensions.

3 The coupling to matter

Having constructed consistent potential self- and cross-interactions in the spin-2 sector in the
previous section, we would now like to know how a theory of one or several interacting spin-2
fields can couple to matter. Here we derive the general form of such a coupling subject to
the following conditions. Firstly we require the weak equivalence principle, i.e. the matter
coupling in the action will have to take the form

∫
dDx

√
− det

(
g(M)

)
L
[
Φi, g

(M)
]
, (3.1)

where Φi labels all the matter fields and all indices in the matter Lagrangian are contracted
with the ‘matter metric’ g(M). This metric is in principle any function of the N spin-2
fields — and hence N vielbeins E(1), . . . , E(N ) and their inverses — we considered above.5

Here we will restrict ourselves to matter metrics that are solely functions of the vielbeins
E(i) and not of their inverses — we will complete the picture and discuss the most general
matter couplings one can build in the full vielbein picture in [36]. Secondly we restrict the
allowed g(M) by requiring that the matter coupling term does not introduce ghost-like pure
spin-2 interactions. This requirement is a necessary condition for the matter coupling to not
introduce a ghost at a scale Λg below Λ3 (which would limit the range of validity of the
effective field theory to energy scales up to Λg). More specifically this means we require that
the pure spin-2 piece of the matter action, i.e. any contribution from L

[
Φi, g

(M)
]
that looks

like a cosmological constant for g(M)

∫
dDx

√
− det

(
g(M)

)
, (3.2)

does not render the theory unstable. We generically expect the ‘vacuum energy’ of the matter
fields Φi in (3.1) to generate such a term (even if there is no bare ‘cosmological constant’ term
in L

[
Φi, g

(M)
]
). The g(M) we are about to construct should therefore be seen as a general

way of coupling spin-2 fields to matter in a way that in principle allows the full theory to

5Note that we are solely interested in how matter couples to one or several spin-2 fields here — to ‘metrics’
if you will — in the absence of further additional degrees of freedom. If additional scalar or vector fields are
introduced there are of course a multitude of interesting and known ways that matter can couple to gravity
non-minimally [34, 35].
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stay a valid effective field theory at least up to the scale Λ3. Depending on the explicit way
matter fields Φi enter L

[
Φi, g

(M)
]
, the form of the metric may be restricted further given the

precise nature of L
[
Φi, g

(M)
]
.6 We will investigate such effects (i.e. ones specific to direct

coupling to the Φi matter fields) further in [36] — also see [13, 14] — but here we will see that
the above requirement already severely constrains potential matter metrics g(M). For the
family of metrics we consider (see below), the restrictions we impose should therefore be seen
as necessary (but depending on the precise form of L

[
Φi, g

(M)
]
not necessarily sufficient)

conditions for ghost freedom.7

Going back to our requirement that (3.2) — the cosmological constant term for g(M)

and a self-interaction term for the E(i) — does not re-introduce ghost-like degrees of freedom
means it must be a superposition of allowed interaction terms (2.5). As such we require

√
− det

(
g(M)

)
∝

∑̂
c(i1i2...iD)I(i1i2...iD). (3.3)

In the following we will therefore find the general solution that satisfies

− det
(
g(M)

)
=

1

(D!)2

(∑̂
c(i1i2...iD)I(i1i2...iD)

)2

(3.4)

where we have chosen the constant of proportionality for convenience (it can of course be
absorbed into the c(i1,...,iD)). We will solve (3.4) to give us the general allowed form of the
matter metric. The corresponding solutions for the c(i1,...,iD) will determine the form of the

vielbein (spin-2) interactions induced by g(M).

The matter metric: we consider any arbitrary metric that is a rank-2 tensor symmetric
in its two (spacetime) indices and which can be built out of the N vielbeins E(1), . . . , E(N )

and the (Lorentz) Minkowski metric ηAB.
8

g(M) = g(M)
[
E(1)

A
µ , . . . , E(N )

A
µ , ηAB

]
(3.5)

Determining all the possible matter metrics that can be built in this way is now very straight-
forward. The only type of term that has two free spacetime indices and no free Lorentz indices

6In other words, given some specific matter Lagrangian L

[

Φi, g
(M)

]

ghost-like degrees of freedom may

still appear due to the precise nature of coupling to the Φi at some given energy scale Λg. Below the energy
scale Λg the effective theory would then still be fully consistent and ghost-free. If Λg > Λ3 moreover the
theory is completely ghost-free in the decoupling limit and of course a valid effective field theory at least up
to Λ3. If ghost-freedom is required even above the would-be ghost-scale Λg this can imply further restrictions
on the form of the matter metric g

(M) — a possible outcome of this would be that the new matter couplings
reduce to simple GR-like minimal couplings. The conditions on the form of the metric derived throughout
this paper are therefore necessary conditions for ghost-freedom. They are also necessary conditions for the
more restricted requirement of ghost-freedom up to Λ3. Whether they are sufficient depends on the form of
L
[

Φi, g
(M)

]

— we discuss this below.
7Naturally the matter Lagrangian L

[

Φi, g
(M)

]

may include ghost-like matter degrees of freedom Φi itself.
However, here we solely wish to ensure that the degrees of freedom of the gravity sector do not develop
instabilities as a result of the matter coupling. In other words, the matter coupling should not re-introduce
e.g. the Boulware-Deser ghost [37] that the careful construction of spin-2 interaction terms in the previous
section ensured is not present prior to adding a matter coupling. An acceptable matter coupling should not
render a theory unstable by default.

8We discuss what changes if one considers the most general symmetric objects one can build in the vielbein
picture (in particular also using inverse vielbeins as building blocks) as candidates for the matter metric and
what consequences this has for the associated constraint analysis in [36].
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that can be built with the E(i) and ηAB is of the form E(i) A
µ E(j) B

ν ηAB, so that a general
matter metric can be written9

g(M)
µν =

N∑

i=1

α2
(ii)E

(i) A
µ E(i) B

ν ηAB

+

i<j∑

i,j=1,...,N

α(ij)

(
E(i) A

µ E(j) B
ν + E(j) A

µ E(i) B
ν

)
ηAB, (3.6)

where the form of the cross-terms between different E(i) and E(j) in the second line of (3.6)

comes from the requirement that g(M) is symmetric in its spacetime indices. We will now
show by construction what the most general form of (3.6) that leads to an acceptable coupling
to matter (i.e. that satisfies (3.3)) is for N spin-2 fields in D dimensions.

3.1 A warm-up exercise: bigravity in 2D

Let us begin with a suitably simple example — Bigravity in 2D. This allows us to show
explicitly how (3.4) can be solved in a systematic fashion in order to establish the general
permissible form of the matter metric g(M). In the case of Bigravity (regardless of the
dimension D), (3.6) becomes

g(M)
µν = α2

(11)E(1)
A
µ E(1)

B
ν ηAB + α2

(22)E(2)
A
µ E(2)

B
ν ηAB

+α(12)

(
E(1)

A
µ E(2)

B
ν + E(2)

A
µ E(1)

B
ν

)
ηAB. (3.7)

Furthermore, in 2D, we can express det
(
g(M)

)
as

− det
(
g(M)

)
= −

1

2!
ǫ̃µ1µ2 ǫ̃ν1ν2g(M)

µ1ν1
g(M)
µ2ν2

. (3.8)

We would now like to explicitly work this out in terms of the E(i) by substituting (3.7)
into (3.4) (or equivalently by working out (3.8) using (3.7)). We find

− det
(
g(M)

)

=
1

2
α4
(11)E(1)µAE(1)

µAE(1)νBE(1)
νB −

1

2
α4
(11)E(1)

µAE(1)
B
µ E(1)

ν
AE(1)νB

+
1

2
α4
(22)E(2)µAE(2)

µAE(2)νBE(2)
νB −

1

2
α4
(22)E(2)

µAE(2)
B
µ E(2)

ν
AE(2)νB

+2α2
(11)α(12)E(1)µAE(1)

µAE(1)
νBE(2)νB − 2α2

(11)α(12)E(1)
µAE(1)

B
µ E(1)

ν
AE(2)νB

+2α(12)α
2
(22)E(1)

µAE(2)µAE(2)νBE(2)
νB − 2α(12)α

2
(22)E(1)

µAE(2)
B
µ E(2)

ν
AE(2)νB

−α2
(11)α

2
(22)E(1)

µAE(1)
ν
AE(2)

B
µ E(2)νB + α2

(11)α
2
(22)E(1)µAE(1)

µAE(2)νBE(2)
νB

−α2
(12)E(1)

µAE(1)
νBE(2)µBE(2)νA + 2α2

(12)E(1)
µAE(1)

νBE(2)µAE(2)νB

−α2
(12)E(1)

µAE(1)
B
µ E(2)

ν
AE(2)νB (3.9)

9We have chosen the form of the constant coefficients in (3.6) — α2
(ii) for (ii) terms, α(ij) for (ij) terms

— for later convenience. It is important to point out that at this point a negative α2
(ii) is physically allowed.

This is because α(ii) never appears by itself, so a negative α2
(ii) does not imply that the matter metric or any

other physical quantity is complex. As we will find, we will require α2
(ii)α

2
(jj) ≥ 0 for all i, j, however.
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In order to find all solutions that lead to acceptable (ghost-free pure spin-2) vielbein in-
teractions we now need to compute the right-hand side of (3.4) and find the most general
consistent way of matching the coefficients α(ij) and c(ij). Consistent vielbein interactions
for Bigravity in 2D are

∑̂
c(i1i2)I(i1i2) = ǫ̃A1A2 ǫ̃

µ1µ2

(
c(11)E(1)

A1
µ1

E(1)
A2
µ2

+ c(12)E(1)
A1
µ1

E(2)
A2
µ2

+c(22)E(2)
A1
µ1

E(2)
A2
µ2

)
, (3.10)

so that the right-hand side of (3.4) becomes

1

(D!)2

(∑̂
c(i1i2)I(i1i2)

)2

=
1

2
c2(11)E(1)µAE(1)

µAE(1)νBE(1)
νB −

1

2
c2(11)E(1)

µAE(1)
B
µ E(1)

ν
AE(1)νB

+
1

2
c2(22)E(2)µAE(2)

µAE(2)νBE(2)
νB −

1

2
c2(22)E(2)

µAE(2)
B
µ E(2)

ν
AE(2)νB

+c(11)c(12)E(1)µAE(1)
µAE(1)

νBE(2)νB − c(11)c(12)E(1)
µAE(1)

B
µ E(1)

ν
AE(2)νB

+c(12)c(22)E(1)
µAE(2)µAE(2)νBE(2)

νB − c(12)c(22)E(1)
µAE(2)

B
µ E(2)

ν
AE(2)νB

−
1

4
c2(12)E(1)

µAE(1)
ν
AE(2)

B
µ E(2)νB +

1

4
c2(12)E(1)µAE(1)

µAE(2)νBE(2)
νB

−c(11)c(22)E(1)
µAE(1)

νBE(2)µBE(2)νA + c(11)c(22)E(1)
µAE(1)

νBE(2)µAE(2)νB

−
1

4
c2(12)E(1)

µAE(1)
B
µ E(2)

ν
AE(2)νB. (3.11)

One can now compare (3.9) and (3.11) order-by-order so as to find the most generally allowed
choice of α(ij) that leads to consistent vielbein interactions. Comparing O(E4

(i)) we find the

matching condition c(ii) = α2
(ii), without any restrictions on the α’s. Comparing O(E3

(i), E
1
(j))

we then find the matching condition c(12) = 2α(12), yet again without any restrictions on
the α’s. This means we have used up all the freedom in the c(ij) — all c(ij) coefficients
have been fixed in terms of α(ij) by matching O(E4

(i)) and O(E3
(i), E

1
(j)) terms. But we have

not yet matched O(E2
(i), E

2
(j)) terms. Doing so establishes the (necessary but not sufficient)

requirement α(12) = α(11)α(22) in order for the matter coupling to be ghost-free, i.e. it restricts

the form of g(M). In summary, we find the matching conditions

O(E4
(i)) : c(11) = α2

(11) c(22) = α2
(22)

O(E3
(i), E

1
(j)) : c(12) = 2α(12)

O(E2
(i), E

2
(j)) : α(12) = α(11)α(22). (3.12)

It is worth emphasising that, although which order we match first, which second etc. is
arbitrary, the end result in terms of the c(ij) and α(ij) parameters is always the same for a
consistent matching. As a result we have constructed the general candidate matter coupling
for Bigravity in 2D, which can be built out of vielbeins and the Lorentz metric, respects the
weak equivalence principle and which does not introduce ghosts via effective cosmological

constant contributions
√
− det

(
g(M)

)
. A coupling that satisfies these conditions, but takes
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on a different form than the one presented here will already introduce a ghost at or below the
scale Λ3. The relation of the α(ij) to the c(ij) given in (3.12) then uniquely specifies the asso-

ciated consistent vielbein interaction terms generated by
√
− det

(
g(M)

)
. Substituting (3.12)

into (3.10) we find

√
− det

(
g(M)

)
∝ ǫ̃A1A2 ǫ̃

µ1µ2

(
α2
(11)E(1)

A1
µ1

E(1)
A2
µ2

+ 2α(11)α(22)E(1)
A1
µ1

E(2)
A2
µ2

(3.13)

+α2
(22)E(2)

A1
µ1

E(2)
A2
µ2

)
.

Finally, collecting results (3.7) and (3.12), the general form of the matter metric for Bigravity
in 2D is

g(M)
µν = α2

(11)E
(1) A

µ E(1) B
ν ηAB + α2

(22)E
(2) A

µ E(2) B
ν ηAB

+α(11)α(22)

(
E(1) A

µ E(2) B
ν + E(2) A

µ E(1) B
ν

)
ηAB, (3.14)

so that we have found a two-parameter family of matter couplings, with the parameters being
α(11) and α(22).

3.2 Massive and bigravity in 4D

Having explicitly gone through the relatively straightforward 2D Bigravity case above, we
now repeat the above procedure in order to establish a general consistent matter coupling
in the context of Massive and Bigravity in 4D. In the Bigravity case consistent potential
interactions for the two dynamical vielbeins E(1) and E(2) are governed by the action

Sint = −
m2M2

eff

8

∫ ∑̂
c(i1i2i3i4)I(i1i2i3i4) , (3.15)

with ij ∈ {1, 2} and where the interaction terms I are given in (2.11). The generic matter
metric following from (3.6) is still (just as in the 2D Bigravity case above)

g(M)
µν = α2

(11)E(1)
A
µ E(1)

B
ν ηAB + α2

(22)E(2)
A
µ E(2)

B
ν ηAB

+α(12)

(
E(1)

A
µ E(2)

B
ν + E(2)

A
µ E(1)

B
ν

)
ηAB (3.16)

and in 4D we can express det
(
g(M)

)
as

− det
(
g(M)

)
= −

1

4!
ǫ̃µ1µ2µ3µ4 ǫ̃ν1ν2ν3ν4g(M)

µ1ν1
g(M)
µ2ν2

g(M)
µ3ν3

g(M)
µ4ν4

. (3.17)

Proceeding as before by requiring

√
− det

(
g(M)

)
∝

∑̂
c(i1i2i3i4)I(i1i2i3i4), (3.18)

we fix the coefficient of proportionality and explicitly solve this in terms of the α(ij) and
c(i1i2i3i4)) that satisfy

− det
(
g(M)

)
=

1

(4!)2

(∑̂
c(i1i2i3i4)I(i1i2i3i4)

)2

. (3.19)
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Again matching terms order-by-order in (3.19) we now find

O(E8
(i)) : c(1111) = α4

(11) c(2222) = α4
(22)

O(E7
(i), E

1
(j)) : c(1112) = 4α2

(11)α(12) c(1222) = 4α2
(22)α(12)

O(E6
(i), E

2
(j)) : c(1122) = 6α2

(12) α(12) = α(11)α(22). (3.20)

Note that, as in the 2D case, matching the first two orders does not restrict the relation of
the α’s relative to one another at all. However, matching O(E6

(i), E
2
(j)) now already enforces

α(12) = α(11)α(22). The remaining orders not shown in (3.20) also match with the given
choice of coefficients, confirming that this is indeed a consistent choice. Just as in 2D, the
4D Bigravity metric is therefore restricted to take the form10

g(M)
µν = α2

(11)E
(1) A

µ E(1) B
ν ηAB + α2

(22)E
(2) A

µ E(2) B
ν ηAB

+α(11)α(22)

(
E(1) A

µ E(2) B
ν + E(2) A

µ E(1) B
ν

)
ηAB (3.21)

In fact this form is independent of the dimension D, so this is the form of the Bigravity
metric in any dimension. (3.20) also shows that the vielbein interactions generated by the
matter action now satisfy

∑̂
c(i1i2i3i4)I(i1i2i3i4) = α4

(11)I(1111) + α4
(22)I(2222) (3.22)

+4α3
(11)α(22)I(1112) + 4α3

(22)α(11)I(1222) + 6α2
(11)α

2
(22)I(1122)

up to an overall constant of proportionality.
Finally, the Massive Gravity potentials in the vielbein picture are simply special cases

of the Bigravity interactions (3.15) with E(2) = δ. Essentially E(2) becomes the ‘vielbein’

for the flat background metric η and we can write E(2) = 1 = δ A
µ dxµ. Substituting this

into (3.21), the matter metric becomes

g(M)
µν = α2

(11)E
(1) A

µ E(1) B
ν ηAB + α2

(22)ηµν

+α(11)α(22)

(
E(1) A

µ δ B
ν + δ A

µ E(1) B
ν

)
ηAB, (3.23)

while the Massive Gravity interactions generated by the matter action take on the exact
same form as in (3.22). Note that ηµν can be straightforwardly replaced with any background
reference metric [4], which we may want to couple to matter in addition to the dynamical
metric (in this case δ should be replaced by the ‘vielbein’ for this non-dynamical background
metric as well).

3.3 Multi-gravity in 4D

Finally we turn to the general case of a Multi-Gravity theory with N vielbeins in D dimen-
sions. We will display some of the intermediate steps for the specific case of a 4D spacetime,

10As long as the symmetric vielbein condition is satisfied [20], the form shown here is equivalent to the
‘acceptable’ class of matter metrics proposed by [14]. Our approach shows that this is in fact the unique
consistent way in which the matter metric can be formed out of vielbeins and the Lorentz metric ηAB for
Bigravity (where we require the absence of ghosts from the pure spin-2 piece generated by the matter action
as before). We discuss the most general coupling to matter (i.e. in particular allowing inverse vielbeins in the
construction of the matter metric as well) in the vielbein picture in [36].
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but just as before the form of the matter metric will not depend on D, so we will arrive at
a general expression for acceptable matter metrics in the presence of N spin-2 fields. We
remind ourselves that our full matter metric takes on the form

g(M)
µν =

N∑

i=1

α2
(ii)E

(i) A
µ E(i) B

ν ηAB

+

i<j∑

i,j=1,...,N

α(ij)

(
E(i) A

µ E(j) B
ν + E(j) A

µ E(i) B
ν

)
ηAB, (3.24)

where, as before, we wish to restrict the coefficients in this expressions by requiring that the
pure vielbein interactions generated by this metric are ghost-free. We find solutions for the
α(ij) and c(i1i2i3i4) that satisfy (in 4D)

− det
(
g(M)

)
=

1

(4!)2

(∑̂
c(i1i2i3i4)I(i1i2i3i4)

)2

. (3.25)

The explicit expressions for these terms are rather cumbersome, so we refrain from showing
them here explicitly, but after some algebra we can solve (3.25) order-by-order as before
and find

O(E8
(i)) : c(iiii) = α4

(ii)

O(E7
(i), E

1
(j)) : c(iiij) = 4α2

(ii)α(ij) c(ijjj) = 4α2
(jj)α(ij)

O(E6
(i), E

2
(j)) : c(iijj) = 6α2

(ij) α(ij) = α(ii)α(jj)

O(E6
(i), E

1
(j), E

1
(k)) : c(iijk) = 12α2

(ii)α(jk) c(ijjk) = 12α2
(jj)α(ik) c(ijkk) = 12α2

(kk)α(ij)

O(E5
(i), E

1
(j), E

1
(k), E

1
(l)) : c(ijkl) = 24α(ij)α(kl). (3.26)

Several interesting points can be noted. Firstly, each order fixes the c(i1i2i3i4) for a certain
type of interaction: the first order fixes vielbein self interactions, the second order Bigrav-
ity interactions of the type (iiij) and (ijjj), the third order Bigravity interactions of the
type (iijj), the fourth order Tri-Gravity interactions and the fifth order interactions between
four vielbeins. Also, the third order, as before, imposes the constraint α(ij) = α(ii)α(jj),
which is the only constraint relating only α’s. Finally, note that there are another 10 dif-
ferent orders (all the other ways of partitioning the number 8 into four numbers, such as
O(E4

(i), E
2
(j), E

1
(k), E

1
(l)) etc.), but no remaining free coefficients. However, with the mapping

between between c(i1i2i3i4) and α(j1j2) given by (3.26), all orders match up, so that (3.25) is al-
ways satisfied and the pure spin-2 interactions of the resulting matter action are consequently
always ghost-free.

The c(i1i2i3i4) from (3.26) completely specify the vielbein interactions generated by the
matter action in 4D and for the matter metric we now have the general expression (valid for
N fields and any dimension D)

g(M)
µν =

N∑

i=1

α2
(ii)E

(i) A
µ E(i) B

ν ηAB

+

i<j∑

i,j=1,...,N

α(ii)α(jj)

(
E(i) A

µ E(j) B
ν + E(j) A

µ E(i) B
ν

)
ηAB (3.27)
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We have therefore constructed an N -parameter family of matter metrics (and hence ways
to couple N spin-2 fields to matter in the way outlined), where the parameters are α(11)

to α(NN ). A particularly interesting consequence of this is related to the specific form of
the vielbein interactions generated by the matter coupling (as specified via the c(i1i2...iD) in
e.g. (3.26)). Coupling N spin-2 fields to matter in the way discussed will generate three-
and four-vielbein interactions between all the participating spin-2 fields (for N ≥ 4). So,
for example, one cannot consistently couple matter to three spin-2 fields in this way without
introducing Tri- and Bigravity-like interactions between the spin-2 fields, though these in-
teractions may of course be cancelled by adding appropriate interaction terms in the spin-2
self-interaction sector of the theory. But in the absence of such a ‘fine-tuning’, coupling
N > 2 fields to matter and only retaining Bigravity-type interactions is not possible. This
is a very different situation compared to the task of constructing consistent multi-gravity
theories when one is only concerned with the spin-2 sector — there it is perfectly possible
to build an N field theory only containing Bigravity interactions without any ‘fine-tuning’
required [7, 25].

3.4 Matter vielbeins and the direct coupling to other matter fields

We can rephrase our general result for the matter metric in a more concise form by considering
the effective vielbein that matter couples to. The general matter metric (3.27), satisfying all
our requirements, can then be written

g(M)
µν = E(M) A

µ E(M) B
ν ηAB, (3.28)

where we have introduced the effective ‘matter vielbein’ E(M) associated to g
(M)
µν and where,

from (3.27), E(M) satisfies

E(M) A
µ =

N∑

i=1

α(ii)E
(i) A

µ . (3.29)

As such we can summarise our main result as saying that the general class of matter metrics in
Massive, Bi- and Multi-Gravity, which are potentially ghost-free below Λ3 and are constructed
subject to imposing the weak equivalence principle and built out of vielbeins only, can be
built from ‘matter vielbeins’ , which are a general linear superposition of all vielbeins in
the theory (i.e. all the vielbeins for the N spin-2 fields).11 The fact that we can write the
matter coupling in terms of the matter vielbeins (3.29) is a consequence of the finding that
αij = αiiαjj is required in order for the pure spin-2 interactions generated by the matter
coupling to be consistent (see e.g. (3.26)). Note that, if αij = αiiαjj had not been required,
of course the matter metric could still be written in terms of matter vielbeins as in (3.28), but
the matter vielbeins would not take on the form (3.29), but instead would be ‘square-roots’
of the full expression (3.6). The non-trivial statement here is that the acceptable class of
matter vielbeins takes on the very succinct form (3.29). Any matter coupling that meets the
above conditions, but is not built with matter vielbeins of the form (3.29) will generate a
ghost below Λ3.

Finally we would like to reiterate that, for the class of metrics considered here, the form
of (3.27) and (3.29) should be seen as a necessary condition for such ‘matter metrics’ to lead
to a ghost-free coupling to matter below Λ3. A matter action constructed in accordance with
the weak equivalence principle is always expected to give rise to an effective cosmological

11We thank James Scargill for suggesting this way of formulating (3.27).
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constant term for the ‘matter metric’ as considered throughout this paper — the vacuum
energy associated with the Φi will do so even in the absence of a bare cosmological constant
in L

[
Φi, g

(M)
]
(also see [14], where this is explicitly verified considering one-loop corrections

in the case of Bigravity). Consequently the matter action will generate the pure spin-2
interactions considered here and it is imperative to ensure these are ghost-free. The explicit
coupling to the matter fields Φi may, depending on the form of the matter action, introduce
additional model-dependent restrictions on the general form of the matter metric (3.27)
(in order to ensure ghost-freedom below some given energy scale Λ). We investigate the
possibility of such further constraints from the direct coupling of spin-2 fields to the matter
fields Φi in [36] — also see [13, 14].

4 Summary and conclusions

In this paper we constructed a family of candidate couplings of matter to N spin-2 fields in
D dimensions in a way that does not inevitably introduce a Boulware-Deser ghost below Λ3,
assuming the weak equivalence principle. In particular, we found that it is indeed possible to
couple matter to more than one spin-2 field, also in ways which retain the symmetry between
different spin-2 fields present at the level of their self-interactions (also see appendix A on
this point). In our construction we coupled matter to general functions of the N vielbeins
and the Lorentz metric ηAB and, as a minimal criterion for consistency, required the pure
spin-2 interactions generated by the matter action to be ghost-free. The resulting general
family of ways in which matter can couple to ‘gravity’ (the spin-2 sector) for N spin-2 fields
in D dimensions is given by

∫
dDx

√
− det

(
g(M)

)
L
[
Φi, g

(M)
]
, (4.1)

where the matter metric g(M) satisfies (from (3.27))

g(M)
µν =

N∑

i=1

α2
(ii)E

(i) A
µ E(i) B

ν ηAB

+

i<j∑

i,j=1,...,N

α(ii)α(jj)

(
E(i) A

µ E(j) B
ν + E(j) A

µ E(i) B
ν

)
ηAB (4.2)

and where we may express the ‘matter metric’ g(M) in terms of ‘matter vielbeins’ E(M)

satisfying the particular simple relation

g(M)
µν = E(M) A

µ E(M) B
ν ηAB, E(M) A

µ =
N∑

i=1

α(ii)E
(i) A

µ . (4.3)

While this paper was being finished, [13, 14] appeared, which also discuss the coupling
to matter in Bigravity (and consequently also in Massive Gravity). The Bigravity part of the
classical analysis in this paper partially overlaps with that of [14] and where there is overlap
our results agree. In fact, the result of [14] that the form of the effective metric in Bigravity is
stable under quantum one-loop corrections12 is very encouraging, as this result should carry

12Note that, for a general effective matter metric, the mass scale m associated with pure spin-2 interactions
can however cease to be technically natural in these setups [14].
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over to the vielbein Bigravity case considered here (at least as long as the symmetric vielbein
condition is satisfied [20]) and we would expect it to apply to the general Multi-Gravity case
as well, extending our classical analysis. Also note that, for the bigravity subset of matter
couplings considered here, [14] have shown that in fact not only the pure spin-2 interactions,
but also other interactions of the spin-2 field with matter do not re-excite the Boulware-Deser
ghost up to the scale Λ3 — the full theory including explicit coupling to matter fields of the
type discussed throughout here is therefore ghost-free up to Λ3.

Several interesting topics for further research suggest themselves. The forms for the
‘matter metric’ (4.2) and ‘matter vielbein’ (4.3) are necessary conditions for a ghost-free
matter coupling — the model-dependent precise coupling of all the matter degrees of freedom
to the spin-2 fields may restrict this form further, i.e. they might impose additional restrictions
on the α(ii) in (4.3). In [36] we extend and complete the argument presented here and
discuss I) further restrictions resulting from this precise dependence of the matter action
on the matter fields Φi (also see [14]) and II) the most general couplings to matter in the
vielbein picture, where e.g. inverse vielbeins also partake in the construction of the effective
matter metric. Investigating the effects on the background cosmology and the evolution of
perturbations (particularly in the context of structure formation) in models with non-trivial
matter couplings further should also prove interesting.
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A A few concrete examples of consistent couplings to matter

In this appendix we will spell out the allowed forms of the matter metric g(M) for some
concrete cases. If matter only couples to one metric only, g(M) = g(i), the only allowed
coupling is the standard minimal one

∫
d4x

√
− det

(
g(M)

)
L
[
Φi, g

(M)
]
=

∫
d4x

√
− det

(
g(i)

)
L
[
Φi, g

(i)
]
, (A.1)

and the spin-2 interactions generated by the matter action are simply a (non-dynamical)
cosmological constant term for g(i). In the presence of two spin-2 fields coupling to matter
we have

g(M)
µν = α2

(11)E
(1) A

µ E(1) B
ν ηAB + α2

(22)E
(2) A

µ E(2) B
ν ηAB

+α(11)α(22)

(
E(1) A

µ E(2) B
ν + E(2) A

µ E(1) B
ν

)
ηAB. (A.2)

If we set α(11) = 0 or α(22) = 0, matter minimally couples to only one of the two metrics
again. Otherwise all terms in (A.2) are present (with any given numerical values that the
α(ii) take). In particular notice the case where α(11) = α(22). Then the coupling to matter
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retains the symmetry between E(1) and E(2) that the self-interaction part of the Bigravity
action possesses. In this case the matter metric takes on the form

g(M)
µν ∝ E(1) A

µ E(1) B
ν ηAB + E(2) A

µ E(2) B
ν ηAB

+
(
E(1) A

µ E(2) B
ν + E(2) A

µ E(1) B
ν

)
ηAB, (A.3)

where α2
(11) = α2

(22) determines the constant of proportionality. In this case the ‘matter

vielbein’ E(M) satisfies

E(M) A
µ = α(11)

N∑

i=1

E(i) A
µ . (A.4)

For the general matter metric for coupling to N spin-2 fields

g(M)
µν =

N∑

i=1

α2
(ii)E

(i) A
µ E(i) B

ν ηAB

+

i<j∑

i,j=1,...,N

α(ii)α(jj)

(
E(i) A

µ E(j) B
ν + E(j) A

µ E(i) B
ν

)
ηAB, (A.5)

matter can again either just minimally couple to a single spin-2 field via g(i) (in which case
α(jj) = 0 for all j 6= i). Alternatively matter couples to two spin-2 fields in which case the
matter coupling generates all possible Bigravity interaction terms in the way described, or
matter couples to N spin-2 fields and the matter coupling generates all possible N -gravity
interaction terms in D dimensions (for N > D these will be all the ways of building D-
Gravity with the different ways of choosing D out of N spin-2 fields). Symmetry between all
the N spin-2 fields can be enforced by requiring α(ii) = α(jj) for all i, j as before and (A.4)

will still correctly identify the corresponding symmetric ‘matter vielbein’ E(M).
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