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THE CYCLICITY OF THE PERIOD ANNULUS OF A
REVERSIBLE QUADRATIC SYSTEM

CHANGJIAN LIU!, CHENGZHI L1?> AND JAUME LLIBRE?

ABSTRACT. We prove that perturbing the periodic annulus of the
reversible quadratic polynomial differential system & = y + az?,
¥ = —x with a # 0 inside the class of all quadratic polynomial
differential systems we can obtain at most two limit cycle, includ-
ing their multiplicities. Since the first integral of the unperturbed
system contains an exponential function, the traditional methods
can not be applied, except in [6] a computer-assisted method was
used. In this paper we provide a method for studying the problem.
This is also the first purely mathematical proof of the conjecture
formulated by F. Dumortier and R. Roussarie in [5] for ¢ < 2. The
method may be used in other problems.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We recall that a center of a planar differential system is a singular
point p of the system having a neighborhood filled up of periodic orbits
with the unique exception of the point p. The period annulus of a center
is the maximal region filled up with the periodic orbits surrounding the
center.

There is a big program whose objective is to find the exact upper
bound for the number of limit cycles that can bifurcate from the pe-
riodic orbits of the period annuli of the quadratic polynomial differen-
tial systems under quadratic perturbations, see for instance the second
part of the book of C. Christhopher and C. Li [3]. This upper bound
is called the cyclicity of the period annulus. This program started with
V. I. Arnold [1, 2] and has produced more than one hundred articles,
see for instance the references of [3].

Here we contribute to this program determining this upper bound for
the period annulus of the center of the quadratic polynomial differential
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systems
(1) X =Y +aX? Y = —X,

with a # 0. We note that to study the cyclicity of the period annulus
of system (1) is equivalent to study the cyclicity of the period annulus
of the system

(2) T=y+4r?, §=-—ux

Indeed, doing the change of variables (X,Y) — (z,y) where X = 4z /a
and Y = 4y/a system (1) becomes system (2).

System (2) has the first integral
1
H(z,y) =¥ (4x2 +y— g) ,
and the corresponding integrating factor R(y) = 8.

The phase portrait of system (2) in the Poincaré disc is shown in
Figure 1. This phase portrait has a unique finite singular point, the

Figure 1. The phase portrait of system (2) in the Poincaré disc, with the parabola
y = —4a? + 1/8 at the boundary of the period annulus.

center localized at the origin of coordinates. It has two pairs of infinite
singular points localized at the endpoints of the = and y axes. At
the endpoint of the positive z-half-axis there is a hyperbolic stable
node, at the endpoint of the negative x-half-axis there is a hyperbolic
unstable node, at the endpoints of the y-axis there is a nilpotent saddle,
having a hyperbolic sector at the endpoint of the positive y-half-axis
and three hyperbolic sectors at the endpoint of the negative y-axis.
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For the definitions of first integral and integrating factor see Chapter
8, for the definition of the Poincaré disc see Chapter 5, and for the
definitions of hyperbolic and nilpotent singular points see Chapters
2 and 3 respectively of [4]. The boundary of the period annulus of
the center of system (2) localized at the origin of coordinates is the
parabola y = —4x? + 1/8. Then the period annulus can be expressed
by {7y, : h € (—1/8,0)}, where 7, is the periodic orbit

(3) H(z,y) = % (43:2 +y— %) = h.

In what follows we will say simply quadratic system instead of qua-
dratic polynomial differential system. It is known, see for instance [7],
that any reversible quadratic system can be written in the complex
form 2 = —iz + az? + 2|z|? + bz? where z = x + iy, or in the real form

t=y+(a+b+2)a® —(a+b-2)y  §=—z+2(a—buy,

where a and b are real parameters. When a = b = 1 the reversible
quadratic system (4) becomes system (2).

Our main result is the following one.

Theorem 1. The cyclicity of the period annulus of system (2) under
quadratic perturbations is two.

Theorem 1 is proved in next section.

Remark 2. Note that system (8) of [5] is just our system (1) with
a = —1, hence the Abelian integrals I1(h), I3(h), Is(h) for h € (—1/8,0)
in Lemma 4 are equivalent to Jy(h), J3(h), Js(h) for h € (0,1/2) in [5].
F. Dumortier and R. Roussarie formulated a conjecture on page 726
of [5], that {Ji(h), J5(h), ... o1 (R)} forms a strict Chebyshev system
for h € (0,1/2) and for any integer ¢ > 0. This conjecture is obviously
true for ¢ = 0. We give a positive answer to this conjecture for ¢ = 1 in
Lemma 6 and for ¢ = 2 in Lemmas 7-9, by using purely mathematical
method. Note also that J. Figuerasa, W. Tucker and J. Villadelprat
in [6] gave a proof of this conjecture for ¢ < 2 by using theoretical
analysits and computations by computer, that are based on computer-
assisted techniques. For example, the computations for the proof of a
lemma take six and a half hours on a desktop computer with a 2.8 GHz

CPU, see Remark 4.11 of [6].
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2. PROOF OF THEOREM 1

We first state a result by I. D. Iliev, see statement (ii).(3) with
a=0b=1in Theorem 2 of [7].

Theorem 3. The exact upper bound for the number of limit cycles
produced by the period annulus of the reversible quadratic system (2)
under quadratic perturbations is equal to the maximal number of zeros
in the interval (—1/8,0) counting multiplicities of the function

(4) M(h) = // SGSy(ul + oy + u3y2)dxdy,
H(z,y)<h

where i1, p1o and pz are arbitrary constants, and 3 + p3 + p3 # 0.
Lemma 4. For h € (—1/8,0) the function (4) can be expressed as

(5) M(h) = Oélfl(h) + Oég]g(h) + OZ3]5(h)7
where oy, g and ag are arbitrary constants, o2 + a3 + a3 # 0, and
(6) Ii(h) = / 8eMakdy, k=1,3,5.

Th

Proof. Tt is obviously that (4) can be expressed as

(7) / e (i1 + fisy + Jizy®)dz,

Th

where iy, fis and jiz are arbitrary constants and i + 3 + jiz # 0.
Hence, we only need to prove that each f'Yh eSYyFdr (for k = 0,1,2) can

be expressed as a linear combination of I;(h), I3(h) and I5(h).

First, using integration by parts we have

/ eMdr = —1I,(h).

Th

Next, by using (3) and integration by parts we have

1 1 4
/ eMydr = / h+e¥ (- —42® || do = —=1,(h) + =I3(h).
T Th 8 8 3

Finally, by using integration by parts we have

/ eMyde = —2/ rye®dy — 8/ ry*e¥dy = —2K,(h) — 8Ky (h).

Th Th Th
From (2) we have

(8) xdr + (y + 42®)dy = 0,



Multiplying (8) by xe® we have
1

1
Kl(h) = —§[3<h) —f .Z'2€8yd.’ll' = —élg(h)
Th

Multiplying (8) by zye® we have

Ky(h) = —4% 23y dy —f 22y dx
Th Vh

1 1
= —4% z? {d (—yegy) — —egydy} —f v*ye®dr
Th 8 8 Vh

1 1
= 5}{ v*yedr + 1—613(h).

Th

Using (3), we change the first integral above (neglecting the fact 3) to

1
j{ rrye®dx :j{ z? [h—i— (— — 4952) esﬂ dx
Y Yn 8
o (1 2\ 8 1 28 4 8
= x| = —4z° ) e¥dr = - xzedr — 4 reVdx
Y 8 8 Jy, Y

1 4

= _ﬂ[3<h) + gls(h)-
0]
Lemma 5. For h € (—1/8,0) the function M(h) in (5) satisfies
9) M'(h) = a1 I (h) + aoli(h) + asli(h),
where
(10) I(h) = / ka*2dy, k=1,3,5.
Th
Proof. 1t is easy to check by (3) that along 7, one has
or 1
oh  8edvx’
thus
/ syp. k10T k—2
I.(h) = ek —dy = ka"*dy, k=1,3,5.
T Oh T
0]

Since the orientation along 7, is clockwise, we have I (h) < 0 for
k=1,3,5and h € (—1/8,0). Furthermore to simplify computations,
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we introduce the new variable z = y + 42?, then the equation (2)
becomes
dz dz

and the curve 7, has the form

(12) = {(z,z) | e—32a% 482 (z - %) —h he (—% o) } |

Thus, along v, we have

ox 1 0z é—z

(13) oh _  64zh’ Oh 8zh

and

1 d 1
(14) < - —(1—-8z)dt <0, dz=—x <——8> dx.
x

By Lemma 5 it is obvious that

(15) M'(h):/vhydy:/vhydz,

where F(x) = aj + 3aez? + baszz?.
In the following we use the new variables (z, z).

Lemma 6. If az = 0, then for h € (—1/8,0) the function M'(h) has
at most one zero, including its multiplicity, where M(h) is the linear
combinations of I, (h), I3(h) and I5(h), shown in (5).

Proof. It a3 = ap = 0, then oy # 0. By (15) and the second equality
of (14) we obtain

M’(h):oq/ %7&0, he (=1/8,0).

If ag = 0,9 # 0, we can rewrite (5) as
M(h) = Is(h) + aly(h).

By using (10) we have
(16) M) = Iy(h) + aZi(h) = |

Th

322+«
T

dz.

If @ >0, then M'(h) < 0, because % < 0 along v, by (14).

If @ < 0, we denote zy the positive root of 322 + a = 0. Suppose
that the intersection points of the curve v, and the axis {(x, z) |z = 0}
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are (£x(h),0), the most left and the most right points of ., then by
(12) 55, has two branches z = z;(x, h) with

1
(17) 21 <0< 29< g for z € (—JZM(h),IM(h))

Note that 7, tends to the origin as h — —1/8", monotonically ex-
pands as h increases from —1/8, and tends to infinity in +x direction
as h — 0.

If h € (=%, ho), where hg = H(xo,0), then zy(h) < o, the curve
Y1, is located in the strip {(z, z) | 32% + o < 0}, see Figure 2(i). Hence
M'(h) > 0, because 2 < 0 along 7, by (14).

|
| leﬂm h)_
|

z1(z, h)
(i) h € (=%, ho) (ii) h € (ho,0)

Figure 2. The relative positions of «, and the straight lines {(z, z)|z = £z }.

If h € (ho,0), then xp(h) > xg, the curve v, must cut the straight
lines {(z, z)|z = +xo}, see Figure 2(ii). The curve 7, is symmetry with
respect to z-axis, so we will only consider the side x > 0. We divide

M (h)

the integral form of == into two parts as follows:

M (h o 11 =(roh) 343
():/ (3x2+a)<———) dx—/ I2+adz,
2 0 21 Z9 z1(x0,h) pi)

where z; = z;(z, h),i = 1,2; we use the last quality of (14) in the first
integral to change dz to dx; in the second integral, 5 = x5(z, h) is the
positive root of e 3282 (z — 1) = h for any z € [z (x0, h), 22(w0, 1)),
hence x3 > x9 > 0.
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Making one more derivative with respect to h by using (13), we have

M"(h) _/’30 322 + « <%—zl B %—22) "
0

2 8h 23 23
_3ajta (Om(xe,h)  Ou(wo, h) N /ZQ(‘TO”"‘) 323 _Sadz <0,
o oh oh 21 (z0,h) 64h$2

because 322 + o < 0 for z € (0,20), 21 < 0 < 20 < 3 (see (17)), h <0,
822<.’L'0, h) _ 821 (.To, h) i

oh oh
bounded by (13), so the above middle term is zero and we will directly
omit the similar terms in further calculations.

and 3x3 —a > 0. Besides, 323 +a = 0 and

Thus, M’(h) has at most one zero on (hg,0). As we have proved
that M’(h) > 0 on h € (=3, ho], hence M’(h) has at most one zero on
(_%7 O) |

If a3 # 0 in (5), without loss of generality we consider
1
(18) M(h) = aly(h) + BI3(h) + I5(h), he (—g,O) .

where a and [ are arbitrary constants. From (10) we have

a9 A =B+ s +arm = [ S
where
(20) F(x) = 52" 4+ 382° + a.

Lemma 7. If § > 0, then M'(h) has at most one zero on (—é,O),
including its multiplicity.

Proof. When o > 0, it is obvious that M’(h) < 0, because © < 0
along v,. Hence we suppose a < 0 in the rest part, and denote the
only positive root of F(z) = 0 by xg, and hy = H(x,0).

If h € (—3%, o), then zp(h) < o, the curve =, is located in the strip
{(z,y)| F(z) < 0}. Hence M'(h) > 0.

If h € (ho,0), then xp(h) > xg, the proof is completely similar to

the proof of Lemma 6, so we only list some different computations. We
first rewrite M'(h) as

(21) MTUL) — /0 (@ - M) dr — /:Z(M) Flwa) .

21 22 1(wo,h) T2




Then by (13) we obtain
M" (h) R (Y- iz
= /0 & — 8 3 dx

2 8h 23 23
(22)
/ e Glaa)
+ ) g
zl(xo,h) 64]11’2
where
(23) G(z) = 152" + 382% — a.

Now 8 > 0, < 0, by using (20) (together with the definition of z) ,
(17), (23) and h < 0 we obtain M”(h) < 0, hence M'(h) has at most
one zero on (—z,0). O

Now suppose [ < 0 and we start from the simple case a < 0.

Lemma 8. If § < 0,a < 0, then M'(h) has at most one zero on
(—%,0), including its multiplicity, where M(h) is shown in (18).

Proof. In this case, F'(z) = 0 has exactly one positive root xy. Similar
to the proof of Lemma 7, we denote hg = H(x,0), if h € (—%,ho],
then xp(h) < zg, F(z) <0 along 7, hence M’'(h) > 0.

If h € (ho,0), then xp(h) > xy, we get the same expressions (21)
and (22). Now < 0,a < 0, hence F(z) < 0 on (0,z¢); when x >
Ty, we have F(x) > 0, then G(z) = 3F(x) — 682* — 4a > 0, hence
M"(h) < 0. In any case we obtain that M’(h) has at most one zero for
h e (—1/8,0). O

Finally we consider the most complicated case f < 0 and « > 0.

Lemma 9. If f <0 and a > 0, then M'(h) has at most two zeros on
(—%, 0), including their multiplicities, where M(h) is shown in (18).

Proof. Since f < 0 and o > 0, F(z) = 0 may have no positive root,
a double positive root, or two different positive roots. In the first two
cases, it is obviously M’(h) < 0 for all h € (—1/8,0), because F'(z) > 0

for all z, except for the possible double root of F', and ‘i—z < 0 along 7.

It remains to consider the case that F(z) = 0 has two different
positive roots. In this case we denote the smaller root by xg, then

36— /952 — 20
(24) 22 = b 10/3 ® 982 —20a > 0.

We will prove two assertions, and denote hy = H(xo,0).
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Assertion 1: M'(h) <0 for h € (—3, hy).

Since zp(h) < xo for h € (=3, ho], the curve 7, is located in the
strip {(z, 2) | |x| < x¢}. Notice F(xz) > 0 on (0,z), because o > 0.
Similar to the proof of Lemma 7, we can get M'(h) < 0. This assertion
is proved.

Assertion 2: M'(h) has at most two zeros (including the multiplic-
ities) for h € (hy,0).

In this case xp(h) > xo. We get the same forms (21) and (22). It
is easy to see from (23) that G(x) has exactly one positive root for
f < 0,a >0, and it is a simple root. Besides, G(0) = —a < 0, and by
using (23) and (24) we have

G(x) = 20z + 6325 = —2251/98% — 20ar < 0.

Hence the unique positive root of G(z), denoted by x, satisfies x; >
T > 0.

If h € (ho,hi1], then zy < xp(h) < x1. Obviously G(z) < 0 on
(29, x1). From (22) we have M"(h) > 0, because F(z) > 0 on (0, x),
h<0,z1<0<22<%,andx2>0.

If h € (hy,0), then zp,(h) > 1, we divide the second integral in (22)
into two parts, use the last equality of (14) in the first part, and move
(—h) to the left side in the whole equality, we have

<2 1
"G 11 =lrh) @
—/ (xQ) <— - —) dz —/ (x23) dz.
w 041° \ 22 21 sk 04T
Making one more derivative with respect to h by (13), we obtain
(=) M"(h)}
2

_ /mo 1;;92) ((% - 22)(5% —n) (5- 21)(5% - Zl)) s

<2 A1
_/”“ G(z) (é—za_é—zl) "
v S3ha? z3 23
N /22@17’1) 1524 — 36823 + 3a
o (21,h) 642ha}

dz <0,
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because F(z) > 0 on (0,z0), h <0, 21 < 0 < 2 < 5, G(z) < 0 on

(20, 21), T2 > 0, and 1523 — 38232 + 3a > 0 for 3 < 0 and a > 0.

Thus, (—h)M"(h), hence M”(h), has at most one zero on (hy,0).
Since we have proved that M”(h) > 0 on (ho, hy], we get that M”(h)
has at most one zero on (hg,0), hence M'(h) has at most two zeros on
(ho,0). the Assertion 2 is proved.

Supping up the results in Assertion 1 and Assertion 2, we obtain
that M’(h) has at most two zeros on (—3,0). All multiplicities of the
zeros are taken into account. ([l

Proof of Theorem 1. We claim that M (h) has at most two zeros
on (—3,0), including their multiplicities. Otherwise, if M(h) has at
least three zeros on (—z,0), then since M(—3) = 0, M’(h) would have
at least three zeros on (—%, 0), which contradicts Lemmas 6-9.
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