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ABSTRACT

New Skyrme Nucleon-Nucleon Interaction
for the Mean-Field Approximation. (May 2007)
Au Kim Vuong, B.S., Hue University, Viet Nam

Chair of Advisory Committee: Dr. Shalom Shlomo

The effective Skyrme type interactions have been used in the mean-field mod-
els for several decades, and many different parameterizations of the interaction have
been realized to better reproduce nuclear masses, radii, and various other data. To-
day, there are more experimental data of nuclei far from the 3 stability line. It is time
to improve the prediction power of the Skyrme type effective nucleon-nucleon inter-
actions. In this dissertation, we present the procedure of the fitting of the mean-field
results to an extensive set of experimental data with some constraints on the Skyrme
parameters and some approximations in the Hartree-Fock mean-field to obtain the
parameters of the new Skyrme type effective interactions, namely, KDE and KDEO.
We investigate the long-standing discrepancy of more than 20% between the values of
the incompressibility coefficient K, ,,. obtained within relativistic and non-relativistic
models. We show that this difference is basically due to the differences in values of
the symmetry energy coefficient J and its slope L associated with the relativistic and
non-relativistic models. We also present the results of fully self-consistent Hartree-
Fock based Random Phase Approximation calculations for the centroid energies of
the breathing modes in four nuclei, namely, *°Zr, 6Sn, #4Sm, 28Pb, obtained with
our new Skyrme interaction KDEO. A good agreement with the experimental data is

achieved.
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CHAPTER 1

INTRODUCTION
In nuclear physics, the knowledge of the nucleon-nucleon interaction inside the nucleus
is very important for describing the nuclear structure properties. Our understanding
of the nucleon-nucleon potential is still not clear. Basically, the effective nucleon-
nucleon potential can be identified using two approaches. The first one is that the
nucleon-nucleon interaction in nuclear matter is constructed from free nucleon-nucleon
interaction [15, 16, 17]. The second approach which is called the phenomenological
model begins with a parametrized effective interaction. The effective nucleon-nucleon
interactions in case of relativistic mean-field models are generated through the ex-
change of mesons. The parameters of the Lagrangian which represent a system of
interacting nucleons are obtained by fitting procedure to some bulk properties of a
set of spherical nuclei [18]. In the non-relativistic approach, the parameters of the
effective nucleon-nucleon interaction are obtained by fitting the Hartree-Fock mean-
field results to the experimental data. In this dissertation, we concentrate on the
non-relativistic models to study nuclear properties.

Since the first work of Vautherin and Brink [19], who performed fully micro-
scopic self-consistent mean-field Hartree-Fock calculations with the Skyrme type ef-
fective nucleon-nucleon interaction [20, 21, 22|, many different parameterizations of
the Skyrme interaction have been realized to better reproduce data on nuclear masses,
radii and other physical quantities. The reason why the effective Skyrme interaction
is popular is due to its simple expression in term of the d(r; — rq) interaction, which

makes the calculations in the Hartree-Fock mean-field much simpler. Most of the

The journal model is Physical Review C.



parameter sets of the Skyrme interaction available in the literature are obtained by
fitting Hartree-Fock results to experimental data on the ground state properties, such
as charge radii and binding energies of a few closed shell nuclei. We point out that the
values obtained for some of the parameters of the Skyrme interaction depend on the
selected set of nuclear data used in the fit. In 1972, Vautherin and Brink produced
two sets of parameters SI and SII [19] by fitting the ground state properties, such
as binding energies and radii, to experimental data for two spherical nuclei *°O and
28Ph. In 1975, Beiner et al. generated SIII, SIV, SV, and SVI parameter sets [23],
using more experimental data, the binding energies and charge radii for *°Ca, “®Ca,
%Ni, 9Zr and °Ce. The SIII interaction, with its density dependence (a = 1), is
associated with a very high value of the incompressibility coefficient (K,,, = 356
MeV). At this time, experimental information about isoscalar giant monopole reso-
nance (ISGMR) was not available. The first experimental measurement of the ISGMR
on 2%8Pb [24, 25] provided information on the nuclear matter incompressibility coeffi-
cient K, .. The SkM interaction [26], with o < 1/3, was obtained by including this
new experimental data on the monopole energy in the fit. The SkM* [27] which is a
modified interaction of the SkM interaction was generated by also studying the fission
barriers [28] of 2#°Pu. The self-consistent Hartree-Fock and Random Phase Approx-
imation formalism describe very well the ground state of nuclei and also the giant
resonances states. The incompressibility coefficient K, ,, which is one of the impor-
tant nuclear matter properties is extracted from the centroid energy of the ISGMR.
With different Skyrme interactions, we have a wide range of values for the incom-
pressibility coefficient K .. In 1981, Nguyen Van Giai and Sagawa produced two
Skyrme interactions, namely, SGI and SGII [8], by including additional constraints
on the Landau parameters Gy and Gf. These interactions reproduced quite well the

values of the incompressibility coefficient K, ., and of G, (Knm = 215 MeV and



G, = 0.503 for SGII). However, the term ¢3p*0(r — r’), leading to the particle-hole
interaction, is not fully anti-symmetric. In 1984, the Skyrme interactions E, Es, Z, Zs
[29] were introduced. These interactions yield values of K, ,, which are quite high.
More recently, many sets of the Skyrme parameters have been generated, such as,
SkI1-5 [30], SLy4-7,10 [2, 31}, SKX [32] and SkO [33], to reproduce the nuclear matter
properties, properties of nuclei at the §-line and of nuclei near the proton/neutron drip
line. For the SKX interaction, the exchange term of the Coulomb energy is neglected,
and the direct term is determined by replacing the point-proton distribution by the
charge distribution. This interaction reproduces well the values for the Coulomb
displacement energy (CDE), which is the binding energy differences between mirror
nuclei. A systematic investigation of Skyrme parameterizations by Stone et al [34]
showed that only 27 out of 87 different sets of Skyrme parameters are appropriate
for the study of the properties of neutron stars. The symmetry energy coefficient J
(at p = pg) is very important in the study of properties of neutron star. The SKX

interaction is not suitable for the study of neutron stars. The reason is that the

ds
dp’

quantity P = 3p%2, which is directly related to the slope of the symmetry energy
coefficient S, is negative for nuclear matter densities p below 3pg (po = 0.16 fm=3).
The SkI1-6, SLy1-10 and SkO Skyrme interactions are suitable for the study of the
properties of neutron stars [34]. However, these sets of Skyrme parameters give very
low values for the CDE because the Coulomb exchange term was included. The family
of Skyrme interactions Skz0-4 [35] were obtained with stability requirements for the
equation of state.

Although the Skyrme type effective nucleon-nucleon interactions have been in-
troduced by parameterizing the interaction as a whole, it is not fully fundamental.

However, the Hartree-Fock mean-field calculations with using Skyrme interaction have

been very successful in studying the ground state properties of nuclei. Today there



are more experimental data available for nuclei at and far from (-line. Therefore,
it is desirable to generate a new Skyrme type interaction which includes the mer-
its of many sets of existing Skyrme parameters, as we discussed earlier. In our HF
mean-field formalism, there are approximations for the Coulomb interaction and the
center of mass corrections not only to the binding energy and but also to charge radii.
The details of these approximations will be given in Chapter II. We also include the
constraints on the Skyrme parameters by using the stability conditions of the Lan-
dau parameters for symmetric nuclear matter and pure neutron matter. In Landau
theory for the Fermi liquid model, the particle-hole interaction is characterized by
the Landau parameters. The Landau parameters, which are written in terms of the
Skyrme parameters [35, 36], have to satisfy the stability conditions. We also use an
extensive set of experimental data for the fitting. For the first time the experimental
data include the breathing mode energies of the isoscalar giant monopole resonances,
the spin orbit splittings, and the root mean square radii for the valence neutron. The
details of selection of the available experimental data will be given in Chapter II.
The procedure of fitting the HF mean-field results to the a set of experimental
data is very important for the quality of the Skyrme parameters. We introduce for
the first time the simulated annealing method (SAM), which is a generalization of a
Monte Carlo simulation based on the Metropolis algorithm [37], initially developed
for studying the equation of state (EOS). The SAM is a popular method for the op-
timization problems of large scale, especially for searching the global extrema hidden
among many local extrema. It has been used in many different area of science. The
SAM is very close to the the thermodynamics processes. In this process, the liquid is
initially at high temperature and the molecules inside the liquid move freely. If the
temperature decreases slowly, the thermal motion of molecules is lost and they form

an ideal crystal. In other word, the liquid reaches the state of minimum energy. We



use the SAM to obtain the parameters of the Skyrme type effective nucleon-nucleon
interaction by searching the global minimum in the hyper-surface of the y? function.
The detail of the x? function will be discussed in Chapter III.

It is well known that the HF mean-field model describes well the ground-state
properties of nuclei. The existence of collective motion is a common feature of quan-
tum many-body system. Studies of collective modes in nuclei improve our knowledge
on the nuclear matter properties, excited states, and nuclear forces. The giant reso-
nance states are the elementary vibrational collective modes which are described as
the resonance peaks in the transition strength distribution of a weak external field
that excites the nucleus. The giant resonance states are classified by the the amount
of total angular momentum J, spin AS, and isospin AT transferred to the nuclear
ground state as a result of the excitation. In this dissertation, we study only the case
of electric isoscalar resonance, where AS = 0, and AT = 0. One of the theoretical
models providing a good microscopic description of nuclear collective giant resonance
is the Random Phase Approximation (RPA). In the RPA, the excited states of nuclei
are considered as a superposition of one particle - one hole excitations of a correlated
ground state. All properties of the ground states of nuclei are well described by the
self-consistent mean-field, therefore it is obvious to build a formulation of RPA on
the single particle wave function basis of the HF model. The HF-RPA has been ex-
tensively studied for many years and has been a successful formalism for describing
the properties of the ground state and the excitation states, especially the giant res-
onances. The study of collective modes gives important information on properties of
the nuclear system. Among different collective modes, the isoscalar giant monopole
resonance (ISGMR) and isoscalar giant dipole resonance (ISGDR) are very important
in the study of the nuclear matter incompressibility coefficient K, ., . It is very desir-

able to know an accurate value of K, ., , which is mainly extracted from the centroid



energy of the ISGMR, in order to improve our knowledge of the nuclear matter equa-
tion of state (EOS) around the saturation point. There have been many experimental
works carried out in order to determine an accurate value of the centroid energy Ej of
ISGMR. The recent very accurate experimental results [11, 12, 38] for Ey allow us to
pin down the value of the incompressibility coefficient K, ;,,.. There are many theoret-
ical approaches for determining the value of K, ,, in relativistic and non-relativistic
models. In the relativistic models based RPA [39, 40], the value of K, , is in the
range of 250 — 270 MeV. The recent non-relativistic HF-RPA calculations using the
Skyrme interaction [41, 42] gives the value of K, ;. about 210 —220 MeV. We analyze
this discrepancy in the value of K, between these models in Chapter IV and provide
a simple explanation. We also carry out the fully self-consistent HF-RPA calculation,
using our new set of Skyrme parameters, for the centroid energy of the ISGMR for
07y, 168n, 144Sm, and 2°®Pb, and compare our results to experimental data and to
the values obtained using the NL3 and SGII interactions.

The structure of this dissertation is the following. In Chapter II we present the
Hartree-Fock method with Skyrme interaction and describe some approximations in
the mean-field and constraints that will be used in the next chapter. In Chapter
IIT the simulated annealing method, which is used to obtain the new set of Skyrme
parameters, is described. In Chapter IV the Random Phase Approximation is summa-
rized briefly and the results of fully self-consistent of HF-RPA calculations of strength

functions for four nuclei are presented. The conclusions are given in Chapter V.



CHAPTER II

HARTREE-FOCK WITH SKYRME INTERACTION

A. Hartree-Fock formalism

The basic idea of the Hartree-Fock method is that the mutual interactions among
nucleons leads to an average potential felt by each one of the nucleons. The nucleus
is a many-body system of fermions so the wave function of the nucleus of any state
must be antisymmetric under the interchange of the coordinates of any two nucleons.
In the Hartree-Fock (HF) approximation the ground state wave function ® of the
nucleus with A nucleons is a Slater determinant built from the single-particle wave

function ¢;(r;, 0, q;), where r;, 0;, ¢; are the spacial, spin, and isospin coordinates of

the i-th nucleon, respectively. For a proton ¢; = % and for a neutron ¢; = —%.
¢1(r17017Q1) (;52(1'1,017(11) ¢A(r1,01Q1)
o L G1(r2,02,q2)  Pa(r2,02,q2) ... Palre,09,q2) (2.1)
VA
$1(ra,04,q4) G2(ra,04,q4) ... Pa(ra,0a,qa)

The ground state wave function ® gives the lowest possible expectation value of the

total Hamiltonian. The total Hamiltonian of the nucleus is:
H=T+V (2.2)

where the kinetic energy operator

h?AVZQ

T=-%

1=1 in




and the two-body interaction V(r;,r;) is written in term of the effective nucleon-

nucleon interaction Vlév N and the Coulomb nucleon-nucleon interaction V&Y

1
Z V rza I‘ 2 Z(%;VN + VCoulomb) (24)
175] i#£]

where the Coulomb nucleon-nucleon interaction is written as

ik Qij = i + q;- (2.5)

V
Coulomb — 4

The total energy E is obtained as the expectation of the total Hamiltonian with the

total wave function ®

E = <<I>|H|<I>)

2
_ h Z / 6 (1) A (r dr—i—z / 07, (1)65, (1)V (1, 7) s (1) o ()

1<j

_Z/Qbal o (r,r')qﬁai(r’)gbaj (r)drdr’. (2.6)

1<)
Now we apply the variation principle to derive the Hartree-Fock equations with the

constraint that the number of nucleons is conserved.

é/ [3(x) [2dr = ;/pa7q(r)dr - A (2.7)

We have
3B — Zsa,/gb 1), (r)dr] = 0, (2.8)

where €,, is the Lagrangian. We carry out the variation with respect to the single-

particle function,

0
905, (r)

We obtain the Hartree-Fock equations for the single-particle wave functions,

6:

9(¢g, (r)). (2.9)

h2 A
= 500 (1) + 3 [ 64, )V ()60, (1), ()



A
5= [ 68, )V (0,1)60, ()60, (1)dr” = 20,60, (x). (2.10)

The Lagrangian turn out to be the single-particle energies. The above Hartree-Fock

equations (2.10) can be rewritten in the form,

NG )+ Un(D)o) — [ Uple o) = i), (21)

with the direct potential affecting the nucleon motion in the nucleus, Ug/(r),
r) = 3 [V () (), (2.12)
i€l
and the exchange potential Up(r,1’),
=2 01 () (r,r)gi(x). (2.13)
i€F
The iterative Hartree-Fock method is that for a given effective potential V (r,r’), we
start from an initial guess for the single-particle wave functions ¢;(r), we calculate
Uy(r), Up(r,r’) and solve the Hartree-Fock equations to get the new values of the
single-particle wave functions and the single particle energies. One can proceed in
this way until reaching convergence with a given certain accuracy. At the end, we
obtain the single-particle wave functions ¢;(r), the single-particle energies ¢;, and the
minimal value of the total energy. In the next section we will derive the Hartree-Fock

equations for the Skyrme type effective nucleon-nucleon interaction.

B. Hartree-Fock with Skyrme interaction

In this thesis we adopt the following standard form for the Skyrme type effective NN

interaction [19, 31]:

VN =t (14 20Pg) 6(r; — 1)



10

1 . «—2 —2
+§t1 (1 + $1P¢j> X {k 30T — 1)) +0(ri — 1)) k

+ta (1 + 932135-) T yo(ri—r) Ky

1 o\ o [TitT;
+6t3 (]. + IEgpij) P j) (5(1‘1 — I'j)
X

ki, (2.14)

where ¢;, z;, « and W, are the parameters of the Skyrme interaction; P, = 1 5 (1+030;)
is the spin exchange operator; &; is the Pauli spin operator kij = —i( ﬁ ﬁ )/2
and %ij = z((ﬁz — (ﬁj)/Z are the momentum operators acting on the right and on the
left, respectively. The parameters of the Skyrme interaction are obtained by fitting
the Hartree-Fock results to the experimental data. In Table I, we give some of the

existing sets of the Skyrme parameters. The total energy E of the nucleus is given

by
E = <(I)’H’(I)> Q)‘T + Z VNN + Coulomb)‘q)>
= / [IC(T) + HSkyrme(T) + HCoulomb(T dI' = /H(T)dr (215)

The kinetic energy density is

h2 B2
2m,

(7). (2.16)

The expression for the local energy density Hgkyrme is derived in details in Appendix
A and [19].

HSkyrmo = HO + H?) + Hcff + Hﬁn + Hso + Hsg; (217)
where Hy is the zero-range term, Hj3 the density-dependent term, H.g an effective-

mass term, Hg, a finite-range term, Hy, a spin-orbit term, and H, is a term that

is due to tensor coupling with spin and gradient. For the Skyrme interaction of Eq.



11

(2.14), we have,

Ho = 110 [(2 + 20)0" — 20 + (3 + )] 218)
My = oot [(2+29)6? = (20 + 1) + )] (219)
Heg = ; [t1(24+ 1) + 22+ 20)] TP+ é [t2(222 + 1) — t1 (221 + 1)] (7ppp + Tupn),
(2.20)
Han = 3i [34(2 4+ 1) — £a(2 + 22)] (V)2
—ﬁ 31221 + 1) + 0220 + ] (V) + (Vo). (220)
Heo = %[J-Vp+Jp~Vpp+Jn~Vpn], (2.22)
Hy — —11—6@11;1 )0 + %(tl — 1) [12432). (2.93)

where the nucleon p,(r), the kinetic energy 7,(r), and the current J,(r) densities are

obtained from the single-particle wave function ¢;(r;, 0, ¢;);
=Y ¢i(r,0,0)0:(r,0,9),  p(r) = p(r), (2.24)
i q

=> Vor(r.o.q)Veir,oq),  (x) =3 7). (2.25)
J,(0) = =i > 6i(r,0.9) [Veilr,o'.q) x (oldlo’)] . T(x) =3 T (x).  (2.26)

The total energy density H(r) is
R h?
() = 5—rylr) + 5

2m, My,

Tn(7) + Hskyrme (1) + Hcoulomb (7)- (2.27)

The symmetric infinite nuclear matter is considered as a Fermi gas in a volume V
large enough so that the surface effects can be neglected, and the ground state wave
function is a Slater determinant built from plane wave states with the momentum /;:,
which has a range from 0 to the Fermi momentum k #. We have Z = N, no Coulomb

1

field, p,(r) = pn(r) = 3p(r), 7,(r) = 7,,(r) = 37(r), spin current densities vanish, and
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TABLE I. Some of the existing sets of the Skyrme parameters.

Parameter SI SII SkM SGII
to(MeV-fm?) -1057.3000 -1169.9000 -2645.0000 -2645.0000
t; (MeV-fm®) 235.9000 585.6000 385.0000 340.0000
ty (MeV-fmd) -100.0000  -27.1000  -120.0000  -41.9000
t3(MeV-fm3(+9))  14463.5000 9331.1000 15595.0000  15595.000
Zo 0.5600 0.3400 0.0900 0.0900
T -0.0588
To 1.4250
x3 0 0.06044
Wy (MeV-fm?®) 120.0000 105.0000 130.00 105.0000
a 1.0 1.0 0.16667 0.16667
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with assumption m, = m,, = m. The total energy density becomes

H(r) i ()+3t LIS B e (2.28)
r)=—7(r)+ = — — .
om V) T RIOP T g 167"
with
3, 2 .
T(r) = ko, p(r) = 35k O = 3t1 + t5(5 + 4xy). (2.29)

So the total binding energy per nucleon in nuclear matter is

E  H(r) 38 (3#)2/3

A p 10m\ 2 8 16 80 \ 2

, 3 1 3 32\ .,
P23 4 Stop + —tzptt 4 = <i> 0,3, (2.30)
The saturation point of the symmetric infinite nuclear matter is very important for

the construction of the Skyrme type effective interaction. The saturation density pg

is obtained from the saturation condition

dE/A

p(2J< / ) ~0, (2.31)

dp _

p=po

or
FLZ 371'2 2/3 5/3 3 9 a+1 +2 1 3772 203 8/3

- z Tt S =0. 2.32
5m< 5 > Po +8t0/)0+ 16 t3py '~ + 16\ 2 Opy 0 (2.32)

The experimental value of the saturation density is po = 0.16 4= 0.005 fm=3.

From
this value we can determine the value of the Fermi momentum k; using (2.29). The

incompressibility coefficient K, ,,. of nuclear matter is defined as,

(%) 0t
f PO

In term of the Skyrme parameters

3n? (372)** da(a+1) ., 3372\
Kn.m. - _% (7) p(Q)/?’ + (T)tngH + g T @,08/3 (234)

The experimental results of the giant breathing mode in nuclei allow us to estimate



14

the value of the compressibility coefficient K, ;.. Detail discussion on the incompress-
ibility coefficient K, ,, will be given in the next section. The isoscalar effective mass

is defined as (from the total binding energy per nucleon Eq. (2.30))

m = m(l + Wﬂo@) . (235)

The total binding energy per nucleon is rewritten as

E 38 (32\* ,, 3 1
£ _ /34 2 Tl 2.36
A 10m*<2> LT (2.36)

For the nuclear matter with Z # N, we expand the proton, neutron densities

py(r) = %kfg and the kinetic density 7(r) = %kacpq = %(377#)2/3%5/3 around the

saturation density py = p, + p,. We limit ourself to the second order term

£ (), (5

where (%) is given in Eq. (2.36), and J is the symmetry energy coefficient
PO

I = 6—m<7) PP =gt eo+ Dot 37| 5 ) [t2(5 + dea) — Btawa] o7
1
—@t3(2$3 + 1)pa+1' (238)

The Hartree-Fock equations for the Skyrme interaction are obtained from the
fact that the total energy is stationary with respect to the normalized single-particle

wave-function ¢;(r). It requires that

)
0poq

[E - Ze / po’qdr] —0. (2.39)

We have

E=Y | [%;(r)%(r) o+ Uy(1)3p0y(r) + Wq<r>5Jaq<r>} ar,  (240)



15

where 07,4(r), 0pyq(r), 0J54(r) are the variations of spin-isospin kinetic energy, matter,
and the spin current densities. The effective mass m;(r), the central potential U,(r),
and the spin-orbit potential WW,(r) are expressed in terms of Skyrme parameters,

matter density, charge density and the current density as,

27552&) - 2}2; + g0+ ] o)
—2 [0 + o) = 65+ 22)] o), (2.41)
U,(r) = to (1 + %) o(r) — to (% 4 x0> pa(r) + i {tl (1 + %) Tt (1 + %) ()
—i {tl @ + xl) + 1 <; + xz)] 7, (1) + a;r;tg <1 + %) pH(r)
Lty (54 m) ) () + ) — ot (5 +05) 0 (o)
-3 {3t1 (1 + %) —ty (1 + %) V()
+% {3751 G + xl) it (% + xgﬂ Y py(r)
_%WO (VI@) + VI,x)] +9,,¢ / %(r/)’dr’, (2.42)

Wq(r) = %Wg [ﬁp(r) + qu(r)} + %(tl — tQ)Jq(I') — %(tll'l — tgl’g)J(I’). (243)

Because of the time reversal invariance, the variations d7,4(r), dpsq(r), and dJ,4(r)

are written as

0Tpq(r) = 62 v}qbf(r, o, q)vqbi(r, 0,q) = Z ﬁqbi(r, o', q)ﬁéqﬁf(r, a,q), (2.44)

io’!

0pog(r) = D106} (r,0,q)¢i(r,0,q) + ¢} (r,0,0)0¢i(r, 7, q)]

1

— Z [5@5;‘(1", 0,q)¢i(r,0,q) + ¢3(r,0,q)d¢5(r, 0, q)}

7

= Z [(5@5:(1‘, g, q)¢z(r> g, Q) + ¢i(r7 —0, Q)(SQZS: (I’, —0, Q)]

7



16

>_6ilr,0’,q)0¢](r, 0, q), (2.45)

0log(r) = —i6 3 6i(r,0,) [Voilr, 0", ){oldlo")]
= =i 3 66i(r,0".q) [Vu(r, 0", q)(o|5lo")] . (2.46)

,L‘o-/o-//

Substituting all variations in Eq. (2.40), we obtain

(r,o0’ q?—i—U (r)g;i(r, o', q)

Z/dr5¢ raq){

i,07

—iW,(r) > (V x <a'y<ﬂa">) di(r, 0", q) — edi(r, a',q)} —0.  (247)

U”

Since all the coefficients of the variation ¢} (r, o', ¢) vanish, we have
Z/d[ 5 Vo0 )Y + U)o (x.0'0)
)5 (7 % (1710") s o"0) it o) =0 (249

Integrating by parts, we finally obtain the equations:

[—?27:;&)? +Uy(r) — iW,(r) (V x a)} 6i(r, q) = €i(T, q). (2.49)

These equations are known as Hartree-Fock equations, by solving these equation
we can obtain the single-particle wave functions ¢;(r, o, q) with the single-particle
energies ¢;. From here we can build the total wave function ® and know the properties
of the ground state nucleus. All the nuclei considered in this dissertation are spherical
closed shell nuclei. The single-particle wave function ¢;(r;, 0y, q) is written in term of

the radial function R, (r), spherical harmonic function Y}, (r, o), and isospin function

Xm, (q), as

P(r,0,q) =

RQT(T)Y}ZWL(I'? U)qu(Q)7 (250)



17

where « stands for quantum numbers n, j, {, m,, and

1 .
Y}lm(I',O') = Z <l§mlm5|jm>nml(r)ums (U>> (251>
mp,ms
with
qu = 6‘]7mq; lu’ms (0-) = 65ams' (252)

We also have
25+ 1

Z}/ﬁm(rva)}/ﬂm(rvg): dr (253)
1 , dRa(r)\?  lalla+1)
T(T)ZE Z:l (2ja + 1) < I > + = R(r)|, (2.54)
3y() = Jy(r)r = =i Y- 6i(r.0) (V% 8) dilr.0) (2.55)
with
1 . . 37 2
W) = X Chat D) [jalia + 1) = lalla + 1) = 5| B2 (256)
The Hartree-Fock equations become
noT oy Jallat) o 1 d K2 o
gy |-+ )] - () oo
1d [ K oo+ 1) = la(la +1) — 4]
+ |Uy(r)+ o <2m(’;(7")> + . W, (r)| Ra(r)
= €, R.(r). (2.57)

Using iteration to solve these equations, we can find the radial part of the single-

particle wave functions of the states a.
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C. Approximations and constraints

1. Coulomb energy

The Coulomb energy can be written as a sum of a direct and an exchange terms

(B3 S VNml®) = / drdr’ [Pch“ﬂch( v) = |pa (r,1)

z#] v — 1|

= /HCoulomb(r)dra (258)

Hcoulomb (7") - H%i;ﬁlomb( ) + HCoulomb( ) (2~59)

where pg,. (r) is the local charge density, in the case of the proton is treated as a point

charge, we have pg, (r) = p,(r), and the pg, (r,r’) is the non-local charge density

Pen.( =Y ¢i(r,0,2)pi(r, 0, ;) (2.60)

i,0,0"

The direct term of the Coulomb energy density is written as

. 1 o)
H%oulomb( ) - §€2pp(r) ﬁ, (261)
and with the Slater approximation [43], the exchange term is given as
/3
ox 3 3pu(r)]
Coulomb( ) = _Zerp(T) |: Z;r :| . (262)

The contributions of the Coulomb self-interaction in both Eqs. (2.61) and (2.62) have
opposite signs and will cancel out in Eq. (2.59). It is obvious that if one ignores the
exchange term in Eq. (2.59), the direct term has the contribution of self interaction
which has to be removed. The direct term of the Coulomb interaction given by Eq.
(2.61) is proportional to Z? and not to Z(Z — 1), as it should be for a direct term
[44, 45]. For the Coulomb displacement energy (CDE) of mirror nuclei, the magnitude

of the self-interaction term is CDE/(2Z), this means that one has a spurious increase
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in the calculated CDE of about 6.3% and 2.5% for the A=17 and 41 systems of mirror
nuclei, respectively.

It was first shown in Ref. [45, 46] that within the mean-field approximation,
adjusted to reproduce the experimental values of the charge rms radii, the calculated
CDE of analog states which is obtained by using Eq. (2.59) are smaller than the
corresponding experimental values by about 7%. This discrepancy which is referred
to as the Nolen-Schiffer anomaly [46] can be understood when the contributions that
are due to long-range correlations (LRC) and the charge symmetry breaking (CSB)
in the NN interaction are taken into account (Refs. [45, 47]). The CSB is due to the
fact that the NN interaction is not charge independent. In fact the neutron-neutron
(n —n) interaction is more attractive than the proton-proton (p — p) interaction. We
know that for the mirror nuclei with A=17 and A=41, the contribution of each the
LRC and the CSB is about half of the discrepancy between theory and experiment
[45]. The magnitude of the bona fide exchange Coulomb term is about the same as
that due to LRC, but with opposite sign. So, if one neglects the bona fide Coulomb
exchange term, although this way does not solve the discrepancy between theory and
experiment, one can account for the contribution of LRC. And it was also shown in
Ref. [48] that by dropping the Coulomb exchange term in the form of Eq. (2.62) from
the Coulomb interaction density Eq. (2.59), (as is the case for the SKX interaction),
one could reproduce the experimental values of the CDE. We have to emphasize that
by accepting the form of Eq. (2.61) for the Coulomb direct term one not only ne-
glects the bona fide Coulomb exchange term, but also adds the spurious contribution
of the self-interaction term in the Coulomb interaction Eq. (2.59). Therefore, the
unphysical neglect of the bona fide Coulomb exchange term together with the spu-
rious contribution of the self-interaction term results in a contribution to CDE that

is similar in magnitude to that obtained from the LRC and CSB terms. Therefore,
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in this dissertation, only the direct term of the Coulomb energy density given in Eq.

(2.61) is used.

2. Center of mass corrections to the binding energy and charge radii

The expectation value of the mean-field Hamiltonian with respect to the total wave
function ® gives us not only the ground state energy but also the energy of the nucleus
moving around its center of mass (CM) and the rotation energy of the nucleus as a
whole. All the nuclei in this dissertation are spherical nuclei, so the rotation energy
is zero. Calculating the exact value of the ground state energy as the expectation
value of the Hamiltonian is very difficult because the contribution from the motion
of the nucleons around the center of mass and the motion of the center of mass
in the total wave function ® is not clearly separated. An exact way which can
restore the translational invariance is to use the projection method, but it is extremely
difficult. The HF method applied to finite nuclei violates the translational invariance,
because the center of mass motion is not separated and thus introduces the spurious
states. Thus, one has to extract the contributions of the CM motion to the total
binding energy B, radii and other observables. Therefore, the purpose of our work
is to develop simple schemes for the CM corrections to various observables. In the
literature, one usually makes the CM corrections only to the binding energy and not
to the radii. However, the CM corrections to the rms radii for light nuclei may be
as large as 2% [44]. In this dissertation we carry out the CM corrections not only to
the binding energy but also to charge rms radii used in the fit for determining the
Skyrme parameters.

For the CM correction to the total binding energy, one must subtract from it the
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so-called CM energy, given as,

1
Ecn = ——(P?). 2.63
om = 5 (P7) (2.63)
One good approximation is that the ground state energy is calculated by subtracting
the expectation value of the center of mass kinetic energy from the expectation value

of the total Hamiltonian,

1 P2
= (T + 5 (V5™ + Veoutomn) | ®) — (@[5 77®), (2.64)
ij
with M = mA is the total mass of nucleus and the total linear momentum operator

P is given as

Po—iny V. (2.65)

We have
p? A p? (ZA pz) Apr 1 [&, @
Co2mA ; om Z om  2mA ;pi - ;pipj
1 1 , 1 &
= 5= <1 — Z) ;pi ~ 57 gpipj. (2.66)

Traditionally, one simplifies the calculation by taking into account only the one-
body terms. It means that in the kinetic energy term, the factor % is replaced by

(1 — —) The second term in Eq. (2.66) is the two-body term, which is difficult to
calculate. The effects of neglecting the two-body term of Eq. (2.66) are compensated
by renormalization of the force parameters, and thus induce some correlations in
the values of the parameters. This approach may induce in the forces an incorrect
trend with respect to A that becomes visible in the nuclear matter properties. It
was shown in Ref. [49] that this approximation which is an oversimplified treatment

of Ecy obtained by re-normalizing the nucleon mass appearing in the kinetic-energy

term gives a larger value of the surface-energy coefficient than those obtained using
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the full CM correction. For the case of the super deformed states, this approach also
increases the differences in the deformation energy that becomes quite large. Very
recently, it was also found [50] that a large value of the surface-energy coefficient will
give a smaller value for the critical density. Therefore an appropriate and simple
scheme to evaluate Eq. (2.63) is very much needed.

We note that it was shown in Ref. [2] that the SLy6, SLy7 and SLy10 interactions
were obtained by including the one- and two-body terms of Eq. (2.63). In the
harmonic oscillator (HO) approximation, which means that the single-particle wave
function is treated as the HO wave function, the center of mass energy Fcn of Eq.
(2.63) is given as

ESS = %hw. (2.67)

A value of iw = 41A71/3 MeV is used in many relativistic mean-field calculations
[10, 51]. The SKX interaction was obtained in in Ref. [32] by modifying the oscillator
frequency as hw = 45413 — 25A47%/3 MeV. However, this modification gives an
overestimated value for the binding energy of light nuclei (e.g., 1°O and %°Ca) by
about 1 — 2 MeV, which is very significant.

We also use the HO approximation but give a simple and consistent scheme to
evaluate the Ecy. We calculated the oscillator frequency hAw in Eq. (2.67) by using

the mean-square mass radii (r?) obtained in the HF approach as

2
hiw = mALM ZZ:[J\/; + g], (2.68)
where the sum runs over all the occupied single-particle states for the protons and
neutrons and N; is the oscillator quantum number. We would like to emphasize that
this approach is very reliable even for the nuclei away from the (-stable line, where

the values of the rms radii deviate from the A3 law.
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In order to compare the full CM correction to that evaluated in this scheme,
we calculated the total binding energy for the SLy7 interaction using our simple
approximation for the CM correction, Eq. (2.68), and compare them with those
given in Ref. [2], obtained by using one- and two-body terms of the Eq. (2.63).
We found that for the 160, 4°Ca, 32Sn and 2°°Pb nuclei the total binding energy
B = 128.65 (128.55), 344.98 (344.90), 1102.38 (1102.77), and 1636.29 (1636.76) MeV,
respectively, where the values in parenthesis are taken from Ref. [2]. These results
clearly show that the CM correction to the binding energy can be reliably estimated
using Eqs. (2.67) and (2.68).

We now consider the CM correction to the charge rms radii. The mean-square
radius for the point-proton distribution corrected for the CM motion was obtained in
Ref. [44], and is given as

<7}2)> = (7}2)>HF - %, (2.69)

where, v = mw/h is the size parameter. Therefore the corresponding mean-square
charge radius to be fitted to the experimental data is obtained as
2 2 2 2 1 h : = N
) = e 7+ 0t G0 5 (1) S i+ vt B 10
where, (r?), and (r?),, are the mean-squared radii of the proton and neutron charge
distributions, respectively. The last term in Eq. (2.70) is due to the spin-orbit effect
[52]. We use, (r?), = —0.12 fm? and the recent [53] value of (r?), = 0.801 fm?.

3. Critical density

In this section we estimate the value of the critical density p... which will be included
in the fit to determine the parameters of Skyrme interaction by using the stability

conditions of the Landau parameters for the symmetric nuclear matter and pure
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neutron matter. In the Landau’s theory for an infinite nuclear matter, the particle-

hole interaction is given by [54]
Voen = 6(r1 — o) Ny ' Z [Fi + Flaida + Gi6152 + G1(5105) (quae)] Pi(cost), (2.71)
I

with
h? w2
—1
= —— 2.72
0 Qm* kf? ( )
where F}, F/, G, and G} are Landau parameters, [ is a multi-polarity, Ny is the number

of state per unit volume. The stability condition are given as [54],
X > —(20+1), (2.73)

where, X; are the Landau parameters.

We know that the Skyrme interaction only contains mono-polar and dipolar
contributions to the particle-hole (ph) interaction then X; = 0 for [ > 1. Therefore,
we have 12 different Landau parameters, 8 parameters Fj, F/, G; and G} (I = 0,1)
for the symmetric nuclear matter and 4 parameters F™, G\ (I = 0,1) for the pure
neutron matter. These Landau parameters &; have to satisfy the inequality condition
given by Eq. (2.73). All the Landau parameters can be written in terms of the
Skyrme parameters, see Refs. [35, 36]. The Landau parameters for the symmetric

nuclear matter are:

By — Eto + %(a +1)(a+ 2)t3pa} % _ R, (2.74)
Go = Eto(zﬂfo - 1)+ itgpa@xg — 1)} imziy — Gy, (2.75)
= [—%to(%o 1) - 21—4753,00‘(2163 - 1)} % _ (2.76)

G = [t~ gtor] 22 H (2.77)
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m
F1 = —3T0?p,

m*
Gl = —3T1 ?p,

*

m
Pl = 3T2?Pa

m*
The Landau parameters for the pure neutron matter are:

1 Qm*kf

1
n) « n)
B = [ Stol1 = 20) + 50+ Dfa+ 2t (1 - a)| T4 — "
1 1 2m*k
(n) _ o f (n)
Gy = [§to(l’o -1+ 1o08P (w3 — 1)} o Gy,

*

n mn
F1( ) = —3(Tp — T2)?P,

*
my,

o1 = s, 1)

0.
Here we have defined,
1

TOS

[Stl + t2(5 + 4%’2)} s
1
T] = g [tl(l’l — 1) + t2(2I2 + 1)] s

1
T2 = g [t1(2I1 + 1) — t2(2$2 + 1)] R

T3 =t — 1,
n: R
. —+(T0—T2)p.
m m

n
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(2.78)
(2.79)
(2.80)

(2.81)

(2.82)

(2.83)
(2.84)

(2.85)

(2.86)
(2.87)
(2.88)
(2.89)

(2.90)

We can obtain the values of the Landau parameters at any density for a given set of

the Skyrme parameters. Therefore, the critical density is the maximum density up

to which all the stability (inequality) conditions are met can be easily determined.

There are many approximations and improvements that have been made to

achieve more realistic Skyrme parameters. In Ref. [35], the stability requirements of

the equation of state (EOS) defined by the inequality conditions for the Landau pa-
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rameters for symmetric nuclear matter and pure neutron matter was used to constrain
the Skyrme parameters. It means that the Skyrme parameters which are not well de-
termined by fitting the results of Hartree-Fock calculations to a set of experimental
data can be restricted with a condition that the inequality conditions are satisfied up
to a maximum value of the nuclear matter density, called as the critical nuclear matter
density pe.. In Ref. [34], a first systematic study using many different parameters of
the Skyrme interactions shows that there are only 27 out of 87 different parameters
of the Skyrme interaction, having a positive slope for the symmetry energy coefficient
at nuclear matter densities p up to 3py (po = 0.16 fm3), are suitable for the study
of the neutron star model. It means that the symmetry energy coefficient J has very
important role in determining the properties of neutron star.

Therefore, the combination of the results of Ref. [35] and of Ref. [34] for de-
termining the parameters of the Skyrme interactions will be taken into account. We
study the dependence of the critical density p.. on the nuclear matter saturation
density pnm., binding energy coefficient B/A, isoscalar effective mass m*/m, incom-
pressibility coefficient K, ., , surface energy E,, and the symmetry energy coefficient
J.

The difference between our calculation and that carried out in Ref. [35] is that we
calculate the critical density pe,. in terms of the enhancement factor x, the coefficient
L = 3pdJ/dp and the Landau parameter Gj, (at p,m.) instead of the combinations
tiz; (i = 1,2, and 3) of the Skyrme parameters used in Ref. [35]. We note that the
quantities x, L and G{, which can be expressed in terms of the Skyrme parameters,

are related to some physical processes. The enhancement factor x [31],

K= % 612+ 21) + t2(2 + 22)] p, (2.91)

which accounts for the deviations from the Thomas-Reiche-Kuhn (TRK) sum rule in
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the case of the isovector giant dipole resonance [31] has the value of about 0.5 at the

Pom. [31, 55]. From Eq. (2.38), the slope of symmetry energy coefficient is written as

h? 3 1 1 1
L = %k?‘ - Zto (330 + 5) p— gta(a +1) <$3 + 5) pH
5

The slope of the symmetry energy coefficient at p < pg determines the neutron skin
thickness [56, 57] in nuclei and it must be positive for p up to 3pg; a condition necessary
for Skyrme interaction to be suitable for the study of the properties of neutron stars
[34]. The Landau parameter G}, given in Eq. (2.77) has to be positive at p < py . in
order to reproduce the position of the isovector M1 and Gamow-Teller states [55, 58].

The Skyrme parameters t;, x; and « for a fixed value of Wy can be expressed

in terms of the quantities associated with the symmetric nuclear matter as follows

[9, 31, 35, 59].
m 2 m* 2
ty = 8 <_B/A + (2m* - 3) ITL)_kaZC) (2_17Kn~m- - (1 - 65m) Q?n* k?)
5m K2
1—— ) —Fk; 2.
- ( 3m*) 10m f}’ (2.93)
2
tl - g [TO + Ts] 5 (294)
8 [/1 1 om*ky ] B
ty =t 4+ = || =to + —t3p" s 2.
2 1+ 3 |:<4 o+ 2 3pn,m.> hg 2 + G0:| m*pn.m., ( 95)
16 (~B/A+ @m/m* —3) (1*/10m) k2)” 296)
PR —B/A T+ H, — (dm/3me — 1) (h/10m) K3 '
4 | 1,ogey 1 ) 1
To = m [%kf — ﬂt3($3 + 5),011; + ﬂ (tg (4 + 5$2) - 3t1.ﬁl/’1)pn.m.k’f —J| - 5,
(2.97)
1 h2k
=— |4 — (2 -2 2.98
o ty { MPn.m. 2 +x2)] ’ ( )
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_ L

T At [8TO — 3t1 — 5t2] s (299)
2
8 o, 1 ) 1
T3 = —m 6—m r ﬁ ((4 + 5£L"2)t2 - 3t11‘1) pn.m.kf -3J+L| — 5, (2100)
BJA = §Kym + (4m/3m* — 1) (h*/10m) k3
a= : (2.101)
—BJA+ (2m/m* — 3) (h*/10m) k3
where,
1 12 m
To = = (3t + (5 + 4ay)ty) = —1 2.102
=5 30+ (54 dm)ta) = —— (2 1)) (2.102)
1
and
37‘1’2 1/3

ki = <7pn‘m.> . (2.104)

In the above Egs. (2.93)-(2.101), the various quantities characterizing the nuclear
matter which are taken at the saturation density p, . are the binding energy per nu-
cleon B/A, isoscalar effective mass m* /m, nuclear matter incompressibility coefficient
Kym., symmetry energy coefficient J, the coefficient L which is directly related to the
slope of the symmetry energy coefficient (L = 3pd.J/dp), enhancement factor x and
Landau parameter Gy. It must be pointed out that the expression for the parameter
G, used in the above Eq. (2.95) includes the contributions from the spin-density term
present in the Skyrme energy density functional [60].

When we know the value of Tj, then T, can be calculated for a given value of

the surface energy F, as [35],

g (W5 1wt o) [Blowm) = B(p)]
By =smrg [ dp | oo = i Top + STop = S Viog? nm.
™o Jy p[36m 36 00 TR T g P A
(2.105)
where, % is the binding energy per nucleon given by,

B 3h2 3 1
% - |:10m* kaf + gtop + Etiipa—i_l} ) (2.106)
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and,
3 1/3
rg = pr } , (2.107)
9 9
Vio = EWO . (2.108)

The way in which Eqs. (2.93) - (2.101) can be used to calculate the Skyrme parameters
t;, ; and « is the following. At first, the parameters tq and « can be calculated, in
terms of B/A, pum., Kum and m*/m, using Egs. (2.93) and (2.101). Then, the
parameter t3 can be determined using Eq. (2.96). Next, Ty and T, can be calculated
using Eqgs. (2.102) and (2.105), respectively. Once, the combinations Ty and T of
the Skyrme parameters are known, one can calculate the remaining parameters in the
following sequence, ty, ta, To, T1, T3 and .

We have checked the values of k, L and G}, for many different parameters of
the Skyrme interaction in Refs. [2, 31, 29, 8, 61, 62, 30]. We found that the values
of k, L and Gj, vary over a wide ranges 0 — 2, 40 — 160 MeV and —0.15 — 1.0,
respectively. It shows that the experimental data used in the least-square procedure
to fit the parameters of the Skyrme interaction can not constrain well the values of
these quantities. We only have a very crude knowledge of these three quantities at
the saturation density as discussed above. These quantities can be constrained by
requiring a reasonable value for the critical density. Thus, we use the set of standard
values for six quantities p,n,. = 0.16 fm™3, B/A = 16 MeV, K, = 230 MeV,
m*/m = 0.7, E; = 18 MeV and J = 32 MeV as the standard values for the nuclear
matter input. These values are precisely the same as those used in Ref. [35]

We study the dependence of p,. on the pym., B/A, m*/m, Ky, Es and J by
considering the variations of these quantities around their standard values as given
above. For a given set of values for these quantities, we calculate the maximum value

of per., denoted as pe,., by varying s, L and G}, at the saturation density p,, within
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acceptable limits. We note the difference between our calculation and that of Ref.
[35] by the fact that we constrain the values of x, L and G{,, whereas, in Ref. [35],
the value of p., was calculated by varying the combinations ¢;z; (i = 1,2, and 3) of
Skyrme parameters with no restrictions. We now discuss some limits of the results
in Ref. [35]. If the range of the combinations parameters t;x; is not restricted, one
can obtain unreasonable values of k and L. For example, with the standard values
of nuclear matter input, p.. is about 3.5py for k = 1.0, L = 36 MeV and G{, = 0.20
(at po). The value of G, is acceptable, but the value of x = 1.0 is significantly
large [31, 55]. And also for p > pg the value of L decreases with increasing p and it
becomes negative for p > 1.6py, which makes the interaction not suitable to study
neutron stars. We show in Fig. 1 the results for p... obtained by varying the various
quantities associated with the nuclear matter around their standard values. We set
up the ranges following 0.25 < k¥ < 0.5, 0 < L < 100 MeV and 0 < G{, < 0.5 at the
saturation density p,.m., we also require that L > 0 at 3pg. We can see from Fig. 1
that p.,. depends strongly on m*/m and Ej; pe. depends weakly on p,m., B/A and
Kym. and it is almost independent of J. These results for p... are qualitatively the
same as the ones in Ref. [35]. But, with the restrictions on the values of k, L and
G, the values of fp,. are smaller than the one obtained in Ref. [35] by up to 25%.
With the effective mass m*/m = 0.6 (0.7) and keeping all the other nuclear matter
quantities equal to their standard values, we obtained p... = 4.5p (2.8p) compared
to 6po (3.5p0) obtained in Ref. [35]. With a given set of values for the nuclear matter
input, we should present the values of x, L and G}, required to obtained p.,. We find
that & lies in the range of 0.45—0.5 for variations in the nuclear matter input by up to
+15% relative to their standard values. These features of x indicate that restricting
k to take values in the range of 0.25 — 0.5 delimits the p,, to a lower value. In Figs.

2 and 3 we show the values of L and Gf (at saturation density p,n, ), respectively,
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FIG. 1. The dependence of critical density p.;. on the relative variation of py . (dot-
ted line), B/A (dashed line), m*/m (solid line), K, (open circles), Fj
(dashed-dot line), and J (dashed-filled squares) around their standard val-
ues.
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which are needed to yield the pe,..

We see that for different values of the nuclear matter input, the value of L varies
from 20 to 60 MeV, and L = 47 MeV at p = pg. This value is large compared to
the values of L = 35,27 and 16 MeV associated with the the Skz0, Skzl and Skz2
interactions in [35], respectively, which were obtained for the same standard values
of the nuclear matter input, but varying the combinations ¢;z; and tyzs with no
restrictions and the value of t3x3 is fixed to some arbitrary values. From Fig. 3,
except for J, the value of G, (at saturation density p,. ) depends strongly on the
values of the various quantities associated with nuclear matter. The dependence of
G|, on the surface energy coefficient Ej is very prominent. We know that F is mainly
determined by the ground state properties of light nuclei. Therefore, the center of
mass correction to the binding energy and charge radii which are very important for
this case and may affect the values obtained for E, have to be taken into account
appropriately. In Fig. 3, the value of Gf, tends to vanish rapidly with increasing .

From Fig. 1, we can see that the dependence of pe.. on pyn., J, and B/A is very
weak. Therefore, it may be good enough to calculate p.,. as a function of m*/m,
E, and K, only. In Fig. 4 we show the variation of E, as a function of effective
mass m*/m, in this case we fixed the values of p.; and the remaining nuclear matter
quantities were kept equal to their standard values. We see from Fig. 4 that with a
fixed value of p.,., Es decreases while m*/m increases. It is very interesting to note
that for Fy = 18 =1 MeV (for most of the Skyrme interactions), pe.. = 2po and 3p
for m*/m = 0.72 — 0.85 and 0.63 — 0.73, respectively. To obtain p., = 4py one must
have m*/m ~ 0.65 for not too low value of E,. The value of the effective mass m*/m
is also constrained by the centroid energy of the isoscalar giant quadrupole resonance
[61] which has m*/m > 0.7. So, for reasonable values of Ey and m*/m, one should

obtain a Skyrme interaction with p... = 2pg to 3pp.
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FIG. 2. The coefficient L = 3pdJ/dp|, asafunction of the various quantities asso-
ciated with the nuclear matter. The value of L is determined by maximizing

the critical density for a given set of values for the nuclear matter quantities.
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FIG. 3. The coeflicient Gj, as a function of the various quantities associated with the
nuclear matter. The value of G is determined by maximizing the critical

density for a given set of values for the nuclear matter quantities.
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FIG. 4. Variations of the surface energy coefficient E, at p, . as a function of the
effective mass m*/m for fixed values of the critical density pe.. = 2p9, 3po and
4pg, as labeled. All the other nuclear matter quantities are kept equal to their

standard values
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4. Breathing mode

Beside the typical set of experimental data, we also include in our fit for the first
time the experimental data on the breathing-mode energy for four nuclei, namely,
07y, 16Ph, 144Sm and 2°°Pb [38]. We consider the fully self-consistent values for the

breathing-mode constrained energy, given as

Buon = (|1 (2.109)
m_i
where my, are the energy moments
My = / EFS(E)dE, (2.110)
0
of the response function
SE) =Y |(n| F|0)f 5(E - E,). (2.111)

The energy moments my and the response function S(F) will be discussed in Chapter
IV. For the isoscalar giant monopole resonance, we have F(r) = Y4, f(r;), with
f(r) = r%. The moments my, for k = —1 and 1 appearing in Eq. (2.109) can be
obtained using the constrained HF (CHF) and the double-commutator sum rule,
respectively [63, 64, 65]. The moment m; can be expressed in terms of the ground-
state density p as

52

my = 2E(r2>, (2.112)

where

(r?) = / r2p(r)d. (2.113)
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As described in detail in Ref. [63, 64, 65], m_; can be evaluated via the CHF approach

and is given as,

1d

——(r3)| (2.114)
2d\ =0

where (r3) = (@, |r?| ®,), where ® being the HF solution to the CHF Hamiltonian

m_; =

H— ).
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CHAPTER III

SIMULATED ANNEALING METHOD FOR THE MINIMIZATION OF THE y?
FUNCTION

A. Statement of the problem

The simulated annealing method (SAM) is a generalization of a Monte Carlo tech-
nique, based on the Metropolis algorithm [37], initially developed for examining the
equation of state (EOS) of a many-body system. The SAM is a popular technique for
optimization problems of large scale, especially ones where a desired global extrema is
hidden among many local extrema. The concept of SAM is an analogy with thermo-
dynamics, in which liquids freeze or metals recrystallize in the process of annealing.
In this process, at high temperature, a metal is disordered. The metal is gradually
cooled down so that the system at any time is in thermodynamic equilibrium. The
essence of the annealing process is slow cooling so that the metals have ample time to
recrystallize. As cooling proceeds, the system becomes more ordered and approaches
the state of minimum energy. This method has been used in many different areas of
science [66, 67, 68] for minimization problems of large non-linear systems, and the
SAM was used in Refs. [69, 70] to generate some initial trial parameter sets for the
point coupling variant of the relativistic mean field model.

We use the SAM to determine the parameters of the new Skyrme type effective
nucleon-nucleon interaction by searching for the global minimum in the hyper-surface

of the x? function,

1 Na / Afexp- _ pth 2
2 ( 1 7 > , (31)

Y TN N, & o
with Ng is the number of experimental data points, N, is the number of fitted pa-

rameters, o; is the theoretical uncertainty and M and M™ are the experimental
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and the corresponding theoretical values, respectively, for a considered observable.
The values of x? depends on the Skyrme parameters, since, the M- in Eq. (3.1) is
calculated by using the HF approach with a Skyrme type effective nucleon-nucleon

interaction.

B. The procedure

We carry out the SAM to search for the global minimum of the x? function as given
by Eq. (3.1). One of the main requirements in the SAM is to search the global
minimum within the limits of parameters. In our case, we need to determine the
lower and the upper limits for each of the Skyrme parameters. We know that the
Skyrme parameters vary over a wide range [34, 59]. All the Skyrme parameters can
be written in terms of the quantities related to the nuclear matter properties, as
described in Sec. 3 of Chapter II. In the literature, the difference between the lower
and the upper limits of these nuclear matter quantities vary within 10% — 20%. To
make the search process more efficient and convenient, we define a vector v with the

components as nuclear matter quantities and other quantities
v = (B/A, Kym., pom., m*/m, Es, J, L, k, Gy, Wy). (3.2)

Where B/A, Kym., pom., m*/m, Eg, J, L, k, Gf,, and Wy are the binding energy per
nucleon, incompressibility coefficient, nuclear matter density, effective mass, surface
energy, symmetry energy coefficient, the quantity which is related to the slope of the
symmetry energy coefficient (L = 3pdJ/dp), the IVGDR EWSR enhancement factor,
Landau parameter, and the Skyrme spin-orbit parameter, respectively. We search for
the global minimum for the x? function within these limits of the component of vector

v. If we know the value of the vector v, then we can calculate the values of all the
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Skyrme parameters as discussed in Sec. 3 of Chapter II. We also define the vectors

vy as the lower limit, v; as the upper limit, and d as the maximum displacement

allowed in a single step for the components of the vector v. Following the Metropolis

algorithm, we implement the SAM algorithm using the following steps,

(1)

Start with an initial value for the vector v and calculate x* (namely, x?,) using
Eq. (3.1) for a given set of the experimental data and the corresponding HF

results, together with the theoretical errors.

Generate randomly a new set of Skyrme parameters by first using a uniform
random number to select a component v, of the vector v, and then change the

value of v, by a second random number 7 by
vy — U+ nd,, (3.3)

with —1 < 1 < 1. The second step is repeated until the new value of v, is
found within its allowed limits of v. We then use this modified v to generate a
new set of Skyrme parameters. It may be noted that a change in the value of a
component of the vector v may lead to changes in the values of several Skyrme

parameters.

The newly generated set of the Skyrme parameters is accepted by using the

Metropolis algorithm as follows. We calculate the quantity
P(x?) = eXauaew)/T (3.4)

where X2, is obtained by using the newly generated set of the Skyrme param-

eters and 7T is a control parameter (an effective temperature). The new set of
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Skyrme parameters is accepted only if

P(xX*) > B, (3.5)

where [ is a uniform random number that lies between 0 and 1. If the new
Skyrme parameters are accepted [i.e. Eq. (3.5) is satisfied], it is called a ”suc-

cessful reconfiguration”.

We start with a reasonable value of the control parameter (the effective tem-
perature) T = T; to search for the global minimum of the x? function. With initial
value of T}, we repeat steps (2) and (3) for, say, 100N, reconfigurations, or for 10N,
successful reconfigurations, whichever comes first. Then, the effective temperature
is reduced by following a suitable annealing schedule, we use the Cauchy annealing
schedule [68] given by

T(k) =1T,;/ck, (3.6)

where ¢ is a constant, which is taken to be unity, and k = 1,2, 3, ..... is the time index.
One keep on reducing the value of T' by using Eq. (3.6) in the subsequent steps until
the effort to reduce the value of x? further becomes sufficiently discouraging. The
values of all the components of the vectors v, vg, vi and d used in the numerical
computation are showed in Table II. We have varied the components of the vector
v over a wide range. The values of the maximum displacement as defined by the
components of d are so chosen that the corresponding component of the vector v can
be varied over the entire range given by the vectors vo and vy, within the adopted
number of reconfigurations. We have carried out several sample runs and found that
T; = 1.25 along with the Cauchy annealing schedule yields reasonable values of the
Skyrme parameters. We must mention here that the range for the quantities L, x and

G, as given in Table II are so chosen that they vary within acceptable limits [50].
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TABLE II. Values of the components of the vectors v, vq, vi and d used for imple-

menting the SAM based algorithm for searching the global minimum of y?

. The vector v initializes the value of y?, whereas, vy and v; limits the

search space for the Skyrme parameters. The components of the vector d

correspond to the maximum displacements allowed for the reconfiguration.

v Vo Al d
B/A(MeV) 16.0 17.0 15.0 0.40
Km(MeV) 230.0 200.0 300.0 20.0
Prom (fM™3) 0.160 0.150 0.170 0.005
m*/m 0.70  0.60 0.90 0.04
E,(MeV) 180 170 190 0.3
J(MeV) 32.0 25.0 40.0 4.0
L(MeV) 47.0 20.0 80.0 10.0
K 0.25 0.1 0.5 0.1
Gy 0.08 0.00 0.40 0.10
Wo (MeV.fm®) 120.0 100.0 150.0 5.0
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C. Set of experimental data and constraints

Beside the typically used experimental data on the binding energy, charge radii and
spin-orbit splitting, our set of experimental data also include radii of valence neutron
orbits and the breathing mode energies of several nuclei, as shown in Table ITI. These
experimental data are taken from Refs. [1, 3, 4, 5, 6, 7, 38]. For the fitting procedure,
we take the error of 1.0 MeV for the binding energy except for the °°Sn nuclei. The
binding energy for the 1°°Sn nucleus is determined from systematics and is predicted
to have large uncertainty. Therefore, we take a theoretical error of 2.0 MeV for this
case. We assign the theoretical error of 0.02 fm for the charge rms radii except for the
case of ®Ni nucleus. The charge rms radius for the *Ni nucleus is calculated from
systematics and we take the theoretical error of 0.04 fm. The experimental data on
the spin-orbit splittings for the 2p neutrons and protons in the *Ni nucleus are taken

from Ref. [7],

1.88MeV Neutrons
€(2p1/2) — €(2p32) = (3.7)
1.83MeV Protons.

Here € is the ”bare” single-particle energy determined by unfolding the experimental
data for the energy levels in ®’Ni and ®’Cu nuclei by appropriately accounting for
the coupling to excitations of the core. For the rms radii of the valence neutron
orbits in 7O and *Ca nuclei we use r,(v1ds2) = 3.36 fm and r,(v1f7/5) = 3.99 fm
[5, 6], respectively. The theoretical error taken for the spin-orbit splitting data is 0.2
MeV and for the rms radii for the valence neutron orbits we use the experimental
error of 0.06 fm. The choice of the theoretical error on the rms radii for the valence
neutron orbits is due to the large uncertainties associated with their extraction from
the experimental measurements. We do not include the center of mass correction to

these data, consistent with the method used in the experimental analysis.
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TABLE III. Selected experimental data for the binding energy B, charge rms ra-
dius rq,., rms radii of valence neutron orbits r,, spin-orbit splitting S-O,
breathing mode constrained energy E, and critical density p.,. used in the

fit to determine the parameters of the Skyrme interaction.

Properties Nuclei Ref.
B 16:24() 34Gj 4048(1, 48,56,68,78Nj 88G. 907, 100,132 208p}, 1]
ret 160, 4048C1y 56N, 883Gy 907; 208t 3, 4]

7y (v1ds o) 70 5]

PV frps) 1Ca 6
S-O 2p orbits in “°Ni 7]
Per. nuclear matter see text
E, 907y, 116Gy 144Gy, 208py, [38]

The experimental data for the breathing mode constrained energies Ey included
in our fit are 17.81, 15.90, 15.25 and 14.18 MeV for the *Zr, 116Sn, 1%4Sm and 2°*Pb
nuclei [38], respectively, with the theoretical error taken to be 0.5 MeV for the °Zr
nucleus and 0.3 MeV for the other nuclei. We also include the critical density p.,. in
the fit assuming a value of 2.5p9 with an error of 0.5p9. Further, the values of the
Skyrme parameters are constrained by requiring that (1) P > 0 for p < 3py (P = L
at p=pom. ), (2) Kk =0.1—-0.5 and (3) G > 0 at p = py.

D. Results and discussion

We use the SAM to fit the values of the Skyrme parameters to the given set of the
experimental data (see Table IIT). We carry out two different fits with the same set

of experimental data along with some constraints as discussed in Sec. C. The results
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for the Skyrme parameters are denoted by [9]
(1) KDEO, only the Coulomb direct term in the form of Eq. (2.61) is included,

(2) KDE, the direct and the Coulomb exchange terms in Eqs.(2.59)-(2.62) are in-
cluded.

The CM corrections, not only to the total binding energy, Eqs. (2.67) and (2.68),
but also to the charge rms radii, Egs. (2.69) and (2.70), are analyzed with the some
simple approximations described in Sec. 2 of Chapter II.

As we discuss the SAM earlier, there are two important points that control the
calculation time and the quality of the fit: (1) initial value for the control parameter
T = T, and (2) annealing schedule that determines the subsequent value for T.
If we start with a smaller value of T;, or use a faster annealing schedule, we can
miss the global minimum of the objective function and also may get stuck in one
of the local minima that we do not want. There are several annealing schedules
such as linear, exponential, Boltzmann, and Cauchy. The Boltzmann schedule is the
slowest one, and the exponential annealing schedule is the fastest one. We use the
Cauchy annealing schedule which has a faster cooling rate than that of the Boltzmann
schedule, but, a slower rate than the exponential annealing schedule. We find that
with 7; = 1.25 and the Cauchy annealing schedule given in Eq. (3.6), reasonable
values for the best-fit parameters are obtained. For checking the quality of the fit, we
start with the final values of the Skyrme parameters obtained from the SAM and try
to minimize further the value of x? using the Levenberg-Marquardt (LM) method [71]
as conventionally used, but we find no further decrease in the value of the y?. Fig.
5 shows the average value (x?)7 as an inverse function of the effective temperature
T for the KDEO interaction. The value of (x?)r is determined by averaging over all

the successful reconfigurations for a given 7. The curves labeled v (solid line) and
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FIG. 5. Variation of the average value of chi-square, (x?)7, as a function of the inverse
of the control parameter T for the KDEO interaction for the two different

choices of the starting parameters.
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FIG. 6. Variation of the fluctuations AyxZ in the value of x? as a function of 1/T for
the KDEO interaction for the two different choices of the starting parameters
(see text for detail).

v1 (dashed line) (their values are given in Table II) show the results obtained from
two different choices of the starting values for the Skyrme parameters. We see from
Fig. 5 that the value of (x?)7 decreases rapidly at initial stages and then oscillates
before saturating to a minimum value for T < 0.05. The value of x? at lower T is
almost independent of the starting values for the Skyrme parameters. The variation
of Ax2 = ((x* — (x*))?)r as an inverse function of T is presented in Fig. 6. We
can see that as T decreases the fluctuations of y? also decrease rapidly. From this

investigation, the initial value for the control parameter 7' should not be too small,
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because at smaller T it is less likely to jump from a configuration with lower value
of x? to one having a higher value. Therefore, it is possible to get trapped in a local
minima. In Table IV, the values of the parameters for the KDEQO interaction at the
minimum value of the y? are obtained from different choices for the starting values for
the Skyrme parameters. We can see that the final value of the x? and the resulting
Skyrme parameters are less sensitive to the choice of the initial parameters. The
starting values to generate KDEQ and KDE are the components of vy given in Table
IL.

The values of the Skyrme parameters obtained from the fits and the standard
deviations are showed in Table V. The values of the standard deviations on the
parameters for the KDEO and KDE interactions are obtained from the LM method.
The LM method requires the set of the experimental data and the starting values of
the interaction parameters. The set of experimental data is the one used to generate
the KDEO and KDE interactions. The starting values of the interactions parameters
used are the ones obtained using SAM for the KDEO and KDE interactions. The
values for the quantities characterizing the nuclear matter calculated at the minimum
value of the x? for KDEO and KDE interaction are showed in Table VI and compared
to those obtained from SLy7 interaction. We note that the values of the K, . and
m*/m come out automatically from the fitting, unlike the SLy type interactions where
the values for these quantities were fixed. The values of the K, ,, and m*/m in our
fitting are constrained by including the experimental data on breathing-mode energy
and the value of critical density p.. = 2.5p9 £ 0.5p0 [35, 50].

The deviation AB = B®P — B for the values of the binding energy and the
charge rms radii g, determined from KDEO, KDE, Sly7 [2] interactions are showed in
Table VII and Table VIII, respectively. From Table VII for the KDEO interaction the

error in the binding energy is quite less than 0.5%, and in case of KDE interaction,
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the error in the values of the binding energy is about (0.6 — 1.0%) for the 60, **Ni
and '°°Sn nuclei. We know that, for the SKX interaction, the binding energy for the
%Ni nucleus was not considered in the fit and for the 1°°Sn nucleus was included in
the fit with the theoretical error of 1.0 MeV. We find that if one attempt to do so, the
binding energy for the *Ni becomes off by more than 3 MeV. In Table VIII, except
for the 10O and #¥Ca nuclei, the error in the charge rms radii for the KDEO interaction
is less than 0.5%. We emphasize that the experimental value rq, for ®2Sn was not
included in our fit, but our results are in very good agreement with the very recent
experimental data [72]. In Table IX, the value of p.,. is greater than 2p,. Our values
for the radii of valence neutron orbits and the spin-orbit splittings are in reasonable
agreement with the corresponding experimental data. In Table X, we see that the
breathing mode constrained energies obtained for KDEO and KDE interactions are
close to the experimental data.

We can see from Table VII that the binding energy difference B(*¥Ca)— B(**Ni)
= 67.23 and 64.02 MeV for the KDEO and KDE interactions, respectively. The
experimental value is 68.85 MeV. The difference in the case of SKX interaction is
66.3 MeV, which is about 1.0 MeV lower than the results for KDEO interaction. We
note that most of the Skyrme interactions that include the contribution from the
exchange Coulomb term yield B(**Ca) — B(*®Ni) ~ 63 MeV, which is about 6 MeV
lower than the corresponding experimental value. In Table XI, the values obtained
for the neutron skin, r, — r,, which is the difference between the rms radii for the
point neutrons and protons density distributions, are shown for the KDEO and KDE
interactions. The values of the single-particle energies for the *°Ca and 2*®Pb nuclei
[73, 74] are shown in Tables XII and XIIT together with the available experimental
data. We can see that the single-particle energies for the occupied states near the

Fermi-energy are quite close to the experimental ones. We note that the experimental
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single-particle energies are not included in our fit. The values of the symmetry energy
coefficient S(p) and the resulting EOS for pure neutron matter at higher densities
(p > 2pg) are the key to understand the various properties of neutron star [75, 76].
The proton fraction at any density depends significantly on the value of S(p) at that
density, which affects the chemical compositions as well as the cooling mechanism of
the neutron star [77]. In Fig. 7, we present the variation of the symmetry energy S
as a function of the nuclear matter density p. The value of S increases with density
for p < 3pg for the KDEO and KDE interactions. These interactions are suitable for
studying the neutron star with masses close to the canonical one [34], because they
yield S > 0 for p < 4py. In Fig. 8, we show the EOS for the pure neutron matter
resulting from the KDEO and KDE interactions and compare them with the ones
obtained for SLy7 interaction and the realistic UV14+UVII model [14]. We do not

include in our fit the neutron matter EOS of the realistic UV14-+UVII interaction.
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TABLE IV. Comparison of the parameters for the KDEO interaction at the minimum

value of x? obtained from different choices for the starting values of the

Skyrme parameters.

Parameter KDEO(v) KDEO(vy)
to(MeV-fm?) 195265110  -2553.0843
t1(MeV-fm®) 430.9418 411.6963
to(MeV-fm®) -398.3775  -419.8712
ts (MeV-fmP(49) 142355193  14603.6069
Zo 0.7583 0.6483
1 -0.3087 -0.3472
T -0.9495 -0.9268
3 1.1445 0.9475
Wo(MeV-fm?) 128.9649 124.4100
o 0.1676 0.1673
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TABLE V. The values of the Skyrme parameters for KDEO and KDE interactions

obtained by minimizing the x?. For the sake of comparison we have also
listed the values of the parameters for the SLy7 interaction. The values

in parenthesis are the standard deviations for the corresponding Skyrme

parameters.

Parameter KDEO KDE SLy7

to(MeV-fm?) -2526.5110 (140.6256) -2532.8842 (115.3165) -2482.41
t; (MeV-fm?) 430.9418 (16.6729) 403.7285 (27.6336) 457.97
ty (MeV-fmd) -398.3775 (27.3099) -394.5578 (14.2610) -419.85
t3(MeV-fm3(1+))  14235.5193 (680.7344) 14575.0234 (641.9932) 13677.0
Zo 0.7583 (0.0655) 0.7707 (0.0579) 0.8460
x -0.3087 (0.0165) -0.5229 (0.0298) -0.5110
T -0.9495 (0.0179) -0.8956 (0.0270) -1.0000
T3 1.1445 (0.0862) 1.1716 (0.0767) 1.3910
Wo (MeV-fm?) 128.9649 (3.3258) 128.0572 (4.3943) 126.00
o 0.1676 (0.0163) 0.1690 (0.0144) 0.1667
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TABLE VI. Nuclear matter properties for the KDEO and KDE interactions at the
2 2
X" = Xmin.-

Parameter KDE0O KDE SLy7

B/A (MeV) 1611 1599 15.92
Kom (MeV) 22882 223.89 229.7
Pom. 0.161  0.164 0.158
m*/m 072 076  0.69
E, (MeV) 1791 17.98 17.89

J (MeV) 33.00 3197 31.99
L (MeV) 4522 4143 47.21
K 030  0.16 0.25

0 005  0.03 0.04

i 1.3 2.2
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TABLE VII. Results for the total binding energy B (in MeV) for several nuclei. The
experimental data B used to fit the Skyrme parameters were taken
from [1]. The theoretical error o was taken to be 2.0 MeV for the '**Sn
nucleus and 1.0 MeV for the other nuclei. In the third and fourth columns
we give the values for AB = B®P — B obtained from our new fits. The
last column contains the values for AB for the SLy7 Skyrme interaction
taken from Ref. [2].

AB = Bep- _ Bth.

Nuclei B KDEO KDE SLy7

160 127.620 0.394 1.011 -0.93
20 168.384 -0.581 0.370
34Gi 283.427 -0.656  0.060
0Ca  342.050 0.005 0.252 -2.85
BCa 415990 0.188 1.165 0.11
4Ni 347.136  -1.437 -3.670
%Ni 483991 1.091 1.016 1.71
S\ 590.408  0.169 0.539 1.06
8Ni 641.940 -0.252 0.763
8Sr 768.468  0.826  1.132
0Fr 783.892  -0.127 -0.200
1008y 824.800 -3.664 -4.928 -4.83
1326n  1102.850 -0.422 -0.314 0.08
28Ph  1636.430 0.945 -0.338 -0.33
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TABLE VIII. Results for the charge rms radii rq, (in fm). The experimental data
used in the fit to determine the values of the Skyrme parameters are
taken from Refs. [3, 4]. The theoretical error o were taken to be 0.04

fm for the %9Ni nucleus and 0.02 fm for the other nuclei. The values for

ren. Were obtained from our new fits and are compared to the values for

ren. for the SLy7 Skyrme interaction, taken from Ref. [2].

Nuclei 75  KDE0O KDE Sly7
160 2.730 2.771 2761 2.747
20 2,778  2.771
34Gi 3.220  3.208
OCa 3490 3.490 3.479 3.470
8Ca 3480 3.501 3.488 3.495
18N 3.795 3.777
Ni  3.750 3.768 3.750 3.758
O8N 3.910 3.893
SNi 3.969 3.950 3.967
8Sr 4.219 4211  4.200
N7r  4.258 4.266 4.101
1008 4.480 4.457
1826n  4.709 4.710 4.685 4.713
28ph 5500 5.489 5.459 5.498
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TABLE IX. Critical density pe., rms radii of the valence neutron orbits r,, and
spin-orbit splitting (S-O). The experimental values ( and the theoreti-
cal error o) used in the fit to determine the Skyrme parameters are taken
as follows: For the p., we assume a value of 2.5p0 (6 = 0.5pp); the values
of r, were taken from Ref. [5, 6] (¢ = 0.06 fm); and the spin-orbit in °Ni
were taken from Ref. [7] (¢ = 0.2 MeV). In columns 3 — 6 we give the

results obtained from our new fits.

Experimental KDEO KDE

per/ Do 2.5 25 21

7y (v1ds /) (fm) 3.36 3.42 3.41
7o (V1 f7/2)(fm) 3.99 4.05 4.03
€n(2p1/2) — €,(2p3/2) (MeV)  1.88 1.84 1.81
€0(2p1/2) — €(2ps)2) (MeV)  1.83 1.64  1.63

TABLE X. Comparison of the breathing-mode constrained energies (in MeV) ob-
tained for the KDEO and KDE interactions with the experimental data.

Nucleus Experimental KDEO KDE

W0Zr 17.81 17.98 1791
16Sp - 15.90 16.42  16.36
“Sm  15.25 15.53 1547

208ph 14.18 13.64 13.60
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TABLE XI. Results for the neutron skin, r,, —r, (in fm), for all the nuclei considered

to obtain the KDEO and KDE interactions.

Tn —Tp
Nuclei KDEO KDE
160 -0.031 -0.025
20 0.510  0.510
3Gi 0.189 0.192
0Ca  -0.051 -0.046
BCa  0.158 0.159
BNi -0.282 -0.274
%Ni  -0.056 -0.052
68N 0.175 0.174
SNi 0.287 0.285
88Sr 0.095 0.096
07y 0.064 0.065
1008y -0.081 -0.078
1828n 0220 0.217
28phb  0.160 0.155




TABLE XII. Single-particle energies (in MeV) for “°Ca nucleus.

Orbits Experimental KDEO KDE

Protons
1s1/2 —50+£11 -39.40 -38.21
1p3/2 - -26.95 -26.42
1p1y2 —34+6 -22.93 -22.34
1ds — -14.49 -14.51
251 /2 —10.9 -9.48  -9.66
Lds/o —8.3 -7.59  -7.53
Lf7/ —-14 -2.38  -2.76

Neutrons
1s1/2 - -AT7T -46.13
Lps/2 - -34.90 -33.92
1p1s2 - -30.78 -29.73
Lds /o - -22.08 -21.66
2512 —18.1 -17.00 -16.78
Lds/o —15.6 -14.97 -14.48
Lf7 —8.32 -9.60  -9.58

2D/ —6.2 4.98  -5.15




TABLE XIII. Single-particle energies (in MeV) for 2%Pb.

Orbits Experimental KDEO KDE

Protons
1992 —15.43 -17.85 -17.34
1g7/2 —11.43 -13.77 -13.39
2ds o -9.70 -11.37 -11.23
1hi1/2 —-9.37  -9.87 -9.68
2d3/7 —-8.38 -943 -9.30
35172 —-8.03  -8.67 -8.62
Lhg/z =3.77  -4.00 -3.99
2f7/2 —-2.87 -2.78  -3.00
111372 -2.16 -1.62 -1.72
3p3/2 —0.95 0.60 0.26
2f5)2 —-0.47 -0.19 -0.42
Neutrons
Lhg /2 —10.85 -12.39 -12.24
2f7)2 —-9.72 -11.60 -11.64
Liy3/2 -9.01 -9.33 -9.20
3p3/2 —-8.27  -8.67 -8.77
2f5/2 —-795 -8539 -8.64
3p1/2 —-7.38 -7.54 -7.65
299/2 -394 -286 -3.06
Liy1 /2 -3.15 -1.65 -1.69
1j15/2 —-2.53  -041 -0.43
3ds /2 —-2.36 -043 -0.64
4512 —-1.91 0.08 -0.08
297/2 —1.45 0.38 0.20
3d3 /2 —1.42 0.56 0.40
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CHAPTER IV

HARTREE-FOCK BASED RANDOM PHASE APPROXIMATION
DESCRIPTION OF NUCLEAR EXCITATIONS

A. Nuclear response in the coordinate space

We have learned from Chapter II that for the nuleus many-body system, the Hartree-
Fock (HF) method describes well the properties of ground state of nuclei and the
characteristics of the single-particle excitations, i.e., the HF is a good model for de-
scribing the ground-state properties of the nucleus. But in order to describe the
collective phenomena, one should take into account the residual nucleon-nucleon in-
teraction. In this section, we summarize briefly one of the methods used successfully
to describe the nuclear excitation due to a weak external field. The Random Phase
Approximation (RPA) has been very successful in describing properties of both low
excitation energy collective states and giant resonances in nuclei. In the RPA theory,
the excited state of the nucleus are considered as a superposition of one particle-one
hole (ph) excitations over the RPA correlated ground state. There are many for-
malisms of the RPA theory [78, 79, 80, 81, 82, 83], such as the matrix formulation,
Green’s function approach, collective coordinate RPA and the small amplitude time
dependent Hartree-Fock (TDHF) approach. Also, different numerical methods for
RPA calculations and the treatment of the single-particle continuum were developed
and used [25, 84, 85, 86, 87, 88, 89, 90, 91, 92].

The continuum Green’s function RPA method which was first introduced in Ref.
[88] is a very fast numerical method for continuum RPA calculations. The RPA

Green’s function is given by

GMPA = O [L+ VG (4.1)
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where Vy, is the particle-hole interaction and G° is the free the p-h Green’s function.
In the case of a nucleon-nucleon Skyrme type interaction, the zero range particle-hole
interaction can be obtained by functional differentiation of the energy density, Hj(r),

which is the sum of the Skyrme interaction and the kinetic energy density.

1 T
V})h(rl,l‘g) = 5(1‘1,1‘2) Z E [1 + (—1)578 o1 - 0'2}
s't/ st

X [1 + (=17 - %'2] O,

_— 4.2
5pst5ps/t/ ( )
The free p-h Green’s function G is given in terms of the HF Hamiltonian Hy, its

occupied eigenstates ¢;, and the eigenenergies ¢y, as

1 1
Hy—¢y,—w Hy—e¢p+w

GO(ry, o, w) = — Xh:¢2(r1) ( ) dn(rs).  (4.3)

The sum in Eq. (4.3) is over the occupied states. Note that the Eqs. (4.1) and (4.3)
are operator equations in coordinate space. If Hy has only a discrete spectrum, then

the single-particle Green’s function is evaluated in coordinate space as

(HO 1— E) = ; ¢Z(r1)%iE¢p(rQ). (4.4)

Substituting Eq. (4.4) into Eq. (4.3), we obtain a double sum, where the sum
over p is limited to unoccupied states, since the two terms in Eq. (4.3) will cancel
contributions from occupied orbits. The single-particle Green’s function with the

famous representation [93, 94] for exact treatment of continuum is given as

1 2m
=~ _p - gz uwlru(n)/W (4.5)

glj(Th T2, E)

where u;; is the regular solution of the HF Hamiltonian for the /5 partial wave and
vy; is the irregular solution, and 7. and r- are the lesser and the greater of r; and 75,

respectively.
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The irregular solution is determined by the boundary condition at » — co. For

negative energies, this is

v(r) =~ exp[—\/2mE /h?r], T — 0. (4.6)

For positive energies, v(r) describes an outgoing wave asymptotically,

v(r) =~ expliy/2mE /h’r], r— 00. (4.7)

The normalization of the Green’s function is determined by the Wronskian, W,
W=u——-v—. (4.8)

The response function S(E) and transition density p; corresponding to a transition
operator F' are the quantities characterizing giant resonances. In general the transi-

tion operator has the form
F=3% 1), (4.9)
with

f=fr)[yp x s 1. (4.10)
where J(=1,2,...), L = (0,1,2,...), 0 = (0,1) and ¢ = (0,1) are the total angular
momentum, orbital angular momentum, spin and isospin , respectively, transfered by
the excitations. Note that 7™ = 1 (isoscalar) or 7 (isovector) and S7 = 1 (electric)
or ¢ (magnetic).

The response function S(F) is defined by

*6(E. — Eo - B), (4.11)

S(E) =3[0 F|n)

n
where the sum is over the complete set of eigenstates | n) with eigenenergies E,, of

the Hamiltonian H of the many-body system. The energy moments my, which are
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also sum rules, are given by
. 2
my = /Ek = 38, - Eo)*[(0 | | )

= (0| F(H - EO)’“F | 0). (4.12)

The energy weighted sum rule (EWSR) m; is written as

~ 2 1 A .

S (Ea = Eo) [0 F[m)|" = 5(0 | [F,[H. F]] | 0). (4.13)
A giant resonance is a state associated with a large fraction of the EWSR. The
response function S(F) is characterized by certain energies obtained from ratio of the

energy moments myg. The centroid energy, E., constrained energy, F.,, and scaling

energy, F,.. are defined as

EC: ﬁ; Econ: “ﬂ7 Esca1: “% (414)
mo m_q mq

We can calculate the values of my, m_; and ms within the HF theory, see Chapter
II. If the nucleon-nucleon interaction does not include momentum dependent parts
then for an isoscalar single-particle operator F=x f (7;) only the kinetic energy term
contributes to the commutator [H, F] and the EWSR becomes

2

o A0 (V)7 ] 0). (4.15)

1 A ~
m1:§<0|[Fa[H>FH‘0>:2m

Within the Greens’ function RPA approach the strength function S(F) is obtained
from

S(B) =S [0 F | n)f o - E):%Jm[w(fc;f)}, (4.16)

n

and the transition density p; = pi(r) [Yz x S?]7 T is obtained from

o AB 1
pt<E)_7S(E)AE7TI [fG]. (4.17)
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For the case of isoscalar electric resonance the scattering operator f has the form

=y (4.18)

The EWSR associated with isoscalar electric resonance is given as [82]

2
A A
EWSR(J) = [ES(E)E - ;—mE@L +1)

0| (%)2+L(L+ 1) <£>2 | o>] (4.19)

If there is only one collective state [82] with energy E., exhausting 100% of the

X

EWSR associated with the scattering operator fL = f(r)Yr, then the corresponding

transition density, derived using the continuity equations, is given by

Ly - 1
pcoll(r) - om (2L + 1)J EWSR(f)Ecoll
1 d2 L(L+1 df d
KFWW) - ¥f> o d_di} | .

For the ISGMR, we use the scattering operator
fo = 1*Yy0. (4.21)

From Eqs. (4.19) and (4.20) we find that

A h A
EWSR(fo) = %E@"Qﬁ (4.22)
with
B [ r2po(r)rkdr
<7ﬂ > - frgpodr . (423)

and the collective transition density associated with 100% of the EWSR is

h2 1/2 de
0 — .
pcoll(r) - |:27TmA<’I"2>ECOH:| <3/00 +r d?“ > . (424)
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For the ISGDR, the scattering operator
f 1 =1Y10 (4.25)

leads to a coherent spurious state associated with the center of mass motion. We

have
2
N A
EWSR(fy) = 294 (4.26)

2m Ar’

and the corresponding spurious state transition density, pss, has the form

ntoar V%4
Pss = [ T } ﬂ (4.27)

o2m AE,, dr’

For a fully self-consistent HF-RPA calculation the spurious state appears at zero
energy and no spurious state mixing (SSM) with the ISGDR takes place. However, in
some numerical implementation of the HF-RPA theory, self-consistency is violated,
leading to SSM in the ISGDR. It was shown in Refs. [95, 96] that in order to correct

for the effects of SSM on S(F) and p;, the scattering operator f is replaced by

fo=1T=nf, (4.28)
where A
_ pe) (4.29)
<f1pss>

The revised ISGDR response function is written as
1 I
So(B) = —Im{fyGfy) = S3(E) — 2n515(E) + °S1(E), (4.30)

where S5 and S; are the response functions associated with fg and fl, respectively,
and
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The revised transition density is obtained from

pi(r) = py — apss, (4.32)

where p, is determined from Eq. (4.17) using fn and

o= o) (4.33)
(f1Pss)
In theoretical investigations of the ISGDR, we adopt the scattering operator f =r3Y].
We have
fo=(0*=nrva (4.34)
where
5, 9
n= §<r ). (4.35)

Using Eqgs. (4.19) and (4.20), we have the corresponding EWSR and peon

» h* 3A w25, 50
EWSR(f,) = 5= [11<r ) - 24r) ] (4.36)
and
h*2 i 5 d
L) = |3 i <10r (32— 2 ﬂ), 437
Peon(T) FoymA [11(7‘4) ~ %<7’2>2ﬂ po+ ( 3< )) ar ( )

For isoscalar resonances of higher multi-polarities, L > 2, the scattering operator
is given by
fr=rty.. (4.38)

The EWSR, and p; obtained from Eqs. (4.19) and (4.20) are

EWSR(fL) = h—QiL(zLJr 1)%(r2k-2 4.39
YT omar ) (4:39)

h2om 12 d
L>2 L—1%pPo
5 = —_—. 4.4
Peoll (7") [m 4ECOH<T2L—2>} r dr ( 0)
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B. Description of the ISGMR in *°Zr, 6Sn, *4Sm, and 2°®Pb

In the fully self-consistent HF-RPA calculations, one starts with a specific effective
nucleon-nucleon interaction V;; and solves the HF equations. Then one solves the
RPA equations using the particle-hole (p-h) interaction Vj,;, which is consistent with
Vij. Some available HF-RPA calculations are not fully self-consistent due to the
following approximations: (i) Numerical accuracy and smearing parameter (I'/2), (ii)
Limiting the p-h space in a discretized calculations and (iii) V,;, is not consistent
with V;; by neglecting parts of the p-h interaction V,;, such as the spin-orbit and
Coulomb interactions. The consequences of these violations of self-consistency on the
strength function S(F) and the transition density p;(E) are often ignored. The error
in the centroid energy (especially for ISGMR) can give large error in the extracted
value of the incompressibility coefficient K, , due to the relation AK, . /Kym =
2AFEcen. | Ecen.. For example, the error AFE, ~ 1 MeV on the centroid energy of the
ISGMR for 2®Pb can lead an error AK,,, ~ 30 —40 MeV for K,,, = 200 — 300
MeV. Note that the current experimental error in F, is about 0.2 — 0.3 MeV. In
this section we give the results of fully self-consistent HF-RPA calculations for the
breathing mode for four nuclei, namely, °Zr, 1°Sn, **Sm and 2°®Pb. In the Fig.
9 we show the strength functions and the centroid energies are given in Table XIV.
We use the SGII and KDEO Skyrme interactions. Note that these interactions are
successful in reproducing not only the ground state properties but also the energies
of the isoscalar giant monopole resonance excitation for nuclei. Our results for the
centroid energy FEjy are very close to the experimental values. Note that for our KDEO
interaction the value of the symmetry energy coefficient J and the incompressibility

coefficient K, ., are higher than the ones for SGII.
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TABLE XIV. Fully self-consistent HF-RPA results for the ISGMR centroid energy
Ey = my/mp (in MeV) obtained using the interactions SGII [8], KDEO
[9] and compared with relativistic RPA results obtained with the NL3
interaction [10] (the energy range w; — ws (MeV) and the experimental
data is taken from Refs. [11, 12]). The incompressibility (K. ) and

symmetry energy (J) coefficients are given in units of MeV.

Nucleus w; — wy Expt. NL3 SGII KDEO
NZr 0 —60 187 179 18.1
10 — 35 17.8140.30 179 180
16Sn  0-60 17.1 162  16.6
10 — 35 15.854:0.20 162  16.6
MiSm  0-60 16.1 153 155
10 — 35 15.404:0.40 15.3 154
208PhL 0 —60 142 136 138
10 — 35 13.964-0.20 13.6 138
Kom 272 215 229
J 37 29 33
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N7y, 168n, 4Sm  and 2°°Pb obtained using the interactions SGII and KDEO
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C. Nuclear matter incompressibility coefficient

An accurate nuclear matter equation of state (EOS), E = E(p) is very important in
the study of nuclear properties, heavy-ion collisions, neutron stars, and supernovas.
From electron and particle scattering experiments and the extrapolation of an empir-
ical mass formula, we know accurately only the saturation point (pg, F(po)), where

the density of nuclear matter is py = 0.16 fm~3, and the binding energy per nucleon

is E(po) = —16 MeV. It is common to use the expansion,
dE 1 )’
E(p) = E(po) + (5| (p—po) + =K =20 . (4.41)
dp PO 18 Po

At ground state the second term vanishes and the symmetric nuclear matter incom-

pressibility coefficient is defined as

2

Kom. = 93 (Cl(ciém) : (4.42)

po

Since K, . is directly related to the curvature of the EOS, an accurate value of K,
will extend our knowledge of the EOS around the saturation point. There have been
many attempts to determine an accurate value of K, over the years using properties
of nuclei which are sensitive to a certain extent to K, [97]. In a macroscopic
approach which relies on the liquid drop model of expansion for the breathing mode
restoring force, the value of K was determined by a direct fit to the data. The value
deduced for K, is in the range of 100 to 400 MeV [98, 99]. We can see that for this
approach, the constrain on the value K is below 50%. In the microscopic approach,
starting with many various effective two-body interactions which have different values
of K., but can reproduce the data of the other physical quantities, such as binding
energies, radii; one then determines the effective interaction which can fit well the

data for a physical quantity that is sensitive to K, ..
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The first two experimental observations of the isovector giant dipole resonance
(IVGDR) by photon excitation [100] and the isoscalar giant quadrupole resonance
(ISGQR) by using inelastic scattering of electrons and hardrons [101, 102] brought
an extensive experimental and theoretical research on collective motion in nuclei.
The measurements of the centroid energy of the isoscalar giant monopole resonance
(ISGMR) provides a very sensitive method [82, 103] to determine the value of K, , .
Many attempts have been made to measure very accurately the value of the centroid
energy Ejy of the ISGMR. The recent experimental data [38] for the Ej in heavy nuclei
are accurate enough (within 02 — 0.3 MeV) to provide accurate information on the
value of K, (within 10 MeV).

During the 1970s, HF calculations using the Skyrme interaction for heavy nu-
clei became available. The parameters of the Skyrme type interaction improved over
time to better reproduce the experimental data of a wide range of nuclei, such as nu-
clear mass, charge radii. Then the Skyrme parameters were additionally constrained
by taking into account the experimental data on the nuclear giant resonances. The
Hartree-Fock based random phase approximation (HF-RPA) calculations [19, 23] us-
ing the early introduced Skyrme interactions, which reproduced quite well the proper-
ties of the ground state nuclei, also reproduced quite well the available experimental
data on isovector giant dipole resonance (IVGMR) and isoscalar giant quadrupole
resonance (ISGQR). These interactions are associated with the value of about 370
MeV for K, ., . Using these interactions the ISGMR in 2*Pb was predicted to be lo-
cated at an excitation energy Ej of about 18 MeV. The experimental observation for
Ey in 2%®Pb, at an excitation energy of 13.7 MeV [104], led to a revision of the exist-
ing effective Skyrme interaction. At present, the HF-RPA calculations with Skyrme
[41, 42] and Gogny [105] interactions predict a value of K, in the range of 210-220
MeV.
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The experimental observation on the isoscalar giant dipole resonance (ISGDR)
in 2%Pb gives an excitation energy FE; of about 21 MeV [106, 107, 108]. On the
other hand, the value of F; obtained from HF-RPA calculation in [109], using the
interaction which reproduced the experimental values of Ej, is higher than E; by
more than 3 MeV. Therefore, the value of K, deduced from ISGMR is quite larger
than the one deduced from ISGDR. We note that this long-standing problem of the
conflicting results deduced for K, . from data on the ISGDR and the ISGMR was
explained by Shlomo and Sanzhur [95] as being due to a missing strength in the
experimental data for the high energy region of the ISGDR.

The relativistic mean-field based RPA (RRPA) calculations, with the neglect
of contribution from negative-energy sea, yielded for K, . a value in the range of
280-350 MeV [110]. With the inclusion of negative-energy states in the calculation of
the response function, RRPA calculations [39, 40] yield a value of K, ,, = 250 — 270
MeV. In a semi-classical approach Ey o< /K, m., so the discrepancy of about 20% in
K obtained from relativistic and nonrelativistic models led to the uncertainty of 10%
in value of Ey. This discrepancy is significant in view of the accuracy of about 2% in
the experimental data on the ISGMR centroids energies. It was shown in Ref. [13]
that the calculated value of Ey can deviate by about 5% if the particle-hole space is
quite limited and/or self-consistency is not properly maintained. In the literature, the
values of the centroid energy Fy for 2°*Pb, obtained for the same interaction, differs by
up to 0.3 MeV [111, 112, 113]. It was claimed [111, 114] that this significant difference
is due to the model dependence of K, ,,. There have been some works to resolve this
problem. It was pointed out in Ref. [115] that the differences in the values of K .
can come from the differences in the density dependence of the symmetry energy in
relativistic and non-relativistic models. But the analysis in Ref. [115] was limited to

the nucleus 2*Pb and also the interaction parameters for the several families of the
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effective Lagrangian considered were fitted only to the empirical values of saturation
density, binding energy per nucleon in symmetric nuclear matter and the charge radius
of 2%Pb. In Ref. [116] a reasonable value of the centroid energy Fy for **Pb was
obtained by using an effective interaction with K, = 400 MeV, but in case of the
97r nucleus this effective interaction overestimated the value of Ey. Therefore, to
explain the discrepancy between the relativistic and the non-relativistic calculations,
one must compare the results obtained from these models for many nuclei.

We investigate systematically the discrepancy in the value of K, ., which is
deduced from the ISGMR centroid energy, as obtained from relativistic and non-
relativistic models. We generate different parameter sets for the Skyrme interaction
and calculate the ISGMR strength function for several nuclei using the HF-RPA
approach. In order for the comparison to be clear, our calculations using different
parameter sets of Skyrme interaction are performed with the same procedure and
numerical accuracy. The Skyrme parameters are obtained by a least square fit to the
same experimental data for the nuclear binding energies, charge radii, and neutron
radii as used in Ref. [10] for generating the NL3 parameter set for the effective
Lagrangian used in the RMF model.

In a non-relativistic self-consistent HF-RPA calculation [84], one starts with a
specific effective nucleon-nucleon interaction Vj5 in Eq. (2.14). The parameters of
the Skyrme interaction are obtained by fitting the HF results to a set of experimental
data. Once the HF equations are solved using an appropriate parameter set for the
Skyrme interaction, then one obtains the RPA Green’s function Eq. (4.1) [84] For

the single-particle operator
A

F=3 fr). (4.43)

i=1

the strength function is given by Eq. (4.16). The effective nucleon-nucleon interac-
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tion in case of relativistic mean field models are generated through the exchange of
many mesons. The effective Lagrangian representing a system of interacting nucleons,

adopted for the NL3 interaction, has the form [10]

_ 1
L = ¢Yy(d—guw—g,pT —eA) —m— g,0]t+ 5(80)2
1 1 1 v
—U(O') ZQIJ«VQHV + §miw2 Zﬁﬁwﬁu
1 1
o P = Fw ", (4.44)

with nucleons @ with mass m; o, w, p mesons; the electromagnetic fields; and non-

linear self-interactions of the o field,

1 1 1
U(O’) = 5’/7’7,30'2 + 5920’3 + 1930'4. (445)

The Lagrangian parameters are obtained in the same way as in the case of non-
relativistic mean field calculations, by a fitting procedure to some bulk properties of
a set of spherical nuclei [18]. The values of various coupling constants and the meson
masses appearing in Eqgs. (4.44) and (4.45) for the most widely used parameter set
NL3 are m, = 508.194 MeV, m,, = 782.501 MeV, m, = 763.000 MeV, ¢, = 10.217,
gw = 12.868, g, = 4.474, go = —10.431 fm™', and g3 = —28.885.

Beside the same set of experimental data used in Ref. [10] for a least square
fit, we consider the center of mass correction to the total binding energy, finite size
effects of the proton, and the Coulomb energy in a similar way to that employed in
determining the NL3 parameter set in Ref. [10]. However, pairing is not included in
our HF calculations since we study seven closed shell nuclei instead of the ten nuclei
in Ref. [10]. The open shell nuclei *®Ni, 12*Sn, and #*Pb are excluded from our least
square fit. We also neglect the proton and the neutron pairing gaps in *°Zr and Sn

nuclei, respectively. We found that if we increase the error bars for the experimental
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data on these two nuclei in order to compensate for the missing pairing interaction,
the values of the Skyrme interaction parameters remain practically the same.

We generate a Skyrme interaction having K, = 271.76 and J = 37.4 MeV
similar to those associated with the NL3 interaction. Also this set of parameters
reproduce with high accuracy the root mean square charge radius of 2°Pb. We
denote this set of parameters as SK272. We also generate another set SK255 having
characteristics very close to SK272 set, but with K, ,, = 255 MeV. The value of
the parameters of SK272 and SK255 are displayed in Table XV together with the
parameters of SGII. In Table XVI we show the nuclear matter properties such as
the saturation density pog, effective nucleon mass m*/m, the slope of the symmetry
energy coefficient (L = 3py dJ/dpy) obtained with the SK272 and SK255 interactions
and compare them with those obtained with the NL3 and SGII interactions. In Table
XVII we show the experimental data for the total binding energy E, charge radii r,,
and neutron radii 7, used in Ref. [10] and in our least square fit, with error bars in
percent. For comparison we show the corresponding values obtained from the SK272,
SK255, NL3 and SGII interaction. From this table we can see that our results are in
good agreement with those obtained with the NL3 and SGII interactions. The value
of the difference between rms radii for neutrons and protons Ar = r,, — r,, which is
calculated by using r, = \/m, is neglected in the least square fit. We can see
that the values of Ar for the SK272, SK255, and NL3 interactions are closer, but
are larger compared with the corresponding values for the SGII interaction. This is
explained by noting that the values of the slope of the symmetry energy L associated
with the SK272, SK255, and NL3 interactions are quite larger than that associated
with the SGII interaction (see Table XVI). As is shown in Ref. [57], the value of Ar
is very sensitive to the density dependent form adopted for the symmetry interaction.

It was demonstrated in Ref. [13] that the strength functions for giant resonances
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are quite sensitive to the numerical approximations such as the size of the box used
for the discretization of the continuum, limiting the maximum energy for the particle-
hole excitations (£73*") and the value of the smearing parameter (I'/2) used to smear
the strength function. In order to reproduce the results obtained in the continuum
RPA calculation the size of the box must be consistent with the value used for the
smearing width. For example, for I'/2 = 1 MeV one must use a large box of size 72
fm. Our box size is 90 fm and I'/2 = 1 MeV. We note [13] that to obtain an accurate
value for the ISGMR centroid energy Fy, with an accuracy within 0.1 MeV, one must
have E73%* > 400 MeV. The centroid energy is determined by Ey = my /mg, where mq
and m; are the non-energy-weighted and energy-weighted sums of S(E) of Eq. (4.16),
respectively. Our lowest value of EJ* is higher than 500 MeV. On the other hand,
the centroid energy depends strongly on the range of the excitation energy interval of
the giant resonance adopted to evaluate Ey. We note that in the published literature
the excitation energy interval is sometime not given.

For example, in the case of the 2*Pb nucleus using SGII interaction, we find that
FEy = 13.7, 13.9, 14.4 MeV with the excitation energy ranges 0-40, 0-60, and 10-40
MeV, respectively. These differences are very significant, since as we discussed earlier,
a variation of 5% in Fj corresponds to a change in K, by 10%. For the consistency
of comparison, we used the energy range 0-60 MeV for Fy, since the RMF results in
Ref. [111] for the NL3 parameter set were obtained using the same energy range and
the strength function was smeared using I'/2 = 1 MeV [117].

We show in Table XVIII the fully self-consistent HF-RPA results for the ISGMR
centroid energy obtained by using the SK255 interaction and compare them with those
obtained with the SGII Skyrme interaction and with the RRPA results of Ref. [111] for
the NL3 interaction. The differences between the values of Ey obtained from SK255

and NL3 interaction are within the uncertainty associated with the experimental data
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for Ey. The values of E, for 2°®Pb nucleus for SK255 and SGII interaction are quite
close within 0.3 MeV, however the difference in the values of K, ,, for these interaction
is about 40 MeV. Therefore, with a fixed value of Ej if we increase the value of J by
10%, K, will increase by about 5%. Therefore, from our investigation, we see that
the discrepancy in the values of K, obtained in the relativistic and non-relativistic
models is mainly due to the differences in the values of the symmetry energy coefficient
J and its slope L associated with these models. We also calculate the values of Ey over
the same energy range as used in experimental determination of the centroid energy
[38]. As can be seen in Table XVIII, our results for Ey with the SK255 interaction,
calculated over the experimental excitation energy range, are a little bit higher than
the experimental data, which is consistent with K, ,,, being some what less than 255

MeV.
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TABLE XV. Skyrme parameters for different interactions used in the present calcula-
tions. Value of the parameters for the SGII interaction are taken from
Ref. [8].

Parameter SK272 SK255 SGII

to(MeV fm?)  -1496.84 -1689.35  -2645
t1(MeV fm?) 397.66  389.30 340
ty(MeV fm®) -112.82 -126.07  -41.9
t3(MeV fm30+))  10191.64 10989.60 15595

To 0.0008 -0.1461 0.09
T 0.0102 0.1160  -0.0588
T 0.0020 0.0012 1.425
T3 -0.5519  -0.7449  0.06044
o 0.4492 0.3563 1/6

Wo(MeV fm®)  106.58  95.39 105
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TABLE XVI. Nuclear matter properties calculated from the RMF theory with the NL3
parameter set and the non-relativistic HF calculations with different
Skyrme parameter sets. The ”experimental data” are the ones used
in Ref. [10] in the least square fit together with the bulk properties
for finite nuclei in obtaining the NL3 parameter set. The values in

parentheses represent the error bars (in percent) used in the fit.

Expt. NL3  SK272 SK255 SGII

EJA(MeV)  -16.0(5) -16.299 -16.280 -16.334 -15.67
Kom (MeV) 250.0(10) 271.76 271.55 254.96 214.57
po (fm=3)  0.153(10) 0.148  0.155  0.157  0.159
m*/m 060 077 080  0.79
J (MeV)  33.0(10) 374 374 374 268
L (MeV) 1185 917 950  37.6
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TABLE XVII. Experimental data for E, r., r,, and the error bars (in percent) are

used in the fit. Ar = r,, —7, is not included in the fit. For comparison,
the results obtained from the SK272, SK255, NL3, SGII interactions

are presented.

Nucleus Property Expt. NL3 SK272 SK255 SGIIT
160 E -127.62(0.1)  -128.83  -127.76  -128.05 -131.93
Te 2.730(0.2) 2.730 2.800 2.813 2.793
Tn 2.580 2.662 2.674 2.650
0Ca E -342.06(0.1)  -342.02  -341.35 -342.50 -342.42
Te 3.450(0.2) 3.469 3.496 3.504 3.490
Tn 3.370(2.0) 3.328 3.363 3.369 3.348
Ar 0.014 -0.047 -0.041 -0.043 -0.049
BCa E -416.00(0.1)  -415.15  -414.17  -413.89  -418.22
Te 3.451(0.2) 3.470 3.524 3.531 3.526
Tn 3.625(2.0) 3.603 3.635 3.649 3.582
Ar 0.268 0.227 0.203 0.210 0.147
NZr E -783.90(0.1)  -782.63  -782.73  -783.28  -775.49
Te 4.258(0.2) 4.287 4.282 4.286 4.286
Tn 4.289(2.0) 4.306 4.310 4.317 4.266
Ar 0.107 0.094 0.103 0.106 0.056
1165 E -988.69(0.1)  -987.67  -982.37  -984.48  -971.66
Te 4.627(0.2) 4.611 4.617 4.619 4.630
Tn 4.692(2.0) 4.735 4.696 4.701 4.639
Ar 0.135 0.194 0.149 0.152 0.079
208pn E -1636.47(0.1) -1639.54 -1631.78 -1637.48 -1622.21
Te 5.503(0.2) 5.520 5.503 5.503 5.519
Tn 5.593(2.0) 5.741 5.687 5.694 5.597

Ar 0.148 0.279 0.243 0.250 0.136
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TABLE XVIII. Fully self-consistent HF-RPA results for the ISGMR centroid energy
(in MeV) obtained using the interactions SK255 [13] and SGII [8] and
compared with the RRPA results obtained with the NL3 interaction

[10] (the range of integration w; — wq is given in the second column

and the experimental data are from Refs. [11, 12]).

Nucleus w; —ws Experiment NL3 SK255 SGII
NZr 0-60 18.7 1890 17.89
10-35  17.814 0.30 18.85 17.87

1685 0-60 171 1731 16.36
10-35  15.854 0.20 17.33  16.38

“Sm  0-60 16.1  16.21 15.26
10-35  15.40+ 0.40 16.19  15.22

208ph 0-60 14.2 1434 13.57
10-35  13.96+ 0.20 14.38  13.58
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CHAPTER V

SUMMARY

The main purpose of this dissertation is to determine a new set of parameters of the
Skyrme effective nucleon-nucleon interaction. Since the work of Vautherin and Brink
[19], the effective Skyrme nucleon-nucleon interaction has been used in the mean-
field models for many decades and proved successful to describe the ground state
properties of nuclei. Many different parameterizations of the Skyrme interaction
have been realized to better reproduce nuclear masses, radii, and various data. Most
of the parameters of Skyrme interactions available in the literature are obtained by
fitting Hartree-Fock result to experimental data on the bulk properties, such as charge
radii, binding energies, and other nuclear experimental, for a few closed shell nuclei.
Some of parameterizations of the Skyrme effective interactions have been constructed
depending on the selected set of nuclear properties to be reproduced. Today there
are more available experimental data for nuclei at and far from (-line. Therefore, we
have generated a new set of Skyrme type interaction, named KDEO, which includes
all the merits of many sets of existing Skyrme parameters.

We summarize here the details of the Hartree-Fock calculations using the KDEO
Skyrme interaction. In our mean-field results we carry out the center of mass correc-
tion not only to the binding energy but also for the charge radii. For the correction
to the binding energy, we use the center of mass energy given in Eq. (2.67) and the
oscillator frequency hw given in Eq. (2.68). With this simple approximation, our
results agree quite well in the values of binding energy with the case of taking into
account both the one and two body terms in Egs. (2.66) [2]. For the correction to
the charge radii, we use Eq. (2.70). There are many approaches for the Coulomb

energy, used to account for the effects of long range correlation (LRC) and charge
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symmetry breaking (CBS) in the strong nucleon-nucleon interaction. In our work we
adopt the approach of including only the direct term of the Coulomb interaction. We
use the stability conditions of the Landau parameters for symmetric nuclear matter
and pure neutron matter to calculate the critical density p.,. for the Skyrme parame-
ters. We find that the critical density p.,. can be maximized by adjusting the values
of the IVGDR enhancement factor x, the quantity L associated with slope of the
symmetry coefficient J, and the Landau parameter Gy, as these quantities are not
well determined by the Skyrme parameters, conventionally obtained by fitting the
experimental data for the ground state properties of finite nuclei. We have applied
restrictions on these quantities as follows: the range of the value of x is 0.25 — 0.5,
needed to describe the TRK sum rule for the isovector giant dipole resonance [31, 55];
L >0 for 0 < p < 3pp, a condition necessary for a Skyrme interaction to be suitable
for studying the properties of neutron star [34]; and G{, > 0 to reproduce the energies
of the isovector M1 and Gamow-Teller states [55, 58]. Our maximum value of the
critical density p.,.. obtained is lower by up to 25% compared to the ones obtained
without any such restrictions [35]. We show that the critical density obtained for
realistic values of the surface energy coefficient (E; = 18 &1 MeV) and isoscalar
effective mass (m*/m = 0.7 £ 0.1) is in the range of 2py — 3py. However, we do not
include the effect of pairing correlations.

For the first time we use the simulated annealing method to determine the the pa-
rameters of the Skyrme effective nucleon-nucleon interaction of Eq. (2.14) by search-
ing for the global minimum in the hyper surface of the x? function, Eq. (3.1). We
obtain the Skyrme parameters by fitting the Hartree-Fock mean-field results to an ex-
tensive set of experimental data together with the additional constraints mentioned
above. Our set of experimental data consists of the binding energies for 15 nuclei

ranging from the normal to exotic (proton or neutron rich) ones, charge rms radii for
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7 nuclei, spin-orbit splittings for the 2p proton and neutron orbits of the °Ni nucleus
and rms radii for 1ds/; and 1f7/, valence neutron orbits in the 170 and ' Ca nuclei,
respectively, and the breathing mode energy for four nuclei. We also include in the
fit the critical density p.. determined from the stability conditions for the Landau
parameters. The purpose of selection of experimental data and additional constraints
is to generate Skyrme parameters that describe well not only the ground-state prop-
erties of nuclei at and far from the stability line, but also the properties of neutron
stars. We obtain two sets of Skyrme parameters, KDEO, only the Coulomb direct
term is included; and KDE, the direct and Coulomb exchange terms are included.
Our parameter sets for the Skyrme interaction include the merits of the recent param-
eters sets Sly [2, 31] and SKX [32]. We note here that the quality of the parameters
can be improved by several ways. The set of experimental data can include the giant
dipole and quadrupole resonances. The effects on the binding energy and radii due
to the correlations beyond mean-field [118, 119, 120] can be included in the fit. These
effects are, in particular, important for the light nuclei. One may also include in the
spin-orbit splitting the contributions due to the electromagnetic spin-orbit interaction
[7] and modify the spin-orbit interaction by using the form proposed by Sagawa in
Ref. [121]. In the implementation of SAM, by randomly selecting a component of
the vector v as defined by Eq. (3.2), we change from one configuration to another,
we can perform random selection of a component of v by assigning a more plausi-
ble weight factors to these components. We can try different annealing schedules to
determine the rate of cooling. In Chapter IV, we describe fully self-consistent HF-
RPA calculations for the strength functions, and the centroid energies of the isoscalar
giant monopole resonance for four nuclei using our set of Skyrme interaction KDEO
and compare to the ones obtained by using the SG2 interaction and the available

experiment data. We also analyze in detail the recent claim that the nuclear matter
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incompressibility coefficient K, ;. extracted from the ISGMR centroid energy calcu-
lated using the relativistic and non-relativistic based RPA models differ by about
20%. We have determined Skyrme parameter sets by a least square fitting procedure
using the same experimental data for the bulk properties of nuclei considered in Ref.
[10] for determining the NL3 parametrization of an effective Lagrangian used in the
relativistic mean field models. In addition, the values of K, ., J, and the charge
radius of the 2°Pb nucleus are fixed to be close to those obtained with the NL3 in-
teraction. The values of Ey for the deduced SK272 interaction are higher by about
5% compared to the corresponding NL3 results. This means that the discrepancy
between the values of K, ,, obtained in the relativistic and the non-relativistic mi-
croscopic models would be only about 10% instead of 20%. The SK255 interaction
with K, ., = 255 MeV gives values of the ISGMR centroid energies Fy which are
quite close to the NL3 results but a little bit higher than experimental data. From
our investigation, we see that the discrepancy in the values of K, obtained in the
relativistic and non-relativistic models is mainly due to the differences in the values

of the symmetry energy coefficient J and its slope L associated with these models.
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APPENDIX A
THE SKYRME ENERGY DENSITY

In this appendix, we give details of the calculation of the energy density H(r). First
we want to derive some useful formulas. We assume that the subspace of the occupied
state is invariant under time reversal. This means that if a single-particle state |i)
is occupied then the time-reversed state |i) = K|i) is also occupied. For our case of
spin % particles, the time-reversal operator can be written as, K = —io,K,, where
K, is the complex-conjugation operator. The single-particle wave function of the

time-reversed state is given by

¢5(r,0,q) —ZZ oloylo’)gi(r, o, q) (A1)

Where r is the spatial coordinate, ¢ is the spin, and ¢ is the isospin of the nucleon.

Note that
0 —2 1 0
Oy = , o,1= , 0'7%: (AQ)
1 0 0 1
and also
(oloy|o”) = —2i00_50r. (A.3)
We get
qsz_‘(ra g, q) = —20'¢;<(I', —0, Q) (A4)

With the assumption that the states are invariant under time reversal, we have

Zgb;’k(r?O-DQ)gbi(rvU%Q) - (A5)
= _Z [ r,01,q)¢i(r, 02, q) + 5 (r, al,q)gﬁz—.(r,ag,q)}

=5 Z I‘ 01,9 ¢Z(r 02,4 )+ 40’10’2¢:(I‘, —01,4 )¢2( —02,( )] .
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From here we can see that, if 01 = 09, we have

zqsz(r,al, 0)6i(x,01,0) = (A.6)
=3 Z I’ y01,4 gbz(r 01,4 ) + ¢;((ra —01,4 >¢z( —01,4 )}
=3 Z¢:(r701;Q)¢i(r? 01,q) = %Pq(r)~

In the case of 01 = —09

ZQﬁ(rvo—lv )sz( —01,4 ) =0, (A7)
SO we can write

52 15,00, 006408, ~020) = Sy (r) (A3)

Since the trace of the Pauli spin matrices is zero and the identities below,

<O-|O-:v’0-l> = 60,—:7’7 (Ag)
<O-|O-y’0-/> = —22'0'(50’0/, (AlO)
<0_’O—z’0—/> = 20_50,0"7 (A].].)

the equation A.8 implies that

> ¢i(r,01,q){01|F|o2)di(r, 02, q) = 0. (A.12)

10102

for the two-body interaction
&y . (Iig) = 174)) . (1= P)lij) (A.13)
1])sys = —= (|ij) — |7i)) = —= (1 — i .

where P is the exchange operator, and because VN N = VN N in other word [P, V;év N } =

0. We calculate the matrix elements for the Slater determinant wave function ®, for
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the two-body interaction 3 3,; VNV i
1 . . 1 . .
q>| ZVNN = 72 (Ve (1 - P)*|ij) = 5 2 (Vi (1= P)lig), (A14)
ij ij
where
P = P[P}, P, (A.15)

PJ,, P7,, and Pf, are the exchange operator for space, spin, and isospin, respectively.
For the S-wave Pf, = 1, P{, = 5 (1 + 610%), and with the assumption that there is no
charge mixing in the Hartree-Fock single-particle states, so Py = 6,4, 45-
Now we calculate the contribution to the energy density from each term of the Skyrme

potential. For the ¢y term
to (1 +oPg) 3(r; — 1y), (A.16)

[ Hatr)ds = 5 St (120 80— 1) (L= PRPRFG d)- (A7)

We have

(I +20PR) (1 = PRPLPYL) = (1+20Ph) (1= Phdg,g)
1

= 1+ 5 (x() - 5(11,‘12) (1 + U_iU_é) - JEO(thqz,(A-lS)
/Ho(r)dr _ (A.19)

1 . 1 . .
= 5 S ifltod(ri = v3) (14 5 (80 = Gpna) (1 + G16%) = 0 ) 1)

We also have

> (ijlo(ry — ro)|ij) =

ij

= 3 [ dradrad(e, = v2)07 (10) 61 (11) 05 (1) 65 (x2)
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= 3 [ dess; (1) 04 () 6 (1) 6 (1) = [ P, (A20)
ij
S id16(r1 — 12)0y gulif) = / (02 + p2) dr, (A.21)
ij
and
> (ijld(r1 — r2)i55]i5) = D _(ij]d(r1 — r2)G0704,,4,]i5) = 0. (A.22)
ij ij
We get
1. g
JHarydr = 53 (ijltod(e: — xa)lid)
ij
1
9 Z<ij|x0t05¢11,q25(r1 - 1‘2)|2]>
ij
1 S ..
+1 Z<U| (w0 — 0gy,q0) (1 + 010%) to0(ry — 12)|ig),  (A.23)
ij
— 1 2 1 2 2 1 2 1 2 2
/Ho(T)dr = / <§top - itofﬂo (pn + ,0,,) + Z:l:otop — Zto (pn + pp)) dr
1
— / Zlo [(2 +20) p* — (pi + pz) (2x0 + 1)] dr. (A.24)
So
1 2 2 2
Ho(r) = Zto [(2 + x0) p° — (pn + pp) (2zo + 1)} (A.25)

Now we calculate the ¢; term.

1
St (1+ @) [?fj 4 ?fj} 5(ri — ;). (A.26)

First, we have

— — 1
Koyt Ty = - Wf NI VAT VAT D LA VDL v v (A.27)
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and
- X V [Véi(r)eir) + 67 (1) V()]
= X [T + 290 Vo) + 610V 000
_ zT+z;VQ¢:(r>¢i(r). (A.28)
Then
Zﬁ ¢; (r Z¢ @)V i(r) = -7 + %ﬁQp, (A.29)
hence
>Ail3 1 =) Vi) = X018 (11 =) Vi)
= (il n —ro i)
= 2ilé (e = ro Tli)
_ / (—Tp+ %p?ﬂp) dr. (A.30)
Also

S (010 (11 — 12) V30 i) =

]

*Z U|5 Iy —1‘2 v 6Q1QQ|Z]>
—Z 7|0 (r1 — r3) % 10g1.02177)

= Z (i]6 (r1 — 12) (€25q1,q2’@7>
5]

|
“0a ¥ pal dr, (A.31)

1 62
= / [_Tppp — TnfPn + Epp Pp+ 9



102

and
;j<¢j\6<r1—r2> ViValij) = me r —12) V1 Vslij)
- Z [ e (0) ¥ i(r0) 65 (r2) V6 (12)8 (11 — 1)
— Z [arigi )V oulrr) [ drad;(r2) ¥ 5(r2)8 (r1 — x2)

= ( /drlﬁgb r1)o;(ry) ) ( /dr1ﬁ¢ r1)0;(r )

5 (r1 — 1)

= / %(ﬁpfdr, (A.32)

and

4l (1 =) ViVl alii) = 4l 1 — ) V1V 200,.0,115)
= /i [(Vpp)2 + (?pnﬂ dr. (A.33)
We have the identity
(ViV2) (6162) = (A.34)
L (T100) (Fams) 5 (V1% @) (Vax ) + (T x 1) (Tox )
With assuming axial symmetry in addition to time-reversal invariance, we have
3 61) (V) 6u(r) = 2 01) (¥ % 9) Y gi(r) = 0. (A.35)
So
> (ilo (v = 12) (V1 V) (6162) [ig) = (A.36)

ij

=9 ZZj/dl‘ldl‘zfs (r1 —r2) ¢; (r1) (61 ot 51) ¢i(r1)¢j(r2) <€2 ot 52) ¢;(r2)
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== —§J2dr,
where
r)=—iY () (Vi x i) dulr), (A.37)
or
1
> ()6 (r1 — r2) (% (ﬁ) (6162) |ij) = /—§J2dr7 (A.38)
ij
and
> ()6 (r1 — r2) (ﬁ v ) (0102) 04,.9;119) = (A.39)
ij
= Z 7|0 (ry —ro) (% v ) G102) 0g;.4;117)
:/—5 (32 + 32) ar.
We have
(L4 PR) (1= P) = (L+21P%) (1= Phdg, q,)
1 .
= 1+ § (1'1 — 6q1,q2) (1 + 0'10'2) — ZL’l(;ql’qQ. (A40)
Thus we get

1, . 1 i 2 2 g
[Haryde = 5 S fislgt (1 PR) 6 = ) (Fla + Fha) (1= P) i)
ij
1 —2 «—2 .
= Z@]’ - Etl‘s(rl ) (k etk 12> lij)
ij
2 2 ..
#2200 = g0t =) (1= ) (Fla + ) (14 6103 )

2 2
+ Z U|_t1 rs — r2)$15q1 a2 (E)u + ?12) |ig). (A.41)

We have

/Hl(r)dr = itl / <4Tp - 2pv>2p + (ﬁpf) dr

16



1 1
——tlxl/ (—ZTp + ﬁQp 5 (%)2) dr — —tlxl /J dr

16

1 2
—1—6131951 / (—QTppp — 27,00 + ppﬁ Pp+ pnﬁ pn) dr

_ﬁtl /{(m) (ﬁpn)j 1_6751 [(32+32)ar

1 2
—1—6751331 / (—4Tp,()p — 47,00 + 2pp€ Pp + 2,0”? pn> dr

16751951/ [(ﬁpp) (ﬁpn)? dr

1 1 2 2
= 1—6151 (1 + 5:[1) drp — 2p€ p+ (ﬁp) }

+—t (—o P+ T2+ 32),

1 1
Hl(T‘) = 1—6t1 (1 + §$1>

s (5+m)
16\ ™"

1—16151 (2 + 32+ 32).

4Tp — 3p§)2p}

2 2
AT pp + ATnpn — 391)ﬁ Pp — 3an Pn

For the t, term
tg (]. + lL"QPi?) %1]5(1'1 — rj)?ijy
we have to calculate

It

1 . — .
[ Halr)dr = 5 32 iglte (14 22PR) Fyd (s — 1) Koy (1= P)Jig).
ij

In this case the exchange operator P is given by
s o Dq 1 - =
P = Pl,P}, Py, = D) (1 +0102) dgy,45
and

.. 1
(22 + 5q1,q2) 0102 + <_ + $2> Oq1,02-

1 1
(1+22P%) (1= P) =1+ =20 + = 5

2 2
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1 1 2 2 2 2
——t (5 + :cl) [4Tppp AT — 20,V pyp— 20,V pr + (?}pp) + (?pn) }

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)
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We have

FuFy=1 (VY4 9,9,-9,9.-9.9]. (A.48)
We use the following equations
S (i1600 — 1) ViV ig) = Z/drlercS ry — 1) (10)8 (12) 1 ¥ 161 (1) 5 (r2)
= 3 [ drudral Vo) Ploy e Stes — v

= / Tpdr, (A.49)

iZj@j 16(r1 = 12) V1V 180, 0, li) = / (Topp + Tupa) dr, (A.50)
iZj(z’j|5(r1 — 1)V, Vadias)if) = /—%Jer, (A.51)

S (ij|8(ry = 12) V1V 2016004, 40 ]if) = /—% (92 +32) dr, (A.52)

ij

S (ijlo(r1 — 1) ViV idids]if) = 3 (ijl(ry — 12) V1V 1616204, gulig) = 0, (A.53)

i iJ

Z<Z]‘(5(I'1 — r2)$1€2|ij> = Z/drldr25 r— I'Q)(b I'1 I'Q % vg(ﬁ I'l Qb] I'Q)

ij

- Z/drldmé r — rg)?@ (r1)pi(r1)o rQ ?Qqﬁj (ra)
= 2 /drv}@ i (ﬁ%( r)o;(r ))

_ i [(Fo)’ar (A.54)
> (ijlo(ry — ra) WLV 20g 45]1J) = / {(vpp ) (ﬁ)pn)z} dr. (A.55)

ij
Hence

It

1 . iy
[Haryde = St 3 (il (1 -+ 22PG) Figd(rs = 1) F i (1= P)ig)
ij

1 1 . .
5t (14 572) 0071 (BT ) ol — )i
ij
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HQ(T)

For the t3 term

Again we have
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1 1 T ..
+5t <§ + 962) > (il (%4 ¥ ig) 8(ri = 15)841.0 )
ij
1 y oo
+1t2$2 Z<lj| (wij?i]) 6(r; — r;j)0103]ij)
ij

1 L e = oL -
+ 2 2 (] (%55 i3) (x; = 15)615564, 4, i5)
i

étQ (1 + %m) / (27/) — % (ﬁp)Q) dr
tits (5 +22) [ (20t 2100 — 5 (F)" = 5 (Fon))

L [ (232 + 32 4 32) .

= (A.56)

1 1 =2
1—6t2 (24 x9) (27’p + 5/)? ,0)

1 1 2 1 2
+Et2 (1 + 2x9) (27p,op + 270 + §ppﬁ Pp + 5,%?> pn)

—it2 (xQJZ + I Ji) .

5 (A.57)

r;

1 N\ a -1
<t (1+23P5) p (TJ> 5(ri — ;). (A.58)

1 1 1 1

(L+asPh) (1= P) =1+ 503 — 5044, + 530102 — 5041,20102 — T304,,g-  (A-59)

We obtain

/Hg(r)dr

2 2 2 2

1 1 o\ o (Ti— T .
3 Tlilgta (1 2aP5) o (M52 ) 6w =) (1= P i)

1 1 o I‘Z'—I'j ..

313 <1+§m3> %XUI/) ( 5 )5(1% r;)ij)
L o (BT ’

~ ot Sl (B ) 8t — 13000 li)

i




1 o [Ti— Ty o
+tzzs > (if]p <7J) §(r; — r;)o105]ij)

244" £ 2

1 o [Ty Sl -
—ﬁtg Sl (M5 80 15108 i)

oo Sl (157 8 = )i

1 1
_ - 2 a2 3. L af 2 2
= 12753 <1 + x3> /,0 dr 24t3/p (pp + pn) dr

_7t3x3/p pp + pn) dr,

or

Hs(r) = %tgp Kl + %:1;3> 0 — (% + :Ug) (pf) + pi)} .

For the spin-orbit term

iWO%iﬂ(ri — I'j) (O_'; + OT;) X ?U

This term contributes only in triplet P states therefore P[, = —1, P, =

calculate

/Hsp(r)dr =3 Z(zy\zWo kijo(r; —r;) (o; +0;) x ki (1 — P)lij).
ij

Note that
Fyx Fy=3 (Tex Vit U, ¥, -, ¥, - ¥:x 7)),
4(0_;“"0_;)%in?1] = 07((€ZX?@)+ Q(vjxvj)__;(ﬁax

107

(A.60)

(A.61)

(A.62)

1. We

(A.63)

(A.65)
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Therefore,
[yt~ D (160 = 1) (V5 F5) (14 8, 1)
. z‘I:lVO ijm(;(r — )57 (V5 % V) (14 4,) li)
_ Z'V4Vo %ﬁ<ijl5(r —1)67 (Vi x 9,) (14 640, i)
- % S 180 — 1) (V5 % 90) (14 6400y) lid)- - (A66)

The second term will not contribute to the energy density. The integration by parts

of the third term is given by

—0; (ﬁ,xﬁj) = tﬂ(ﬁjXﬁj)+@(ﬁi><€j)+5i($j><ﬁj)
5 (T.x )
= —v]‘ (?, X 0_';) ) (A67)

and because of time-reversal, the fourth term reduces to
The first term is calculated below

(ﬂ(%ixﬁi) = —0; (‘ﬁjxﬁi)—o—;(ﬁxﬁi)—fi(ﬁjxﬁ)
= —%1‘ (vl X O_';> - ?j (ﬁz X O_—;)
= 9T, (Vixa) = 27, (Vi xa). (A.69)

So
[ Hopr)de = =W, S (i15(0 — 1) (14 8400,) ¥ (Vi x 62) 1)

= -y / 5 — 1) (14 64.0,) ;Y 6567 (Vi x ) dudridr,
ij
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(?pJ + ﬁpp.]p + Vann) dr

W,
= (pVI +p, VI, + puVI,) dr. (A.70)
Or
W,
Hp = =5 (pVI+p, VI, + puVI,) . (A.71)

In summary, the Skyrme energy density is given by:

1

HSkyrme(T‘) = Zto [(2 + 0) P2 - (Pi + P;QD) (20 + 1)}
1 1 2
+1—6t1 (1 + §x1) {47;) —3pV p}

2 2
——t1 <2 + x1> {4Tppp + A7 pp — Sppﬁ Pp — Spn? Pn}
1
T (-

7 I+ 324 32)
1 1 =2
—|——t2 (24 x9) (27’p + §pv p)

1 1 2 1 2
Etg (1 + 2x9) (27-ppp + 270 + §pﬁ Pp + §pn€ pn)

—%tQ (a:QJ? +I2 J2)

1 1 1
a+2 a 2 2
rate | (1 gea) 0002 = (5 00) o (0 42)
W,
5 (pﬁJ + ppﬁJp + pnﬁ).]n)

1 9 9 9 1 1 2
= Zto {(2 + x9) p° — (pn + pp) (2x0 + 1)} Etl (1 + §x1> {47/} - 3pﬁ p}

1 1 2
——t (5 + :131) {4Tp,0p + A7 pn — spﬁ Pp — Spn? Pn}

1 1 2
2 2 2

+Et1 (—l’lJ —|-Jp+Jn) 1—6t2 (2+$2) (27'p+ 506 p)

1 2

_pnﬁ pn)

1 1 2
+Et2 (14 2x9) <27'pp,, + 27,05 + §ppﬁ Pp + 5

1 2 2 2 1 « 1 2 1 2 2
_EtQ (w20 33 2) g5t (14 30) = (5 ) (4 7))

—7" (pVI+p, VI, +puVI,) . (A.72)
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or we can wite

Hsiyrme(r) = %to [(2 +19) p* — (Pi + Pf)) (220 + 1)}

+1t<1+1 )4 3?2}
16! 1) [FTP TP
2 2
__tl (2 + (L’1> |:4Tppp + 4Tnpn - Sppv Pp — Spnﬁ pn:|
1 2 2 2 1 1 2
+16t1( 0 J2+J +J) 1—6t2(2+x2) (2rp+§p? p)

1 1 2
+1—6t2 (14 2z9) <27ppp + 27 pn + ppﬁ pp + Qpnﬁ pn)

1 2 2 2 1 1 1 2 2
——tz (HJQJ +J,+J ) Etsp Kl + 513) p-— <§ + $3> (Pp + Pn)}

—MQ/O (pVI+p, VI, +puVI,). (A.73)
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