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A General Method to Couple Prior Distributions
Yiding Liu, M.S.

University of Pittsburgh, 2021

There is a lot of statistic models based on marginal distribution and joint distribution rela-
tionships. Such statistical models are widely used in medicine, biology, finance, etc. Many modern
medical datasets contain observations from multiple time points and treatment conditions. Adap-
tive shrinkage, a general method to estimate marginal prior distributions, has been developed to
analyze such data for a single time point or condition, few method has been developed to analyze
joint distribution for different time points or different conditions. The reason is mainly because the
difficulty of constructing multi-dimensional prior distributions with dependent variables. A few
Bayes’ methods can be applied to these type data. Although, it is non-trivial and difficult to esti-
mate joint distribution directly, we can easily estimate marginal prior distributions separately. In
this thesis, I develop a simple, general and straightforward method to couple prior distributions for
multi-dimensional genetic effects. The main goal is to research the relationship between the sign of
effect of a phenotype at different time points. I couple prior distributions to model joint distribution
and estimate parameters at multiple time points. Copula Estimation described from Copula Theory
and Its Applications provides a parametric copula inference method for my estimation. I construct
a model and develop a method to couple prior distributions to estimate my parameters at multiple
time points by deriving useful expressions, applying R language for data simulations, and using
maximum likelihood estimation. I simulate data from both the real copula model and multivariate
normal distribution. The true model performs better in estimating the parameters. This copula
model successfully bridge the gap between joint distribution and dependent marginal distributions.

There is still more room to improve my copula model.

Keywords: Copula, Couple Prior Distributions, Dependent Variables, Bayes’” Methods, Maxi-

mum Likelihood Estimation, Marginal Distribution.
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Preface

I am inspired by the data about the effect of a phenotype on DNA methylation. In my
thesis, my goal is to research the relationship between the sign of effect of a phenotype at different
time points. I develop a method to couple prior distributions to construct a joint distribution and
estimate parameters in my model. I use a couple model to estimate marginal distributions first and
then construct joint distribution with dependent marginal distributions. I simulate data to estimate
parameters using maximum likelihood estimation, compare two set of simulations to evaluate my
model, and propose a method to optimize limitations to improve my model. Meanwhile, I’d like
to show my respect and thanks to my advisor Dr.Chris McKennan who helps me a lot and gives
me such a golden change to finish my thesis. I also appreciate all the researchers who provided me

with existing works about my thesis.
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1.0 Introduction

Marginal distributions and joint distribution are important in statistical model because
many modern real datasets are consist of observations from multiple time points and variable con-
ditions. Many current methods are developed to analyze such data for a single marginal distribution
or condition, very few methods were invented to analyze the joint distribution, especially for de-
pendent variables. Previous studies showed it was non-trivial to estimate joint distribution directly.
I tried to find a general method to copula prior distributions and built a copula model to estimate
parameters in different simulations to bridge the gap between joint distribution and dependent
marginal distributions. Inspired from the effect of a phenotype on DNA methylation at birth and
age 7. My goal is to research the relationship between the sign of effect of a phenotype at different
time points. I couple prior distributions to construct joint distribution and estimate parameters at
multiple time points. There are several related existing work, such as Adaptive shrinkage ([9])
and Copula Theory and Its Applications ([7]). Adaptive Shrinkage is a general method to estimate
marginal prior distributions but not flexible enough to jointly model the effect of a phenotype on
DNA methylation at birth and age 7. It is mainly because Adaptive Shrinkage ([9]) assumes the
effect of interest 5, as a scalar vector to model marginal distributions, not a vector. But I take
the effect of interest 3, as a vector to model joint distribution. The Copula Estimation ([7]) pro-
vides a parametric copula inference method for i.i.d random sample and uses maximum likelihood
methods.

A copula is a multivariate cumulative distribution function for which to describe the depen-
dence between random variables. Copulas are popular in high-dimensional statistical applications
as they allow one to easily model and estimate the distribution of random vectors by estimating
marginals and copulas separately. I assume independent unimodal distributions for the effect of
interest, propose a general method to couple prior distributions, and use maximum likelihood esti-
mation to estimate my parameters in two sets of simulating data.

The thesis is organized as follows. Section 2 discusses several related existing work, like



Adaptive shrinkage, Copula Estimation and Copula model application. These existing works lay
a solid starting point for my thesis and inspire me to figure out a general method to couple prior
distributions. My copula model is inspired from the effect of a phenotype on DNA methylation at
multiple time points. Section 3 lists some assumptions and describes how to couple prior distribu-
tions and construct the copula model. Section 4 discusses applying my estimator in two different
cases after we build the copula model. Section 5.1 to 5.4 consider two sets simulating data to
estimate parameters, one is simulating data from the true model, another is simulating data from
multivariate normal distribution directly. These two different simulations lead to different results
judging from R outcomes. Section 5.5 compares two simulations to understand the advantages
of the general method to couple prior distributions. Section 6 discusses limitations of my copula
model that need to be improved and further study, I propose to use MCMC to extend my model to

more general studying.



2.0 Existing Work

There are several existing works about copula model. Adaptive Shrinkage described ([9])
is an empirical bayesian approach for marginal prior distributions. In this paper, the authors pro-
vide a general method to estimate marginal prior distributions, assume the distribution of effects is
unimodal, and use effect sizes and standard errors to summarize each measurement. This method
assumes the effect of interest 8, as a scalar to model marginal distributions, thus It has limitation
on modeling joint distribution. Another important existing work that I utilized in my study is the
Copula Estimation ([7]). In this book, they provide several different methods about estimation
procedures for copula model, especially parametric copula inference method for i.i.d random sam-
ple with dependent marginal distributions. It also uses maximum likelihood method to estimate
parameters.”’DNA Methylation” ([5]) has a good introduction about DNA methylation. It is this
paper which gives me a strong interest about the motivating data, intriguing me to research the
effect of a phenotypes on DNA methylation at different time points. The copula model is widely
used in different fields, see publication ”On Modeling Insurance Claims Using Copulas” ([4]). Itis

a very useful tool to couple marginal distributions for getting an estimator of the joint distribution.



3.0 Problem Setup

Suppose we measure the expression of p genes to understand the relationship between
gene expression and d phenotypes. Let g € {1,..., p} index gene and j € {I,...,d} index phe-
notype, For gene expression: I expect p is 10* and d is small (< 5) while p represent gene and d
represent multiple time points, there will be not too much time points for the effect of a phenotype
on DNA methylation. I also define , to be the effect of a phenotype on DNA methylation and
Bg = (ﬁgl, ces ﬁgd)T is the Ordinary least squares(OLS) estimator for 3,, the effect of a phenotype
on the expression of gene g at different times. Assuming that V, € R* is the variance of ﬁg. Be-
cause in linear regression model 3, = (X" X)~'X”Y, and V, = oo (X"X)™!, X is designed matrix. I
assume Vg is the estimator for V, because Central limit theorem and Slutsky’s theorem, and Bg is

the Ordinary least squares estimator for 3,. Both are observed in my model.

Bel B Ve ~ Na(Be Vi), gell,....p) (1a)
Be L h() ~ h(By), gell,....p) (1b)
Bej 1 () ~ hi(Bep), g €{l,....phje(l,....d) (Ic)

K
hi() | )~ Z 7Sk (4) 5 (1d)
k=—K

where h;(-) is a general prior for B,; and fj is a simple and known density function. If k > 0,the
fir 1s a distribution greater than 0; if kK < O,the fj is a distribution smaller than 0; if kK = O,the fjo
is the point mass at 0. In my thesis, since fj is a simple and known density function with such
properties, I suppose to use the half normal distribution with known variance.

Similar to ([9]), I assume fj(x):

fi(x) = HN>o(x:0,05)  jefl,....dske{l,...,K}

where HNsxo(x;0,07%) = 2 exp(—5-x*)1{x > 0} is the density of the positive half-normal
o2 i

27 K



distribution (the positive half of N(0, o?k)). We will assume the hyperparameters o'ﬁk is known and
K

if 7 = 7, then this implies the prior h;(-) | 7; ~ modo + 1;1 27 kN, (-; 0, 0'3,{) for known 0'?1« For

now f is known, I only need to derive 7, and it’s obvious that we can easily estimate 7y, ..., 7y

with ([9]), therefore, I assume that I can observe these in my model:

° Bg: the estimate for (3,, effect of a phenotype on DNA methylation

e V,: the variance of Bg is known.

o fyforall j € {l,...,d} and k € {-K,...,K}: The non-negative and non-positive density
functions used to parametrize the prior for S,;.

e my,...,m;: The mixture weights that define the marginal priors for different phenotypes.

My primary goal is to determine the relationship between the sign of the effects 3, at
different time j, that is same to estimate the correlation coefficients. Firstly, I need to estimate the
prior pr (ﬁg) and posterior pr (ﬁg | Bg, V;,) The latter will allow us to perform inference on the
joint distribution of 3,. We are particularly interested in being able to do inference on the signs of
Bgi, - - ., Bqa. The article leads a way for us to think about this question ([2, pages 15-17]), Some

statements might be:

P ({Bej-Bey > OV U Bej ey < OV | B Viuh), g e(l,....phijj €ll,....d)

The probability that the effect at two time points j and j on DNA methylation are both positive or

negative.
P((Bets-+Boa > OV U Bers - Boa < OV | B Vish), g€ (Lo, p)

The probability that the effect at multiple time points from 1 to d on DNA methylation are all

positive or negative.



P(Be; > 0,807 <01 B Vih), gell,....phjj €ll,....d)

The probability that the effect of a single gene at two time points j and j on DNA methylation are

different. The effect is positive at time j and negative or O at time j .

3.1 Modelling the Relationship between % and 4., ..., h,;

Before I construct a copula model, I need to estimate the prior pr (ﬂg). hj(-) specify
the marginal prior distribution for B,;. Estimating these amounts to estimating the prior weights
my,..., ™, and can be easily done using ([9]). The function & : RY — R is the multivariate prior
density for 3,. While we have not specified the functional form for 4, we know that its jth marginal

must be ;. That is

hj(xj):f f h(xi,...,xg))dx; - -dxj_1dxje -+ -dxq, jeE{l,...,d}

Therefore, I propose constructing /4 using a copula model.
Recall that the primary inferential goal is to understand the relationship between the signs

of Bg1, ..., Bea- Define the random variable z,; to be:

zj | 7; ~ Categorical ({-K,-K + 1,....K}:m;), je(l,....d)

Pz =k|m)=mp, kel-K.-K+1,....K}:je(l,....d).
Then the prior pr(8,; | i;) can be expressed as

Bej | 2gj ~ fizy;(Bej)
Zgj | ™; ~ Categorical ({—K, -K+1,. ..,K};T&'j),

Note that z,; encodes the sign of §,;. Assuming the magnitude and sign of S,; are independent,

if zo; < 0, then B,; < 0 (and vice-versa), since our goal is to perform inference on the signs of



Bets - - -, Bga. I make following assumption:

pr(ﬁgl" . ’ﬁgd | Zgl’ .o ’ng) =

.:Q‘

pr(Bej | 2e)) - )

j=1
That is, once we know the signs and expected magnitudes of S, . . ., Beds Bl - - - » Bea are indepen-

dent. The prior for 3, can therefore be expressed as

d
pr(B3,) = fﬂpr (ng | Zgj) Pr(Zgl, . .,ng) dzg) -+ - dZgq. 3)
J=1

Therefore, I only need to model the dependence between the categorical (i.e. multinomial) random
variables zg, . . ., Z4q to specify the prior for 3,. One way to do this would be to construct a copula

model to specify the prior for 3,.

3.2 Constructing the Copula Model

A copula is a way of modelling the dependence between random variables given the
marginal distributions of each random variable. I suggest looking at ([6, pages 1-12]) for an intro-
duction to copula modelling, and ([8]) for an in-depth look at copulas applied to categorical (i.e.
multinomial) data. Given the modelling assumption in (2) and the resulting prior in (3), I need to
use a copula to model the dependence between z,1, ..., Z44, specifically, let z, = (zgl, .. ,zgd)T.

Let N,(0, R) be the multivariate normal distribution with correlation matrix R € R¥“, and define

Xj-K) < < Xjk-1)



to be a partition of R that act as cut points in a latent variable. Note that x;_g), ..., Xjk-1) are

uniquely determined by 7r;. A normal copula model assumes for the latent vector wy,,

w, = (wgl,...,wgd)T |R~Ny0,R), gefl,...,p}
K-1
Zgj | ;= —Kl{ng < Xj(_K)} + Kl{ng > ij} + Z kl{Xjk < W, < Xj(k+1)}
k=—K+1
iid

Rlz, ey R(d—l),d ~ U[—l, 1]1{R = 0}
I can either estimate R using MLE (this will be time consuming given the constraints on the
problem) or sample from the posterior with MCMC. I assume Model (1) is true and Assumption

(2) holds. I assume the following, which are standard when modelling genetic data:

e fio = 0o, which is the point mass at 0.

e Forkell,...,K}, fu(=x) = fj—w(x) = O forall x > 0. That is, fj is the density of a positive
random variable and fj_y, is the density of a negative random variable.

e The marginal /(-) is symmetric around 0. That is, fjx(x) = fj—x(—=x) for x > 0 and 7 = 7

forall je{l,...,d},ke{l,...,K}.

Now, the first step is to derive expressions the following assuming fjx(x) = HNx(x; 0, 0'§k).

That will be used in my simulations part:

pr (Bg | Ve 2ets - - - ,zgd) 4)

pr (ng | /éga ‘/;77 We2sents ng) (5)

When computing (4) and (5), I have to integrate out 3,. The specific process will be shown in

Appendices.



4.0 Deriving Estimator

4.1 Starting With the Simple Case

I define d = 2 index time points and K = 1 index the upper bound for k as the simple
case. My primary goal is to determine the relationship between the sign of effects of 5,1, ..., Be,
and we know f,; is decided by z,; and z,; is decided by w,; in my copula model. I assume the
correlation coefficient for w,; and w, is p. I need to derive likelihood function first and then use
maximum likelihood estimation to estimate my parameter p to maximize log-likelihood function.
d = 2 means w,, 2,4, 3, are vectors contain two elements while R is a 2 by 2 correlation matrix for
We.

ﬁgl 1 P

Wg _ lel“Zg _ [Zgl“ﬂg _
Weo g2 ﬁ

g2

R= (6)

p 1
k = 1 means z,; | w; ~ Categorical ({—1,0, 1}; wj), J €{1,2} and 7; is a length-3 vector
and represents probabilities for z,; = {—1,0, 1} forj € {1,2}.

My goal is to estimate parameter p to maximize the likelihood function:
p A
L) =11P(B; 1)
g:
Transforming P (ﬁg | p) with Bayes’ Theorem to be the following form:

P(B:1p)= ngEIP(Bg | z,)P(z | p)
Where I = {(0, 0), (0, 1), (0, -1), (1, 0), (1, 1), (1, =1), (=1, 0), (-1, 1), (-1, =1)}
When z, = (0, 0), it means S,; =0 and 5, =0
When z,= (0, 1), it means B, = 0 and 5,,> 0
When z,= (0, —1), it means 5,1 = 0 and 5,, < 0
When z,= (1, 0), it means 5,1 > 0 and S, = 0
When z,= (1, 1), it means 5, > 0 and 5,,> 0

When z,= (1, —1), it means 5,1 > 0 and 5,, < 0



When z, = (-1,0), it means B,; < 0 and B, =0

When z, = (=1, 1), it means B, < 0 and S, > 0

When z, = (=1, 1), it means ,; < 0and S, <0

In order to obtain the likelihood function. My first goal is to derive the probabilities
P (zg il p) which is a length-9 vector because each z,; can be chosen from {—1,0, 1}. In my thesis.
I set bounds for each truncated normal distribution and integrate w, to get 9 different probabilities
for P (zg il p). Next, I derive the likelihood P (Bg | zg). I combine bivariate normal distribution, half
normal distribution, complete square transformation, and Expression(4) to obtain corresponding
likelihoods for 9 different scenarios because z, can be chosen from set / in which contain 9 different
vectors. Then I iterate the same processes for each gene from 1 to p to get the final likelihood

function and apply one dimensional optimization function in R to estimate the parameter p.

4.2 More General Case

I define d > 2 and K > 1 as the general case. d will be a little bit larger(< 5), but d can not
be to much large because it represents multiple time points. d means w,, z,, (3, are vectors contain

d elements, R is a d by d correlation matrix for w,:

Wel Zg1 ﬁgl L pi - pu
We2 Zg2 Bg2 P e

We=| "z =|  |Be=| . |R=]|. . ) )
[ Wed | | Zga | B4 o 1 1]

K > 1 means z,; | 7; ~ Categorical({—K, -K + 1,...,K};7rj), j€{l,...,d} has larger
upper bound and lower bound. The 7; is a length-(2K + 1) vector and represents probabilities for

Zj={-K.—-K+1,....K}for je{l,...,d)

10



In order to obtain the likelihood function, my first goal is to derive the probabilities of
P (zg.,- | p) which is a length-(2K + 1)¢ vector because each z,; can be chosen from {-K, ..., K}. In
the general case, I set more bounds for each truncated normal distribution and integrate w, to get
(2K + 1)¢ different probabilities in P(z,; | p). Next, I should derive the likelihood P (8, | z,) when
Zo has 2K + 1)¢ different chosen vectors. I use multivariate normal distribution, truncated normal
and Expression(4) to obtain corresponding likelihoods for different scenarios. It is really hard to
estimate correlation matrix R with MLE because it’s hard to guarantee the correlation matrix R is a
a positive semidefinite matrix when I assume all parameters from a uniform distribution. For more

general case, I propose to use MCMC to estimate correlation matrix R.

11



5.0 Simulations

5.1 First Set of Simulations in the Simple Case

I simulate data from the true model to estimate the parameter in a simple case when d = 2
index two different times, K = 1. The true model here refers to the copula model When I couple
prior distributions .

N 1 p*
(1) I set a correlation coefficient p* in variance of 3,: V, = % n = 100 is the sample

Pt 1

size, p = 10000 is the number of genes.

(2) Then I can assume p* ~ U[0, 0.5] because I have proved V, is known. I also assume standard
deviation for 3, and S, are 0.2.

(3) I assume the correlation for w,; and wy is p and simulate data as follows:

1
. . . . . . . - .
(1) I'can draw w,; and w,, from a bivariate normal distribution with mean 0, and variance

p 1
(11) I will draw z,; and z,, based on the relationship between z,; and w,;, and z, and wg,.

(111) I will draw B,; and B, from truncated normal distribution because z,; and z, encode the sign
of B and Bz.

(iv) I enable to draw Bg from a bivariate normal distribution with mean 3, and variance V.

(4) Iiterate 100 times to obtain 100 data sets and obtain 3, and V, for ,ég in each data set. My goal

is to estimate the parameter p in the copula model.

12



5.2 Plots and Interpretation

I choose three different p € {0, 0.5, 0.75, 1} to estimate the parameter p. For p = 0,0.5,0.75,

I obtain the histograms of estimators for p as follows:

Histogram of Estimated Rho Histogram of Estimated Rho

0 - o -
o d o

r T T 1 r T T 1
-0.05 0.00 005 0.10 0.40 045 050 0.55

Frequency of Estimated Rho
Frequency of Estimated Rho

Estimated value of Rho Estimated value of Rho

Figure 1: Histogram for p(0) Figure 2: Histogram for p(0.5)

Histogram of Estimated Rho

Frequency of Estimated Rho

N i

r T 1
0.70 075 0.80

Estimated value of Rho

Figure 3: Histogram for p(0.75)

It’s obvious that when p = 0, estimators for p mass around O from above plots. When
p = 0.5,0.75, estimators for p mass around 0.5 and 0.77. That is good to show estimators for p is
very close to the initialized p. But when p = 1, all estimators for p is equal to 1. That means when
latent variable w,; = w,,, the sign of the effect of B, and B4, are the same. This data simulation in
my copula model is flexible enough for all scenarios when initialized p is equal from -1 to 1. The

copula model works well in simple case.

13



I find the estimators for p is very close to our expectation when we set a initialized corre-

lation p.

5.3 Second Set of Simulations in the Simple Case

For the second set of simulations in the simple case. I would change the simulation proce-

dures to test the generality of my estimator.
A I p
(1) I also set a correlation coefficient p* in variance of 3,: V, = % [ p ] n = 100 is the
Pl

sample size, p = 10000 is the number of genes.

(2) Then I can assume p* ~ U[0, 0.5] because I have proved V, is known. I also assume standard

S 1
s

Where 7 € {0, 0.5, 1} is the correlation coeflicient for 8,; and By, my = 0.7.

(4) I simulate 100 data sets and observe 10000 Bg and 10000 V, for 10000 3, in each data set. My

deviation for 5, and S, are 0.2.

The difference begin with here

(3) I draw 3, from the following model: 3, ~ m¢6(0, 0) + (1 — ) N>

goal is to estimate the parameter p in the second set of simulating data.

5.4 Plots and Interpretation

I choose three different 7 € {0, 0.5, 1} to estimate the parameters. For v = 0, 0.5, I obtain

the histograms of estimators for p as follows:

14



Histogram of Estimated Rho Histogram of Estimated Rho

Frequency of Estimated Rho
Frequency of Estimated Rho

!
o - o -

r T T 1 r T T T T T T 1
-0.10 -0.05 0.00 0.05 089 090 091 092 093 094 095 096

Estimated value of Rho Estimated value of Rho

Figure 4: Histogram for 7(0) Figure 5: Histogram for 7(0.5)

It’s obvious that when 7 = 0, estimators for p mass around 0. When 7 = 0.5, estimators for
p mass around 1. That is too much high and not consistent with my true model. But when 7 = 1, all
estimators for p is equal to 1 again. That means when the effect of 5,1, B, are the same, the
estimators for p also supports the effect sign of 3,1, B, are the same.

The estimators for p when 7 = 0 and 7 = 1 performs well in the second set of simulating
data, but not make sense when 7 = 0.5. Now I will explore why the second set of simulations
model does not work well when 7 = 0.5. We know the contour of bivariate normal distribution

when correlation coefficient is 0.5 looks like below:

15
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Figure 6: Contour for bivariate normal distribution with correlation(0.5)

When 7 = 0.5, estimators for p is too much large in the second set of simulating data. It
means the second set of simulations model is less complicated and not flexible for all scenarios.
That is because when 7 = (.5, the contour of bivariate normal distribution is a rotate ellipse in level
sets and the region in the first and third quadrants is larger than the region in the second and fourth
quadrant. That means the effect size of the first and third quadrants respect to the noise is much
larger than the effect size of the second and fourth quadrants. We will have more power to observe
(3, from the first and third quadrants with same sign since these regions have a larger effect size

than other two quadrants. B, and B, will be both positive or negative. The correlation between

16



them will be positive all the time. That is why the estimators for p in second set of simulating data
is larger than 0.5 or even close to 1 When 7 = 0.5. We will need a larger sample size If we want to
observe the effects 3, from the second and fourth quadrants. It will violate the reality If we set a

larger sample size.

5.5 Comparison of the Two Simulations

I find estimators for p are nearly the same in the true model and the second set of simulating
data when p = 0 and p = 1 for the first set of simulations and 7 = 0 and 7 = 1 for the second set of
simulations. When 7 = 0.5 or some values between -1 and 1, the estimators for p in the true model
is more accurate than the second set of simulating data. That means the second set of simulating
data only works for some special 7 values while the true model is more flexible to work for all
possible p values. That is mainly because when the 7 chosen from -1 to 1 and is not equal to O.
Take v = 0.5 as an example, the contour of bivariate normal distribution is a 45° rotate ellipse in
level sets and the effect size of the first and third quadrants respect to the noise is much larger than
the effect size of the second and fourth quadrants.We will have more power to observe 3, from the
first and third quadrants with same sign of effect since these regions have a larger effect size than
other two quadrants. The final estimators for p will be larger and close to 1 in the second set of

simulating data. We will not encounter such problem if we draw 3, from the true model.

17



6.0 Discussion and Future Direction

My copula Model works well and conclusion make sense in the simple case. There is
still a lot of limitations I can optimize to improve my model. Firstly, my two set of simulations
only focus on the simple case where K = 1 and d = 2, but I don’t consider the general scenario
where d > 2 and K > 1. I need to figure out a more general estimator for the more general case.
Secondly, although I use MLE to estimate parameters in the simple case, it is really difficult to
derive likelihood function when d > 2 and K > 1 and use maximum likelihood estimation to
estimate all parameters in correlation matrix. I need to use another method to estimate correlation
R for more general studying.

My model becomes more complicated and latent variable w, will transfer from bivariate
normal distribution to multivariate normal distribution when d > 2 and K > 1. It is difficult to esti-
mate R with MLE because it’s hard to guarantee the correlation matrix R is a a positive
semidefinite matrix when I assume all parameters from a uniform distribution. My goal is to
determine the re-lationship between sign of the effect 3, at different time. I propose to use MCMC
to estimate R.

Step 1: I initialize a correlation matrix R.

Step 2: I generate z, based on the same assumption we made in copula model.

That is z,; | m; ~ Categorical({—K,—K+ 1,...,K};7rj), jell,....d},ge{l,....p}, p =
10000 is the number of genes.

Step 3: I use truncated normal distribution to draw w, given z,.

That is wg; | z,; ~ TN(O, R, {xjx, Xju+)}), § €{1,...,pl, k € {=K,...,K}. Where xj; and x ) are
bounds in truncated normal distribution.

Step 4: I use Wishart distribution to draw the inverse of a new covariance matrix.

That is Ré‘l) ~ Wy g + 0, ﬁ é 'wgw; + 01;). Where Ry is the new covariance and ¢ is a small
number equal to 0.01, p = 10860 is the number of genes.

Step 5: I derive a new correlation matrix R* given covariance matrix Ry.
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_1 _1
That is R =diag(R,, *)Rydiag(R, *).
Step 6: I take R, as the new correlation matrix and plug it into the step 1 and iterate m times from
the step 2 to step 6.

Step 7: I generated m correlation matrices R7, ..., R, and tossed away the first b (b < m) as burnin,

then I calculate the mean of the last (;m — b) correlation matrices as the estimators for R.
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Appendix A Deriving Expression(4) with Bayes’ Theorem

Before starting our assumption, I highly recommend to look through the article about

Truncated normal ([1, page 20-26]), according to my assumption, we know that:

Bel By~ Na(B.V;), gell,....p)

Bl zgts .- 2ea ~ TN (0, %, [Aw), A+1)])

Where [A ), Ax+1)] are the bound for Truncated Normal distribution and X is diagonal matrix as

follows:
oy 0 0
0 o2 0
Y= 2
0 0'(21_

While we know that z, ;| 7; ~ Categorical {GK, -K+1,...,K}; 71']-,)' e{l,...,d}
2 will depend on Z Since z,; encodes the sign and the expected magnitude of B, ;.

Meanwhile, The sign and magnitude of 3, ;depends on z,;

We define Vg‘1 =Q,

0 00
P(ﬁgwg,zgl,...zgd):f fo P(B: | By Ve)P(Be | Zots ... Zoa) dB,
1

————exp
T Veloiol

If we assume A, = Q, + X!
Then we have u, = A;'Q,3,

1 4 A 0 00 -1 .
(—EﬁgTQgﬁg) Lo e fo exp(T{,@gT (Qg + z—l)ﬁg -2, QB hd3,

Using complete square to transform above equation and we will obtain following

expression:
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5 1 1
P(Be | Ver Zot . Zya) = ———exp(5

0 o —
IM .. .fo exp(71 (ﬁg _,ug)T A, (ﬁg —,ug))dﬁg

For here we have recognized this is a generally form of a normal function with mean u = u, and

1.1 A
:U;Ag:“g - Eﬁg Q2.0,)

variance 0% = Ag‘

(2m)@/?

JAdmViloo?

0 © |A,| -1
Iw-'-vfo W\/E/Z)GXP(T (Bg _ﬂg)T Ay (Bg —,ug))dﬁg

A 1 | P N
P (Bg | Vga Zgls - - -ng) exp(iﬂgAg,ug - EIBg Qgﬁg)
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Appendix B Deriving Expression(5) with Bayes’ Theorem

Our goal is to find Expression for P(ng | ,ég, VesWea, ..o wgd) and according to Bayes’
Theorem.
P (wgl | ,ég, Ve Wea, ..o, wgd) P (wgl | Wea, ... wgd)P(,ég | Vs Wer ... wgd)

K

= ZP(ng | B We(c1)» 21 = k)P(Zgl =k | Bg,wg<_1),wg1)

k=—K

Next, I define P (wg1 | Bes We(-1), Zg1 = k) as (1*), and P (zgl = k| B Wer 1 wgl) as (2%)
For (1%)

P (wer | Bes a1y 2e1 = k) o P(Bg | wei1y, ze1 = ks wet )P (et | W1y, 201 = k)

Since B is not a function with wg;. Therefore, P(Bg | Wo(-1), Zg1 = K, wgl) can be regarded as
P (Bg | We(-1), Zg1 = k) which should be a constant.

In this way, P(wgl | Bes W1y Zg1 = k) o P(wgl | We—1)» Zg1 = k).

‘We know that for conditional distribution (wgl | wea ... wgd) ~N (p,_ 1, o2 1). I also define

the correlation matrix as R.

1 Rp -+ Ry
Ry 1 -+ Ry

Ria=1| o _ (3)
[Rit Rpp -+ 1|

And we divide the matrix into 4 different parts.

211 = 1
Z12 = [Rlz Rld] (9)
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2o = : (10)
Rai
I Ry Ry
Xp=|: st (11)
Ry - 1

‘We obtain that H-1 = 2122521 (W_l) and 0'%1 = 211 - 2122(2_21)221 =1- 2122(2_21)221 with the condi-

tional distribution properties.

—(Wg1 — ZlQZEZIW(g—l))Z
2(1 - 2,50, "%0)

P (et | We(1)» 2g1 = k) o exp( H{wgr € Ayl

A K
Therefore, we obtain that P(wgl | Bes Vou Weas ... ,wgd) «< Y mTN (,u_l,ofl, [Ak,Ak+1])
k=K
For (2%)

P (201 = k | B wan)) o< P(Be | 21 = ko we)) P (ze1 = k| weeny)
P (Bg | Zg1 =k, wg(_l)) is what I have completed in the expression(4) and same to the prob-

ability P (ﬁg | Wets ... ,wgd), since z,; = K will determine which bound does w,; belongs to.
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Appendix C Processes of Estimating R for Simple Case

My goal is deriving the likelihood function P (Bg | p) =P (Bg | zg) P (zg | p). Where p
is in correlation matrix R.

1L p

R= (12)

p 1
It’s easy for us to calculate P(Bg | zg) with Expression(4), all we need to do is find
P(zg | p), however, it’s really hard to derive this when k is large, therefore, we can begin with
a simple case.
Suppose d=2,k=1 and x;i, x;, are bounds in truncated normal distribution for w,; while
X21, X are bounds in truncated normal distribution for w,,, therefore, P(zg =(0,0) | p) can be
calculated as follows:
P(Zg =(0,0) |P) = P(ng € [x11, X12], wea € [X21, X22] |P)
For z, = (0,0)
P(zg =(0,0) | p) = sadmvn(c(x11, X21), c(X12, X20), mean = ¢(0,0), R)

We can find other 8 different probabilities with same procedure.

For z, = (0, 1)

P(2, = (0,1) | p) = sadmvn(c(x11, x2), c(xrz, Inf), mean = (0, 0), R)
For z, = (0,-1)

P(zg =(0,-1) Ip) = sadmvn(c(x,1, —Inf), c(x12, X21), mean = ¢(0,0), R)
For z, = (1,0)

P (2, = (1,0) | p) = sadmvn(c(xiz, x21), c(Inf, x2), mean = ¢(0,0), R)
For z, = (1, 1)

P(zg =(1,1) Ip) = sadmvn(c(x12, X22), c(Inf, Inf), mean = c(0,0), R)
For z, = (1,-1)

P(zg =(1,-1) |p) = sadmvn(c(xy2, —Inf), c(Inf, x21), mean = ¢(0,0), R)
For z, = (-1,0)
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P(zg =(-1,0) |p) = sadmvn(c(—Inf, x31), c(x11, X22), mean = ¢(0,0), R)
For z, = (-1,1)

P(zg =(-1,1) Ip) = sadmvn(c(=Inf, x2), c(x11, Inf), mean = ¢(0,0), R)
For z, = (-1,-1)

P (zg =(-1,-1)| p) = sadmvn(c(—Inf,—Inf), c(xy1, X21), mean = c(0,0), R)

L,.9) 1s a p by 9 fixed matrix, where g = 1, ..., p,which is not function of p as follows:
P(Ai1z=0.0), . P(filz=(1-D)
Lo = P(ﬁ}lZz.: 0,0)), P62 - (-1,-1)) 13
P(By12,=0,0), -, P(B,lz,=(-1,-1)

A 1 R R
2(Ai12=(0.0)= exp(—iﬁf‘f;‘”ﬁl)

1
V22Vl

Q,=V,!
A, =Q,+37!
pe = A;'Q, B,

When one of z,; = 0 in the simple case, we need to recalculate the expression for like-
lihood. For z,, = 0, e; is a vector which first element is 1 while others are 0 and (O'%k) is the
variance for S, for likelihood we have recognized this is a generally form of normal function
and then transform this equation with complete square to find the mean and variance for normal
distribution.

N 1 A~ R
P(B: | Ve zg1,200) = exp(—5 8128,

1
\/27T3|V;’|0-%k

a 1 1 A
L exXp (_5{’8; (elTQgel + OT) - 2ﬂgﬂgelﬁgl}) d/Bgl

1k
The only difference between this and the former equation is that we only need to define

Al = elTQgel + UL%,{ and B, = BgTQgel and we can easily find that the integration part is a normal
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distribution with meanzf and Variance:%

2

A 1 1 A o
P(Be | Virze1, 202) = ———=-exp(~5 8] Q3 + 7
JrRIVioia 2A1
* \/A_l Al Bl 2
‘f(; \/ﬂ exp _T(ﬁgl - A_l) dﬁgl
. 1 1.~ B}
P (B, | 2 = (1,0)) = ——=exp(—> 8, 2, + >
Vo A 2 24,
* \/A_l Al Bl 2
1- — (B — —)?|d
( fo \/ﬂ €Xp 7 (ﬂgl Al) :Bgl)

2

1A o B
exp(—5 8128, + 7)

P(Be] 2 = (-1,0) = A

3| Vil Al

r

For z,; = 0, we only need to change e to e,, a vector second element is 1 while others are

)

VA, A B
@; exp(—;‘(ﬁgl - ;1)2)%.

0, and A and B in my last expression.
2

) 1., ~ B
P(B, |z, = (0.1)) = exp(—5 07 2 + 2

1
\/”2|V;’|O'§k‘42

2A2

0 Az A2 322

1 - - N .
R me"p( 2 O Az))dﬁg”

2

I 4 A B
exp(-5 BB, + 75

P (B, | 2, = (0,-1)) = A

1
T Vlo3, A,

< VA A B
f 2 exXp (_jz(ﬂgl - A_Z)Z) dﬁgl
0 2

2

Where A, = BQTQgeg + (TLZ and B, = ,8595;62.
2%
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When it comes to z, # (0,0) we are able to use expression(4) to derive their likelihood:

; 2 el 1 a7
P(ﬁg | ‘/é’zgl’ e 'ng) = exp(zﬂgAgﬂg - Eﬁg Qgﬁg)
AV, o3
0 = IAl -1 T
Ioo h fo amyam P (8 = ts) Ay (B = 115))dBy.
A 2m)@/2 1 1.7
P(ﬁg | z, = (1, 1)) = &n exP(E/v‘;Agﬂg - EﬁgTQgﬁg)
VA Vi3
“ * V |Ag| -1 T
fo [) W exp(j (ﬁg - /Jg) A, (637 - :“g))dﬁg'
\ 2m)@/2 1 1.7
P(ﬁg |z, = (=1, _1)) = er €XP(§N§Ag,ug - EﬁgTQg:@g)
N ale
0 0 V |Ag| -1 T
IS awam e (8w Ao - was,
. 2m)2/2 1 1.7
P(,Bg | zg = (1, _1)) = ( exP(EﬂgAgﬂg - Eﬁg 2,0,)
JAdTViloto
® 0 VlAgl -1 T
fo Lo Gy P (Be =) As (s =g B,
, 2m)/2 1 1.7
P (B | 2 = (-1, 1)) = —— exp(oil Aty = 56, 2B
JAdTViloto

O A -1
[ oz ey (8- ) A8, - s,

We know in simple case, 7 (p) is a vector, including 9 probabilities with 0 < 7 (p) < 1, and

not a function of g.

27



P (2, =(0,0)] p) = ﬁ_pz exp(—z(l;_w) f f (W21 = 20wg1wea + WS, ) dwgadwgy
Pz, =(0.1)]p) = ﬁ_pz exp(—z(l;_pz)) f | f ) (W21 = 2owgiwea + Wl ) dwigadwgy
P(zg =(0,-1) Ip) = ﬁ_pz exp(—ﬁ)f foo (w | = 20WaWer + W 2) dwgrdwgy
P(zg =(1,0) Ip) = ﬁ—;ﬂ eXp(_Z(I;—p@)) foof (w 1= 20WaWer + W 2) dwgrdwgy
P(zg =(1,1) |p) = ﬁ_pz exp(—ﬁ) f‘x’ foo (w 1= 20WaWer + W 2) dwgrdwgy
P(zg =(1,-1) |p) = ﬁ_pz exp(—z(l;_ﬂ)) fx: fw (w 1= 20WaWer + W 2) dwgrdwgy
P(zg =(-1,0) |p) = ﬁ_pz exp(—ﬁ) :l f (w | = 2pWeiWer + W 2)d W grdwgy
P(zg =(-11 |p) exp(— — )f foo (w | = 2pWeiWer + W 2) dw g dwg
\/ﬁ 2(1 P Jw
Pz, = (-1.-1)|p) = 2\/+__p XP(= 37— 2))f f (W21 = 20wg1wea + Wl ) dwgadwgy

When we consider the maximum likelihood function:
p A
L) = 11P(B; 1)
P A ) P ’
Log (L(p) = 3, Log(P (B; 1 p)} = X Log (L{yy * 7(6))
g= &=

Therefore, we need to generate some functions to get the log-likelihohd function in R, I
mainly use the instructions in ([3]).
(1) T write a function that generates L given B ..., B,, Vi, ..., V,, 02,02
(2)I write a function that computes the log-likelihood given p and L.

(3) I write a function that simulates data given my and p*.

(4) T use One dimensional optimization function to test my estimators p.
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Appendix D Related Theories

D.1 Gibbs Sampling

Gibbs sampling or a Gibbs sampler is a Markov chain Monte Carlo (MCMC) algorithm
for obtaining a sequence of observations which are approximated from a specified multivariate
probability distribution, when direct sampling is difficult. This sequence can be used to approx-
imate the joint distribution (e.g., to generate a histogram of the distribution); to approximate the
marginal distribution of one of the variables, or some subset of the variables (for example, the
unknown parameters or latent variables); or to compute an integral (such as the expected value of
one of the variables). Typically, some of the variables correspond to observations whose values
are known, and hence do not need to be sampled. Gibbs sampling, in its basic incarnation, is a
special case of the Metropolis—Hastings algorithm. The point of Gibbs sampling is that given a
multivariate distribution it is simpler to sample from a conditional distribution than to marginalize

by integrating over a joint distribution.

D.2 Truncated Normal Distribution

The truncated normal distribution is the probability distribution derived from that of a
normally distributed random variable by bounding the random variable from either below or above
(or both). The truncated normal distribution has wide applications in statistics and econometrics.
For example, it is used to model the probabilities of the binary outcomes in the probit model and
to model censored data in the to bit model.

Suppose X has a normal distribution with mean y and variance o and lies within the
interval (a,b) with —oco <= a < b <= co. Then X conditional on @ < X < b has a truncated normal

distribution. Its probability density function,f,foraj=xj+b,is given by:

29



1 L G)

;m, and by f=0 for otherwise.

fxu,o,a,b) =

Here,¢(¢) = \/Lz?exp(—%fz) is the probability density function of the standard normal dis-

tribution and ®(.) is its cumulative distribution function:
O(x) = § (1 +erf(35))

By definition,if b=co,then (D(}%‘) = 1l,and similarly,if a=—oco,then (D(%) =0.

D.3 Wishart Distribution

The Wishart distribution is a generalization to multiple dimensions of the gamma distri-
bution. It is a family of probability distributions defined over symmetric, nonnegative-definite
matrix-valued random variables (“random matrices”). These distributions are of great impor-
tance in the estimation of covariance matrices in multivariate statistics. In Bayesian statistics,
the Wishart distribution is the conjugate prior of the inverse covariance-matrix of a multivariate-
normal random-vector.

Suppose G is a p by n matrix,each column of which is independently drawn from a p-

variate normal distribution with zero mean:
1 p r
Gi=(gl.....8") ~N,0.V).

Then the Wishart distribution is the probability distribution of the p by p random matrix.

S = GG" = Y GG known as the scatter matrix. One indicates that S has that probability
i=1
distribution by writing.

S ~ Wp(v’n)

The positive integer n is the number of degrees of freedom.Sometimes this is written

w (V, p,n).For n > p the matrix S is invertible with probability 1 if V is invertible.
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