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ABSTRACT

Heat Transport in Groundwater Systems
Vol. I - Finite Element Model
by
Elston Kent Grubaugh
and

Donald L. Reddell

Solar eneray is a possible alternate energy source for space
heating. A method of economic long term solar energy storage is
needed. Researchers have proposed storing solar energy by heating
water using solar collectors and injecting the hot water into ground-
water aquifers for long term energy storage. Of paramount importance
to the success of such a system is the quality and the behavior of the
aguifer used for hot water storage. In general, the problem is to
obtain an accurate prediction of the response of an aquifer system and
its basic components to the operation of a system of injection and
pumping we]]s‘whféh are transporting water at a notably different
temperaturéafhég the natural groundwater.’

The injection of hot water into a groundwater storage system will
have a pronounced effect on the specific storage and mass flow within
the aguifer. These effects will result from differences in viscosity,
density, specific heat, and thermal conductivity between the injected
water and the natural groundwater. A compiex system of energy and
mass transport will result, making analytical solutions unattainable

or very compiex.



The objective of this study was to develop a numerical simulation
which would predict the pressure and temperature of water in a ground-
water system at any time in response to the pumping and injecting of
hot and cold water. A numerical model was developed in which the
groundwater flow equation and the energy transport equation are solved
simultaneously using a finite difference approximation for the time
derivative and three-dimensional Galerkin-finite element approxima-
tions for the space derivatives.

The use of a strict Galerkin approach led to unacceptable
solution oscillations in sharp temperature front problems (i.e.,
problems where the temperature changes quickly over a small distance
or time). Several techniques were tried in an attempt to correct the
problem. Reduction of element and time step size proved ineffective
in eliminating the sharp temperature front oscillation problem. An
upstream weighting scheme corrected the oscillation problem, but
resulted in an unacceptable smear of the sharp temperature front. A
mass Tumping scheme resulted in the best solution to sharp temperature
front problems,"fhe mass Tumping scheme yielded solutions without
the osci]1é¥ﬁoq_problem and with Tess smear than the upstream weight-

ing scheme.
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CHAPTER I
INTRODUCTION

In an era of rising energy cost, the rationale for the develop-
ment of alternate energy sources is obvious. The harsh winters of
1976-77 and 1977-78 clearly demonstrated the growing need for new or
additional sources of energy for space and water heating.

As summarized by Smith and Hil1 (1976), the more abundant and

less expensive energy alternatives of the immediate future included:

A. nuclear,

B. Towgrade coal,

C. geothermal,

D. fusion, and

E. solar.
The first four of these "abundant" energies are not directly
applicable to space heating. They are more suitably used through
large electrical power generation stations. Solar energy, however,
is more convenjéﬁi]y used for space heating than for electrical
generation. _

Solar energy is not a "new" energy source. Solar evaporation
of salt brines for salt recovery has been practiced for centuries, as
has the solar drying of agricultural products. Hottel and Woertz
(1942) mentioned that solar heat was used to pump water in 1885.
Solar collectors were also used for domestic water heating in Florida

and California prior to 1940. Solar energy has been experiencing a



period of renewed and increased interest since the eariy 1970's as a
result of the increasing cost of energy from traditional resources,
and the problems of developing and refining fuels acceptable to cur-
rent environmental standards. The mean solar insulation on a flat

99 me yr'1 in most of the United

surface averages about 6.8 x 10
States. With the current level of solar technology, probably 50 per-
cent of this energy could be utilized in space heating. However, the
design and application of solar hgating systems presents some unique
problems due to two factors;

A. heat is needed only in cold weather when conditions for the

collection of solar energy are least favorable; that is,
the intermittent nature of solar energy, and

B. the capital intensive nature of current hot water storage

systems 1imits the use of solar energy for heating to only
a few days, resulting in the need for a conventional standby
heating system.

These factors could be overcome by developing a method of storing
hot water over'a”bériod of seasons or years. Additional heat sources
such as electrical generating plant coolant discharge could also be
utilized in suéa a system.

Much of the earth's surface is underlain by groundwater aquifers.
These aquifers vary greatly in depth, thickness, porosity, and water
quality, but most are capable of yielding or receiving large volumes

of water. Also, the earth is an excellent insulator and large volumes

of hot water will stay hot for long periods of time when stored in



groundwater aquifers. Considering these facts, one has the basis of

a natural system for long term energy storage.
Objectives

In general, the probiem is to obtain an accurate prediction of
the response of a muitiple aquifer system and its basic components to
the operation of a system of injection and pumping wells which are
transporting water at a notably different temperature than the
natural groundwater. More specifically, the objectives are:

1) The development of a numerical model to evaluate the non-
steady, areal, hydrostatic pressure distribution and water
movement in a multiple aquifer groundwater system.

2) The development of a numerical model to evaluate the non-
steady, areal, heat transfer and temperature distribution
in a multiple aguifer groundwater system.

3) To combine the models developed in (1) and (2) above into a
numerical simulation which will predict the water temperature
and pres;ure throughout a multiple aquifer system at any
time when hot and cold pumping and injection wells are
operated in the system.

The resulting model will be of value in the design, operational

evaluation, and environmental evaluation of well systems for the
storage and subsequent recovery of industrial waste heat and season-

ally collected solar heat.



Methods of Investigation

A three-dimensional model of heat and mass transport in a
multiple aquifer groundwater system, with non-homogenecus and
anisotropic components which are temperature and pressure dependent,
can be developed from;

A. Darcy's Law,

B. Fourier's Law,

C. conservation of mass,

D. conservation of energy, and

E. equations of state, expressed as tabular data or empirical

formulas.
The model takes the form of two coup]edvdifferential equations.

Two general methods have evolved for the numerical solution of
partial differential equations. The more common finite difference
method approximates the partial differential equations and boundary
conditions with finite difference equations at discrete points in the
solution domain,_,The second approach, known as the finite element
method and described by Zienkiewiez (1971{ 1977}, Huebner (1975),
Conner and Brebbia (1976) and Pinder (1977), is based on the appiica-
tion of variational calculus to find an alternate formulation of the
problem. Unlike the finite difference method, which envisions the
solution region as an array of grid points, the basic premise of the
finite element method is that a solution region can be analytically
modeled by replacing it with an assemblage of discrete elements.

In practice, finite difference methods have enjoyed greater

popularity for generating approximate solutions to groundwater pro-



Tems than have finite element methods. Although the finite element
approach has often been found to be more flexible than finite dif-
ference methods, the variational formulation is difficult. An altern-
ative way of formulating a problem for finite element solution with-
out using variational principles is offered by the Galerkin type
methods which, as summarized by Douglas and Dupont (1970), have been
used extensively in the petroleum industry for generating approximat-
ing equations.

In this work, use has been made of mixed, three-dimensional,
isoparametric finite elements that can be deformed in the x, y and z
directions. This approach allows economy of nodal location since
higher order elements, and hence more nodes, can be used to describe
complex boundaries, directional prob1éhs, and regions of rapid
variation of the field variable, while lower order elements and

fewer nodes can be used in other regions.



CHAPTER TII
LITERATURE REVIEW

The concept of storing hot water in groundwater aquifers was
suggested by Meyer and Todd (1973). Meyer and Todd's preliminary

3 sec™! well receiving 99°C water from an

calculations for a2 0.05 m
electrical power plant, indicated that after the fifth 90-day
injection-recovery cycle, 86 percent of the injected heat could be
recovered. The first through the fifth cycles were less efficient
because some of the injected heat was required to bring the aquifer
from its natural temperature of 16°c to equilibrium with the injected
water. At the end of an injection period, hot water injected into a
33 m thick aquifer formed an inverted cone 200 m in radius. An
equivalent insulated tank would be 30 m tall and 120 m in diameter.
The amount of energy stored in a temperature range suitable for space

13 3

heating was 2.4 x 10'° J, the equivalent of 5.9 x 103 m

of natural
gas.

Aziz et a1;'i]973) considered a hot fluid industrial plant using
deep 1ying Efougdwater. The water was cooled by heat exchangers and
reinjected into another part of the aquifer. The efficiency of this
process was shown to be correlated with pumping rates, the'therma1
conductivities of the aquifer layers, and the presence of thermal con-
vection effects.

Rabbimov et al. (1974) conducted an experimental study of aquifer
heating in solar energy accumulation. Gringarten and Sauty (1975)

developed analytical solutions for the case of a recharging-



discharging well pair in an infinite, horizontal, homogeneous and
isotropic aquifer.

Davison, Harris, and Martin (1975) proposed the "Solaterre"
system for residential heating. Hot water produced by solar heaters
in the summer would be stofed in an aquifer for space heating use in
winter. The water would be pumped from the aquifer in winter and
circulated through a pipe network distribution system to provide
heat for a large number of bui]djngs. In the same system, the winter's
cold could be used to chill water in a cooling pond. The chilled
water would be stored in a separate part of the aquifer until summer,
and then circulated through the same distribution system for air
conditioning. After circulation, the water is returned and injected
into a separate part of the aquifer, making the system regenerative.
Ebeling and Reddell (1976) further discussed the Solaterre system and
developed the basis for a three-dimensional model of heat and mass
transfer in a non-homogeneous, anisotropic aquifer for a single pumping
and injecting well.

of paramountiimportance to the success of Solaterre and similar
systems iéffhe_guality and the behavior of the aquifer used for pumping
and injection. While thg actual pumping and injection processes may
directly involve only a single aquifer, it has been established over
the last twenty years that if aquifer behavior is to be considered,
then multiaquifer systems must be considered, also.

A multiple aquifer system is a succession of aguifers separated
by aquitards and/or aquicludes of varying thicknesses and of relatively

tow permeability. 1If these intervening layers are sufficiently Tow in



permeability, they act as no flow boundaries. However, as permea-
bility increases, leakage and cross-flow become appreciable and fiow is
no longer restricted solely to the aquifer undergoing pumping or in-
jection stress. The additional flow is attributed primarily to changes
in storage in the aquitardﬁ and the adjoining unused aquifers. Since
flow is not restricted to the stressed aquifer alone, the leaky
aquifer must be considered as part of a complex multiple aquifer
system where the behavior of each layer depends on the flow behavior
of the entire system. Therefore, one cannot develop a complete under-
standing of flow in the stressed aquifer without analyzing the system
as a whole.

A rigorous approach to flow in multiple aquifer systems involves
complex partial differential equations and boundary conditions which
create serious mathematical difficulties. As a result, analytical
solutions are unattainable, or extremely complex. Recent work in this
area has made extensive use of numerical simulations.

In early attempts at numerical simulation of multiple aquifer
systems the mathéﬁatics of the problem were simplified by making two
assumptionéi

A. that vertical components of flow within the stressed aquifer

are negligible, and

B. that horizontal components of flow in confining layers are

negligible.

In considering steady-state problems, the assumption of vertical
flow in the aquitards implies that the rate of leakage into or from a

stressed aquifer is proportional to the change in potential across
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the leaky aquifer. Using these assumptions, Fayers and Sheldon (1962)
considered the problem of evaluating the magnitude and direction of
steady state flow in aquifer systems within a geologic basin. Freeze
and Witherspoon (1966) applied both the analytical and numerical
approach to the two-dimensional steady regional flow problem.

Newman and Witherspoon (1969a) realized that under transient con-
ditions the assumption of Teakage being proportional to the potential
change across an aquitard is jdentical to ignoring the storage capacity
of the aquitard. They concluded that the common assumptions could
lead to serious errors unless the transmissibilities of the unstressed
aquifers are significantly greater than that of the stressed aquifer.

Newman and Witherspoon (1969b) developed an analytic solution for
flow to a well in a confined, infinite radial system composed of two
aquifers separated by an aquitard. The analytic solutions were eval-
uated numerically for several cases, and the validity of these
solutions were verified by the finite element method of simulation.
Their solution differed from previous work in that the effects of
storage in the.éd;itard and drawdown in the unstressed aquifer were
both considered. | '

Using a two-dimensional finite element scheme, Javandel and
Witherspoon (1969) analyzed drawdown in a two layer system with a
permeability contrast of 100:1. A thirteen-layer multiple aquifer

system was also evaluated and the results were found to be in general

agreement with the two layer case.

Bredehoeft and Pinder (1970) developed a quasi-three-dimensional

finite difference model of areal flow in a multiple aguifer system.
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The model was based on the modified leaky aquifer theory of Hantush
(1960). From the results of the model it was apparent that;

A. the rate of flux into or from a stressed aquifer changes over

several orders of magnitude with time,

B. Tlong times are necessary before steady flow can be established

through a clay confining layer.

Bredehoeft and Pinder concluded that a three-dimensional model was
needed to fully and accurately characterize a multiple aquifer system.
Freeze (1971) used finite difference techniques to develop a

three-dimensional model for the treatment of saturated-unsaturated
transient flow in small, non-homogeneocus, anisotropic geologic basins.
The unsaturated zone was included in a basin wide model with confined
and unconfined saturated aguifers unde% both natural and developed
conditions. This integrated analysis dispensed with the need for
complex free surface calculations and the invocation of Dupuit-
Forscheimer assumptions. The model assumed water density, water com-
pressibility, soi}.Specific permeability, porosity, and vertical soil
compressibi]itf és functions of potential.

Gupta Et al. (1975) used finite e1eﬁent techniques to develop a
three-dimensional model for the solution of both the fluid flow equa-
tion and the convection-dispersion equation for a multiple layer
groundwater system. Gupta applied the model to a complex groundwater
regime in Sutter Basih, California, to simulate rising connate waters
through a vertical fault. The effects of layering of geologic forma-
tions and the vertical fault were analyzed for both water flow and

mass transport of salts.
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The injection of water into a groundwater storage system has a
pronounced effect on the specific storage and mass flow within the
aquifer. These affects are due to differences in viscosity, density,
specific heat, and thermal conductivity between the injected water and
the natural groundwater. A complex system of energy and mass transport
results, making analytical solutions unattainable or very complex.

In recent years several attempts at numerical modeling of energy
and mass transfer in porous media have been made. Chappelear and Volek
(1969) considered the problem of prediction of fluid flow and temper-
ature distribution in an initially cold-fluid-filled reservoir upon
the injection of a similar hot fluid. They developed a two-dimensional
finite difference model for heat and mass transport in a homogeneous
and isotropic media, assuming viscosity to be temperature dependent.
The media and fluid densities were considered constant. Comparison of
numerical and experimental results were in reasonable agreement.

Mercer (1973) attempted to model the Wairokej, New Zealand,
thermal system unger both steady state and transient exploitation con-
ditions. He obtéined a numerical solution of the coupled partial dif-
ferentiai:éduatjons for mass énd energy fransfer by Galerkin finite
element techniques using mixed isoparametric two-dimensional finite
elements. Ergataudis, Ivons, and Zienkiewicz (1968) first described
this type of element in structural mechanics applications.

Wilhite and Wagner (1974) modeled a proposed waste heat disposal
system consisting of a homogeneous semiconfined aquifer with a
hydraulic connection to the bottom of a river. Heat and fluid flow

were described by three-dimensional finite difference equations, which
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were solved by an alternating-direction iteration procedure., The
porous media and fluid were considered compressible, but density was
independent of temperature and viscosity was pressure independent,
The model was applied to a prototype at Bonner Springs, Kansas, with
0.02 m3 sec_1 injection wells and 32°c injection water. WNinety per-
cent of the injected heat was predicted to enter the river.

Sorey (1976) analyzed heat and mass transfer associated with hot
spring geothermal systéms using both cylindrical and fault plane
models. In the three-dimensional finite difference simulations, fluid
density, viscosity, and specific heat were considered as functions of
temperaﬁure and pressure. No mass source or sink terms were involved
in the models.

Faust and Mercer (1977) presented‘a two-dimensional areal heat
transport model capable of simulating both water and vapor dominated
geothermal reservoirs. Finite difference techniques were used to
solve for the dependent variables of pressure and enthalpy. The pro-
gram was designed to simulate time dependent problems associated with

geothermal reservoirs undergoing exploitation.



The solution of the hot water injection heat transport problem

requires the simultanecus solution of a set of coupled equations;

A.
B.

A detailed development of these equations is given in Appendix A.

The equation for saturated, single phase groundwater fluid flow

CHAPTER III

MATHEMATICAL MODEL

the equation governing fluid flow, and

the equation governing the convective-conductive transport

of energy.

Equation of Fluid Flow

is written as

v [

where

kx,i

kx. p
i 3P 3h aP
— —_— = 5] —— -
" e + pg axg] t Q= (pa + 8048,) 2% + 905 By 3%
= intrinsic permeability in the x, direction, L2;

i

-

Fluid density, M L™3;

fluid dynamic viscosity, FTL—Z;

vertical compressibility of porous media, L2 f]

porosity of porous media;
3

+
)

reference density of fluid, M L~

2 -1

fluid compressibility coefficient, L° F

coefficient of thermal volume expansion (liquid)}, deg ;

1

15

(1)
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T = Temperature, deg, and

t = time

P = fluid pressure, F L™2;

g = acceleration of gravity, L T'Z;

h = elevation above a datum, L;

Q = the strength of a mass source or sink term, M 7! L'3;

The source or sink term, Q, is defined by;

L
1}
nea 3

QW (X.i: .y.is 21') § [(x - xi)’ (.Y - .y.i)a (z - Z'I)]

i=1

where

fon)
=
1}

net rate of mass flow per unit volume of porous media due

1,-3

to the operation of pumping and injecting wells, M T°' L™°;

=2
i

Dirac delta function
The Dirac delta function, §(x - a) is defined by the equations

6(x - a) =0if x # a

Xo e

1;1 _f(x), (x = a) dx = f(a)
for all x;, x, Such that x; < a < x, for an arbitrary integrable
function f(x).

Equation (1) is a nonlinear, second order, partial differential
equation describing the spatial distribution of pressure in a volume of
saturated porous medium and the changes in that pressure distribution
with time. The first term in equation (1) represents the net inflow

of the fluid per unit volume of porous media due to flow in response

to the potential term. The next term represents the net rate of mass
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fiow added or withdrawn per unit volume of porous media due to the
operation of source and sink terms. The third term represents the
rate of gain of the fluid per unit volume and the last term represents

the rate of mass change of fluid per unit volume due to temperature

changes.

Equation of Heat Transport

The convective-conductive equation for heat transport in a

porous media may be written as

o (K 50 * 3y (K 39+ 32 (G 50 - Gl v vy 5+ v 3
0 din(Tinj -7 Cp c'Iout (T "Tp)
= (og Cp (1-8) +p, € 0) Sp+ 0 (2)
where
K = effective thermal conductivity, F 71 deg'};
vV = mass fluid flux, M L -2 T'];
Ce ="specific heat of media material, F L M'];
Cp = flq{d specific heat, F L M1 deg"];
pe = density of media material, M L_3;
p, = density of fluid, M L'3;
din = rate of mass inflow from source terms, per unit volume of
porous media, M 7] L-3;
éout = rate of mass outflow due to sink terms, per unit volume of
porous media, M 77! L'3;
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T = aquifer temperature, deg;
Tinj = temperature of injected fluid, deg,
Tp = temperature of fluid removed by sink terms deg; and

an artificial dissipation term, F L i3

Equation (2) is a nonlinear, second order, hyperbolic partial
differential equation which describes the temperature distribution,
both spatial and temporal, in a porous media. The first term repre-
sents the rate of energy input per unit volume by effective thermal

conduction, the second term represents the rate of energy input per

unit volume by fluid convection. The next two terms describe the rate

of energy inputs and withdrawals due to mass source and sink terms.
The next term represents the net rate‘of gain of energy for both the
solid phase of the porous media and the fluid. In order to insure
continuity between the convective term and the heat storage term, an
artificial dissipation term is added. In this case, the term is a
differential mass storage term and is derived in Appendix A. In the
development of the energy flow equation, terms allowing for vertical
aquifer compressibility canceled out. The artificial dissipation term
is based on the principle that the integral of the divergence of the
fluid mass flux is equal to the time rate of change of mass storage
for a differential volume element. The term is added to allow for the

energy content of fluid stored in a domain during a given time step.
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Assumptions

The following major assumptions were made in the derivation of
equations (1) and (2).

A. Both Darcy's Law and Fourier's Law are valid.

B. Fluid density can be expanded about Pgys 3 reference density,
in a Taylor series truncated with first order terms in
temperature and preésure.

C. Instantaneocus thermal egquilibrium is assumed between the
fluid and solid phases at any point in the porous media.

According to (C), the temperature represents an average of the

fluid and solid temperatures. Heat transfer by all mechanisms other
than convection is approximated by the'concept of "effective thermal
conductivity." All other assumptions made in the derivation of

equations (1) and (2) are given in the appendix.
Fluid Mass Flux

The energy equation is coupled to the fluid flow equation by the
fluid mass.flux. The components of the fluid mass flux may be ob-

tained from Darcy's Law expressed as

v, = - —— (— + pg —).
Xa . .
i u ax1 B)(1

kKx.p
1 aP + ah ) (3)

Fluid Properties and Effective Thermal Conductivity

Accurate prediction of fluid and energy transfer requires
accurate values of fluid viscosity, specific heat, and thermal con-

ductivity. Vargaftick (1975) presents the data for water in tabular



20

form. The specific heat of typical aquifer constituent elements are
available from Kelly (1949). Assad (1955) presented values for the
thermal conductivity of'rock solids. Assad (1955) also presented a
correlation between rock and fluid properties and the thermal con-

ductivity of fluid saturated rock as;

K - (52)9
k] , k-l
where
K = effective thermal conductivity; F ! cteg_1
ky = thermal conductivity of rock solids; F T deg']
ko = thermal conductivity of the saturating fluid; F 7] deg'I
§ = porosity.
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CHAPTER IV
NUMERICAL MODEL

Partial differential equations (1) and (2) presented in Chapter
III are generally impossibje to solve analytically, and therefore a
numerical scheme is required. As discussed in Chapter I, the Finite
Element Method was selected for use in this study. Three-dimensional,
mixed, isoparametric finite elements were used.

In any continuum problem, the field variable under consideration
possesses infinitely many values as a result of the variable being a
function of each point in the solution region. The finite element
method reduces the problem to one with a finite number of unknowns by
dividing the solution region into a finite number of elements, and by
expressing the unknown field variable in terms of specified approxi-
mating functions defined over each element. These approximating
functions, or basis functions, are defined in terms of values of the
field variable at specified nodal points. The nodal value of the
field variable'éha the basis functions for an element define the
behavior of the field variable within the element. For a finite
element representation of a problem, the nodal values of the field

variables are the unknowns.
Basis Functions

The first step of any finite element analysis is to divide the
solution region into elements and locate nodal points appropriate for

the type of elements used. Huebner (1975), Pinder (1977}, and



22

Zienkiewicz (1977) present discussions of the various elements in
common use.

After a solution domain has been divided into elements, the
unknown field variable in each element can be represented as a linear
combination of nodal values of the field variable and lineariy inde-
pendent basis functions. This is a standard finite element methodol-
ogy. Hence, the unknown field variable within each element (e) can

be represented as

(e)

$ = N1¢] + N2¢2 + ... F NLrbL
where
Ni = basis function for node "i",
$; = nodal value of the field. variable,
L = number of nodes in element.

In matrix notation

(e) _ b

L N.¢, = [N(e)] {¢(e)}

i 1 11

[y

1

where [N(e)] is'a’row vector of basis functions for the element énd
{¢(e)} is:éLco?Pmn vector of unknown noddl values of ¢ associated with
the element.

[f the domain is divided into n elements, the complete represen-
tation of the field variable over the entire solution region is given

by

n
6 = E ¢(e)= E [N(e)] {fb(e)}

Hence, the unknown exact solution of the field variable can be approx-
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imated by a function ¢ such that

T e I
=
=
)

M=
=
©

where M = number of nodes in the domain.

In this work, piecewise continuous polynomial basis functions are
used with three-dimensional, mixed, isoparametric, quadrilateral ele-
ments. The polynomial may be linear, quadratic, or cubic where there
are two, three, or four nodes on.a side, respectively. To facilitate
integration over the volume of an element, a dimensionless local
(&,n,5) coordinate system is introduced where the element appears as a
cube with the side nodes located at midpoints (gquadratic sides) or 1/3
points {cubic sides). The essential idea underiying the use of this
type of element centers on mapping simﬁ]e geometric shapes in a local
coordinate system into distorted shapes in the global Cartesian
coordinate system, and then evaluating the element equations for the
distorted elements that result. Figure 1 shows elements in local
coordinates with node locations for linear, quadratic and cubic ele-
ments. Figgre Zupresents a deformed, mixed, isoparametric element in
global and 1oca1 coordinates. The basis %unctions are defined with
the condition that Ni is unity at node i and zero at all other nodes
associated with the element (Figure 3). Under this condition the
undetermined nodal values of the field variables are equal to the ap-
proximating functions gg at the M node points.

The basis functions used here are presented in Table 1. These

functions fulfill both the compatibility and completeness requirements
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Figure 1.

Nodal Tocations in local coordinates.
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Figure 2. Isoparametric elements in Cartesian and local

coordinates.
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1
Linear Sides
0 : £y C
-1 0 1
1
N:(g,n,z) Quadratic Sides
G | gs C
=1 é\/l
1
Cubic Sides
.0 \_L/f—'\ﬁ: Es &

‘Figure 3. Basis function along n = -1 for corner node (-1, -1, -1)
with adjacent sides of indicated order.
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Table 1

Three-Dimensional Mixed Element Basis Functions

For corner nodes

N. (¢, n, g) = o; By

where 1
oy =g (T+eg )1+ nn )0 + 2z,)
and Bi = BE + Bn + BC
order of side 8 8 B
16 1n ]n
Linear 3 3 T
. 2 2 2
Quadratic £8; - 3 _ nny - % S
. 9 2 19 -~ Q9 2 19 9 2 19
Cubic —S-E - -ZE —8-n - E gc - 2....

Nodes along the sides of an element; a typical midpoint of a quadratic
side

- 2 - - g
N1 = 1/4’(] - £ )(1 + nn.l)('l + CC.i) for 51 =0, ny = * 1, C"I ==

= 2 = T = =t
N'i 1/4(1 + 551)(1 = n )(.I + QC.i) for E.i ], n.] Os §1 1
N'l = 1/4(1 + SE.‘)(] + nn.l)(] - Cz) fOY‘ g.i =t 1; n.i t 1, C'I =0

A typical side node of a cubic side

N, = 9/64(1 - £2)(1 + 9 gg;) (1 + nn)(1 + ggy) for g, = T 1/3,
ng =t 1, 5=
N = 9/64(1 + ggi)(] - nz)(] + gnni)(] + Esi) for g, = ty, no= t1/3,
= t
%5 1 |
N, = 9/64(0 + ge.) (1 + an ) (1 - CZ)(T +9 zzy) for g, = tg, n; = th,

% =t /3
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for basis functions as set forth by Huebner {1975). The basis func-
tions are written in terms of the local coordinates and are selected
such that in addition to meeting requirements of a basis function they

also relate the global and local coordinate systems.
Derivation of Element Equations by Galerkin's Method

Once the elements and basis functions have been selected, the
next step in a finite element analysis is to determine the matrix
equations expressing the propert&es of the individual elements. This
study uses the Galerkin criterion for setting up the element equa-
tions.

Galerkin's method is one technique of the method of wéighted
residuals. The method of weighted residuals has no connection with
the finite element method, other than providing a means for formulating
the finite element equations for a given problem.

The method of weighted residuals is a technique for obtaining
approximate solutions to linear and nonlinear partial differential
equations. AppTiEétion of the method invoives two basic steps.

First, thé€§6néra1 functional behavior of the dependent field
variable is assumed so as to approximately satisfy the given dif-
ferential equation and any prescribed boundary conditions. Substi-
tution of this approximation into the original differential equation
and boundary conditions results in some residual error. This residual
is required to vanish in some average sense over the entire solution
domain.

For example, suppose that an approximate functional representa-
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tion is to be found for a field variable ¢ governed by the dif-

ferential equation
I(¢) - f=0 (4)

where I is a differential 6perator. The solution domain is bounded by
a surface with properly prescribed boundary conditions, and the func-
tion f is a known function of the independent variables, for instance
spatial coordinates. ‘
The unknown exact solution ¢ is approximated by ¢ as
M
¢ =¢= T NC, (5)

i=1
where the Ni are the assumed functionévand the Ci are the unknown
parameters. When ¢ is substituted into (4), the equation will prob-

ably not be satisfied, that is

I(p) - f # 0.
In fact
1(3) - f =R

where R is the ‘Pesidual error that results from having approximated
¢ by ¢. The method of weighted residuals seeks to determine the M
unknowns, Ci’ in a manner such that the error R over the whole solu-
tion domain is small. The desired result is accomplished by forming
a weighted average of the residual error and specifying that this
weighted average vanish over the solution domain. Therefore, M

Tinearly independent weighting functions, wi, are selected and if
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fD[I(g)-f]widD=,er1.dD=0,i-1,2;M, (6)

integrated over the solution domain D, then R is approximately equal
to zero in some average sense.

The exact form of the error distribution principle expressed
above depends on the choice for weighting functions. Once the weight-
ing functions Wi i=1,2, ..., M, are specified, equation (6) rep-
resents a set of M equations,.either algebraic equations or ordinary
differential equations, to be solved for the undetermined Ci’ i=1,
2, ..., M. The second step of the method of weighted residuals is to
solve (6) for the required coefficients and thereby obtain an approx-
imate representation of the unknown field variable ¢ through equation
(5). |

As reviewed by Finlayson and Scriven (1966), there exist a wide
variety of weighted residual techniques because of the broad choice
of weighting functions. The error distribution principle most often
used to derive finite element equations is known as Galerkin's method.
According to Ga]efkin's method, the weighting functions are chosen to
be the same as the approximating functions used to represent ¢, that
is N.i = Ni,li =1, 2, ..., M. Therefore,-Ga1erkin's method requires
that

I [1(s) - f1 NedD =0, 1=1,2, ..., M (7)

Pinder and Frind (1972) noted that equation (7) is equivalent to the
requirement of the orthogonality of [I{¢) - f] to the basis functions

N, i=1, 2, ..., M
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To apply Galerkin's method to equation (1) for fluid flow define

a function F(P) of pressure such that

k.p k_p

-3 _x_ 3P _lL_EE. + 8 ¢ 2 3P

F(P) 3 ( " ) F gy{ " ) YA ay)

2 2

k.o g . g
3 X 3hy 4 z 9 3n kP 3h
* ax( mn ax) ay( u _) ( Y3
T Py _
*Q-80,8r 35 (pa+ 80, B, EE) = 0

Next assume a pressure solution of the form

Py

P(x,y,z,t) = = Py (t) Ny (x.y,2)
i=1

where Ni’ i=1, 2, ..., M is a set of nodal basis functions.

For any given period of time (timestep), the unknown pressure coef-
ficients, Pi’ are assumed constant at specified points (nodes) in the
solution domain and to vary within the solution domain according to
the order of the basis functions.

Applying Galerkin's criterion over the solution domain

g F(P)Ni dD = 0

and substituting the assumed pressure solution gives

M
F(z N, P)N . dD=0
[y (j=1 3 P3N

or, expanding,

K K k M
i I )+ L )+ B 2] (3opy )



32

g 2 2
[3 (kxp E_) é.(EXi_E.E_Q + 2_{kzo g E_J]( ? h. N.)
X' u 9X ay" u 3y VAN 3z j=1 J o
- {pa + 8p_ 8) 2o ? P.N.) +Q-8p_ B 2X]N, dD=0
T P Pl BT o Br 3t

M kK p kK p 3N, k_o 3N
3 Xx_ _J dyy 3 8¢z _J
IIID [321 [N1 ax( U ax N1 By( u 3y ) N1 Bz( U 9z )] PJ
2
M k og 3N k.o~g aN, h_o™g aN,
3_(x A 3y Z s ¢ Z L
+J-£-|[13X(u )t N s ) F N =1 hy
'
(oo + 8p_ B_) Lo N
j=1
+(Q - 8o, 87 at) N.1dD =0

To eliminate the second derivatives, which impose unnecéssary conti-
nuity requirements between elements, Gauss's theorem {integration by
parts in three dihensions) is applied. Integration by parts also
offers a éSﬁvepjent way to introduce natural boundary conditions. The
form of Gauss's theorem applied is an extension of a form of Green's
theorem (integration by parts in two dimensions) presented by
Weinstock (1952) and is

Zb 224 24

fffD[a + 2 5}"’+ a ] dD

_ 3b 3a _ 3b 3a _ 3b 3a 3b
= - [ax X 3 3y | 5z az] db + frg 55 dS
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and 39-— 3, 430, 30,

ax X sy Ty ez Z

Bb

where == is the outward normal derivative of the function b{x,y,z) and

Qx’ zy, and L, are direction cosines of the outward surface normal.

Introducing Gauss's theorem and distributing the integral sign results

in
m k.p 9IN, 9N, k.o 3N, 3N. k_p 3N. 9N.
rrror (X A 1. 13,2 1y p. dD
D j=1 v 83X 93X u *3y 3y u 3z 3z N
2 2 2

. g (kxp g BNi BNj . kyp g aNi aNj . kzp g BNi BNj) D

D j=1 M IX 93X N 3y 3y u 3z 3z i

m k p aN. kK p BN kK_p aN.
Ao Yy 3 2z _J
+ I Ni jil( i Wt 3y zy — a7 ! )(P + Pgh } ds
o

[y (qQ - Opo B Bt) N, dD =0
Writing infmatrix form

[K] P} + [K,] th} + [K;1 22+ () =

]
(o=
——
[#e]
St

where
oKL = r1s (kxp 3N, aNj . kyp a; aNj . kp oN, aNj) I
ij 3X  3X u 3y 3y u 9z 3z
kolg N, N kg N N kg NN,
[kylys =700 p(= Ly LA - Ly dp
H-4i ] 0 ax X u 3y 3y i 3Z 3z
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[Kidys = £7iploe + 80, sp) N; N dD

iJ
(). = =177 - 6p. 8- 25 N, dD
i D Po PT 3t/ %4
m k.p 3N k o 3N k_p 3N
- R S Yy _J £ _J
s Ny jil ( TR b * uo3y 2y * po 3z Rz)

AP. + pgh.
(PJ oth) ds

The well discharge component is éasi]y handled using finite elements.
Because of the properties of the Dirac delta function, the integral

{ Q Ni dV is equal to the well discharge at node i and is simply
added directly to {J};. |

The equation of energy transport may be written as,

L(T) = %_(Kx g:) gy( y ay) (Kz az)
BT 13 aT
- Cp (v x 3x Vy §§'+ Vz EE)

-4_+‘ ka Q'ln (T.inJ ) . C QOUt ( Tp)
aT _
- o Ce (1 -8) %0, Cio)sg-0=0

Following the same procedure used for the fluid flow equation, the
following matrix equation may be developed for the temperature equa-

tion,

[M] (T} + [Mt] + {J} = (9)
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where
aN. aN. aN., BN, aN. 3aN.
= 1 _J 1 __J 1 _J
[M]ij Sk, 5 =+ Ky TR K, 53+ 53
3N, aN, N,
—J —d 3y o
+ Cp Ni (vX TE Vy 55 +V, 53 ) - ¢
+ (cp Qi - cp Out)] N. N dD
M55 = 77pleg Ce (1= 0) + 0,0 CJ) Ny N, dD
and
Oyy=-7114 (Cp Qi Tinj - cp Q¢ Tp) N, dD
- Mg Ny 321 (Kx 5% Yx T Ky Y, 2y * K, Y- Ez) Tj ds

The last terms in equations (8) and (9} incorporate the Newmann

boundary condition;

ko (3P 3hy _
" (55 + o9 am) = q
and
3T _
- Kam T %y

where q is the volumetric flux of a fluid into the element per unit
area of boundary and Ay is the conductive flux of heat into the element
per unit area of boundary. These terms are formed when g and q, are

non-zero in which case they take the form

IIS Ni g dS and ffs Ni qy ds



At nodes where the Dirichlet (constant pressure or constant
temperature) conditions exist, equations (8) and (9) are not generated
since they are not needed. Thus [K],[KH], [KT], [M], and [Mt] are re-
duced to (m-n) x (m-n) matrices, n being the number of passive nodes

due to Dirichlet boundary conditians.
Recurrence Formula

After the matrices in equations (8) and (9) have been generated
for each element and assembled for the entire solution domaih, the
undetermined coefficients Pi(t) and Ti(t) must be evaluated at selected
points in time. This may be done by using a finite difference recur-
rence formula. Using a forward difference in time recurrence formula

in equation (8) gives:

(K] (Pyyyed + TR hY + KD (TP, o} - (P} )/at + {J} = 0
or

(IK] + [K1/at) Py 0 b = [K(M/at (PLY - [K] (h} - (J} .

»

For equation (9); the result is
(M) + M J788) {Ty,, 01 = ([M/88) (T - (3
Integration

Integration is done over each element separately, and the contri-
bution of each element is accounted for in assembling the matrices
(K1, [KH], [Kt]’ (M] and [Mt]. As mentioned previously, the element is
transformed to a dimensionless coordinate system in which the element

appears as a 2 x 2 square centered at the origin; thus, the limits of

-
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integration are from -1 to +1 for all three coordinate directions.
The integration is performed numerically using a Gaussian quadrature
scheme,

To integrate equations (8) and (9), the basis function deriva-

aN., BNT. aN,

. i i . . .
tives, X 3y and 55 are obtained as follows. First, consider

the set of local coordinates £, n, and ¢ and a corresponding set of
global coordinates x, y, and z. By the usual rules of partial dif-
ferentiation, the derivatives may be written as

N, aN aN

. . 3N,
i, Ty, T oaz

BE 89X 9f oy dE 3z L

Performing the same differentiation with respect to the other

coordinates and writing in matrix form,

aNi ax 3y ez eNi 3‘1
3E JE 3E 3 ax 3X
_aN]. S| 8X 3y 3z _aN]. = [J] __._aN"
sn | 3n  on  9n 3y ay
aN1 ) ax 3y 2z aNi aN1
3z 3 3z 3L 3z 3z

The left hand side can be evaluated since the basis functions are
specified in local coordinates. The matrix [J], known as the
“Jacobian matrix", can also be formed in terms of local coordinates.

Inverting [J] the global derivatives may be found as
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o, AN,
_1 LR
AX 3g
3y an
oz AL

- — L. -

In terms of the basis functions defining the coordinate trans-
formation, which are identical to the basis functions Ni when iso-

parametric formulation is used, J may be written as,

oN N, 3N,
M B GRS B
aN, ol LD
d] =1 ¢ % L Yy e &
N, N, N,
1 1 1
"R Ta Y Tar g

The final relationship needed to perform the integrations in

local coordinates,is to replace an element of domain volume by

P

dD’ = dxdydz = det[J] d¢ dn dt

After applying the above transformations and assuming the domain D to

be one element,

- kop aNi aNj_ kyp aNi aNj kzp aN. oN.

T 1 ’
axX  9X * u 3y 23y + i 98z 23z ) det[J] dedndz.

Similar expressions are developed for the remaining terms of equations

(8) and (9).
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Mass Flux Equations

Solution of the convective-conductive heat transfer equation
requires values of the mass flux at each nodal point. The mass flux
may be obtained from the volumetric flux ( qx). The required

volumetric fluxes may be obtained from Darcy's Law in the form,

k

3 h

Ay = - ;5 (3; + o4g %gJ
k

=-_X._B...Fi+ i.h_

a, m ( v+ 09 )
k

3P 3h

q, = - ;E'(52'+ eg 3}0

Looking first_at only the x direction, a function L(g) may be defined
such that,

k

3P ah
Lig) = ag + = (5r+eg 57) = 0 (10)

Following standard finite element methology a functional representa-

tion of q, may be defined as

+

qx*_ ~= ’

-
0
=

where Nj’ j=1,2, ...m1is a set of basis functions. Applying
Galerkin's method to equation (10), and substituting ﬁ; for Ay results

in the following equations;

1y L(@) N dD = 0 i=1,2,..,m

or

N 13

frig LC

J 9 Nj) N, dD = 0

1
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or
k
q N_+_X(3—F-)~+

IIID ( 1 xj 3 i X

3h -
; g 5;0) N dD = 0. (11)

(TR o =1

Defining a functional definition for the pressure and the vertical

position vector derivatives as,

m aN. Sooom aN.
Cld zP.—J— ¢ spp, I
X j=1 J ax X =1 J ax

: m kx m Eﬂl m aN
Jrrl{s g N+ 2 (3% P. +pg I h,-—=1)] N dd = 0
D j=1 xj ] U 5=1 J ax jo1 J ax
or
m kx m iﬂi m av
11N E 9 NJ.) ooy I PS % j°9 I hJ ™ ~1)] dp=0,
j=1 Jj=1 Jj=1
Writing in matrix form, after transforming coordinates,
fa] {Qx} = {B} (12)
where [A] =»f} 1] NN, det[d] dg dn dz
i  =1= AES i3 ’
{Qg} = column vector of nodal fluxes, and
k aN,
R I T Ny
By = £3/4/, [jEI " (PJ. + pghj) N; 55— det[J] dg dn dz.

A similar development can be made for the y and z coordinate directions.
Note that [A] remains constant for all directions, however {B} changes
for each direction. This method of solving for nodal fluxes insures
continuity of flux, both within each element and at boundaries between

elements.
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Boundary Flow Calculations

From equation {9) the boundary flow attributable to a given node

(i) is

frp N [ (qx 2t a, N *q, zz)] dA

m
Z
j=

1

where Ly .z are the direction cosines of the outward directed surface
3 ] ’

normal. In general dA will 1ie on a surface where one of the coordi-

nates, for example ¢, is constant. If £ and n are some curvilinear

coordinates (z = constant) then the vectors in 3-D space,

_ lax/ee _  {3x/an
dg =43y/ag ¢ de and dn ={3y/3npdn

3z/ 3k 3z/3n

defined from the relationship between the Cartesian and curvilinear
coordinates, are vectors directed tangentially to the £ = constant and
n = constant surfaces. The length of the vector resulting from a
cross product of df and dn (d£ x dn) is equal to the area of dA (the
elementary "trans%ormed" parallelogram).

Consfdérihg dA as a vector oriented in the direction normal to the

surface, one would form the vector cross product

X/ 3E aX/an
dA = {ay/3g p x 3y/an dg dn
9z/ 3k 32/ 3n

Taking the magnitude of dA, substituting with appropriate limits for

£ and n, the boundary fiow is obtained as
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1] [ m ( 1 3X/ 58 ax/an
ffy N Lz (g,e, +q9 2 +aq 2 Zi§ dy/ 88 X dy/amy|de dn
=1=1 H =1 X X y "y z 'z 32/ 3¢ 52730

Description of the Computer Program

The numerical model was programmed in FORTRAN IV for the AMDAHL
470 at the Texas A&M University Data Processing Center. The model
consists of three separate programs. A listing of each program is
included in Appendix C.

Program 1 reads all input data regarding material properties,
node coordinates, information for each element and boundary conditions.
A1l nodes are given new sequential numbers for matrix formulation
while the nodal numbers of the user are used for output. Internal
numbering of nodes provides the user a choice of node-numbering schemes
without affecting core storage requirements or computational cost.
Input data is written on tape for use in subsequent programs. Sub-
routine COUNT determines which nodes have pressure and temperature
as unknowns and-1ists them. Subroutine BANWDH estimates the bandwidth
along with'the/upper and lower Timits of the diagonals of a sparse
system matrix. The maximum bandwidth for subroutine EQSOLY is also
estimated.

In program 2, Gaussian Quadrature integration is carried out.
Parameters required for the subsequent program are estimated and
organized on tape so that the numerical integration data are available
element by element. The matrices in equations (8), (9) and (12) are
formed by simply reading element by element the integration parameters

and multiplying by the necessary constants or known variables.
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Program 3 performs the actual simulation. The matrix equation
(8) for pressure is usuaily solved first and the new pressures are
used to compute flux values for the temperature equation. The result-
ing new temperatures and pressures are then used to update fluid
properties to be used in the next time step. Thus the program moves
through time solving the equations of motion and energy transport at
each time step. A basic flow chart of the program is included in
Appendix B.

Subroutine RDPROP reads and prints a table of fluid dynamic
viscosity, specific heat and thermal conductivity as functions of
pressure and temperature. Subroutine UPDATE calculates new values of
fluid properties at the end of each time step. It was assumed that
fluid density could be expanded about 50, a reference density, in a
Taylor series truncated with first order terms in temperature and
pressure.

Subroutine WATBAL carries out boundary flow calculations and
performs a mass balance on the fluid flow. Subroutine FLUX calculates
the mass flux yaTﬂes for each nodal point based on current values of
pressure énaxflgid properties.

Subroutine EQSOLY is used to solve the matrix equations for
pressure and temperature. EQSOLV uses compressed matrices storing
non-zero coefficients in one matrix and their corresponding column
identifications in another matrix. The compressed matrices are de-
composed into an upper triangular form, followed by bases substitution.

The compressed matrix approach was chosen because the Galerkin approx-
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imation of the convection-conduction equation results in an unbanded,

nonsymmetric system of equations.
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CHAPTER V
RESULTS AND DISCUSSION
Introduction

Operational tests of the numerical model were made using two
problems for which analytical solutions could be obtained. Both
problems involved hot water injection into a confined aquifer. In
each case, the injected water was at a much higher temperature than
the natural groundwater. The resulting mass fluxes were relatively
large resulting in a sharp thermal front problem; that is, a problem
with temperature changing rapidly over space and time. Due to the
nature of the two test problems, it was felt that if the model per-
formed satisfactorily, it could be used for general field type problems

with a high degree of confidence.
Test Problems

The first test problem consisted of the 28 node convection-
conductionrprdb]em shown in Figure 4. Three-dimensional 1inear and
mixed isoparametric elements with quadratic and cubic nodal configur-
ations in the principal flow direction were used. In all simulation
runs, linear nodal configurations were used in all directions other
than the principal flow direction. Physical parameters for this test
problem, termed the "grid" problem, are shown in Table II. The top
and bottom boundaries of the solution region {(z= constant) were con-
sidered impervious to fluid flow and insulated to heat flow. Identical

boundary conditions were used for the y = constant boundaries. For



46

Linear
Y
[—-——-m
Az = 10 meters for all element configurations
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Table II

Grid Test Problem Physical Parameters

Specific permeability 1.0 x 1079 M2
Porosity 30%

Vertical compressibility (a) 6 x 1073 M2/N
Specific rock density 2500 Kg/M°

Rock material heat capacity 1095 J/Kg-°C
Rock thermal conductivity 2.15 W/M-°C
Fluid thermal volume expansion -4.167 x 1074 o¢”]
Fluid compressibility ’ 5.0 x 10710 Mé/n

Initial aquifer temperature 15°C
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the remaining sides, boundary conditions were as follows;

a) for the upstream side, the temperature was set at a prescribed
value with a constant nodal mass flux of .025 Kg M'2 sec-],
and

b) the downstream side fluid pressures were set at constant
prescribed values (constant pressure boundary conditions are
commonly known as "Dirchlet" boundary conditions).

For the transient solution of this problem, equal time steps of 50,000
seconds were used.

The second test problem consisted of the 22.5° wedge shaped radial
well problem depicted in Figure 5. The z = constant and lateral
boundaries were considered impervious and insulated, as was the outer
radial boundary. Water was injected iﬁto a 20°C aquifer at the rate of
2 Kg sec-]. Fifty~six nodes were used in 1inear and mixed element
configurations. Quadratic and cubic nodal configurations were used in
the radial direction, while a 1inear configuration was used in the
vertical direction and the direction perpendicular to fiuid flow. The
outermost e]emenf (the element at greatest radius from the well) re-
mained 1ine;} in all test runs; This Tarée Tinear element served the
purpose of protecting the solution region from boundary effects. The
same nodes are used for the linear and mixed quadratic and cubic
element configurations. Each successive nodal space, proceeding along
the x axis is twice the preceding one. The aquifer thickness is 10
meters. Physical parameters for the radial test problem are shown

in Table III.

Temperature solutions are compared to the analytical solutions
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Table III

Radial Test Problem Physical Parameters

Specific permeability

Porosity

Vertical compressibility (a)
Specific rock density

Rock material heat capacity
Rock thermal conductivity
Fluid thermal volume expansion
Fluid compressibility

Initial aquifer temperature

9.5 x 10710 W

40%

8 2

5 x 107° MYN
2500 Kg/M>

1095 J/Kg-°C
3.81 W/M-°C
-4.167 x 107% o¢”
5.0 x 10710 M2/N

20°C

]
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of Avdonin (1964). Avdonin presented an analytical solution for the
linear flow of a hot fluid through a confined, homogenous, isotropic

aquifer with constant fluid properties as;

. 2
b, 1) = X o el (sym - =297 erfe (BT )8

Y omr 2svT 2/1-52;2-
L2
where X = i
) 4 Kt t
T 7
C.t Pt b
Q Cw P
¥ =
4 Kt
5 = Kr Cr P
Ki C¢ oy

X = position; L,

T-T

U= T——:J%— , dimensionless temperature
i 0

b = flow layer thickness; L,

'Kt = horizontal thermal conductivity in the flow layer;

F__T'T deg-]

t = time; T,

C = specific heat F L u! deg-1

o = density; M L'3,

Q = injection rate; L3 T'1,
1

K = thermal conductivity; F T deg'l, and

S = an integration parameter
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The subscripts refer to the rock, r, water, w, and the total (rock and
water), t. Where the subscript r is used, it refers to the confining
strata above and below the flow layer.

Avdonin (1964} also presented the solution for the temperature

distributicn in a radial system as;

2 2
I A w asvt ds
U (w,t) = sy [g7d7 /g texp (- g) erfc (2 1-5)} KT

where o = g% s R is the radial distance from the injecting well; L,
v = QT oy
4'n'bKt

and all other parameters are as previously defined.
In developing his solutions, Avdonin (1964) made the following
assumptions;
a) there is no convective heat transport in the confining layers,
b) only vertical thermal conductivity exists in the confining
layers,
c) a finifé’non-zero horizontal thermal conductivity exists in
fﬁé flow layer, aﬁd
d} the flow layer has an infinite vertical thermal conductivity.
Assuming that the aquifer has an infinite vertical thermal
conductivity results in no temperature gradient vertically throughout
the aquifer. Therefore the temperatures reported for the test problems
are averages over the aguifer thickness. For initial runs, a strict

Galerkin finite element approximation was used.
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Pressure Simulation

To evaluate the pressure simulation part of the model, initial
runs for each problem were made with the injection temperature equal
to the aquifer temperature (no heat transport). Results of the grid
test probiem ére shown in Figure 6 after 27.7 hours. At this time the
aquifer pressures had effectively reached steady state. A steady
state analytical solution for the linear problem may be formulated

in the "x" direction as

VyH
Py = Po T 09 by - o5 (x - %)
where P, = pressure at a downstream distance “x"; F L'z,
P0 = reference pressure defined at the top of the flow layer
) -2
at Xg3 FL-,

x = downstream distance; L,

X, = distance to pressure reference point; L,

p = fluid density; M L3

g = acceleration due to gravity L T-2
h&== depth below top of flow layer; L,

2 -1

v. = fluid mass flux; ML T

p = fluid dynamic viscosity; F T L-2

2

, and

k = specific permeability; L

Elements with linear, quadratic, and cubic sides in the x direction
agree very well with the analytical solution for the grid test problem.
Results from the radial flow problem are shown in Figure 7.

Theis (1935) developed an analytical solution for a pumping or in-
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jecting well at the center of a confined, homogeneous, isotropic

aquifer. The Theis solution may be presented as

_ 24500 .= e "
2
_ RS
where u =27
m
with R = distance from pumping or injecting well to observation
point,

S = coefficient of storage,
T, = transmissivity; L2 T_q,
t = time; T,

Q = well discharge (+) or recharge (-); L3 T'l,

AP = change in fluid pressure; F L-2,

The radial finite element test problem without heat transport meets
these conditions. For comparison, a Theis solution at a radius of
4.88 meters is plotted and compared in Figure 7 with simulation results
for the same datq: For this problem (fluid injection without heat
transport){atime steps were increased exponentially. It should be
noted that the-injection rate was increased to 14.2 Kg sec'1 for this
simulation. Late in the simulation, all element configurations con-
verge to the Theis solution. Early in the simulation, however, the
larger number of linear elements seems to give somewhat better results
at 4.88 meters than the fewer, higher order nodes. This behavior ap-
pears to be opposite to that reported by Pinder and Frind (1972). This
behavior indicates that, with a given set of nodes, the order of the ba-

sis functions for representing a transient groundwater problem may vary
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both as a function of time and physical parameters (exponentially in-
creasing time steps and geometrically increasing element size were

used).
Heat Transport Simulation

In order to test the heat transport section of the model for the
grid problem, the upstream end nodes were set at a constant tempera-
ture of 453°c. For the radial well problem, water at 75°c was injected
into the aquifer. While excellent results were obtained from the
pressure section of the model (without heat transport), the temperature
section failed to give an acceptable result.

As previously mentioned for the grid problem, water at 45°c was
injected into an aquifer initially at i5°c. Hence, the fluid temper-
ature should not exceed the 15°c to 45°c temperature range. As shown
in Figure 8, particularly at t = 300,000 seconds, the numerical solu-
tion overshoots both the analytical solution and the upper temperature
front. At the downstream edge of the temperature front, the numerical
solution uq@grshoots both the ana]ytica] solution and the lower
temperature-limit (15°¢). The resulting oscillations about the sharp
thermal front grew in time until the simulation failed. The order of
the element basis functions had no effect on the end resylt. Similar
problems occurred with the radial test problem (Figure 9). The
analytical solution of Avdonin (1964) is plotted for comparison.

The approximation of sharp solution fronts from hyperbolic
differential equations by finite element analysis seems to be an es-

pecially difficult task. Strang and Fix {1973) discussed briefly the
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application of Galerkin finite-element procedures to hyperbolic
equations. They indicated two major difficulties: (1) oscillations
of the predicted solution surface about the real solution surface, and
(2) convergence to incorrect solutions for certain nonlinear probiems.
The oscillation problem seéms to be common, while the convergence
probiem was reported by Fintayson (1972) to only apply to a special
case of equations.

Faust and Mercer (1976) stated that the oscillations which occur
when soTving hyperbolic problems are caused by truncation errors in
the approximation of both space and time derivatives, and that dif-
ficulties associated with the spacial approximations appear to be more
severe. A detailed search of the Titerature showed that several tech-
niques have been suggested for reducing oscillations [Gupta et al. (1975),
Faust and Mercer (1976), Jennings (1969), Langsrud (1976),

Zeinkiewicz (1977)].

The most commonly suggested method was to decrease the element
size on the time step size. For the grid test problem, the element
spacing was de;féésed to one meter and time steps were reduced to
twenty seéoﬁ&s-yith no apbreciable improvement in results. Judging by
results from the literature and results from the simulation runs made
in this study, it appears that these suggested methods are most suit-
able for problems which demonstrate a natural diffusion mechanism. But
for hyperbolic problems, where the convection term is much larger than
the diffusion term, these technigues are essentially ineffective in
reducing numerical oscillation.

Another commonly suggested method for reducing oscillations was to
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smear the sharp thermal front using upstream weighting [Zienkiewicz
(1977) and Huyacorn et al. {1977)]. The method of upstream weighting,
based on a modified basis function as presented by Huyacorn et al.
(1977), was applied to the grid test problem using only linear
elements. As shown in Figure 10, the oscillations were sufficiently
damped; however, the sharp thermal front was spread across the solution
region. This is evidenced in Figure 10 by the larger than expected
downstream temperatures, and the.smooth slope of the solution curve

at t = 700,000 seconds. This degree of "smearing" of the sharp thermal
front is unacceptable.

Fbr the radial test problem with linear elements and upstream
weighting, the front was smeared throughcut the spatial boundaries of
the simulation, as shown in Figure 11.' This was probabiy caused by
the doubling of the nodal spacing with increasing radius. Due to the
disappointing results and the large amount of time necessary to program
the upstream weighting method for linear elements, no attempt was made
to develop a genefal method for mixed elements.

" Heat Transport Simulation Using Mass Lumping

Zienkiewicz (1977) discussed the use of "mass matrix Tumping”® for
computational convenience and and improved solutions in finite element
solutions of structural mechanics probiems. The effect of "Tumping”
1s to diagonalize the mass matrix in the hyperbolic heat transfer
equation (in this case matrix M, of equation 9).

Newman (1974) used a lumping approach for solving a problem of

two-dimensional, unsaturated flow under a dam. He solved the pressure
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equation using a Galerkin approximation with trianguiar elements,
Instead of using the Galerkin method in the time derivative (mass or
"time" matrix), he used nodal values of the time derivatives which were
weighted averages of the time derivatives over the entire flow region.
This was done to avoid oscfi]ations.

Langsrud (1976) used a scheme similar to Newman's, which he refers
to as "capacity lumping", to reduce osciilations. Langsrud (1976)
applied the Galerkin finite elemgnt method to a waterflood problem,
solving for pressure and saturation simultaneously. In his lumping
process, he added the off-diagonal matrix elements in the mass (time)
matrix to the diagonal elements. Such a process is applicable to fully
linear, quadratic, or cubic elements but cannot be generalized for
mixed isoparametric elements.

It appears from the 1iterature that diagonalization (Tumping) of
the mass (time) matrix is a possible solution to the oscitlation prob-
lem. However, any proposed scheme must satisfy the finite element
criteria of completeness and integrability; and total mass must be
conserved in an} iumping process. One such process was demonstrated
by Hintonle%ba[: (1976) for two dimensional isoparametric elements as
follows.

Lumping may be considered as a process in which a different basis
function, N, is used to describe the unknown temperature distribution
in equation 2 for those terms giving rise to the mass matrix. For
example, T'=_g Ti Ni could be used for terms arising from the con-
ductive term;_;f equation 2, which Tead to the matrix {M] in equation 9.

m

Simultaneously, T = ¢ Ti Ni could be used for terms leading to the mass
i=]
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matrix. If the basis function N are piecewise constants such that
N& = 1 in a certain part of the element and zero elsewhere, and if
such parts are not overlapping, the mass matrix [MT] of equation 9
becomes diagonal as;

Fiig leg Ce (1 -8) + 0 8 Cp) N ﬁj =0, (i#3]).

If the diagonal terms of the mass matrix are scaled so as to preserve
the total element mass on the diagonal of the matrix, the above Tump-
ing method of Hinton is obtained identically without the introduction
of additional basis functions. This lumping scheme was programmed into
the model and tested using the grid and radial test probiems.

Figure 12 presents a representative temperature profile for the
grid test problem at t = 900,000 seconas. With the Tumping technique
applied to the mass matrix of the heat transport equation, the oscil-
lation problem has disappeared. Both quadratic and cubic elements
give favorable agreement with the analytical solution of Avdonin
(1964). Figure 1§ présents the temperature progression at x = 20
meters. Again, favorab]e results are obtained using mixed elements
with the duédratic and cubic sides orientéd in the flow direction.

The use of linear elements tends to over-predict the temperature until
late in the simulation. Both Figures 12 and 13 indicate that a small
amount of undershoot existed as the thermal front approached x = 20
meters. This undershoot did not exceed 1°c at any time during the
simulation.

Figures 12 and 13 also indicate that the sharp thermal front is

sti11 smeared. However, the mass matrix lumping technique exhibited
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much less smearing of the sharp thermal front than did the upstream
weighting technique. As shown by the comparisons with Avdonin's
solution, the Tocation of the sharp front is easily determined with
the mass lumping technique; which was not the case with the upstream
weighting technigue.

Figure 14 presents the temperature progression at a radius of
4.88 meters for the radial test problem. The use of mixed elements
with cubic sides in the principa] fiow direction gave the closest
agreement with Avdonin's solution. Again, undershoot never exceeded
1°c. However, the smearing problem was still evident. The numerical
smear present with the use of the mass matrix lumping technique is due
to spatial truncation. It is strongly possible that with Tumping a
decreased element size would decrease the smear of the sharp thermal

front.

Effects of Increasing Aquifer Temperature

on Fluid Pressure Distribution

Genera?]y;'when water is injected into an aguifer, the fluid
pressuresléfe expected to increase with time. Figure 15 indicates the
effects of increasing aquifer temperature on water pressures. In
Figure 15, pressures at the top of the flow layer are plotted for the
grid test problem. As indicated by Figure 15, fluid pressures de-
creases as the aquifer temperature increases. This effect may be ex-
plained by examining the effects of temperature on hydraulic conduc-

tivity. Hydraulic conductivity is defined as;
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 =kog
c u

hydraulic conductivity; L TV,

where K

c
k = specific permeability; L2,

o = fluid density; M L3,

g = acceleration of gravity; L T—Z, and
u = fluid dynamic viscosity; F T L2,

Fluid density and viscosity are éemperature dependent in the model.

As the temperature at a point increases, both density and viscosity
decrease. However, viscosity decreases to a greater extent than
density for a given change in temperature; resulting in an increase in
hydraulic conductivity with an increase in temperature. For example,

in the grid problem, the flow layer was initially at a temperature of

2 K -1 =1

15°c. The viscosity and density of water were 0.115 x 10~ gm  sec

and 993.4 Kg m'3, respectively. The specific permeability of the

porous media was specified as 1.0 x 10']] m2. The hydraulic con-

5 1

ductivity was)the?efore 8.47 x 107" m sec™'. With the passing of

the temperature front, the temperature of the flow layer increased to
45°c. At 45°c, the viscosity and density of water are 0.597 x 10-3

Kg m ! sec™) and 987.3 Kg m'3, respectively, and the resulting

4 m sec'l.

hydraulic conductivity is 1.62 x 10~ Thus, a ninety-one

percent increase in hydraulic conductivity occurred because of an in-
crease in water temperature from 15°c to 45°c. For this reason, the
hydraulic conductivity in the simulation increased with time, and the

Tluid pressures declined as the thermal front moved through the
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aquifer., Figure 16 indicates similar results for the radial test
problem. Although no analytical model exists to verify the pressure
curves in this circumstance, Reed (1979) obtained similar results

with a physical laboratory model.
Mass Balance

A mass balance was performed on each test problem after the

lumping technique was added to the program. The mass balance was

1 - inflows-outflows
change in storage

defined as The mass balance for the

~grid problem (mixed cubic elements} was 0.14 x 10'4, and for the

radial problem, 0.22 x 10'3. In the radial problem, e]ementvvo1umes

ranged from less than 1 m3 to slightly less than 107 m3. The larger
mass balance error for the radial problem was probably due to numer-

ical difficulties created by the large differential in element size.
Discussion

The results presented for the grid and radial finite element
test problems_ind}cate the degree of accuracy that may be expected
from the mddé1_§s it now stands. Although both the grid and radial
test problems show that a degree of undershoot and smearing of the
sharp thermal front still occur, even with the use of a mass lumping
scheme, the model agrees closely with analytical solutions. Fluid
pressures are accurately predicted, and the location of the sharp
thermal front is easily determined. The numerical undershoot and

smear that remain are due to spatial truncation and could probably be

improved by the use of a smaller nodal spacing. However, the objective
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of this study was the development of a model applicable to areal field
type problems. In such problems, elements can be expected to vary
greatiy in size. While additional testing of the model is needed to
estabTish relationships between element size, nodal spacing, and
accuracy, some degree of numerical difficulties will have to be
tolerated in large, areal type problems. The model should be tested
on such problems to judge the effects of numerical smear and under-
shoot on their solutions.

The three-dimensional simulation model developed does not consider
two phase flow and is therefore limited to saturated groundwater
systems. The model was not designed to handle geothermal systems
with temperature and pressure ranges allowing steam formation.

Often the cost of running a simu]étion.mode] affects its use to
almost the same degree as the accuracy of the model. As can be seen
in Table IV, solution (CPU) time naturally increases as the number of
equations to be solved {nodes) increase. For a given number of nodes
solution time increases as higher ordered elements are used. This
results from an:fﬁcreasing solution matrix bandwidth with more complex
elements. Aﬁthgugh element integration is performed only once and the
resulting parameters stored on tape, a relatively large amount of CPU
time is required even for small three-dimensional conduction-
convection problems. Approximately sixty percent of the CPU time used
is required to estimate the nodal mass fluxes in three directions.
Given a number of nodes n for a problem, a banded n x n matrix, with
the bandwidth dependent on element configuration, must be solved for

each direction in order to determine the nodal mass fluxes. Although



Table IV

Required CPU Time for Problem Solution

Seconds/Time Step

75

Nodal order in

Grid problem

Radial problem

principal flow direction (28 nodes) (56 nodes)
Linear 4.5 5.1
Quadratic 4.9 7.0
Cubic 6.0 10.5
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a very efficient matrix solving routine is used in the model, perhaps
additional work in this area would be of benefit. In any case,
however, large amounts of computer time will be required for the
simulation of moderate sized three-dimensional finite element problems,
The theoretical development of the Galerkin methad of finite
element approximation is mathematically abstract, as is the Hinton
mass lumping technique. Once developed and programmed, however, the
method may be applied to a wide range of convection-conduction
groundwater problems without major modification. The model is now
capable of acceptably handling sharp thermal front problems. It should
be applicable to general field type problems with a good dégree of
confidence, although the degree of erkor for such problems needs to

be quantified.
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CHAPTER VI
SUMMARY AND CONCLUSTONS

A mathematical model was developed in which the groundwater flow
equation and the energy transport equation are solved simultaneously
using a finite difference approximation for the time derivative and
Galerkin-finite element approximations for the space derivatives.

An operational test of the numerical model was made using two problems
for which analytical solutions could be obtained. Both problems in-
volved hot water injection into a confined aquifer. In each case,

the injected water was at a much higher temperature than the natural
groundwater. The resulting mass fluxes were relatively large result-
ing in a sharp thermal front problem (%.e., a problem with temperature
changing rapidly over time or space). Due to the nature of the two
test problems, it was felt that if the model pérformed satisfactorily,
it could be used for general field type problems with a high degree
of confidence.

The f{rst test problem cqnsisted of a 28 node grid type convection
conduction problem with fluid being injeéted through the end surface
of a three-dimensional strip of elements. The second test problem
consisted of a 56 node, 22.5° radial well problem. Linear and mixed
three-dimensional isoparametric elements with quadratic and cubic
nodal configurations in the principal flow directions wére used with
a constant nodal arrangement for each problem.

Initially, each test problem was simulated with mass injection,

but without heat transport, in order to evaluate the pressure part
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of the model. Predicted fluid pressures closely matched analytical
solutions for both test problems. While excellent results were ob-
tained from the pressure section of the model (without heat transport),
when heat transport was included, the temperature section failed to
give an acceptable result. Overshoot and undershoot oscillations
occurred about the sharp thermal front. These oscillations grew in
time until the simulation failed.

Several techniques were used in attempts to remove the
oscillations. Reducing element size and usinQ smailer time steps did
not improve the solution. An upstream weighting scheme corrected the
oscillation problem, but an unacceptable amount of smear was intro-
duced to the sharp thermal front. A mass lumping scheme also cor-
rected the oscillation problem with so&e undershoot, and it also
provided an improved approximation to the sharp thermal front (smear
was reduced).

It now appears that the numerical model gives acceptable results
to the test prob]gms used in this analysis. Fluid pressures are
accurately preditted, and the Tocation of the sharp thermal front is
easily defe}mined. The numerical undersﬁoot and smear that remain are
due to spatial truncation and could probably be improved by the use
of a smaller element size. The objective of this study was the de-
velopment of a model applicable to areal field type conduction-
convection problems. In such problems, elements would be expected to
vary greatly in size. While additional testing of the model is
needed to establish relationships between element size, nodal config-

urations, and accuracy, some degree of numerical difficulties will



74

have to be tolerated in large areal type problems. The model should
be tested on such problems to quantify the effects of numerical smear
and undershoot on their solutions.

The theoretical development of the Galerkin method of finijte
element approximation is mathematically abstract, as is the Hinton
mass lumping technique. Once developed and programmed the method may
be applied to a wide range cf convection-conduction groundwater‘prob-
lems without major medification.” The model is now capable of ac-
ceptably handling sharp thermal front probtems. It should be ap-
plicable to general field type problems with a good degree of confi-
dence.

Future research should include; '

A) simulating additional radial and grid type test problems in
order to quantify the effects of element size and time step
size on solution accuracy,

B) simulation of moderate size field problems in order to
quantify, the numerical difficulties of smear and undershoot
for such problems, ‘

C) a sensitivty analysis to quantify the effects of changing
parameters on the fipal solution,

D) laboratory physical verification to evaluate the ultimate
accuracy of the numerical solution, and

E) the development of problem size - CPU required relationships
to establish the size of problem that can be reasonably

modeled for given cost constraints.
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STMULATION FLOW CHART
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PARAMETERS
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AT TIME t
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AT TIME t At
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Usps SPHET]
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DERIVATION OF EQUATIONS
Equation of Groundwater Flow

The equation of groundwater flow must obey
a) Darcy's Law, and
b) Conservation of mass.

Darcy's Law is stated as

3h'

q=-K. 3T
where g = flux, volumetric flow rate per unit area; L
K. = hydraulic conductivity; L T'T,
h' = hydraulic head; L, '
L = length of flow path; L.

K, the hydraulic conductivity may be written as

Kk=ked
i

where k = spéé%fic permeability of the porous media;
.- .23

o
il

fluid density; M L 7, _
g = acceleration of gravity; L T'Z, and
uw = fluid dynamic viscosity; F T L.

The conservation of mass requires that

mass in - mass out = mass accumulation.

Referring to the following figure;

3

L

2

L

2

T

-1

]
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inflows
pq |, ayszst + pqy|y AXaZAt + pq |, Axayst + Q;, at
outflows
pqxlX+Ax AyAZAL + pqy|y+Ay AXAZAt + qu|Z+AZ Axayat + Q. ot

accumulation

(AZpQ|t+At - AZpe]t) axay allowing for vertical compressibility.

1

where Qin = mass flow rate added from a source; M T ',
Quut = Mass flow rate withdrawn by a sink; M T'],
q; = volumetrix flux in "i" direction; L T'],

@
[}

porosity.
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Substituting into the conservation of mass equation;
N i
pq, [, AyAzat pqyly AXAZAL + pqz[Z aysxst + Q. At

AyazAt - pq | AXAZAt + pq_|

yly+ay zlz4az BYOXSL - Q) ), AT

- pqxlxﬂ\x

(A2p6|t+At - AZpBlt) AXAY

Rearranging and dividing by axayazAt results in

09 |xrax ™ 2%y ) 0 lyryy = 29,1, ) 0% | 24az = %1,
AX By iz

:
Qin ” Qout _ EE'(AZpa|t+At - ﬁzpelt)

AXAYAZ - ' At

Taking the Timit as AxayazAt goes to zero,

- [ o) + 2 (o)) + & (0a,)1 + Q= - & (azp6) (A)

where Q = net rate of mass flow added or withdrawn per unit volume

of porous media due to the operation of sources and sinks.
The piézomgtric pressure is defined as
P* = P + pgh .

The piezometric head may be defined as

where h = elevation above a datum; L.

Therefore, the hydraulic head may be expressed as
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h' = —

Substituting into Darcy's Law,

=g 3n'_ _keg o P*y . o X 3P* _ Tx 3P oh
9% Ky 3% u a(pg)/ax u ax u [ax * o9 5l
Similarly
q:_.[fx.[éf.-]- gﬂ
y Tw Yoy T PPy
k
z raP dh
27T ez P9z
Substituting into equation A,
k. p k. p k_p
8 X (3P shy , 3r2y (3P 3hyy 4 8 2" (3P 3h
ax L G ted g t ay[ Gy T ed ay)] tag [ Gzt eg 550
RN
+ Q= 57 5 (az08).
Expanding the right hand side,
3 (azs8) = 1 30 . o3(azp)
iz 3t (8200) = 57 (azp 33 + 8553
© o1, 2 % , 34z
= a7 Loze g¢ + elaz 55+ 05p)]
=8 g8 1, 3z
etttz ®e o

Walton (1970) defines

aAZ
—_— = P
Az ad

2 -1

where o = vertical compressibility of the porous media; L® F '. Ac-



97

cording to a derivation by Davis and DeWiest (1967),
38 _ aP
3t (] - 9) 3T

SO

aP 3 3P 1
pal(l - 8) —t+ 'éE"' apcB —a'?= Z-Z_EBE (azps).

[k

30
To evaluate 5t°

pressure. p may be expanded about a "po" in a Taylor series truncated

density is assumed to be a function of temperature and

with first order terms.

+ SR, (T-T)+ @) (P-p) (8)

C

where Po is the average density of the fluid at a reference temperature

(To) and pressurg (PO).

From equation {B), the following may be defined,

at’o 3P0
B = B = e
LI D P opg,
where
BT = coef. of fluid thermal volume expansion; T'I,
Bp = compressibility coef. for fluid; Xl
Now

p = pO + DO BT (T - TO) + pO Bp (P = PO)

Taking the time derivative

3p
0 8

3T 3P
04 +
3t Po

3p - CAN
at T ot



93

S0

3 . 3T i
3 8oy B7 5t T °o Bp 5T
Thus

1 ] o o7 ., P
3z 3¢ (8208) = pall - 8} Sx + 6 oy By gy * ep, By 5 * and I3

aP aT
3t %% 813t

(pa{1 - 8) + 50, Bp * ap8)

) 2P 5T

(pa + 8p T+ 8 0y By 5%

on

Thus, the final groundwater flow equation becomes

k. p K o : k_o
8 pxl (8P ahyy 4 3 ry” (3P 3y 4 3 rzn (3P 3h.
= [ m (Gx*eg 3l 3y [ " (ay * 09 ay)] +5 0 y (57 * p9 az)]
3T
+Q = (pa + Bpy Bp) %% + S0, 81 =%
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Equation of Energy Transport

Consider an incremental volume element.

conduction
convection ¢

| Y

i s

: conduction
i -

N convection

------- X

/s
/’
Ve
V4
. r//
convection ’
////)ﬁ ’/Zonduction

The conservation of energy principle requires that, over a time incre-

ment At;

Energy in - Energy out = Energy accumulation

Referring to the above figure and defining the mass flux (v) as the

products of the volumetric flux and fluid density;

v, C (T -T

x Cp AyAzAL + vy c (T - Tref)[yaxazat

ref)lx P

t v, Cp (T - Tref)|z AXAYAt

- v, cp (T - Tref)|x+ax AyAzAt - vy Cp (T - Tref)ly+Ay AXAZAL
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V2 Cp (T - Tref)lz+Az

AXAYAL
+ qX[X AyAZAL + qyly AXAZAL + qziz AXAYAL

AyLzat - AXAZAT - AXAYAT

- qxlx+Ax qy|y+Ay qZIZ+AZ

¥ Cp (Tinj " Trer) Q4 AT - Cp (T - Tref) Qut At -

- Cp (Tp -T) Qout at

it

(b Cppo8z (T - Tref)|t+At " ep Cp oz (T = Tog)ly) axay

The first set of terms represent the energy fiow due to convection,
the second set of terms represent the .energy flow due to conductioﬁ,
the next terms represent the energy added or withdrawn due to the
operation of mass sources or sinks. The last group of terms represent
the energy accumulated during t. A1l flow terms (v, Q) are expressed
as mass flows, not volumetric. "v" is a mass flux term, not seepage
velocity. The elemental volume is assumed deformable in the z
direction. |

From Fourier's Law;

= 3T = . g 3%
A = = K 3x dy Ky 3y

substituting into the above equation and dividing through by
AXAYAZAL;

v, C (T - Tref) lirax

AX

- Yy Cp (T - Tref)Ix]
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) [Vy Cp (T - Tref)|y+Ay " Yy Cp (T - Tref)ly]
Ay
_ Lv, % (T - Trefllzraz = Vs e (T - Trepdl,d
AL
: a7 3T
. Ky axlxrax K¢ axlx] + (K ay!yﬂiy “ 3y|
AX Ay
+ (Kz EEIZ+AZ - K Ef]z
AZ
+ Cp (Tinj B ref) Qin - Cp (T - Tref) Qout - Cp (Tp - T) Qout
AXAYAZ

1

. a7 Pr Op 82 (T - Tropdlppny = pp 6 22 (T - T )]
At
Taking limits as AxAyAzAt approaches zero;

- v (T-T o)1 -2[v.c (T-T_2]

X "X p ref 3y "y p ref

3
- EE'EVZ Cp (T - Tref)]

d 3T ] aT a3 aT
tax Kean) ey (K 5y) ez (K 5
F O Qin Wing = Treed = G (T = Trgp) Qe = Cp (Tp = 1) Qe
- '
T oAz at [pr C. 8z (T - Tree) ]

Q is the mass flow rate per unit volume,

expanded with

Now, the storage term may be

o Cr AZ = AZ (pf Cf (1 -8) + » Cp )

1 3

S0 3z 3t

N

Cr az (T -T

ref

8)

[az (pg Cc (1 - 8) + 0 ¢

.13
)]'Eat



(T-T_ _c)].

ref

Expanding the convection term,

] _ a(vx)
T Yy oax [Cp (T - Tref)] - Cp (T - Tref) 35X
a(v )
~ Yy ay [C (T ref)]r' Cp (T - Tref) 3y
a(v,)
9 z
~ V7 3z I:Cp (T Tref)] (T - Tref) 3z
3 T 3 a1 2 aT
*ax Ko Tay (K oyt (K 57
* cp Qin [Tinj - Tref)] - Cp (T - Tref) Qout - Cp (Tp
- ’
= a7 at [az (o C f(l-8+o p 8) (T - T )l .

Expressing in vector notation results in
v v[Cp (T - Tref)] - Cp (T - Tref) Veva=-Y.4q

* Cp_Qinr[Tinj B Tref] ¢ Qout (T - Tpeg) = C Qout

1 a3
-A—Zﬁ—[az (pf £ (1 - 8) oy Cp 9) (T - Tr‘ef)] .

From the continuity egquation

Substituting

1 3
-V v[Cp (T - TPef)] + Cp (7T - Tref) (EE'EF (az o, 8)

-T) Q

Ty

out

-T)

97
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- Qp Qout) -v-q

* Cp Qin l:T'inj B Tref] - Cp Qout
. 1 3 :

= 17 3t [AZ (pf Cf (1 - 8) + pw C

Expanding t

erms

[T-7T Q . [T

ref] - Cp out

p 8) (T = TFEf)] .

P

-T]

SV (T T ] (T - T ) [ /3t (az o, 8)]

) Cp (T - Trer) Qin ¥ Cp (T - Trep) bout "V 9

0 Q'in [Tinj " Treel - C Qout (T - Tref) - p Qut (T i

- S—zﬂz g G (12 8) 5 (T - Toed + 35 (T- T, 00)

X at (Az > 8)] |

* gf 82 oy, Cp g% (T - f) * Cp ;z (T - Tref) g%—(nz o ©
Cancelling terms

-V ?[Cp'(T';.Tref)] -V f q - Cp (T - Tree) din

# €y Qpp [Typs = Tpel

- C Qout (T p T

=0 Ce (120) Jp+ 37 (T = Tege) op G 5y (a2 (1 - 0)]

Fey by ® = .

Again expanding, and then collecting temperature terms,

T)
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vv[Cp(T )]-v-q+CQ (T, . =T}

ref inJj

¥ Cp Yut - Cp Qout Tp

: 57
(o G (1= 8) +5, ¢, 0] Fs

38 5AZ/AZ
+ (T - Tref) Pe Cf [(- Ef) + (1 -8) at
Once again
g—?::u('f -9)_2% and —g-i—;= adP .

Substituting and canceling vertical compressibility terms,

)]-9+q+0Q. C (T, . -T)

v v[Cp (T -7 in %0 (Tins

ref

* Cp Qoue T - Cp Qut Tp

aT
[pfcf(]"e)-l-pwcpe]ﬁ_

Expanding and rea?ranging results in the final heat transport equation;

aly acK aTJ-c v, L4y L. 2l

3_
[K z 3z X 3X 'y 3y 'z az

[K y oy

XBX

== C Q. T..+C Q

p Tin inj p Tout Tp e]

+ [pf Cf (1 -8) + pw )

In order to insure continuity between the convective term and the
heat storage term, an artificial dissipation term (¢) is added such

that the right hand side of the above equation becomes
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~C Q. T..+C Q

p Yin 'inj p “out p [pf f (1 -8)+ Pu C e] 3 T

In this case, the term is a differential mass storage. To derive 3,

consider the mass transport equation in the form

_rb 3 3 -
ax () * 5y (ay) + 57 (4,01 + Q= R.H.S.
where
R.H.S. =8p_ B CAI {pa + 8 B_) lid (mass storage term)
e P06 T 35t pa Py p’ st 9

This may be rewritten as
R.H.S. = - div (q) +

Integrating over the solution domain and dividing by total volume for

a unit volume basis results in

C,—EID - div (q) + 75 Q1,

a differential mass storage. Expressing the energy content and expand-

ing results 1n- '
- v, BV, av
1- X ¥ __z
'Vtc T(fD(’ax 3y az)+fDQ]

Hence the final energy balance equation becomes

3 T 3 3T 3 3T aT aT 5T
ax il Tay K g Far B sl - G vty sy v 5
* Cp (Qout " Q) T Cp Qut Tp B Cp Uy T1‘nj
av v av
8T 1 y _ __Z
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A
ALPHA
AMATER
B
BETAD

BETAP
BETAT
BNDI

C

CI

CIV
CMAG
CONVEC
COS x,y,z
DELT
DELTAT
DETAIL
DPDT
DSTOR
DU

DU

ETA
EZA
FIFJ

PARTIAL LIST OF SYMBOLS USED IN THE COMPUTER CODES

System compressed stiffness matrix
Aquifer compressibility coefficient
Alphanumeric description of each material
Constant vector of equations to be solved

Derivative of basis function with respect to local
coordinates

Fluid compressibility coefficient

Coefficient of thermal volume expansion
Integrated boundary area

Element stiffness matrix

Element stiffness matrix

Temperature or mas$ flux for a boundary node
Boundary area vector product

Convection term, energy flow equation

Direction cosines

Variable time step

Time step _

Alphanumeric problem description

Derivative of fluid pressure with respect to time
Artificial d{ssipation term

Jacobian of matrix

Product of Jacobian and Gaussian weighting factor
Nodal values of Y in local coordinates

Nodal values of Z in local coordinates

Basis function cross derivative, x direction



FLUXX
Giad
HIHJ
IBANDW

IIFLG
INDEX
ITOTAL
ISIDE
MCC
MIXNOD
MMI
NBAND
NBPTC

NELEM
NMAT
NN
NNN

NNSTIF
NOD
NOCB

NODB

NODE
NODEC
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Nodal flux values
Basis function cross derivative, y direction
Basis function cross derivative, z direction

Number of nonzero coefficient in a given matrix
row

Boundary condition index

Print ption controls

Total nuhber of time steps

Number of boundary surfaces for a given element
Order of each side of a given element

Order of each mixed element corner

Material number of element

Bandwidth of stiffnex matrix

Total number of boundary conditions on pressure or
flux

Total number of elements
Number of materials
Number of nodes in a given element

Maximum bandwidth of non-zero elements in stiffness
matrices

Maximum expected bandwidth
Node number of each element

Node number of given boundary condition, dif-
ferenciates between mass flux and heat flux

Node number of given boundary condition, dif-
ferenciates between pressure and temperature

Nodes for which pressure is to be estiamted

Nodes for which temperature is to be estimated
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NOELEM
NPPTC

NPT

NPTC

NSEC

NSIDE
RHO
SCA
SPEHET
TEMP
TMASST

TMASS2

TCX,Y,Z

TXK

THRCON

XIJCO0B

XK, YK, ZK
XIXJoB

XMEW

XKK, YKK, ZKK

ZTEST

Numerical value for naming an element

Total number of boundary conditions on temperature
or heat flux

Number of nodes for which pressure is to be
estimated

Number of nodes for which temperature is to be
estimated

Input control for distinguishing different data
input

I.D. number of boundary sides for a given element
Fluid density

Nodal values of x in local coordinates

Fluid specific heat

Temperature

Mass present in an element at the beginning of a
time step

Mass present in an element at the end of a time
step

Effective thermal conductivity in a given
direction

Thermal conductivity of rock material
Thermal cOnduétivity'of fluid

Integrated basis function

Specific permeability in a given direction
Integrated basis function product

Fluid dynamic viscosity

Estimated hydraulic conductivity in a given
direction

Lowest cut off coefficient in equation solving
subroutine
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APPENDIX D

SOME VECTOR OPERATIONS
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SOME VECTOR OPERATIONS

Given the vectors

- - - — a,
A= a i + ayJ + azk = éy
a2
and
B = bx1 + byJ + bzk = Ey
z

a vector C perpendicular to both A and B may be defined by the vector

cross product as

L a
C=AxB={a
a

If the vector A = ax?'+ ay3'+ ak makes angles «, 8, and v,

respectively, with the positive x, y, and z axes, then cos «, cos 8,

cos v, its direction cosines, are given by

_ 2 2 2+-1/2
cos a.= ax[ax ta’+a, ]

- 2 2 2+=1/2
cos B = ayIax + 3, +a, ]

- 2 2 2--1/2
Cos Y = az[ax + a, +a, ]
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LIST OF SYMBOLS

Symbaol Definition Units
A Area L2
A Vector
a Vector coordinate
B Vector
b Vector coordinate
b Flow layer thickness L
C Vector
Cp Fluid specific heat FLM) deg-]
C Unknown Galerkin solution
parameters
Cn _ Rock specific heat’ P deg'1
D Domain
det Matrix determinant
e Elemental domain
F Function
f _ " Known function of independent
L variables
g o Acceleration of gravity L 772
h Elevation above a datum L
hd Depth below top of flow layer L
h' Hydraulic head L
I Differential operator
i Node
J Jacobian matrix
-1 -1

K Effective thermal conductivity FT deg



Definition

Horizontal thermal conductivity
in flow layer

Hydraulic conductivity
Specific permeability

Thermal conductivity of rock
solids

Thermal conductivity of
saturating fluid

Number of nodes in an element
Direction cosines

Basis function for node "i"

Alternate basis function for node

il.i n

Fluid pressure

Pressure at distance "x"
Reference pressure
Piezometric pressure
Pressure change

Strength of a mass source or
sink

Well flow rate

Rate of mass inflow from source
terms

Rate of mass outflow from sink
terms

Volumetric fluid fluxes (mass
flow equation)

Heat fluxes (energy transport
equation)

Units

deg”



Symbol

—A 4 i W

inj

— —

Tref

Definition

Residual error

Radius

Rock subscript

Surface boundary

An integration parameter
Temperature
Transmissivity

Injection temperature

Pumping temperature

Aguifer reference temperature

Time

T-T
T -

Dimensionless temperature
i

R%s

4Tmt

Yolume

Mass fluid flux in the "i"
direction

Weighting function
Water subscript

2x
£

Cartesian coordinate
Cartesian coordinate
Cartesian coordinate

Vertical compressibility of
porous media
(KrCrPr) 0.5

Uni

deg

deg
deg
deg

ts

-1

179



Definition

Coefficient of fluid compressibil-
compressibility

Coefficient of fluid thermal
volume expansion

QC, e,

TR

Dirac Delta function
Transformed local coordinate
Transformed local coordinate
Porosity

Nodal value of a field variable
Approximation of a field variable
Fluid dynamic viscosity
Transformed Tocal coordinate
Fluid density

Reference fluid density

Density of media material

Fluid density

Effective aquifer density

4-Kt t

Ct tb2

Mass energy content

del operator

Differential

QL w

Units

12 ¢

deg'I

FL

1

-1
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