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?If you think you understand quantum mechanics, you don’t understand
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Abstract

In the last few years cavity optomechanics experiments have achieved the
significant progress of the preparation and observation of macroscopic me-
chanical oscillators in non-classical states. An indicator of the oscillator
non-classical proprieties is important also for applications to quantum tech-
nologies. In this work, we compare two procedures minimizing the necessity
of system calibrations. As first result we compare the homodyne spectra
with the measurement of the motional sideband asymmetry in heterodyne
spectra. Moreover, we describe and discuss a method to control the probe
detuning, that is a crucial parameter for the accuracy of the latter, intrin-
sically superior procedure. From it we can use the sidebands asymmetry as
indicator of the quantumness of the mechanical oscillator, which is originated
by the non-commutativity between the oscillator ladder operators. Starting
from it the sidebands assume a peculiar shape when a parametric modula-
tion is applied on a oscillator embedded in an optical cavity. A parametric
effect is originated by a suitable combination of optical fields. The asymme-
try shape is related to the modified system dynamics, while the asymmetric
features reveal and quantify the quantum component of the squeezed oscilla-
tor motion. The results show that it is possible to use the spectral shape of
motional sidebands as a signature of a quantum mechanical squeezed state,
without the necessity of absolute calibrations, in particular in the regime
where residual fluctuations in the squeezed quadrature are reduced below
the zero-point level.
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Introduction

The field of optomechanics research studies the interaction of the electromag-
netic radiation (photons) with mechanical systems via radiation pressure.
The purpose of many optomechanical experiments is to realize a system able
to prepare and control a macroscopic oscillator into the quantum state of
motion. These massive objects can be used to test fundamental proprieties
of the quantum mechanics. That quantum object can be implemented in
several applications as well as in quantum sensing and quantum informa-
tion processing. In the last decade several experiments have been realized to
investigate the threshold between classical and quantum visions.

In 1901 a first experiment demonstrated the radiation pressure forces on
a mechanical system [51]. Afterwards, in 1909 Einstein studied the statistics
of radiation pressure forces onto a movable mirror [27]. In the era of modern
physics, in the 1970s, Braginsky studied the mechanical interaction between
light and a moving mirror mediated by radiation pressure, particularly for
the end-mirror of a cavity. This study was stimulated by the investigation on
the fundamental sensitivity limits of the interferometric gravitational wave
detectors. Braginsky also showed that radiation pressure can induce damping
or anti-damping of the mechanical resonator. He used a microwave cavity to
show such effects [14]. During the 1990s further theoretical works increased
the interest of the optomechanical field. These works investigate further
quantum phenomena, for example: ponderomotive squeezing of light was
studied by Fabre at al. [29] and Mancini at al. [48], the possibility to generate
entanglement between mechanical and optical degrees of freedom by Bose at
al. [12] and Mancini at al. [47].

The experimental investigation of these phenomena using macroscopic
objects was limited by technological issues. This problem pushed the com-
munity to develop optomechanical systems with higher performances that
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would allow to enter in the quantum regime. This research generated a large
variety of systems. Among these, membrane oscillators [76], photonic crys-
tals [26], micropillars [44] and other nano- and micro-systems. In the last
few years some quantum phenomena have finally been observed. New devices
started the possibility to investigate their non classical proprieties. An exam-
ple is the asymmetry in the motional sidebands as footprint of the quantum
motion of the oscillator [54,60,63,66,73,77]. That asymmetry is visible if
spurious experimental features are avoided [39,62,68]. The explanation of
the asymmetry as quantum feature is originated by the noncommutativity
between the ladder operators of the mechanical oscillator [8,41,80]. The
cooling of the mechanical oscillator to its quantum ground state by Teufel
at al. [75] and Chan at al. [19], demonstrated the possibility to prepare a
mesoscopic system into a state very close to the quantum state.

The generation of ponderomotive squeezing of light has been demon-
strated by Brooks at al. [15], Safavi at al. [69] and Purdy at al. [61]. In
these works the squeezing within the interferometric device below the shot
noise limit of displacement sensing. The application of these results gives an
improvement of gravitational wave detectors [1]. Furthermore, the squeezing
of mechanical motion has been demonstrated by Wollman et al. [82], Clark
et al. [22] and Palomaki et al. [52].

Recently, the quantum non-demolition (QND) detection of the light in-
tensity is described by Pinard at al. [55]. Also the strong cooperativity
regime of a microscopic oscillator has been shown by Groblacher et al. in [37].
Feedback control enables the stability of a mechanical system in a desired
quantum state. Rossi et al. [65] reached the quantum ground state by using
a feedback cooling.

All these experiments show the last and remarkable results reached in
optomechanics. The purpose of this work is to investigate the quantum
proprieties of a macroscopic oscillator, a SiN membrane. In details, the
quantumness of the oscillator is identified by observing the asymmetry be-
tween the Stokes and anti-Stokes processes. The asymmetry between these
two process is peculiar of a quantum system. It allows to study the quantum
proprieties of a macroscopic oscillator without necessity of the absolute cal-
ibration. To delete all the possible perturbation in the asymmetry measure-
ment, the two sidebands amplitude are corrected by the eventual detuning
of the probe beam. Once reached the quantum regime we can drive the me-
chanical oscillator by parametric modulation, at two times the mechanical
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frequency (22,,,), obtaining simultaneously a compression and amplification
of the mechanical motion quadratures.

Thesis outline

This thesis is structured as follows. In the first Ch. 1 I will give the quantum
and classical description of a mechanical oscillator (Sec. 1.1) and the Fabry-
Perot cavity field (Sec. 1.2). I will also describe the optomechanical coupling
between light and mechanical oscillators in the Sec. 1.3. In the same section
I obtain the optomechanical equations of motion. I also explain how the
difference between the straight motional sidebands induced in the field by
the optomechanical interactions, measured in a heterodyne detection, have a
particularly behavior in the quantum regime, that it can be used to deduce
the oscillator temperature.

In Ch. 2 I will describe the experimental setup in all details. I start
with a general description of the apparatus, later I describe in Sec. 2.1 the
optomechanical cavity parameters and characteristics. In the same section I
describe the theoretical formalism of a circular membrane and the concept
of the effective mass. Also, I will describe the cavity finesse concept in a
optomechanical cavity. In Sec. 2.2 I will describe the quality factor concept
and the procedure to measure it in our optomechanical cavity. In Sec. 2.6 I
will describe in general the locking procedure used in our work, as example
the Pound-Drever-Hall strategy. Further in Sec. 2.3.1, I will describe the
laser source and the possible classical and quantum laser noise. Due to the
laser noise we introduce in our setup a filter cavity. The noise structure and
the filter cavity implementation is described in Sec. 2.4. In the following
section I will describe the detection scheme.

The first experimental Ch. 3 will describe the comparison between the
homodyne and heterodyne detection for the measurement of the number
occupancy. I will use a method to correct the asymmetry from probe detun-
ing. In this chapter I demonstrate how our optomechanical system is able
to confine the oscillator in the quantum regime, with occupation close to 4
phonons.

In the last Ch. 4, I will describe the results obtained by modulating our
oscillator at 2€2,,, to generate parametric squeezing on the mechanical motion.
The novelty of this work is to observe how the vibrational sidebands are
deformed as a consequence of the squeezed and anti-squeezed quadratures.
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In details, in the first Sec. 4.1 I will introduce the theoretical concepts.
Furthermore I will describe the setup specifications (Sec. 4.2) and in the
end, in the last Sec. 4.3, I will describe the most important results obtained
in this work.



Chapter 1

Cavity Optomechanics

The purpose of this first chapter is to describe the dynamical behavior of a
mechanical oscillator coupled by radiation pressure to an optical cavity. I will
first introduce in Sec. 1.1 the classical and quantum dynamics of mechanical
oscillator and, in Sec. 1.2, of a Fabry-Pérot optical cavity. Then, in the last
(Sec. 1.3) will provide a description of the full optomechanical system.

1.1 Mechanical Oscillator

Classical Oscillator

Figure 1.1: Mechanical oscillator described as a block with mass m and
spring coefficient k.



2 Cavity Optomechanics

The dynamics of the membrane can be described, in first approximation,
like an ideal harmonic oscillator. Without loss of generality we can schema-
tize the oscillator like a rigid body with a mass m bound to an ideal constrain
trough a massless spring of stiffness k. The position at a certain time ¢ is
described by a variable z(t), satisfying the equation of motion:

Z(t)m = —kx(t). (1.1)

Its general solution is written as x(t) = g cos(Q,t + ¢) where Q,, = /k/m
is the oscillation frequency. The arbitrary constants, zy and ¢, are deter-
mined by the initial conditions x(0) and %(0), and represent respectively the
amplitude and phase of the oscillator around its equilibrium position, x = 0.
The total energy of the system is:

2 k‘2
p=2 45T

=2+ (1.2)

It is positive and vanish for x = 0 and & = 0.

A more realistic model includes the effects of losses and the action of the
external forces F,.:(t) that drives the system. There exist several dissipa-
tion mechanisms: clamping losses, thermoelastic damping, material-induced
losses, viscose damping. The first one describes the absorption of the oscilla-
tor elastic energy due to clamping [83]. The thermoelastic damping describe
the dissipation of elastic energy into heat [84]. It is less relevant at cryogenic
temperature. The second last losses are due to to intrinsic defects in the bulk
or the surface of the material [45]. The later is due to the collisions between
the residual gas particle and the oscillator and it depends strongly on the
geometry and shape of the specific normal mode [21]. All these dissipation
mechanisms add a contribution at the total quality factor:

Qtot = (Zé)l (1.3)

i

where 7 is an index identifying the individual loss mechanisms. The oscillator
mass is replaced by the effective mass. It depends on the considered mode
and how the displacement is measured, as we will see in Sec. 2.1.1. Without
loss of generality we can write the motion equation considering only one
modal mode:

Fewt (t)

2(t) + T (t) + Qe (t) = ,
Meff

(1.4)



1.1 Mechanical Oscillator 3

where T, = Q,,/Q is the damping rate. Considering the mechanical os-
cillator in thermal equilibrium with the reservoir at temperature T, due to
that the main contribution at external force is described by thermal noise.
The thermal force can be described as a Langevin force, F.,;. It is a sta-
tionary Gaussian noise and satisfies following relations as described by the
Fluctuation-Dissipation Theorem (FDT) [17,43]:

(Fort(1) =0 (Fopt(t)Fopi(t))) = 2kpTme s T (t —t'). (1.5)

Eq. 1.4 can be solved in Fourier space. At this purpose we can define the
truncated Fourier transform as

1 T/2
B \/’7— —7/2

and obtain the spectral density as lim, (|27 (w)|?), where (....) indicates

T (W) x(t)e™dt (1.6)

1000

100

10

(a.u.)

0.1 0.2 0.5 1 2 5
Q /2r (MHz)

Figure 1.2: Mechanical transfer function, for the mechanical mode at the
frequency ~ 500 kHz. The effective mass is of the magnitude of 6.4 x 10710
Kg, with a quality factor close to 107.

the average on different realizations. The Wiener-Khinchin theorem connects
{|zT (w)|?) to the Fourier transform of the auto-correlation function, S, (w)
called also Power Spectral Density (PSD):

Sy () = / T ()2(0)) e tdt, (1.7)

— 00
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where we assume that F,.; is a stationary random process and exploiting the
ergodic assumption. Now, we use the standard input-output theory for linear
time-invariant systems to evaluate the mechanical susceptibility. Writing Eq.
1.4 in the Fourier space

Fext ((.U)

T(W)[(2, — w?) —iwl,,] = , (1.8)
Meff
the susceptibility of the damped mechanical oscillator is
Z(w 1
xw) = = (1.9

ﬁext(w) B meff((Q?n - w2) - lwrm) .
That equation gives how the mechanical frequency change under the influ-
ence of an external force. The absolute value is:
B 1

my/ (2, —w?)? + (Tw)?
It describes the actual displacement, its argument specifies the phase lag
between the applied force and the oscillator response:

IX(w)] (1.10)

—w

arg(x(w)) = arcmncﬁnru)z). (1.11)

A typical behavior of the transfer function is depicted in the Fig. 1.2. At
the resonance the function has a sharp peak, with a half with half maximum
(HWHM) is T',,, and at higher frequency the response behavior going as
1/mw?. The FDT links the dissipation (losses) channel with the generated
fluctuation (noise) and applies to any linear system in thermal equilibrium
with the bath. The thermal force and position noise are thus related via
FDT as:

o0

Sual) = )P [ (i@ F(O)e'dt = [x(@)PSyan (112

—0Q0

where S¢f i = 2kpTmessl'y, coming from Eq. 1.5. From Eq. 1.12 it is
possible to identify the area under the spectral peak at ,,. It gives the
variance of the displacement noise:

(22) = % /_OO S (w)duw. (1.13)

Considering a system at low losses, the equipartition theorem gives the dis-
placement variance as (x2) = kgT/m.Q2,.
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Quantum oscillator

In the quantum regnne the position x and the momentum p, are replaced with
the observable X and P, where their commutation relation is [X P] ih.
The Hamiltonian is obtained from the total energy substituting the classical
momentum and position variable with the corresponding operators.

N p2 mQ,,LX 2

H, = —+——. 1.14
2m+ 2 ( )

It is convenient to introduce the dimensionless operators & and p, obtained
with the normalizations

A o o T .
_,/mx, P\t (1.15)

satisfying the relation [#, p] = i. Now, it is useful introduce two dimensionless

operators b and b

XZ.’L‘ZPF (6+I;T), P:—i.’L‘ZPFQO (IA)—?)T) (1.16)

where zzpr = /h/2m8,, denotes the zero-point fluctuation (ZPF) and we
have defined the creation b' and annihilation b operators. The commutation
relation between the two new operators is [l;, BT] = 1. The Hamiltonian of
the oscillator can be written as

- P
H,, :th(bTb+2). (1.17)
The phonon number operator is n = bth. From that operator is possible
identify its eigenvalue n, phonon number, of the eigestate |n):
filn) = n|n) (1.18)

where n is a natural number. The vacuum state |0) shows the state at zero-
phonon, where the energy is %th. The general Hamiltonian eigenvalues
form a discrete ensemble and are given by

E, = hQ,, (n + ;) (1.19)

where n =0,1,2,3,... . The corresponding eigenstate are:

1 m,, 1/4 2
onle) = ( wh ) 7T Hy(x) (1.20)
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V(x) = kx?/2

n=1
n=0
> X

Figure 1.3: First three eigenfunctions for the harmonic oscillator.

where the H,(z) are the Hermite polynomials. In Fig. 1.3 is shown few
different eigenfunctions for the harmonic oscillator. The probability density
to find the oscillator between z and x + dx is given by P,(z) = |, (z)[?.
The mean position (X),, = [2P,(z)dz and the mean momentum (P),, =
—ih [ 4, dip,, vanish, for any given state n. The variance of the position AX,
and of the momentum AP, operators are

AX, =\ (X2), — (X)2 =azppi[n+ % (1.21)
AP, =\/(P?), — (P)2 = f ,/n+%. (1.22)

TZPF

As a consequence of the commutation relations and the above relations, we
obtain the Heisenberg inequality for the two operators

5 A h
AX,AP, > 3 (1.23)
The model described until now is a very ideal case. To describe a more real-
istic model we introduce in the system the mechanical losses. As a first step
we remove the hypothesis that consider the system perfectly isolated, and

we consider the system coupled with a thermal bath. The total Hamiltonian
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has three terms: H,, + Hepy + H., where H,, is the mechanical Hamilto-
nian described before, H.,, describes the external environment energy and
the last therm H. describes the coupling between the two systems. More in

detail )
H,py = O (did;, + = 1.24
zi:h <dzd + 2) (1.24)

and
He =Y hkidib" + h.c.. (1.25)

This means that a state of the harmonic oscillator is not an eigenstate of
the global system. Furthermore, there are never enough informations on
the environment to allow an analytical description of the system and its
dynamics. The only possible approach is statistical. We consider the system
in the thermal equilibrium. In the statistical ensemble the global state is
characterized by the density operator

p=—e Hn/ksT (1.26)

N| =

where Z is the partition function

o0 —hQ /2kpT
7 - Z o (/2R kT _ € /2ks

n=0

(e (1.27)

The oscillator mean energy at the temperature T is given by the equation

(Hp)p =Tr (ﬁm,s> = hQm(np 4+ 1/2) (1.28)

while np is the oscillator mean phonon number

1
N = e TheT 1 (1.29)
This result gives the phonon occupation for a quantum oscillator, and it is
different from the classical description where the mean energy, due to the
equipartition theorem is (H,,) = kgT. The two descriptions converge when
kg T > h Q.

The effect on the oscillator dynamics due to the reservoir, are well de-
scribed by in the Quantum Lengevin Equations (QLEs) [30]. The QLEs
generalize Eqs. 1.4 and 1.5 to the quantum regime. From here, we will dis-
cuss some results of the QLE derivation, following the reference [23], without
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entering in the details of their derivation. The equations have the familiar
form of the classical ones, where we consider a viscous damping force, and
a stochastic force, proportional to the velocity. The equations are obtained
from the reference [34]

&= Qnp, (1.30)
p=—Qni—Tmp+F, (1.31)
(F(t) =0, (1.32)
(E@)E(t)) = sFTZ / ;l::ei“’(tt/)w[coth < 2Z‘:T) - 1}. (1.33)

In these equations I';, is the damping rate, and F is a Gaussian quantum
stochastic process.

The main conceptual difference between classical and quantum mechanics
is non-commutation between the position and momentum operators [23].
The Correlation function of the position can be written as

Roa(t) = (#(0)(0)) cos(2t) + (HO)E(0)) sin(Quet).  (1.34)

In the classical description the operators are replaced with the observable.
The momentum and position observable are not correlated, for that the
second term vanishes. In quantum mechanics, the second term due to the

commutation relation, (5(0)#(0)) = —i/2, is not only different from zero but
also complex. The correlation is

1 ,
Raa(t) = 5[nTezﬂmt + (ng + 1)e ¥, (1.35)

The spectral density, with the physical units, is
Spx(t) = 2125 ppnrd(w + Q) + (nr + 1)8(w — Q)] (1.36)

That expression is not symmetric in frequency, while in the classical de-
scription the auto-correlation is real and the spectral density is a symmetric
function. The physical explanation of the asymmetry is connected to the
occupation number. The positive frequencies of the spectrum are related
to the ability of the oscillator to absorb phonons from the bath, where at
negative frequencies the oscillator emits phonons toward the bath. In the
high temperature limit ny ~ np 4+ 1 the classical and quantum prediction
are coincident.
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1.2 Fabry-Pérot Cavity

In this section, I will discuss the classical and quantum description of a Fabry-
Pérot resonator. The multiple reflection of the light between two mirrors,
produces a stationary wave, if the input light has some particular resonance
frequencies. The standing wave patterns produced are called modes. Each
stationary solution (field mode) has a stationary wave pattern associated.
Different resonator types are distinguished by the focal lengths of two mirrors
and by the distance between them. Usual optical cavities are designed to
have a high quality factor, and thus low losses and long lifetime of the electric
field in the cavity (i.e. small cavity linewidth).

Classical Description of the Optical cavity

r, I rh, I

—— ——

—L

Figure 1.4: Sketch of a Fabry-Pérot cavity with a length L. The input and
output mirrors have different reflection 71 » and transmission ¢; o coefficients.

We will consider a cavity composed by two partially reflective mirrors.
The distance between them is L. The refraction index inside and outside the
cavity isn = 1. We define ¢1 2 (T4 ,2) and r1 2 (R1,2) as the amplitude (power)
transmission and reflection coefficient of the mirrors and with 3, 2 their losses
due to the absorption and diffusion. The conservation of the energy implies
that Ry o+ Ti 2+ 212 = 1. The reflected (E,) and transmitted (E;) fields
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are [9]:

t?rgei%’ t%tgew’

E.=FEjp |-+ Ei = E;p + (137)

1 —rirgei2? |’ 1 — rirqei2®

where F;, is the amplitude of the input field and ¢ = Lw/c is the phase
difference between the wavefront on the mirrors. From Eqs. 1.37 we obtain
the transmission 7" and reflection R cavity coefficients

_ B 11 1

T= = , 1.38
|[Em|>  (1—r1r2)21+ Bsin®¢ ( )
Ro |E,|? _ (¢/r2)? + B(1 — X1)sin¢ (1.39)

| Ein|? 1+ Bsin?¢ ’ '

where we define B and the coupling coefficient (:
4rir9 ry —ro(r? 4+ 12)

B=_——"+ =rg——— 1.40
T-rr? 7" 1-mm (1.40)

From the Eq. 1.38, we see that resonances are found for ¢ = nw. The
linewidth kg, is defined by the equation: 4rirasin®(kg/2) = (1 — rir2)2.
The Free Spectral Range (F'SR) is the distance in frequency between two
subsequent resonances, FSR = ¢/2Ln (c is the velocity of light in vacuum,
n = 1 in this specific case). We can rewrite the cavity linewidth in the
E Qi £ and define the cavity finesse is
F = FSR/k,. We now pay specific attention to the high finesse cavity. In
this case we can assume that x,, < F'SR and the transmission and the losses

are much smaller then unity. In this limit, we obtain

2 C T27T1+21+22
TN AT+ Y+ L+ + 3+ %,

and the cavity decay rate becomes k = (T} + 1o + X1 + X9)/4L. The
transmission and reflection coefficient can be written as a function of the
detuning between the frequency of an input field w; and the cavity resonance
Weavy A = (W — Weaw). We obtain after some simplification:

frequency domain as k, = K/2m = K¢

F

(1.41)

T - 4T1Ts 1 . CQ + 4A2/I€2 (1 42)
T (T + Ty + 21+ X9)2 14+ 4A2 /82’ T 14+4A2%/k2 '
In the high finesse limit, the field reflection coefficient is
E, —i2A
Ho(a) = L o ST 28k (1.43)

E;, — 1—-i2A/k’
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The power in the cavity is described by the equation:

2 2

where we consider a detuned input beam with a power P;, and a cavity
mode matching mm. The transmitted power is P,,; = P.T5, where T5 is
the transmission coefficient of the cavity output mirror. From the second
equation of 1.41, we can identify two regions: from 0 < { < 1 the cavity
is undercoupled, for —1 < ¢ < 0 is overcoupled and for ( = 0 we have the
optimal coupling cavity. The finesse and F'SR are related to the concept
of the cavity mean photon lifetime. The cavity intensity decrease for each
round-trip due to the mirrors transmission and losses:

ar —ITl +To+ %1+ 3

dt, 2L/c
In the limit of very short round-trip, the solution of the above equation
is I(t) = I(0)e~*/7. The coefficient 7 = 51—, describes the time at which
the intensity decay by a factor of e, it can be interpreted as a lifetime of
the photon in the cavity. The finesse is proportional to the number of the

round-trip before the photon loss.

(1.45)

Classical dynamical equation

A dynamical equation for the intracavity field can be derived easily, if the
input field varies slowly in a scale time of the round-trip, 7 := 2L /¢, so that
E(t+7) v E(t)+7E(t). If we consider a high finesse cavity, where the losses
are negligible, we can write the intracavity field after a round trip, on the
frame rotating at w;, as

E(t+7) = riree™TE(t) + t1 B (t + 7). (1.46)
Using the above approximation, Eq. 1.46 becomes:
B(#)r = (=172 + i) E() + t1 Ein(?) (1.47)

where 1) is the phase detuning from the cavity resonance, given by w;7 =
n2mw + . This parameter can be due either to a mismatch of the cavity
length or a mismatch of the light frequency with respect to the resonance

condition: 1 = 27 (AL + f—/Lz) We can rewrite Eq. 1.47 as:

B(t)r = ( - g + iA) E(t) + \/EE,»,,L(t) (1.48)
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where x is the cavity loss rate. It consists of the sum of three terms x =
K1+ko+ Ky, where k1 9 = ¢T} 2/2L are the transmission rates of the mirrors,
and ky = ¢X/2L with ¥ = X; + X5 is the total loss rate. The general input
field goes through the input mirror. The reflected and transmitted fields are
respectively:

Egu(t) = —Ein(t) + VR E(t),  Eg = VR E(1). (1.49)

Cavity modes

Figure 1.5: In the left part, the Laguerre-Gaussian modes, and in the middle
the Hermite-Gaussian modes. On the right, the definition of R(z) and w(z).

Now, we consider the geometrical proprieties of an electromagnetic field
inside the cavity, in the paraxial approximation [42,74]. We consider an elec-
tric field E(x,y, z) that satisfies the scalar wave equation: V2E + k¢E = 0,

where z is the propagation direction. We write the field as E = v(z,y, z)e~ 02,
where the complex slowly-varying amplitude v evolves accordingly to

0%y 0%y oy

— 4+ = —i2kg— =0 1.50

O0x? + Oy? 10y, (1.50)
where we considered 92 o

Y
5 < 2iko (1.51)

The solution of 1.50 can be written as

. ko o
v = 0o) e =i () + o) (152)
2q(2)
where 72 = 2% + 2, p(2) and q(z) are complex functions. p(z) describes the
variation of the phase along z and the beam divergence. ¢(z) parameter de-
scribes the variation in beam intensity with the distance r and the curvature
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of the phase front. We introduce two real parameters R(z) and w(z) related
to ¢q(z) by:
1 1 A

@ = ) — iiﬁw(z)y (1.53)

where R(z) is the radius of curvature of the wavefront and w(z) is the decay
length of the amplitude with the distance from the axis. w(z) is called beam
spot size. These functions are obtained substituting in 1.50 the solution

with constant ¥ (z,y)
w2\
Lo (s 1.54
+ ( * ) ] (1.54)

Az )2
2 2
= ]_ 5 R =
e = uf |1+ (25 ] () =2
where wq is the minimum of w and is called beam waist. From the above

solution we obtain p(z) function:

ip(z) =1n %Z) —i¢(z) (1.55)

where ¢(z) = arctg (Tf’) is the phase contribution. The total field is:

r2 . 2k

B = B0 o~ wb ikt oty —o(2) (1.56)
w(z)

where Ej is the amplitude of the field, and k is the wave vector. We can

consider now the higher order solutions of Eq. 1.50. If we consider the
Cartesian symmetries (x,y, z), the solution is:

U(,y) = Hin (V2 /w) Ha(V2y/0) (1.57)

where H,, is the m — th order Hermite polynomial while m and n are the
(transverse) mode numbers. The intensity profiles for this solution are shown
in the left panel of the Fig. 1.5. On the other hand in cylindrical coordinates
(r, ¢, z) we get

b(r,¢) = (V2r/w) L, (2(r/w)?)e"? (1.58)
where Lé is the Laguerre polynomial while p and [ are the radial and angular

mode number. The modes intensity are shown in the center panel of the Fig.
1.5.
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Quantum description

We start from the quantum Hamiltonian of a single cavity mode (see for
example [79]):

. 1
H = hweay (afa + 2> (1.59)

where a' and @ are creation and annihilation operators, that satisfy the
Boson commutation relation: [a,a] = [af,a'] = 0 and [a,a'] = 1. Similarly
to the quantum harmonic oscillator is possible to define a photon number
occupation 7, = a'a. The mean number of photon in the cavity is given by
the average of the photon number operator: 7, = (fi,). The Hamiltonian
eigenvalues are

1
Enp = hweaw (np + 2) (160)

where n,, is a natural number. The corresponding eigenstates are the Fock
state |7i,). They form a complete set of orthogonal states

(nplnp) = Onymr s (1.61)

Z |fp) (Rp| = 1, (1.62)

n,=0

where 6%,% is the Kronecker delta. The Fock states can be used to construct
all the other types of the field state, such as the coherent one.

Coherent state

The cavity light field used in this work is described by a coherent state. To
have a clear description of it, we start from the eigenvalue equation of the
annihilation operator

ila) = ala) (1.63)
where the eigenvalue « is a complex number and complex eigestate |a). The
coherent state eigenstate is a linear combination of Fock states

oo

) =) ealn) (1.64)

n=0
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where ¢, are complex coefficients. From the expansion 1.64 and considering
unit norm |{a|a)|?
in the Fock basis

=1, we can obtain the representation of a coherent state

~laf? Z \F|n (1.65)

The expectation value of the photon number operator, on the coherent state
|cr), gives the average number of photons

7y = {alfyla) = ol (1.66)

We can observe how the complex amplitude of the field o relates to the
mean photon number. The fluctuations of the photon number are calculated

following the equation of the standard deviation on n, (An, = /Var(n,)):
Any, = /(A2 — (y)?) = \/7p. (1.67)

The probability to detect n photons in a coherent state |a) is given by the
following Possonion distribution equation:

_ny
P(n) = |{n|a)|? = e‘"”n—zi (1.68)
where we used Egs. 1.65 and 1.66. It governs the quantum fluctuations of
the laser light (shot noise). The relative quantum fluctuations are decreasing
with 7y,.
Any, 1

Py (1.69)

The variance of the coherent state become smaller with a higher photon

number, i.e. approaching the classical limit.

In the optomechanical experiment, the quantum shot noise has two fold
effect of generating noise in the detection and inducing stochastic fluctua-
tions in the oscillator motion through its coupling with the cavity field. For
these two reason, it shows the experiment limits in the detection and in the
optomechanical cooling. The quantum noise is visible only if the classical
noise source are almost canceled, otherwise the classical noise define an upper
limit in the apparatus.
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Langevin equations

In this subsection I will describe the quantum dynamical equation for the
intracavity field in a Fabry-Pérot cavity. The Hamiltonian 1.59 in the Heisen-
berg representation gives the equation of motion for a ideal case. To have
a realistic description of the system dynamics it is necessary to include in
the model fluctuation-dissipation processes, for example quantum fluctua-
tion coupled to the cavity mode through the input mirror a;, or vacuum
input noise describing all other decay channels fm In order to find the dy-
namical equations, where the cavity amplitude decay rate is kK = k1 + Ky,
which k1 = T1FSR and k; = X FSR, they are the power transmission co-
efficient into losses, where ¥ = ¥; + 35 + T5. We consider that the in-
put field is the coherent state in the frame rotating with the frequency wy,
aold = eiwitgnew more details are described in the App. A. The linearized
equation (& = o+ da) for the intracavity field is [6]

5[1 = — <g — ZA) 00 + /K1Qin + VK100in + \/Efin (170)
where the expectation values are:

(0 ()80 (1)) = (dal, (t)3al, (') = (da], (t)dain(t))) =0,  (L.71)

(Sam (t)dal, (') = o(t —t). (1.72)
The @;n = v/ Pin/hw; denotes the mean value of the input field where P,
is the injected power. With da;, we indicate the quantum fluctuations
coupled to the cavity mode through the input mirror and fm is the vac-
uum input noise that considers all decay channels. It should be noticed
that the intracavity and input fields have different normalization, coeffi-
cients: (d;-rn&in> = P;,/hw; and (a7a) = neqw, where ngq, is number of pho-
tons in the cavity. From these results, the intracavity power is given by
Peooy = hwineay /7. Eq. 1.70 can be written in Fourier space as,

6a(w) = Xopt(w) | V/K1®in + v/K108in(w) + \/Efzn(w) (1.73)

where the cavity susceptibility is:
1
Xertl) = S e T &)
The square form of this equation will be used to correct any asymmetry due
to the cavity filtering in the Ch. 3.

(1.74)
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1.3 Optomechanical coupling

B LT T

w
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£

cav

Figure 1.6: Left side: sketch of the optomechanical cavity. Right side: the
blue area shows the cavity field and the red one shows the injected field
detuned by A.

In this new section, I provide a quantum mechanical description of the
optomechanical interaction. I consider at this propose a Fabry-Pérot cavity,
where one of the two mirrors can oscillate as in Fig. 1.6. Under the action
of the radiation pressure force the length of the cavity changes from L to
L + x. This leads to a different resonance condition of the cavity, and thus
to a variation in the intracavity power. The detuning depends on the length
variations, A, = Ao+ Fxz. We assume that the mechanical oscillator motion
is slow, compared to the round trip time of the photon in the cavity. Thanks
to this approximation, we consider only one optical mode. The Hamiltonian
operator is [4-6,28]:

H = hweqo () <&T& + ;) + W, (BTB + ;) : (1.75)

Where b is phonon annihilation operator and b' is phonon creation operator.
Since we assumed a small displacement compared to the cavity length, we
expand the cavity resonance frequency:

OWean (2)

Wca'u(x) R Wean + ]A:T + ... (176)

In the general case, we consider only the linear term. For a cavity as in Fig.
1.6 the derivative of the resonance frequency is —weqy/L, due to the fact
that we are defining « > 0 for an increment of the cavity length that leads
to a decrease in weqy. In this approximation the Hamiltonian is rewritten as
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- 1 PR | I
H = hweaw (a*a + 2) + A <bTb + 2) — hgoa'a(b + bh) (1.77)

where g9 = Grzpp is the vacuum optomechanical coupling strength, ex-

pressed in frequency. Units G = W is derivative of the resonance

frequency, xzppr = 4/ W is the zero-point fluctuation amplitude of the

mechanical oscillator, mesy is the effective mass of the modes, and the dis-
placement operator & = zzp F(i)—t— Z)T). In the new Hamiltonian the last term
describes the interaction between the optical cavity field and the mechanical
oscillator. The radiation pressure force is given by F = —dH;n, /dz, where
the interaction Hamiltonian is

Hipy = —hgoata(b + b). (1.78)

Now, it is convenient to move in a rotating system at the laser frequency wy,
using the unitary transformation operator U = exp(iw;a’at) (see App. A).
The new Hamiltonian is

H = —hAafa + h$,,bTb — hgoa'a(b + bT) (1.79)

where A = w; — Weqy- In this description we have not yet considered other
terms, as the: drive, fluctuation terms, decay factor. As a further step, we
introduce the ”linearized” description of cavity optomechanics. We split the
cavity field into an average coherent amplitude (a) = « and a fluctuation
term: & = a4+ da. The interaction part of the Hamiltonian is:

Hine = —hgo(a + 6a) (o + 8a) (b + b'). (1.80)

It can be split into three terms. The first one is —hgo|a|2(b+b') and contains
the average of the radiation pressure F' = hG/|a|?. Tt shifts the origin by 67 =
F/mefwm. This shift can be accounted for by using a modified detuning
Ammod = A+GZ. The second term is linear in |o|: —hgo(a*da+adal)(b+bh).
The third term —hgodalda(b + bt) is of higher-order in da. From the mean
cavity photons 7.4, we can define g = goy/Ncqv called ”the optomechanical
coupling strength”. The linearized Hamiltonian is:

Hyin = —hAbSat 66 + 1,010 — hg(da + dat) (b + b). (1.81)

Considering the system in resolved-sidebands regime (k < 2,,,), there are
three peculiar choices for the detuning of the laser drive with respect to the
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TMS BS | RD |

Figure 1.7: Left panel: cavity drive blue detuned at A = €,,,. Center panel:
cavity drive red detuned at A = —€,,,. Right panel: cavity drive in resonance
at A = 0. The light green areas show the cavity transfer function, dark yellow
peaks show the cavity drive beam, red and blue peaks, respectively Stokes
and anti-Stokes sidebands.

cavity resonance, each configuration corresponding to different regime.

Two — mode squeezing: blue-detuned at A = Q,,
The first considered case is the blue-detuning by a mechanical frequency
A = Q,,, see left panel in Fig. 1.7. The effective Hamiltonian is reduced
from Eq. 1.81 as

Hras = —hg(8atbt + sab). (1.82)

This configurations is called two-mode squeezing (TMS). Here the two res-
onant interactions being the simultaneous creation of a photon and phonon
pair. It can create highly correlated and entangled photon-phonon pairs,
analog to the down-conversion. In this configuration the phonons creation
increase the effective temperature of the oscillator and can yield to instabil-
ities in the system.

beam — splitter: red-detuned at A = —Q,,

An other possible configuration is at red-detuning by a mechanical frequency
A = —Q,,, see central panel in Fig. 1.7. The effective Hamiltonian in this
configuration can be written as

Hps = —hg(6a bt + sat b). (1.83)
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This configuration is called beam-splitter (BS) interaction and can be used
to exchange the energy between the optical bath to the mechanics. The two
interaction terms are non-resonant. The BS configuration describes the cre-
ation of a resonant photon at the cost of a mechanical phonon. In our work
a red-detuned drive is used to cool down the mechanical oscillator, in the
quantum regime, by sideband cooling [50, 71].

Resonant Drive

The last possible configuration is a resonant drive A = 0, see right panel
in Fig. 1.7. In this configuration both interactions contribute equally as
in Eq. 1.81, and the oscillator position (bf + b o &) can induce a phase
shift on the light field. This phase shift in combination with a phase mea-
surement is used to detect the oscillator position with high sensitivity, as
in gravitational wave detectors. Furthermore, this condition can be used to
generate ponderomotive squeezing [56] or perform quantum non-demolition
measurements (QND).

1.3.1 Quantum Langevin Equations

Now we write the optomechanical equation of motion to have a clear de-
scription of the system dynamics. The mechanical motion induces a shift in
the optical frequency [6]. This changes the light intensity, and the radiation
pressure force acting on the motion. The cavity decay rate x introduces a
delay between the motion and resulting changes of the force. The analytical
treatment of the phenomena is given by the input-output formalism. Equa-
tions have the form of quantum linearized Langevin equations, driven by
thermal noise, in the frame rotating at the frequency w:

S = (m _ ;)&; + igoada + /Kbain, (1.84)
é(iQ&E;)B+mdaWd+a%U+xﬂﬁ@m (1.85)

where QU is the mechanical resonance frequency, and (2, is the mechanical
frequency modified by the optomechanical effects, as I will later describe.
The noise correlation associated to the input fluctuations are given by:

(am()al (1) = 8(t — '), (1.86)

in
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(@l (H)ain(t)) =0, (1.87)
(ben(£)b], (1)) = (Agn + 1)3(t — 1), (1.88)
(B, (£)ben (£)) = Aend(t — 1) (1.89)

The linearized evolution equations for the intracavity field operator da and
the mechanical bosonic operator b in the Fourier space are

Sa(w) ( —iw — A+ ’;) = igoox <’5(w) +’5T(w)> +VE S (w),  (1.90)

oat (w) ( —iw +iA + ’;) = —igoa* (Z(oJ) +ET(w)> +Vkdal (W), (1.91)

b(w) (— iw+i00, + 1;’”) = igo <a6ZiT (w) +a*5a(w)) + /T b (w), (1.92)

b (w) ( —iw —iQ0, + r2m) = —igo <a62ﬂ(w) + a*é’d(w)) + /Ty b, (w),
(1.93)
where the Fourier transform for a generic operator, f (t), and the respective
hermitian conjugate is defined as

Fiiwn = [ T et = Fw) (1.94)

and
FIf)] =[ fiwe™tdt = fiw) = (F(—w)'. (1.95)

In order to have a clear description of the bosonic creation and annihilation
operator, Eq. 1.90 and 1.91 are substituted in Eq. 1.92 and 1.93. The result
for the annihilation operator is

b(w)<—iw+i9;+n") =

2
1 1
_ g§|a|2[

—iw— A+ E  —iw+iA+E

[ (3 +7(0) ) + Bt
(1.96)
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Figure 1.8: a) I'y, trends for different mechanical modes as a function of
the detuning A. b) frequency shift, AQ,, = Q,, — QY for different me-
chanical modes as a function of the detuning A. The solid lines show the
optomechanical effects for many membrane modes: Blue solid line, mechan-
ical mode (0,1) at 230 kHz. Yellow solid line, mechanical mode (1,1) at 370
kHz. Green solid line, mechanical mode (0,2) at 530 kHz. Red solid line,
mechanical mode (0, 3) at 830 kHz.

where the last term contains the information of the input contributions, and
it is given by:

~ . adal (w) O 0l (w) ~
bin(w) = zgoﬁ[_z.w AT E o TiA T 5 + /T ben. (1.97)

From this equation is possible to identify how the optomechanical interaction
modify the mechanical resonance frequency and the damping. The interac-
tion adds to the oscillator an additional spring (optical spring), shifting the
mechanical frequency resonance as:

1 1
—iw — iIA+ K2 —iw+ A+ k)2

Q= Q0+ g2|af? Im{ ] (1.98)

and providing the optical damping

1 1
opt = golo)? - ' -
pt = Golal Re{—iw—iA—Flﬂ/Q —iw—H’A—&-H/?] (1.99)

We can define effective mechanical damping as I'c¢f = I'ope + ')y, and the
mechanical effective susceptibility

o,
—w2 —iwreff.

Xef1(W) = 5 (1.100)

m
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The optomechanical modification of the frequency and the damping, as a
function of the detuning, are shown in the Figs. 1.8, in the right and left
panel, respectively. For a fixed detuning, the ratio between frequency shift
and optical damping rate depends on the ratio ,,/k: in the resolved side-
band regime (£2,,, > &) the back-action effect is more evident on the optical
damping rate with negligible frequency shift, and vice versa in the bad cavity
regime (2, < k). The oscillator effective temperature of the overall bath
(thermal bath and optical one) is

r
Tepp=T=——. (1.101)
Lers
From these equations and in close to resonance w = 1,,, the Langeven
equations of the creation and annihilation mechanical bosonic operator can

be written in the following way:

b (w) ( — iw — i + F2ff> =0l (W), (1.102)
b(w) ( — w4 i + FZ”) = bin(w). (1.103)

In the equation for the bosonic annihilation operator, the contribution of the
bosonic creation operator is neglected because it is far from the its resonance,
i.e. b is resonant at —,,. This concept is true also for the equation of the
creation operator, where the b is centered in —Q,,, but resonant at €2,,, and
therefore negligible.

To get a clearer description of the model, we move to a rotating frame
around the mechanical frequency €2, (see App. A), the bosonic creation and
annihilation operator are given by:

br(t) :=b(t)e™™t bl (1) := b (£)e" ", (1.104)

We define a shifted frequency w — Q,, = Q. The Fourier Transform of
annihilation and creation operator in the rotating frame are thus:

br(w) =blw+ D),  bh(w) = bl (w— Q). (1.105)

Eq. 1.103 and its Hermitian conjugate can be written in the form of the
system of coupled linear equations

—iQ) + Fe% 0 ZR gln
2= (2 1.106
( 0 —iQ+ T ) \bh, b, (1.106)
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The two bosonic operators are:

7 . 8Gin (Qm )™ 8al (Qm)a =
bR(Q) = 7m+%eff/2 {lgoﬁ(,mm&mlm/g + 7iQm7§iszn/2) +Vlhm bth(Qm)]
(1.107)
and

Fh(9) = eh7a | — oA Bl + R ) 4 VT T (-20)
(1.108)
where the input noise operators are calculated in quasi resonance approx-
imation = €,,. The spectrum of the bosonic annihilation operator is:

S 5, = % <3TR(—Q)ER(Q)>. (1.109)

The spectrum of the bosonic creation operator is:
1/~ ~
Siiit, = 5= <bR(—Q)bg(Q)>. (1.110)

We use the obtained equations of br(Q2) and E%(Q) (respectively Eq. 1.107

|1,2+1)

[1,n-1)

wi+Q,,
;W

w9,

lo,n-1)
wi+9Q,, wy wi—Q

'm

Figure 1.9: Left panel: the optomechanical cavity transmitted beam (res-
onate with the cavity weq, = w;) with the two sidebands modulation. Right
panel: scattering picture, showing the Stokes (w; — Q) and anti-Stokes
(wi; + Q) process in the optomechanical cavity.

and 1.108) and the commutation relations written before (Egs. 1.86-1.89) to
obtain a clear description of the spectra. The contribution of the annihilation
operator gives

Dynnign + Doptfipa | _
S - (Q) = pBA 7, (1.111)
brbr 02+ T2,,/4 024+ T2,,/4
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while the creation operator spectrum is

Fw (ﬁth + 1) + 1—‘o;l)t('FLBA + 1) Feff _
Soi (Q) = =2 = (n+1). (1.112)
P O +T%,/4 0+ T%,/4
Where the occupation number due to the back-action is:
At
npA = ———, 1.113
MBA= o ( )
A
l+napyg=——, 1.114
MBA = =A% ( )

where AT is the rate of the upward transition (Stokes process) and A~ is
the rate of the downward transition (anti-Stokes process). They are defined
in the follow way:

2 2
. K 4o o 1.11
A = R e T (1.115)
2 2
e L (1.116)

(A+ Q)%+ K2/4
The oscillator effective phonon number is the linear sum of the optical and
thermal occupation, it is expressed in the following equation:
Fm ngp + Fopt NBA
Legs

n= (1.117)
In our work we describe an optomechanical system in weakly coupling regime
Ierr < Q,, and them the observable variable exhibit Lorentzian spec-
tra with linewidth I'c¢s. Their variance can be evaluated by integrating
over the respective spectral peaks. The spectral variance is define as oy =

ffooo Spy (Q)% It is used to identify the occupancy of the two sidebands,

the anti-Stokes S; 7 (£2) and the Stokes SE; B, (Q):
5= &nth + i;’;nm =i, (1.118)
o5 = Fi:f (en + 1) + 150:; (Apa+1)=n+1, (1.119)
where it is used:
| Sy R (1:120)
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Using these equations we can connect the Stokes and the anti-Stokes areas
with the phonon occupancy. We will use this concept to measure the phonon
occupation for the mechanical modes by the asymmetry between the two
sidebands. In the next chapters I will describe the experimental apparatus,
and the experimental results.



Chapter 2

Experimental Setup
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Figure 2.1: General experimental setup.

In this chapter I will describe the apparatus used in the experiment.

In Fig. 2.1 I sketch the apparatus used in order to prepare the laser beams
and show how they are used in the experiment. The light source is the
Mephisto cw Nd:YAG laser operating at A = 1064 nm manufactured by
InnoLight GmbH (now Coherent Inc. [38]), with a maximum output power
of 500 mW.

After a 40 dB optical isolator, we set a polarizing beam splitter (PBS-1)
and a half wave plate. With it, we can decide to deviate the beam into
a filter cavity or keep it unfiltered. In the first case, the light transmitted
from the filter cavity returns into the beam path through a third PBS-3.

27
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Before that the beam is sent through a second PBS-2 in an Acusto-Optic
Modulator (AOM), identified with the letter "A”. The AOM-A is used in
the lock scheme of the Optomechanical Cavity (OMC), to correct the fast
fluctuations of the cavity error signal. The AOM-A gain is 5.8 MHz/V. The
total lock gain is 2 x 5.8 MHz/V because the AOM is used in a double pass
configuration. More details about the filter cavity will be presented later.

With two PBS, number 4 and 5, and two half wave plates, the beam is
divided into three different beams called: Pump, Probe and Local oscillator
(LO). The Probe is mainly used to lock the laser frequency to the OMC, and
it is also used in the detection as a probe resonant with the cavity. On its
path, a resonant electro-optic modulator (EOM) provides phase modulation
at 13.3 MHz, with a depth of about 1 rad used for the Pound-Drever-Hall
(PDH) detection scheme. The Probe beam radiation is frequency shifted
by a AOM-C. The LO is taken from the reflection of the PBS-5 and used
as reference in the detection. With an AOM-D, placed on this path, we
can control the frequency shift of the LO beam from the cavity resonance,
Arpo. The homodyne detection is performed when the LO beam is resonant,
Aro = 0. Vice versa heterodyne detection is performed when Apo # 0.
That AOM is used to perform a phase lock in the homodyne and heterodyne
at low detection frequency. The Pump beam is used to inject a relatively
high power into the OMC. The main purpose of this beam is to cold down
the mechanical oscillator. The Pump beam passes trough an AOM-B, it
is used to control the frequency shift between the Probe and Pump beam
Acool, to obtain the best cooling effect on the mechanical oscillator. All the
AOMs used in this work are phase locked.

The three beams (Pump, Local oscillator and Probe) are sent to a second
optical bench with single-mode, polarization maintaining fibers. The output
of the Pump beam fiber is sent on a PBS-9 after a \/2, used to select the
optical power. The reflected beam is sent to the optomechanical cavity, and
the transmitted Pump beam is detected with a photodiode to monitoring
the power fluctuation and measure the intensity of the modulation tones
on the Pump beam (parametric squeezing scheme). We typically use a fast
photodiode with a bandwidth of 200 MHz.

The Probe beam after an optic isolator, is overlapped on a PBS-7 to
the Pump beam, with orthogonal polarization. The overlapped beams are
mode matched to the OMC. The reflected Probe beam (deviated by the input
polarizer on the optical isolator) is detected by the photodiode used to obtain
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the PDH signal. We will describe it in the Sec. 2.6. The frequency shift
generated by the AOMs eliminates any spurious interference and reduces
the cross-talk between Pump and Probe. Before the photodiode used for
the OMC lock, a half wave plate and a PBS-6 are able to take most of the
reflected Probe power and direct it as signal in the heterodyne/homodyne
detection. This fraction af the Probe is overlapped with the local oscillator
(properly detuned), on the PBS-8. After the PBS-8, the electric fields are
rotated by 45° by a half wave plate and then the overlapped beams are
divided in two equal component by PBS-10. The two beams are sent on two
identical photodiodes to have a Balanced Detection.

Before the OMC, a Dicroic mirror high pass (the wavelength of 1064 nm
is transmitted and the laser at 980 nm is reflected) is used to inject in the
cavity a second laser with a wavelength close to 980 nm. This beam is used
to perform the Q-factor measurement. More details about its experimental
apparatus are given in Sec. 2.2.

A computer scope is used to acquire the signal from the PDH and the
homodyne and heterodyne detection. The signals are digitalised and the
scope calculates the signal spectra and takes the average over the several
acquisitions. To have a better signal to noise ratio, we acquired different
time traces for each apparatus configuration. In the following sections I
will describe in details the different components in our apparatus. In the
first sub-section the optomechanical system will be described, afterwards I
will illustrate the quality factor apparatus and measurement protocol, then
I will illustrate the locking scheme and I will describe the reasons why we
implemented a filter cavity and its characteristics, in the last section I will
describe the homodyne and heterodyne detection scheme.

2.1 Optomechanical cavity

The optomechanical cavity is composed by a membrane placed in the middle
of a high finesse Fabry-Pérot cavity. The sketch of the optomechanical cavity
is shown in the Fig. 2.2. The cavity is composed by two mirrors. The
input mirror has a curvature radius R = 50 mm, and the output mirror
is flat. The input mirror is glued to a high voltage piezoelectric translator
PZT through an invar spacer. The invar is a particular metal alloy having
a similar low thermal expansion coefficient, 1.7 x 1076 K~1, of silica and
silicon ~ 0.57 x 107% K~!. Indeed, by using this metal alloy in the cavity
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Figure 2.2: Sketch of the optomechanical cavity

components (Fig. 2.2), it is possible to decrease any thermal stress from the
mounts on the mirrors and the oscillator. The PZT is used to sweep the
cavity length and is used as a slow control in the cavity lock. Between the
mirrors, the cavity has a silicon spacer and the silicon plate containing the
membrane, both of them ~ 1 mm thick. The length of the cavity is 4.377
mm and the free spectral range (F'SR) is 34.25 GHz. The input mirror
transmission is 77 = 315 ppm while the back mirror has high reflectivity,
T, = 10 ppm, both at A = 1064 nm. In the beginning of experiment,
however, the cavity finesse was 16500 maybe due to a not perfect mirror
cleaning. The nominal finesse at zero losses of the empty cavity (without
the oscillator), as described in Eq. 1.41 is F = 19333. The cavity finesse
with the mechanical oscillator in the middle is a different object, as we will
discuss more in details in a following section. In this cavity configuration,
the membrane is situated close to the cavity center. The cavity is designed
in order to obtain one rigid block, since at cryogenic temperature the cavity
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does not have the tilt or move. The optomechanical cavity is mounted in a
cryostat, evacuated to a pressure below 107° mbar. Via a helium flux we
can reach a bath temperature close to 7 K.

The optomechanical cavity has an alignment system. It is composed by

two off-axis cylinders, both used to align the cavity with circular movements,
given an overall translation of the optical axis. This allows placing the cav-
ity axis in the membrane center. The assembled cavity is fixed on a support
and then to a cooled copper plate in the cryostat, thermally connected to the
cold finger by means of soft copper foils. The copper plate is mechanically
fixed, using thermally isolated legs (fabricated from torlon), to a huge inox
mass, connected to the cryostat bottom flange using C-shaped springs. This
suspension system reduces the vibrations propagated from the cryostat to
the optical cavity. Inside the cryostat, we have three thermal sensors used
to monitor the temperature of the cold-finger, the sample and the thermal
shield.
During the work of this thesis we changed the cavity PZT from one at high
voltage to one at low voltage, with the purpose to decrease the noise intro-
duced by the high voltage amplifier. For this reason in the work described
in Ch. 4 the cavity length is different, due to the different PZT length. The
length is 3.919 mm and the F'SR is 38.25 GHz. All the other cavity pa-
rameters are identical to the previous configuration. The low voltage PZT
parameters are described in the follow table.

model PI/P-080.341

operating voltage —20+100V

displacement range 100 & 20% nm
capacity 17 uF

This second configuration will be used in the parametric squeezing work de-
scribed in Ch. 4, while the first cavity configuration is used in the calibration
work described in Ch. 3.

Mode matching

When the OMC is put in the cryotat, it is aligned with the optical path. The
cavity mode matching identifies the light power in each cavity mode. We
align the cavity on the TEMyg mode, for which the mode matching coefficient



32 Experimental Setup

is described by the follow equation:

M Mo, = Z Z “//0’0 (2.1)

m=0n=0 """

where V;, ,, are the measured voltage on the PDH detector for each cavity
mode (m,n). Experimentally, we just consider the visible modes. For this
measurement we tune the cavity length by the PZT glued on the input
mirror. The PZT allows to observe a cavity free spectra range, indeed we
can measure all the residual cavity modes (m, n). A typically value of MMy
is > 95%. The mode matching is important for two reasons. Any light not
coupled into the fundamental mode of the cavity does not interact with
the membrane. The non-resonant modes are reflected back to the PDH
detector, causing a decrease in the signal to noise ratio of the locking detector
and therefore also effecting the feedback, the stability of the optomechanical
system and decreasing the signal in the homodyne and heterodyne detection.
All the procedures of mode matching optimization are repeated after the
cooling down and before the measurements.

Cavity length and Free spectral range

The cavities length used in this work is around 4 mm, in both the considered
configurations. In order to know the cavity finesse and losses, it is very im-
portant to have a good estimation of the cavity length and the free spectral
range (F'SR). Due to the short cavity length, all the possible deformation
due to the contraction during the cooling, or the fabrication uncertainty give
an important contribution on evaluation of the F'SR. The F'SR is measured
using a laser with a tuning range large enough, without mode jumps. That
laser setup is shown in the Sec. 2.2. We tune the laser between two different
cavity resonances, in each point we measure the laser frequencies, and from
the difference we detect the cavity F.SR. The results of this measure tech-
nique, implemented for the two configurations, are shown in the introduction
of this section.

2.1.1 Circular membrane

In this optomechanical work, we use a circular drum as mechanical oscillator,
placed in the center of a Fabry Pérot cavity. We consider a tensioned circular
membrane [24]. The vibration modes of the membrane, are given by the
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solutions of the two-dimensional wave equation, with Dirichlet boundary
conditions which represent the constraint of the frame. It can be shows
that any arbitrary vibration of the membrane can be decomposes into an
infinite series of the membrane’s normal modes. We now describe the analytic
solution of this problem. We consider an open disk © of radius a. Wa call
u(z,y,t) the vertical displacement of the membrane, where (z,y) € 6. We
denote with 6@ the variation of the shape @. In cylindrical coordinates
(r,0, z) the wave equation is:

Pu_ (@0 tou 1o
a2 or2  ror 1?2002

> 0<r<a 0<o<2r (22

where u = 0 for r = a. ¢ is a positive constant, giving the speed at which

Figure 2.3: Modes of the membrane vibration, labeled with the number m
and n.
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transverse vibration waves propagate in the membrane:

N’I‘T
— 2.3
c oh (2.3)

where N, is the radial membrane stress at the membrane boundary (r = a),
h is the membrane thickness, and p is the density of the membrane. In the
general case, we assume a solution in separated variables

u(r,0,t) = R(r)0()T(t). (2.4)
We replace this into the wave equation, the result is:

T'(t) _R'(r)  R(r)  ©"(6) _
2T (t) - R(r) T rR(r) + r20(0) =K (2.5)

where K is a constant. The equation for T'(¢) has different solutions, for
K > 0 an exponential grow or decay solution, for K = 0 the solutions are
linear, and they are periodic for K < 0. In order to find the solution of the
vibrating membrane we consider K < 0, then K = —\? with A > 0. The
solution for T is the combination of sine and cosine functions,

T(t) = Acos(cAt) + Bsin(cAt). (2.6)

From the other equation:

R'(r) R'(r) ©"(0)
R(r) rR(r) 120(0)

=\ (2.7)

Separating the variables and after multiplying both sides by r2:
r?R"(r)  R'(r)r

AT+ R0r) ) (2.8)
and 0 (6)
— o) =L (2.9)

where L is the same constant. Since ©(6) is periodic, with period 27, the
solutions is:
O(0) = Ccos(mb) + Dsin(m8), (2.10)

where m = 0,1,... and C and D are constants. This also implies L = m?.

The solution for R(r) equation is a linear combination of Bessel functions
Jm and Y,,.
R(r) = c1Jm(rA) + c2Yin (). (2.11)
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The Bessel function Y, is unbounded for » — 0, resulting in an unphysical
solution for the vibrating membrane, so the constant co must be null. We
assume that ¢; = 1. From the boundary condition v = 0 with r = a, we
obtain

R(a) = Jm(aX) = 0. (2.12)

The Bessel function J,, has an infinite number of positive roots, 0 < a,,1 <
2 < ... . Therefore we get that Ay, = o, n, for n =1,2, ..., so the solution
can be written as Jy,(Qm,nz). The total solutions for the vibration of the
membrane are:

Umn (1,0,1) = (A cos(cAt)+ Bsin(cAt))Jp, (am’ng) (C cos(mb)+ D sin(m@)),

(2.13)
form=0,1,...andn=1,....

Effective Mass

This section has the purpose to describe the concept of mechanical mode
effective mass. In the general case, we consider a system with a density
p(Z). The displacement of the infinitesimal volume dZ on the position # in
vibrational mode is:

(Z,t) = 4(Z)e! W) (2.14)

g

The physical mass of the system is equal to:

M:AA@M (2.15)

where V is the total volume. We can define the measurement of affective
position as:

D := / g(@)udz (2.16)
v
where ¢g(Z) an arbitrary detection function. The energy of an element, d,
of the system is equal to:

1 .
—p dZw? @ (Z,t) + ~U(Z,t)? pdT = p diw?® @(z)? (2.17)

2

DN =

where @ = wiie™* and pdZ is the mass of the volume element of the system.
We require that the description of the vibration system as a simple harmonic
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oscillator with the displacement &, conserve the total energy. Therefore we

can write:
w2/ p(2)i@*(Z)dT = M,z D*w?. (2.18)
1%

Where M, is the effective mass. We obtain the effective mass in the general

case as: [, (@@

p(Z)u”(x)dx
Meyy = —fr——"—"—. (2.19)

L[y @(Z)g(Z)dZ]

As it can be seen from this equation, the exact matching between the probing
beam and the mechanical mode shape will lead to D = 1, yielding the
minimum effective mass of the (m,n) mode. Any mode mismatch will lead to
D < 1 and therefore the respective mode will appear to be heavier (Mess >
M). In the extreme case of zero overlap D — 0, the respective mode effective
mass diverges. This actually means that the optomechanical coupling is
weak, as the light is not sensitive to the motion of the oscillator.

In this general description we will restrict to the case of the circular
membrane. We consider a scalar displacement in the orthogonal direction
to the membrane plane. In this case we describe the position with polar
coordinates (7, z,6). From the previous description of the mechanical modes
of the membrane, as see that they are described with Bessel functions. We

indicate the modal frequencies as v, , = Yooy, n, Where vy = ﬁ,/%%.

In our case p is 3200 kg/m?3, T is equal to ~ 0.8 GPa and a = 0.82 mm is
the radius of the membrane. With these values, we calculate vy = 96.6 kHz.
The Bessel polynomials, describe the movements of the membrane from the
unperturbed position:

u(r,0) = I, (am,ng) (cos(m@) + sin(m#)). (2.20)

The effective mass in cylindrical coordinates is:

hp [[ u?d@dr
[[[ u-G(r,0)d0dr]”

Mesy = (2.21)

where GG is a Gaussian function normalized to one describing the reading
function.

G(r) = —e 207, (2.22)

where we indicate with w the waist of the beam, § is the distance from
the center of the membrane to the center of the beam, h is the constant
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Figure 2.4: Mechanical mode shape functions (blue) and optical read-out
(red) to display the concept of overlap functions and effective mass of a
mechanical mode. We look at cuts along the y-Axis of the membrane. The
waist radius of the TEMgg (optical read-out function) is ~ 70 pm, centered
on the membrane § = 0. In each subplot is shown a different modal mode,
labeled by (m,n), for a circular SIN membrane with a diameter of 1.6 mm.
All the waves are normalized with respect to their respective maximum.

thickness of the membrane. It is possible to identify the total mass of the
system M = ma®hp. The ratio between the effective mass and the physical
one is:

Megy — m112 027T foa TJ'rQn (m,ng) cos? (m0)dédr )
M — 2, (r2452 215 cos
[# ST S5 rdm (im0 £) cos(mb)e wz (roHeT—2 ) qodr

(2.23)
Now we normalize the r, A and w at the radius of the membrane a. We can
use an integral result of the Bessel function:

1
1
/0 2 J2 (Qp p)de = ile_l(am,n) (2.24)

where £ = r/a. From now we consider r, § and w as normalized to the
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membrane radius a. We now calculate the mass for two different situations,
m =0 and m # 0. In the first case we just have the rotational symmetrical
modes. In this case the effective mass for the modes is:

Mesy Jt(a0,n)
M 1 _2(x2462) 2
ﬁfo I, %)Jo(ao px)e”  w?  xdr

(2.25)

where Ij is due to the integration over the variable 8. For m # 0, the nu-

(m,n) | 6 | Mesr/M | go (Hz)
(0,1) [ 034 ] 039 34
(0,2) | 0.34 1.4 11
(1,1) | 034 | 060 20
0,1) | 0.1 0.28 37
0,2) | 0.1 0.14 35
(1,1) | 01 3.95 7

Table 2.1: In this table are shown the theoretical values of the effective mass
normalized at the physical mass of the mechanical oscillator and the relative
vacuum optomechanical coupling gy for three mechanical modes taken in
consideration in this work. The two parameters are calculated for the two
configuration of the cavity spot, d = 0.34 and § = 0.1.

merator of the Eq. 2.23 is 7J2 _1(®m.n)- In the denominator the integration
on the variable 6 is not 0bv10us. At the purpose of simplify the solution, we
introduce the approximation, % > w. It means that the mode shape varies
slowly over the beam waist. In this case we can move out of the integral the
cos function:

Meypy 3 m—1(m,n)
M _ 2(a2+442)
Trw2 fo xly(4 )Jo(am nr)e”  w?  dx

(2.26)

It is clear that the effective mass depends of the measurement position.
The Eq. 2.16 gives a zero overlap and therefore infinite effective mass
for the mechanical mode of m > 0, Vn and for a § = 0 see Fig. 2.4. In the
experiment, however, the alignment of the optical beam with respect to the
membrane is not perfect, such that there is a residual overlap even for m > 0
mode. The vacuum optomechanical coupling g9 = Gxzpp, where in xzpp
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Figure 2.5: Trend of gg as a function of the position shift ¢ for different
mechanical modes, the black line the mode (0,1), the dark grey line the
mode (0,2) and gray line the mode (1, 1), where with the vertical lines, red
and dark red, are shown the two different positions of the cavity beam.

appears the dependence from the effective mass, depends on the overlap
between the cavity mode and the membrane ones. Due to that, gq is rightly
dependent of the cavity beam position. For this reason, in the Tab. 2.1, we
show some value of the effective mass M.¢¢ and the optomechanical vacuum
coupling go obtained for the two different cavity configurations and for three
considered modal mode: (0,1), (1,1) and (0,2). Indeed, in the Fig. 2.5 is
shown a full description of the gg, for the three some modes, as a function
of the normalized beam position 5. We evidence, by two vertical lines (dark
red and red), the two positions for the cavity beam on the membrane.

As we said, we studied the system for two different positions of the cavity
spot on the membrane. In the first configuration we focus the work on one
of the quasi degenerate mechanical mechanical mode (1,1) at 370 kHz, and
considering only the one more coupled with the cavity beam. This configu-
ration will be used in the work described in the Ch. 3. The overlap function
D, described in the Eq. 2.16, has a value close to 54% for one of the quasi
degenera mode and almost zero for the other. That value is calculated con-
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sidering a shift close to 0.28 mm (we will discuss later that measurement
method) that corresponds to § = 0.34. The value of effective mass, normal-
ized to the physical mass, and the gy for the interested mechanical modes
are shown in the Tab. 2.1. Before the parametric squeezing work, the spot
on the membrane was realigned, obtained a better centering (shift from the
center less of 0.1 of the membrane radius). Here, one of the best coupled
mode is the (0,2) at 530 kHz, the overlap is close of 90%. For that position
the theoretical value of the vacuum optomechanical coupling and normalized
effective mass are shown in the Tab. 2.1. In the next subsections we will
report the membrane physical parameters and how the oscillator influences
the cavity proprieties.

Membrane specs

1) 22)
h G.04.2) (0.3) 42)
(G2 (0,4)
(1.3) 1@23) 4
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Figure 2.6: Left panel: a) Optical microscope picture of the circular mem-
brane, with diameter 1.64 mm and thickness 100 nm. b) and ¢) first
modal shapes involving the membrane, resonating at about 230 and 366
kHz, respectively, similar to the constrained membrane’s normal mode
(m,n) = (0,1) and (m,n) = (1,1). d) CAD image of the device. e) and
f) modal shapes of the lowest frequency resonances of the device, respec-
tively, at 32 and 47 kHz, where the planar displacement of the membrane
frame can be seen. The pictures are taken from [10]. Right panel: A typi-
cal displacement spectrum of the membrane at room temperature. All the
mechanical modes are marked in red.

The optomechanical cavity is based on a silicon nitride (SiN,), circular
membrane oscillator, supported by a silicon (Si) frame. It is made by a col-
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Diameter, I, =, (mm) 1.64
thickness, I, (nm) 97.27 +£0.01
mass, M (kg) 6.57 x 10710
Index of refraction, n 2.0210 + 0.0005 at 1064 nm
Absorption coefficient, n; (2.00 +0.08) x 107% at 1064 nm
Young’s modulus, E (GPa) 200 — 400
Poisson ratio 0.27
Tensile stress (GPa) 0.8
Density, p(kg/m?) 3200
Thermal expansion coefficient, o (107% m/K) 2.3
Heat capacity per unit volume, C, (J/m3K) 710
Coeff. of thermal diffusion, Dy (1073 Wm?/J) 9.29

Table 2.2: Material properties of SiN. Values extracted from [10,11,72]

laboration between the University of Trento and the Technology University
of Delf. The optomechanical membranes fabrication is based on Deep Reac-
tive Ion Etching (DRIE). This technique enables the fabrication of a complex
structure around the membrane, used to isolate the membrane from its sup-
port. This allows to maintain a high mechanical Q-factor (107) for all the
membrane mechanical modes. The details of its fabrication are described in
the work [72].

The membrane used in this experiment has a mass of 6.57 x 10710 kg,
and a diameter of 1.64 mm. The thickness is ~ 100 nm and the Q-factor
is 107. The membrane stress is ~ 0.8 GPa. The resonance frequency of
the membrane fundamental mechanical mode is 240 kHz. The membrane is
incorporated in a 1 mm thick silicon plate. All the membrane parameters
are shown in the Tab. 2.2. In the right panel of Fig. 2.6 is shown a typical
displacement spectrum at room temperature, where the mechanical modes
are marked in red. The displacement spectrum is acquired by the homodyne
balanced detection at room temperature (RT) without any optical cooling
effect. The spectrum is calibrated in terms of m?/Hz.

Membrane Reflectivity and Transmissivity

In the optomechanical cavity in configuration “membrane-in-the-middle” the
cavity finesse is linked to the position of the membrane. To get a more general



42 Experimental Setup

QO
=
o
'S
o

o
w
®

Reflectivity R
o
w
>
1

\ 4

o
[
by

0.30
900 950 1000 1050 1100 1150 1200
A (nm)
0.4

o
~

0.3

0.2

Reflectivity R

0.1

0.0
0

50 100 150 200 250 300
Membranethickness [, (nm)

Figure 2.7: a): The SiN membrane reflectivity as a function of the A, cal-
culated for a membrane thickness of 100 nm (Green line). Dark red line at
980 nm and red line at 1064 nm indicates the interestingly wavelengths. b):
The power reflectivity as a function of the membrane thickness, field at 980
nm (dark red line) and field at 1064 nm (red line). Green line, membrane
thickness of 100 nm.

description, we can start by describing the membrane reflection and trans-
mission coefficients. At this propose we use the transfer matrix approach
for a 2D thin film (I,l, > A, I, < A). With this method we can link the
transmitted electromagnetic field amplitudes F(l,) and H(l,), to the fields
at the boundary of the membrane E(0) and H(0) with the the wavelength
dependent refractive index n(\):

E(l.)\ [ cosp sinB/k\ (E(0) (2.27)

H(l,)) \~ksinB cosp H(0) '
where 8 = kl, it defines the phase shift generated by the SiN film, & = 27n /A
is the laser light wave vector. The reflective index of our membrane is shown

in the Tab. 2.2. The transfer matrix approach can be used to calculate
the field amplitude reflected off and transmitted through the membrane.
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The transmission and reflection coefficients are, respectively, t = F;/E; and
r=E./E; [72]:

_ (1 —n?)sin g
"7 Qincosf + (n?+1)sin B’ (2.28)
- (2.29)

t= .
2incos S+ (n?2 4 1)sin g8

If we consider a system in absence of absorption, the coefficients for the power
reflection and transmission are, respectively, R = |r|?> and T = |t|?, where
R+T = 1. The membrane used has a thickens of 100 nm, the reflected power,
for the 1064 nm wavelength, is ~ 33%. In Fig. 2.7 we display the membrane
reflectivity as a function of the wavelength A, and the membrane thickness
l,. We show the trends for the two laser used in our work at 1064 nm and
~ 980 nm, where the difference in reflectivity are negligible. Due to the low
reflectivity the membrane can not be used as end cavity mirror, therefore the
membrane is placed in a high finesse Fabry-Pérot cavity, without spoiling the
finesse thanks to the low absorption rates. In the real case the membrane
absorbs part of the light field, its refractive index is n = n, + in; [72]. It
has an imaginary part that keeps into account the amount of attenuation
while travelling through the medium. The SiN membrane absorption is very
small, ~ 2 x 1076 at 1064 nm.

The membrane-in-the-middle cavity

As a further step, we will describe the optomechanical system, membrane-in-
the-middle. We consider a Fabry-Pérot cavity with an input coupler having
|71|? + [t1]> = 1 and o7 = 0, and an output coupler with |ra|? + [t2|> = 1,
02 = 0, where the o1 2 are the mirror losses. The two couplers are separated
by a distance L. Considering the membrane placed approximately in the
cavity center. The classical fields, inside and outside the cavity, is described
by using the transfer matrix method, for that the linear system that describes
the optomechanical cavity is:

() -5
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Figure 2.8: Scheme of the membrane-in-the-middle cavity. With red lines are
shown all the coupled fields and with the blue one is shown the membrane,
placed approximately in the middle of the cavity. In our setup, due to the
high reflectivity of the back mirror, a; ~ 0.

where the total matrix is obtained by considering five elements:

7"% T2 2mi(lo—Tm)

=+t —32 e 0

Mtot = (tZ_:z tltz) < 0 6727ri(12*93m) )
2 2

<th Tt _;) < 627ri(l1+f£m) 0 > (ﬁ + tl _2>
L 1 727Ti(l +xm) . 1
: L 0 e ! _% t1

The first and last transfer matrices show the contribution of the cavity mir-
rors. The second and fourth matrices describe how field pass trough an
empty medium with different lengths, normalized by A, respectively lo — x,,
and [y + T, [1 is the left sub-cavity length and lo = [ — [ is the right sub-
cavity length, where [ is the cavity length normalize at the laser wavelength
I = L/X (in the usual configuration we have Iy = I; = [/2). The relative
accumulated phases are i2mwl; and ¢2wly. The center matrix shows the mem-
brane placed at I; + x,, from the input cavity mirror. The membrane have
the reflection and transmission coefficients respectively r and t. a, and a; are
respectively the reflected and transmitted field, the total cavity coefficients
can be obtained by the equations:
My, My,

7M722, ttot = Mll — M722M12. (232)

Ttot =
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Considering now a cavity in asymmetric configuration, where the transmis-
sion of output mirror is much smaller than the input one (|t1]?> = 315 ppm
, [t2]> = 10 ppm), we will discuss only the results applied to our setup. We
do not consider a possible membrane angle with respect to the cavity axis.
The resonance frequency is given by the laser wavelength, A, the membrane
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Figure 2.9: a): Cavity finesse as a function of the membrane position nor-
malized to A\. Red dashed line shows the theoretical finesse of the empty
cavity. b): Simulation of the vacuum optomechanical coupling in our config-
uration. It is maximum for the cavity node and anti-node, where the finesse
is maximum and minimum respectively. For the membrane in the middle
setup the vacuum optomechanical coupling can be reach the gy = weqwn/L,
red solid line.

position x,, and its reflectivity, ». The phase of r gives an offset to the reso-
nance. On the other hand, the cavity finesse can change with the membrane
position. Here, we can define the finesse as the total one of the cavity. To
have a description of the finesse and optomechanical coupling as a function
of the membrane position, we performed a numerical estimation of the fre-
quency and linewidth of the transmission resonance. The model results are
shown in the Fig. 2.9a) and 2.9b). Fig. 2.9a) shows the finesse trend as a
function of the membrane position normalized to the laser wavelength. The
maximum cavity finesse is when the membrane is close to the cavity node,
i.e. A/2. In an asymmetric configuration, the finesse of the optomechanical
cavity can be higher than the empty one. Considering a symmetric system
where a cavity Fabry-Pérot is composed by two identical mirrors, the fi-
nesse can reach at the maximum a value of the empty cavity one. This is the
biggest difference compared with an asymmetric cavity, an example is shown
in the work [40]. The finesse dependence on the position of membrane is the
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explanation of the change in finesse when cooling the system to cryogenic
regime. In our experiment, the finesse at room temperature is close to 16500
but at cryogenic temperature the finesse reaches 20000 or more.

The results of the numerical solution for the optomechanical gain is shown
in the Fig. 2.9b), (normalized to go = wean/L i.e. to the equivalent end-
mirror coupling strength) where the maximum couplings are in the cavity
node and anti-node, respectively, where the finesse has a maximum and the
minimum.

In conclusion, even if the oscillator has a moderate reflectivity, the op-
tomechanical coupling strength of the membrane, placed in the center of a
cavity, can reach values similar to the standard end mirror configuration or
better.

Finesse measurement
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Figure 2.10: a) Example of the finesse measurement, where the red solid
line shows the fit function at five Lorentzian shapes, the blue dots are the
experimental data. Horizontal upside label shows the converted scale in
frequency. b) Example of the finesse measurement for different position of
the laser tuning range. It is make on all the possible range from —10 V to
10 V where its gain is —3 GHz/V. The dashed red line shows the measured
finesse value at room temperature. The black dash line shows the maximum
value of the finesse for our empty cavity.

As previously explained, an important cavity parameter is the finesse.
For its measurement we use the modulation at 13.3 MHz on the probe beam,
used to generate the PDH error signal. We use one photodiode of the bal-
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ance detection, to observe the reflected cavity beam with the two modulation
sidebands. The known frequency distance between the carrier and two side-
bands is used to calibrate the time axis into a frequency. An example of it
is shown in the Fig. 2.10a). From the fit (red line in the figure) we measure
the linewidth of the carrier peak k; and the distance in time between the
carrier and the sidebands d;. The ratio between distance in frequency and
time gives the conversion coefficient 13.3 MHz /d;. This conversion coeffi-
cient is used to calibrate the linewidth in frequency (k = k¢ x 13.3 MHz /4;),
and from an independent measurement of the cavity F\SR, that is previously
described, we derive the cavity finesse F = #. At cryogenic temperature,
before any other measurement, the system is characterized by measuring the
finesse as a function of the laser frequencies at the purpose to find the best
coupling point. An example of the full frequency range is shown in the Fig.
2.10b). For the measurement we choose the best finesse point where also the
optomechanical coupling is maximum. As it is possible to observe in that
figure, at cryogenic temperature the finesse grows up compared with the best
finesse value reached at room temperature. It is probably generated by small
tilt of the membrane thermal stress. Due to the thermal stress the positions
of the cavity node and anti-node change, giving a better coupling between
the cavity mode and the mechanical one. We work on the laser frequency
where the finesse is maximum that correspond to the higher optomechanical
coupling.

2.1.2 Cavity spot position on the membrane

In this subsection we describe the possible cavity deformations during the
cooling cycle. During the temperature decrease, we have kept the alignment
between the injected laser and the cavity. The most important thermal
contractions effects occur above 70 K since, below this temperature the ex-
pansion coefficient drops to low values. The cavity movements are due to
the displacement of the cryostat itself. They can be easily followed by using
the alignment mirrors. It is important to verify that the cavity itself does
not deformed too much since such deformation can be hardly compensated.
In particular it is crucial to verify that the position of the cavity axis with
respect to the membrane does not change. In order to see if the beam spot
on the membrane moves or not, we have acquired several photos at different
values of temperature. We have used an editing program to compare such
images. In particular in Fig. 2.11 we show the comparison between two
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2=
10 pixel

Figure 2.11: Photo of the membrane inside optical cavity taken at 20 K.
The blue lines identify the waist center in the photo at 20 K. The red ellipse
and the red lines give the position of the waist center, in the photo taken at
room temperature. The green lines and the green border identify the center
of the membrane. This picture is taken with the horizontal and vertical axis
flipped.

images at room temperature and at 20 K. At the purpose to identify the po-
sition of the spots, we have chosen as reference, the center of the membrane
in both images, and we have measured the spot positions. All positions are
taken in number of pixels and converted into real displacement using the
known membrane diameter of 1.64 mm. The diameter in number of pixels
is 125. We derive that one pixel on the image corresponds to 13.1 pm. The
shift between the spots at two temperatures is just 2 pixels i.e. 26 ym. The
waist of the cavity is 70 pm, this means that we do not observe a significant
shift. This is an important result, showing that the cavity with this mem-
brane remains well aligned. We can state that our optomechanical cavity
works properly at cryogenic temperature. Thanks to this measurement pro-
cedure, we obtain the distance between center of the membrane and cavity
spot. In the first used configuration, the displacement of cavity spot from
the membrane center is 0.28 mm, in the vertical axis. We will use this dis-
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tance to calculate the effective mass of the mechanical modes, whose values
are reported on Tab. 2.1. Using the some procedure we measured the spot
position for the second configuration, where we identify a displacement from
the center close to 6 = 0.1 a long the vertical membrane axis. In this config-
uration the symmetric modes are much more coupled than the other ones,
indeed for this configuration the best coupled mode is the (0,2) (excluding
the fundamental one (0, 1)) no more the (1,1).

2.2  Quality factor

The quality factor @) is a very useful parameter to characterize and compare
losses of resonators. Today exist many way to define that parameter, all
become very similar in the limit of higher @. For example in the frequency
domain, the quality factor can be defined by

0= Ql _ ‘X(QM)l (2.33)
L [x(0)]
where (2, being the resonance frequency, I';, is the full width at half max-
imum of the resonance and x is the transfer function, Eq. 1.9. The ratio
shows how much energy the oscillator can stored in the resonance. In our
oscillator, SIN membrane, the quality factor is very high, implying a sub Hz
T, In the time domain the quality factor can be defined as [70]

E
Q= ZWE. (2.34)
Here, F is the energy stored in the oscillator, AE is the energy loss per cycle.
The loss mechanisms contributions, in reality, have different sources. The
overall () is the inverse sum of ) factors attributed to each loss channel, why
the loss channels are inversely proportional to the quality factor, as the loss
added in Eq. 1.4.

U S
Q Qvis Qstr champing

where the losses due to the viscous mechanism gives Quis = Q4 /I'gas, and
the structural damping gives Qg = 1/¢. The last considered damping is
generated by the clamping. In it, other losses due to the the membrane as-
sembly into the optomechanical cavity are considered. Before describing how

(2.35)
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the quality factors of mechanical modes were measured, we describe in de-
tail some contributions to the quality factor, such as thermal and structural
contributions.

2.2.1 Q-factor damping

Recoil damping
As describe in the work [10], the strongest contribution to the dissipation
is what is called recoil damping (structural damping, Q;,1). It is due to
the combination between vibrations of the membrane and that of the sup-
port. The effective quality factor, in this framework, of a resonant membrane
supported by a wafer is
1_1 1 M 90, (2.36)
Q Qm Qw M, (9721) - 97271)2
where Q,,, M,,, 2, are the intrinsic quality factor, mass and resonant angu-
lar frequency of the membrane, Q,,, M,,, £, are the identical parameters for
the support wafer. The strongest reduction of the quality factor, according
to the equation, is when the wafer frequency is equal to the mechanical one,
Qi = Q-

For this reason the membrane used in this work is designed to reduced
the contribution of the recoil damping, and obtain an higher level of homo-
geneity of the QQ-factor. The design and realization processes are described in
the works [10,72]. The oscillator is designed with specific on-chip structure
working as a loss shield for the membrane. The lowest resonance frequency
has the highest quality factor and reaches the limit set by the intrinsic dis-
sipation. A cylinder of diameter 2.4 mm and thickness 1 mm supports the
membrane. It is supported in four points by a structure made of alternating
flexural from torsional springs with a thickness of 280 pm (see Fig. 2.6).
The purpose is to isolate the internal resonator of the cylinder and the rest
of the structure. To decrease the coupling of the membrane with the wafer,
the cylinder structure is repeated two more times. The fabrication of this
membrane is showed in the work [72]. The Q-factor reaches a value of ~ 107
for many mechanical mode. In the following section, we will describe the
technique implemented to measure the membrane quality factor after it is
mounted into the optomechanical cavity.

Low temperature effects
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Gas Damping

An important result is the increase of the quality factor at cryogenic tem-
perature, where several effects take place at the same time, involving gas
damping and internal friction of the membrane. The low temperature of 7
K gives an additional isolation. One dissipation channel is the gas damping
at a given pressure of the vacuum chamber. It is due to the momentum
transfer to air molecules. This process add a loss channel as a function of

T T T —T T ™ T — T
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Q-factor
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Pressure (10°*mbar)

Figure 2.12: Quality factor due to gas damping as a function of the pressure
for two temperature RT and CT, shown respectively with dark blue and blue
lines. The Qqir is shown for two mechanical modes (0, 2) at ~ 530 kHz (solid
lines) and (1,1) at ~ 370 kHz (dashed lines).

the pressure. The quality factor due to the air molecules is described by the
equation [7,32]:

Quir = (w/z>3/”R°§/M”zzpfm (2.37)

where Ry = 8.31 J/molK is the gas constant, p = 3200 kg/m?3 and I, = 100
nm are the membrane density and thickness, M,, = 29 g/mol is the molar
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mass of the surrounding air, T and p are, respectively, the temperature and
pressure of the environment. The behavior described by Eq. 2.37, is shown
in Fig. 2.12, where Qg is plotted for two different temperatures, room
temperature (RT) and cryogenic temperature (CT), 7 K, shown respectively
with dark blue and blue lines. The pressure of the vacuum chamber is close
to 107° mbar, kept by pumping with an ionic pump. At the cryogenic
temperature the pressure arrives at 10~7 mbar due to additional cryogenic
pumping. The cryogenic pumping has a fundamental role in the increasing
quality factor at the maximum value.

Thermoelastic

Another important contribution at low temperature is due to the thermoe-
lastic losses. In this channel the losses are considered to stretching or com-
pression of the resonators material. This effect increases or decreases the
local temperature of the material. The temperature gradient is linked to en-
ergy dissipation when the oscillator is heating and vice versa [35]. Using the
fluctuation-dissipation theorem [16,17], we can link the thermal fluctuations
to the a displacement noise. The equation for the loss angle is [18, 36]

EO(QT Qde

elastic = 55 2.38
(bth last C’U 1 + Q%Tg ( )

where E is the Young’s modulus, « the thermal expansion coefficient, C,
is the heat capacity per unit volume. 74 is the geometry and material time
constant. For the membrane the equation for 74 is 74 = (2/7%iDr, where
Dy is the thermal diffusivity, and [, is the membrane thickness. For our SiN
membrane the geometric and material parameters are shown in the Tab. 2.2,
considering the mechanical mode Q,,/27 = 530 kHz. At room temperature
(300 K), we have a value of ¢ipeiastic ~ 2.4 x 1077, implying Q ~ 4.2 x 10°.
This value is only a guide value, indeed several parameters can change or
are not exactly known. At 7 K, the quality factor due to the thermoelastic
channel is ~ 2 x 108, therefore this effect gives another explanation of the
quality factor increasing at cryogenic temperature.

Considering all these contributions we can explain how the @-factor increases
at cryogenic temperature, but the membrane quality factor has an upper
limit due to the recoil damping, 107.
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2.2.2 Q-factor measurement protocol
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Figure 2.13: Set-up used for the Q-factor measurement.

The experimental apparatus used for the quality factor measurement is
shown in Fig. 2.13. To implement this measurement are used a laser at 980
nm. The input and output OMC mirrors are design to obtain a high cavity
finesse for the Nd:YAG laser at 1064 nm, where the minimum transmissions
are respectively 315 ppm and 10 ppm. The mirrors transmission for the laser
at 980 nm is much higher, but otherwise the cavity remains in configuration
well coupled, since the mirror losses remain identical for the two lasers. The
finesse in the 980 nm configurations is < 200, while it is ~ 20000 with
the 1064 nm laser at zero losses. The purpose of working at low finesse
is to decrease the optomechanical effects and to study the free mechanical
behavior of our oscillator. The concerned laser is a diode laser, where the
single mode is selected by a gratting, and a PZT glued on it allows to control
the laser cavity length. It is used in the servo loop implemented in the
cavity lock. The 980 nm laser is sent on the optical path by a dichroic
mirror (high pass, 1064 nm is transmitted and 980 nm is reflected at 45°).
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Before the dichroic mirror a PBS and a A/2 allow to split the beam in
two, the reflected one is sent on a photodiode to generate a ”Reference”
in the lock scheme (~ 2 mW), the transmitted one is sent trough a A/4
and after of a dichroic mirror to the cavity. The reflected beam from the
cavity comes back on the second photodiode used like ”Signal” in the lock
scheme. The two photodiode signals are subtracted and sent into a servo
loop circuit to lock the cavity. The cavity lock reference level is selected by
the power of the Reference beam. In this configuration the cavity lock occurs
in two frequency positions, obtained by switching the two input signals in
the difference box. This is done to verify the presence of the optomechanical
effects on the quality factor measurement. The lock correction signal is
sent into the grating PZT, to keep the cavity locked in resonance. The
Signal beam is sent also to a Lock-in amplifier for the decay detection. The
oscillator excitation at the natural mechanical frequency f,, is realized by
a PZT glued on the cavity basement. The excitation signal is generates
directly from a Zurich lock-in amplifier, used as a function generator. The
signal is demodulated at a frequency fgem close to the resonance one, ¢ f =
fm — fdem- The optomechanical residual effects are given by the difference of
0 f between the two lock configurations, fgen, is kept fix. The difference in f,,
can be explained by small difference in detuning between the two cavity locks,
therefore the oscillator spring is modified by the optomechanical effects, Eq.
1.99. All the residual optomechanical effects can compromise the goodness
of the quality factor measurements.

The measurement protocol consists in applying an external force to excite
the oscillator. For this reason we drive the external PZT with a sinusoidal
wave-function at the natural mechanical frequency f,,. To measure the decay
we quickly move the external force out of resonance (it is shifted by 10 kHz),
the resonator whole motion is described by the following equation:

x(t) =z cos(2m 6f t) e /™ (2.39)

where g is the amplitude of the mechanical mode just before the modulation
is switched off. The decay time, 7 is linked to the quality factor: @ = 7 f,,7.
An example is showed in Fig. 2.14. At the propose to characterize the mem-
brane modes, we measured the quality factor for each cavity configuration,
where we used the same membrane. The quality factor was also studied
at room temperature (RT) and at cryogenic temperature (CT) close to 7 K.
The measurement in the two cavity configurations are displayed in Fig. 2.15.
In panel a) are report the quality factor relatively to the first studied system
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Figure 2.14: Example of a decay trace of the mechanical mode at 530 kHz.
The fit gives a decay time of 3.8 s and a quality factor close to 6.4 x 106.
Panels a) and b) show respectively the first and last 40 ms of the time
trace. In panel c) is shown the full decay. The blue and the red lines show
respectively the measured data and the fit using the function 2.39.

where the cavity spot was membrane off-centered by ~ 0.28 mm. In panel
b) the data show the results in the second configuration where the cavity
beam is more centered. In both cases the blue dots, with the relative error
bars, show the Q-factor at 7 K, the red dots show the measurement at RT.
The error bars give the standard deviation calculated on eight measurements
for each mechanical mode. More in detail, for each cavity lock setup we ac-
quired four decays, in total eight measurements for each mechanical mode.
The final quality factor is obtained by averaging the inverse of two quality
factors measured for the two cavity lock configurations:

1 1 1
i-z+3) (240)
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Figure 2.15: Quality factor measured in the two cavity configuration. In the
left panel the cavity waist is 0.28 mm far from the membrane center, and in
the right panel, second configuration, it is well centered. In the two figures
blue data are relative to the measurement at 7 K, while the red ones show
the measurement at RT. In both cases the error bars show the standard
deviation calculated on 8 measurement. In panel a) the work is focused on
the mechanical mode at 370 kHz with a quality factor ~ 8.5 x 108. For panel
b) we consider for the squeezing work the mechanical mode at 530 kHz where
the Q-factor is 6.4 x 106.

and the error is obtained by error propagation. A good explanation of the
Q-factor difference is given by the different pressure, gas damping and ther-
moelastic effects in the two temperature configurations.

Residual optomechanical effects

We can follow the described procedure only if we do not have any optome-
chanical effect on the measurement. At the propose of verifying it we observe
the fluctuation of the mechanical width AT, and the shift of the mechan-
ical frequencies A, due to the optomechanical effect. In each lock, we
measure the mechanical widths, T, = 1/7, and we compare their values
with the mean width on all the data, I',,, obtaining two values for each lock:
Al 5 = F}?f —T,,. These values are normalized to the mechanical fre-
quency. The results are shown in Fig. 2.16a). In Fig. 2.16b) we show the
measurement of the frequency shifts between the two different cavity locks
AQ,, = QL2—-Q,,. In both configurations the values are compatible widthin
the error bars, therefore the optomechanical effects are considered negligible
in the Q-factor measurements.
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Figure 2.16: In the figures the purple dots and relative bars show the data ac-
quired in the direct lock configuration, and the cyan ones there in the inverse
lock scheme. The error bars reflect the standard deviation on four imple-
ment measurements. The figures show a typical trend of the two parameters
during the quality factor measurement.

For each studied cavity setup we choose a different mechanical mode. To
choose the mechanical mode, we consider many parameters as effective mass/-
vacuum optomechanical coupling (Tab. 2.1), the quality factor, and the elec-
trical/mechanical noise around the membrane modes in the spectra. Due to
the latter effect, we exclude for all our study the fundamental mechanical
mode (0,1) at 230 kHz, because at cryogenic temperature several peaks ap-
pear around it. In the first configuration, § = 0.34, we consider one of the
quasi-degenerate modes (1,1), having a good quality factor, ~ 8.5 x 106,
and low effective mass, 0.6 x M. However, when the 6 = 0.1 the consider
mode is the (0,2) at 530 kHz, whose quality factor and effective mass are
respectively, @ = 6.4 x 10% and M s = 0.14 x M.

2.3 Laser Source

The main laser source is a single-frequency continuous-wave (CW) solid-state
laser from Coherent Inc. [38]. The specific model (Mephisto, data-sheet at
[38]) is a Nd:YAG laser with a pump diode that emits roughly 0.5 W at 1064
nm. The laser is in semi-monolithic configuration/non-planar. The control is
effectuated though a piezo electric transducer (PZT) (named ” fast control”)
that operates directly on the crystal of the laser. This operation generates
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Figure 2.17: Scheme of the frequency control of the Mephisto laser, the figure
is taken from [38].

a change on the emission frequency. The response of the modulation is 1.1
MHz/V and it has a response quite flat until 30 kHz (bandwidth of the piezo
actuator is about 100 kHz). After that, the piezoelectric resonances of the
crystal begin. The maximum tuning range is +65 MHz, which is sufficient for
our purpose. Furthermore the laser has a control of the temperature of the
laser cavity. It is a slow control of the frequency (called ”slow control”) with
a time constant few second of a response of —3 GHz/°C. The temperature
can be varied by an external voltage, at the rate of 1 °C/V. As it is showed
in Fig. 2.18, the slow control has linear zone, spaced out by mode hops,
with an overall tuning possibility of 40 GHz. In Fig. 2.18 are shown the
measured laser mode hops. In the vertical axis we report the measured
frequency, and in the horizontal axis the effective laser crystal temperature,
measured directly from the laser controller. The spectral linewidth is around
~ 1 kHz integrated over 100 ms and the output mode is a single TEMqg
mode. We remark that, the laser monolithic design makes the laser highly
frequency stable, for that the relative fluctuations of the resonators length
are very small (Al/l). It is converted in relatively frequency fluctuation A f
at the frequency f as Af = f x Al/l. The Relatively intensity noise (RIN)
is specified as < —140 dB/Hz at f > 10 kHz. The laser has a broader
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Figure 2.18: Laser Tuning range, by mean of the temperature control.

peak around 800 kHz, due to the laser relaxation oscillations. This peak is
completely damped by an active intensity noise stabilization, the so called
noise eater.

2.3.1 Laser noise

Quantum Noise

Due to the quantum nature of light, even an ideal laser system is subject to
laser noise, i.e., the quantum fluctuations of the photon number, Eq. 1.69.
The resulting quantum noise power spectral density for a laser beam with
power P = hw;n and a measured on a bandwidth of 1 Hz, is S4q = hf\P. It

is the called photon shot noise.

As we describe in the Sec. 1.2, there are two main manifestations of
the quantum shot noise that we will consider in a typical optomechanical
experiment. The first is the so called quantum back-action noise, due to
the fluctuating number of photons reflected off and therefore coupled to the
mechanical oscillator. This causes a random motion of the oscillator. The
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second is the read-out noise, it is generated from the fluctuating number of
photons at the detection apparatus. The effect of the photon fluctuation
will yield fluctuations of the generated photocurrent of the detector. The
shot noise has two important properties, first it is frequency independent,
second that fluctuations of the power are proportional to the square root of
the power, while the fluctuations of classical noise are proportional to the
power. The ratio between the quantum and classical noise is proportional to
1/+/P. Tt increases at low laser power. The real challenge lies in being shot
noise limited at large powers that are needed to boost the optomechanical
coupling strength g = go/Necqr. Quantum noise, however, is only observed
once the laser beam is sufficiently cleaned from classical noise sources.

Classical Noise
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Figure 2.19: Correlated sideband pictures at wy,,q of the amplitude and
phase modulation, picture is derived from [78§].

All the lasers, in reality, are imperfect and perturbation due to fluctua-
tions of pump power, vibrations of the laser resonator, PZT crystal resonance
or thermal effects, might induce additional noise onto the laser field. The
classical noise will be distinguish in amplitude (intensity) and phase (fre-
quency) noise.

The amplitude and phase noise can be modeled by a modulation at a fixed
frequency wy,oq with an amplitude (am) and phase (pm), modulation depths
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Nams Npm < 1 [78]. The equations for the laser field would be written then:

twit

Aam€ 't = ag [1 + Namcos(Wmoat)]e™', (2.41)

apmeiwlt = ap ei(wlt-i-npmcos(w,,mdt)). (242)
The equations can be extended using the Bessel functions and the limit of

small modulation depths become:

Aame™t = ag (ei“”t + Dam giwitwmoa)t 4 Mam ei(“”w’”"d)t> (2.43)
2 2 ’ '
apmeiwzt ~ ap (eiwlt + inTamei(wl-meod)t + m;mei(wz—wmod)t) . (2.44)

From that the laser amplitude noise is modeled as two correlated sidebands
rotating in phase with the carrier light at +w,,,q modulation. The laser
phase noise is described as the amplitude noise, but the noise sidebands are in
quadrature with the carrier, at +wy,0q. In Fig. 2.19a) the sidebands rotate in
opposite direction, all contributions along the imaginary axis (phase) cancel
out, while along the real axis the two contributions are added to the carrier
amplitude. This produces, what is called amplitude modulation. Meanwhile,
in Fig. 2.19b) the vectorial addition cancels out all the contribution along the
real axis (amplitude), effectively yielding a phase modulation of the carrier
along the imaginary axis, phase modulation.

At the end of this section we discuss how the noise sources influence the
experimental efforts. The phase noise can be seen as frequency noise, since
the frequency is the difference of phase over time, f(t) = (27)~! d¢/dt.
When the laser is locked to the resonance of the cavity, frequency noise
should ideally not drive the mechanics. However, we are not exactly on
cavity resonance (lock point drift, or detuned beam used for the cooling), the
frequency noise will be converted to amplitude noise and affect the oscillator
motion. This conversion is illustrated in Fig. 2.20 [6]. To solve this problem
we implement in our setup a filter cavity to decrease the frequency noise
produced by the laser itself.



62 Experimental Setup
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Figure 2.20: Sketch of how the frequency noise in the cavity is converted in
amplitude noise in a resonator. This phenomenon may give rise to heating
of mechanical modes.

2.4 Filter Cavity

For the experiment we need to decrease the classical noise between 200 kHz
to ~ 1 MHz, where we have the frequency of the interested membrane me-
chanical modes. The classical noise introduced in the optomechanical cavity
by the laser gives an upper limit in the oscillator cooling. At this purpose,
we have designed a filter cavity (FC) with a bandwidth below 100 kHz. The
FC can be used as a spatial and temporal mode filter. In our work the
transmitted beam consists of a single Gaussian mode TEM(y. The cavity
linewidth, krc, acts almost like an optical low pass for frequencies below
it. Indeed the noise frequency at frequencies higher than xkp¢ is reduced
according to the transfer cavity function, that is given by

xre(w) = (Hi“) (2.45)

RFC

The cavity linewidth xpc defines the corner frequency of the filter cavity,
where the value of the transfer function is |xrc(krc)|? = 1/2 = —3 dB.

The cavity was designed keeping into account the transfer function plots
show in the Fig. 2.21. We design it to obtain a strong suppression of the
classical noise, requiring the smaller possible cavity linewidth. The cavity
linewidth is ~ 30 kHz, and the noise reduction is better than —10 dB above
500 kHz.
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Figure 2.21: Filter cavity transfer functions, calculated as a single low pass
filter. Blue dashed line shown a configuration with cavity linewidth equal to
~ 30 kHz (higher finesse). Light blue dashed line show the transfer function
for a linewidth of 300 kHz (low finesse). The our setup the higher finesse
configuration will be used. The gray line show the corner frequency for the
two different cavity configurations. At the interested frequency the cavity
reduction is close to 107! i.e. —10 dB.

Frequency Noise Source

Before the filter cavity implementation, we studied the source of the fre-
quency noise in our apparatus. We will start by describing the different
methods used to investigate that noise. The spectrum field reflected from
the cavity, when the sensitivity is sufficient, is dominated by fluctuations in
detuning between the cavity and the incident laser radiation (cavity phase
noise). These fluctuations can be determined by fluctuations of the cavity
length or fluctuations of the laser frequency or both. Such noise is visible
in the homodyne detection, a typical spectrum is shown in Fig. 2.22. To
try to understand which of the two contributions is dominating, we have
realized a different, longer cavity having roughly the same linewidth of the
optomechanical cavity to maintain more or less equal the lock gain.

The new cavity has length equal to 54 mm and has two mirrors with
radius 50 mm. The input mirror has a transmission of about 1% and the back
mirror is highly reflective, the corresponding finesse is about 600, the free
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Figure 2.22: Panel a): Comparison between homodyne spectra of the op-
tomechanical cavity (green line) and the of test cavity (red line). Panel b):
Comparison between the cavity phase spectrum and the response function
of fast control of the laser.

spectral range is 3 GHz. The cavity linewidth is ~ 5 MHz. The calculated
waist is w = 0.92 mm and the Rayleigh distance is zr = 24.9 mm. Using
these parameters and the measured position and size of the waist beam
exiting from the fiber (0.237 mm), we have derived the position and the
focal length of the lenses necessary for the mode matching. After aligning
the cavity and optimizing mode matching, we have locked the laser to the
cavity (with the laser fast frequency shift) with the usual PDH detection.
We have then acquired the spectra using the homodyne detection. The
obtained cavity phase noise spectrum, can be compared with that of the
optomechanical cavity by calibration of both spectra, either in terms of cavity
displacement or in terms of laser frequency noise. In the former case the
two spectra become different by several orders of magnitude, on the other
hand, in terms of frequency noise, as shown in Fig. 2.22a), they are nearly
coincident. The shape of the structure in the spectra are indeed very close,
and also quantitatively we arrive to the same level. This is a clear indication
that the phase noise in both cavities is dominated by the laser frequency
noise.

The further test can also give an indication on the source of the frequency
noise. It is performed by sending a modulation signal when the laser is locked
to the optomechanical cavity, and detecting the resulting modulations in
the detuning using a phase sensitive detection of the PDH signal, with a
lock-in amplifier. In this way we actually measure the response function
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Figure 2.23: Example of spectrum, calibrated in m?/Hz, acquired at 13 K
around the mechanical mode (0,2). In the figure is shown the Fano profile
due to the interaction of the mode shape and the background generated by
the frequency noise. The Dark Green and the Purple line shows, respectively,
the thermal and frequency noise contribution. The Red line shows the total
fit and the Blue dots show the experimental data.

of the fast laser control. It is shown in Fig. 2.22b). The square of such
response function has structures that closely resemble that of the cavity
phase noise. This is an indication that the cavity phase noise is generated
by multiple PZT resonances of the laser cavity. As shown in Fig. 2.22a) the
frequency noise limits our sensitivity to the cavity length displacement (due
to mechanical mechanical modes of the membrane), at the level between
10733 and 1073° m?/Hz, while to observe quantum mechanical effects we
require better sensitivity. Also, the laser frequency noise gives a limit in the
laser cooling, in fact the frequency noise converted into amplitude noise in
the cavity heats the oscillator, giving a limit in the optical cooling.

A typical spectrum with the unfiltered light at CT is shown in the Fig.
2.23. The mode (0,2) has an occupancy close to 4000, where in the some
configuration of temperature (13 K) and optical cooling (I'eys = 1.6 kHz),
but with the filtered light, the occupancy is close to ~ 20 phonons, according
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to the model. The data are fitted with a Fano and Lorentzian resonance. As
it is clear in the figure, the Fano profile is dominant on the Lorentzian one.
It is therefore clear that frequency noise defines a lower limit on occupancy.
For all these reasons, we decided to build a filter cavity to decrease the laser
frequency noise.

Realization of the Filter cavity

a)

b)

/ arble suppo /
%
. %

‘/ .

7

(Output Mirror]

Figure 2.24: Panel a) and b): Section of the support used for the input-mirror
and output-mirror respectively. Figure ¢): Photo of the filter cavity.

In this, and following, subsection I will describe all the filter cavity design,
parameters and how it is implemented in our setup. The filter cavity has two
identical mirrors with radius of 200 mm. The transmission coefficient of the
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mirrors is 130 ppm. The length of the cavity is 229 mm, given a free spectra
range of 655 MHz, the linewidth of 30 kHz with a finesse equal to 21000.
The cavity waist is w = 0.184 mm. The cavity spacer is a 11 cm diameter
marble cylinder that allows good mechanical and thermal proprieties (ther-
mal expansion coefficient ~ 9.8 x 107 m/°C). Both mirrors are connected
to the marble spacer with appropriate mechanic supports, Fig. 2.24a) and
2.24b). The supports are designed to place, in contact with the mirror, a
PZT used to tune and lock the cavity. The input mirror is in contact with
a stack PZT allowing to tune by a complete F'SR using low voltage diver,
and the output mirror is glued on a PZT plate, allowing a fast response on
small range. The stack PZT allows to tune the cavity to the laser frequency
and it acts on the low frequency range of the servo loop. The fast PZT is
used to increase the lock bandwidth, if it is necessary in the lock. The me-
chanical mirror supports are used to align the cavity optical axis, since the
parallelism between the surfaces of the marble cylinder is not good enough.
We designed for both PZTs specific supports giving the possibility to tilt the
mirrors, Fig. 2.24a) and 2.24b). With the screws of mechanical support, we
can regulate the correct position and angle of the mirrors by compressing or
relaxing o-rings placed between the marble spacer and mirror support. This
alignment procedure has been realized in laminar flow hood. Successively
we have placed the cavity on a vacuum chamber to keep the mirrors clean
and to isolate the cavity from external effects. We, also, use a suspensions
system, inside the chamber, to reduce the acoustic noise coming from the
optic table. The chamber has a diameter of 40 cm and the height of the
optical axis is 30.7 cm. A turbo pump keeps the system in vacuum at a
pressured 107° mbar. In Fig. 2.24a) and 2.24b), are shown the sketches of
the support system used for the input and output mirrors, respectively. The
parameters of the stack PZT, used for the input mirror, are the following:

model PI/P-080.311

operating voltage —20+100V

displacement range 5.5+ 20% um
capacity 820 nF

In our setup the filter lock is made by the fast laser control and the cavity
slow PZT.
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Figure 2.25: Experimental setup including the filter cavity and the servo
loop scheme used for the cavity lock.

Setup

Here we describe the optical setup used to exploit the filter cavity and the
servo loop system used for the cavity lock. To introduce the filter cavity
inside the apparatus, we have modified the original setup. In order to divert
the beam toward the new path, we have used a polarizing beam splitter
(PBS-1) situated after the optical isolator. We can regulate, with a half
wave plate, the power transmitted and reflected by PBS-1, has shown in
Fig. 2.25, allowing us to work with or without the filter light. The light
reflected by the filter cavity is deviated by the input polarizer of the optical
isolator and detected by the photodiode (PD FC). The transmitted light, is
sent to PBS-2, where the beam, s-polarized, is reflected and sent to an AOM
(used for in the double pass configuration for the lock scheme of the OMC).
Finally the filter beam is converged on the optical path with a third PBS-3.
The laser fast actuator is modulated at 2 MHz at the purpose to generate a
phase modulation necessary for the PDH technique. The signal of the PD
FC is mixed with a reference signal at 2 MHz with a proper phase to obtain
the usual PDH shape. The reference and modulation signal are locked in
phase. The demodulated signal is sent to a PID control used for the filter
cavity lock. The PID output is sent to the cavity PZT for the slow lock
corrections, and to the fast laser actuator for the fast corrections, where the
cross over is accurately considered to watch the two actuators. The usual
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Figure 2.26: Filter cavity resonance peak shape dark blue. The blue signal
shows the cavity lock at resonance and the heavenly is the photodiode dark
signal. The red shape shows the PDH signal and the dark red the correction
signal sent to the cavity actuators.

power injected in the filter cavity is close to 120 mW, the transmitted light
is close to ~ 70% (~ 80 mW), with a cavity matching > 95%, (see Eq. 1.44),
enough for our experiment. The usual PDH signal used has a peak-to-peak
close to 400 mVy,, an example is shown in Fig. 2.26. The PDH peak-to-
peak, can be controlled (at fixed optical power) by the signal modulation
depth mixed with the photodiode voltage output.

Filtered Light

In Fig. 2.27 we report the spectra of the field reflected by the optomechanical
cavity using both filtered and un-filtered light, taking care to send the same
laser power to the homodyne detection. The spectrum of the filtered light
(green spectrum) does not show any more the structure, due to the frequency
noise. From the comparison of the spectra, we can conclude that the filter
cavity is efficient in reducing the frequency noise. At low frequency due to the
filter behavior, the filtered light spectrum is higher than the un-filtered one,
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Figure 2.27: Spectra of the light reflected by the OM cavity taken using the
PDH detection. Spectra are calibrated in terms of frequency displacement
(Hz?/Hz). Blue: direct light, green: filtered light. The structures due to the
frequency noise are cutted by the filter cavity.

but this spectral area is out than the interested one. Between 200 kHz to 1
MHz, the spectrum level is below 10~! Hz?/Hz. It is possible to identify the
minimum occupation with this frequency noise contribution. The equation
is [6,64]:

ﬁthrm

Nmin = D)
90

S (i) (2.46)

The experimental parameters that will be used in this work are: temperature
close to 7 K, vacuum optomechanical coupling go/27 = 30 Hz and T',,, /27 =
0.08 Hz for the mechanical mode at 530 kHz with a quality factor close to
6.4 x 105. With these parameters the minimum occupation number is close
to 2 phonons. In our experiment the residual frequency noise is not the
main limit to bring the mechanical oscillator in the quantum regime. All the
future optomechanical experiment will perform using the filter light.
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AOM phase noise characterization

FG

i1(t)

Figure 2.28: Apparatus used in the AOM’s noise measurement, the two
AOMs are driven by two different PLL and function generators.

Another possible noise source in our apparatus are the AOMs placed
on the optical path, for the frequency control. The real noise source is the
function generator used to drive the AOMs, therefore we examine all possible
configurations, one pair at a time. To investigate that noise we observe the
difference between two beams at the some optical power. The beams are
driven with two identical AOM but two different function generators (FGs),
locked in phase, and two different frequency multiplier (by a factor 40). The
setup sketch is shown in Fig. 2.28.

This noise measurement is performed considering two fields described as
Ei = Eoe'®12(t) where E, describes the field amplitude and ¢1,2(t) is the
field phase. The detected signal goes as

~ 2Re{E{Ey} = 2|Eg|* cos (¢1(t) — ¢2(t)). (2.47)

Now, we can write the phases as a slow and fast contribution ¢ = d)?,g +
d¢1.2(t). The signal become

2| Eo|? cos (Ago + 6(t)) (2.48)

where Agg = ¢9 — ¢9 and §¢(t) = 61 (t) — dpa(t). Considering that Agg >
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dé(t), we can extend the previous equation

~ 2|Eo|?sin (Ao )d(t). (2.49)
The detect output signal goes as V' = Asin (A¢g)do(t), where A is the overall
detection transfer function. The relative spectrum is

A2
Sy = 7&54) (2.50)

where S5 = Ss5¢, +55¢,, if the two signals are not correlated. The frequency
noise is S, = ( 27v)%Ss,. From the measurement of signal amplitude, A, we
can calibrate the spectrum in terms of phase and frequency noise.

100

10

1t

0.100

PSD  (Hz?/Hz)

0.010

0'006.1 0.2 0.5 1 2 1 0.2 0.5 1 2

Q/2x (MHz) Q /2r (MHz)

Figure 2.29: Left panel: Comparison of the spectra acquired with different
FG, but identical PLL, driving the AOMs. Blue: AOMs driven by two
Agilent (model 33210A) FG. Green: AOMs dived by two channels of the
Zurich Lock-in Amplifier model FHF2LI. Red: like as the Blue spectrum with
addition modulation at 4 kHz open (used for the Homodyne/Heterodyne
phase look). Yellow: AOM1 driven by the Zurich and the AOM2 driven by
Siglent FG (model SDG2122X) without passing by the PLL. Right panel:
Comparison of the spectra acquired with all the possible AOM’s PLL used in
our apparatus. In all the configurations the PLL are driven by two Agilent
FG (model 32210A). Each spectrum is acquired as is described in the text.

Operatively, we tested many different configuration of function generator,
we used as FG two Agilent model 33210A, Zurich Amplifier model HF2LI
Lock-in Amplifier and a Siglent model SDG2122X. Simultaneously we used
four different PLL made by the Lens electronic workshop, they have different
VCO models placed in their circuits. In that characterization the only FG
that adds noise in the apparatus is the Siglent (yellow spectrum in Fig. 2.29,
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left panel), while the other two FGs add very low noise (blue and red spectra
show in Fig. 2.29, left panel). The worst PLL gives the two spectra with
higher level of frequency noise, red and blue in Fig. 2.29 right panel, we used
two identical and phase-locked FG Agilent for both the PLLs used to drive
the two AOMs. In our worst configuration the noise level is one order of
magnitude below than 0.1 Hz?/Hz around the interesting frequencies from
200 kHz to 1 MHz. The noise introduced by the used function generators
and PLLs is completely overwhelmed by the residual laser frequency noise
of ~ 0.1 Hz?/Hz.

2.5 Balanced detection
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Figure 2.30: Heterodyne visibility, limited to ~ 80% for visualization pur-
poses. Light red line shows the interference signal, due to the difference
frequency of the LO and signal beams, observed in one of the balanced het-
ero detection. The dark red points show the dark level of the detector, from
where are measured V., and V,,;,, for the visibility measurement.

In our setup the mode matching of the signal and local oscillator can
surpass 95%. The visibility is measured observing the DC signal in each
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heterodyne detector, where the two beam are injected on it with an identical
power. Usually, the frequency shift between the LO and the probe beam is
fixed at ~ 20 kHz. The visibility is measured using the equation:

Vmaa: - Vmin (251)
Vmaz + szn

where V,,,;,, is the minimum voltage above the dark reference level, and V4,
is the maximum voltage value from the some level. An example of it is show

in Fig. 2.30.

In the balanced detection the classical amplitude noise is strongly sup-
pressed by the subtraction of the individual diode photocurrents. This is
due to the noise correlation of the two outputs of the beam splitter. The
rejection of the balanced heterodyne detection is measured using the laser
relaxation peak at a frequency close to 800 kHz. At this purpose we exclude
the laser noise eater, and we compare the sum (full classical laser noise)
and difference (shot noise limited detection) of the two diode photocurrents.
The suppression of the relaxation peak gives the rejection, a general value
reached in our work is close to 44 dB, Fig. 2.31.
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Figure 2.31: The cyan plot shows the sum photocurrent of the two detectors
used in the heterodyne detection, while the dark green shows the photocur-
rent difference. The rejection is close to 44 dB. This is what we have in our
detection apparatus.
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2.5.1 Heterodyne detection

In this section we will discuss the heterodyne detection scheme following the
reference [8]. The configuration used in our setup for the heterodyne and
homodyne is shown in Fig. 2.32. The beam splitter has reflectivity and
transmission coefficients equal to |r|> = [t|> = 1/2, (r = it). The signal
beam dg (signal coming from the OMC) and the local oscillator dro are
mixed in the beam splitter. We measure the current difference produced by
the two fields a; and ds on the detectors, Fig. 2.32. We can suppose that
the photocurrent produced in each detector is proportional to the incident
flux fm = ata:

i(t) = Cfim = Cata (2.52)

where C' is a constant. The subtraction of the two detectors current is:

i =C(f1 — f2) =iC|al o (Das(t) — ak(Haro(t)|. (2.53)

The field fluctuations are related to the motion of the oscillator, in the power
spectrum we can follow the oscillator evolution. In detail, we can write each

Qs
A Y A
aro -y D_
Y A
%)

v BHD<>

Figure 2.32: Heterodyne/Homodyne detection, the local oscillator 1o bean
is mixed with the signal beam ag in a beam splitter. The Balance hetero-
dyne/homodyne detection (BHD) is generated when on the diodes arrive an
identical power on each one.
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operator field in the rotating system respect to its central frequency:

afo(t) = apo(t)e™ ot = apo + dapo(t), (2.54)
al(t) = as(t)e™st = ag + das(t). (2.55)
Where aro = |apole?? 0t and as = |agle?st are respectively the mean

value of the expectation value of the fields. The fluctuations around the
rotating systems are dag(t) and daro(t). From it the subtraction of the
incident fluxes become:

(fi = f2) = 2C|a}pag] cos (9 + g + ALot> (2.56)

which § = 0s—010 and Ao = wr,o —ws. In the power spectrum the beating
between the two signals is shown in the spectrum as a peak at the frequency
Aro. We consider the local oscillator much more intense compared with
the signal (Jaro| > |as|). The equation of the current can be redefined by
considering only the field first order fluctuations:

i_ = C68(f1 — f2) = Clarol|[dase™ + dake ™) (2.57)
where ¢ = —60 4+ 5 4+ Apot. The Power Spectrum Density (PSD) of the

photocurrent is [13]:

T/2 ] R R
St (w) = lim / / /thdt’eW(t—f><z‘i(t)i_(t’)>. (2.58)

Using the Eq. 2.57, where the current is a function of the detected fields, in
the time domain the expectation value become:

(das(t)tdas(t'))eBrot=t) 4+ (ag(t)das(t')t)eidrot=t)

(2.59)
where we neglected the fast terms by using the rotating wave approximation.
After the integration the Eq. 2.58 can be written in the follow way

(L (0i-(t)) = lazol?

Sglfi (w) = |aLO|2 |:S5a55as (Ao +w) + S(;afséafs (Ao — w):| . (2.60)

The beating between the signal and the local oscillator fields allows to ob-
serve the frequency components Ay o & w into the power spectral density of
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the phonon number. Due to the non commutation between the annihilation
and creation operators the power spectrum of the two operators are not sym-
metric Slhfi (w) # S;‘ffi (—w). In the classical regime, on the contrary, the
power spectrum for the operators become symmetric Szh_ef_ (w) = Slh_ef_ (—w).
The identical description can be used to describe the homodyne detection,
we have just consider to resonant beams, Ao = 0. Like in the heterodyne
detection, the information of the mechanical motion are in the phase fluc-
tuations. In this detection the relative phase between the signal and the
local oscillator field is fixed by using a phase lock scheme, at the propose to
decrease all the additional fluctuations due to the apparatus.

2.6 Locking scheme

Ouput
P(s) a B(s)
Plant 0 Sensor
‘ t ,
Distrubances ?
Reference
—~f—
A(s) G(s)
Actuator Controller

Figure 2.33: Basic scheme of the feedback control systems.

A crucial point of this thesis work is the stabilization of the laser fre-
quency to an optical cavity resonance. On the cavity stability act many
sources of noise such as thermal drifts, vibration of the ground floor, acous-
tic and more. For this reason is not trivial to have stable references. The that
I will report description follow the books by Saulson [70] and Abramovici [2].
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Here, I will describe a way to stabilize the system around its set point. We
implemented this technique for all the cavities, filter and optomechanics. A
general loop scheme is shown in Fig. 2.33. We used the some notations used
in [2]. The first element is called plant P(s). It is the system whose output
parameter we want to control. With the loop open, the output is the sum
of its free-running output and any disturbance (fluctuations, drifts). The
second element is the sensor B(s). This block is used to detect the plant’s
output (it gives some voltage signal). Usually, the signal produced by the
sensor is linear with the plant output. The sensor signal is inverted and
summed with a reference signal. This process produces, what is called error
signal. The error signal is used to detect and correct the drifts from the ref-
erence. The next step in the loop is the controller G(s), used to manipulate
the error signal. For that are used proper filtering and amplification of the
error signal. The last block is the actuator A(s). It can effectively influence
the plant output. When the sensor’s signal is very close to the reference, the
corrections of the error signal are very small, and the plant’s signal is very
close to the desired reference. However, if the output of the plant is far from
the reference signal, due to the disturbance, an error signal proportional and
inverted to the disturbance is produced to bring the output of plant close to
the reference. Here, for simplicity we do not consider the additional noise
sources and we do not consider the different unit of each component. The
feedback control system is usually described by the Laplace transformations
of the transfer functions of each loop component. Here we give only the
final results of this description, following [2]. The transfer functions of each
feedback component are P(s), B(s), G(s), A(s), where the complex Laplace
coordinate s = o + iw, while w = 27 f is the angular frequency. The trans-
fer functions provide an output signal, proportional to the input. For each
frequency the open loop transfer function is:

L(s) = B(s)G(s)A(s)P(s). (2.61)

This full response function amplifies the error signal within some bandwidth
and low pass filter it to cut off the high frequency contribution, that can
generate instability, by exciting the actuator resonances. The ratio between
the sensor output voltage and the reference voltage gives what is called loop

transfer function:
Vsensor(S) L(S)

Vrefe'rence(s) - 1+ L(S) .

If the open loop gain is L(s) > 1, the closed loop transfer function becomes

(2.62)



2.6 Locking scheme 79

unity. Indeed, when the controlled output of the plant follows the given
reference, it is locked to a stable reference signal. Usually, in the optical
experiments we are interested in controlling the length of a resonator or in-
terferometer to match its frequency with respect to the input laser frequency,
or vice versa. Following the lock scheme described before, the resonator or
the interferometer are our plants. As sensor block we use a photodiode, that
reads and converts the plant’s signal into a voltage signal. The error signal
is sent to a PID with proper gain and bandwidth, whose output signal is
sent to the actuators. Usually we consider two different actuators: a slow
actuator as the laser crystals temperature or cavity PZT (controlling the
cavity length), to control the slow but large drift due to the temperature
change in the laboratory, BW < 5 Hz. The fast actuator as the laser PZT
(modifying the laser cavity length ,with a bandwidth close to 10 kHz) or
a double pass AOM with a measured response function of 5.8 MHz/V. A
very important element of the loop is the error signal. If we consider the
cavity plant, the error signal is linear with the detuning between the laser
and cavity resonance frequencies. It should have a characteristic sign flip
to discriminate between lower or higher frequencies, while the dip signal of
the cavity resonance does not give any information about the positive and
negative detuning. The phase signal of the reflected beam from the cavity
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Figure 2.34: Phase response shape as a detuning A function, that signal
is calculated follow the Eq. 2.63 where we using the OMC parameters.
Where ke, is calculated from the input mirror transitivity 77 = 315 ppm
and /27 ~ 2 MHz.

respects all these requests. It is given by the optical transfer function xop¢,
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Eq. 1.74:

d(A) = arctan(Re(XOpt)> . (2.63)

Im(Xopt)

The phase signal is linear in the detuning A and, can it define a sign flip
around the resonance A = 0. Therefore, the measurement of the phase
signal needs a stable reference and simultaneously, it is insensitive of the far
modes, because at larger positive and negative detuning the phase signal is
flat, approaching an arc-tangent.

In this work, the technique used for the filter and optomechanical cavity
lock is the Pound-Drever-Hall (PDH). In the following section we will give
the PDH theoretical description and, furthermore, its implementation in our
setup. We used other locking techniques, such as the locking scheme for the
laser at 980 nm used for the Q-factor measurement, or the phase locking
scheme in the homodyne and heterodyne at low detection frequency.

Pound-Drever-Hall Signal

phase

| A
laser isolator modulator PBS a FPI
I '] ﬂ

RF osciIIator
& phase Shifter photodetector

X)

low pass mixer

Figure 2.35: General optical e electronic Pound-Drever-Hall scheme

The Pound-Drever-Hall (PDH) technique [25,59] is a standard method to
lock a laser frequency to the resonance of a Fabry-Pérot cavity, or vice versa.
In order to control the difference between the laser wavelength and cavity
resonance, a discriminating signal is required that changes as a function of
the detuning, and that allows a linearly approximating dependency around
the resonance. We can not use the intensity because it is an even function
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of the detuning. On the contrary the PDH techniques provides the design
signal.

Now we consider a modulation on the electric field. We start from the
incident field, Ege™'t. The phase of the this field is modulated at the fre-
quency s much smaller than the cavity F.SR. In the frame rotating at
angular frequency w; the input field is:

E;, = EyeiwiteiBsin(@st)) — g it ZJn(»B)emQSt (2.64)
n

where (3 is the modulation depth and we use the Jacobi-Anger expansion.
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Figure 2.36: In the upper panel we show the calculated shape of |[H"|? with
a modulation at 13.3 MHz, and in the lower panel we show the demodulated
signal for g < 1.

The total field can be seen as composed of a carrier at angular frequency
wy, the series of sidebands at angular frequencies w; + nf);. The power in
the carrier is P. = J2(8) Py, where P, is the total power. At the same time,
the power in the sidebands is Py = J2(3)Py. When the modulation depth
is small (8 < 1), most of the power is in the carrier and in the first order
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sidebands: P, + P; + P_1 ~ Py. The reflected field can be written as:

Erep = Eo Yy HpJy(B)e' =)t (2.65)

where we have defined as H,, := H"(A + nf);) the cavity field reflection
function and A = w; — weqp. The intensity impinging on the photodiode is
given by the square modulus of the field, thus

o0
Legoc Y HuyHjJn(B)Jm(B)e’ "m0t (2.66)
n,m=-—oo
This means that, in a detection at {25, we interested only in the terms for
which n = m £ 1. The signal at the low pass filter output depends on the
phase difference between the photodiode response and the reference. If we
write it as

Vo< > Hydu(B)[Hyyy Jngr(B)e "% + Hy (T 1 (B)e "], (2.67)

we can define

A:ZHan(ﬁ)H;—ljnfl(B)- (2.68)
The voltage output becomes:
V o 2Re[A] cos(Q2st) + 2Im[A] sin(Qst). (2.69)

The photodiode signal enters the signal port in a mixer where a sinusoidal
signal Qg is used as oscillator reference, with an appropriate phase. After
the mixer, a low pass filter selects the component proportional to sin(Qt).
The imaginary part of the voltage is called error function e. It is shown in
Fig. 2.36, in the approximation 8 < 1. We now can rewrite the function A:

oo

A= Z Jn(ﬁ)‘]n-i-l(ﬁ)(H;Hn-f—l - Hi(n-‘,—l)H—n)' (2.70)

n=0
We can now introduce the approximation s > k. In this case, the sidebands
are totally reflected, H"(A+n,) ~ —1. The Eq. 2.70 in this limits reduces
to

A= JoJi (—2iIm[Ho(A)] + Ho(A — Q) — Hi (A + Q). (2.71)
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From this equation we can observe different regions. The first one is when
n = 0 close to the resonance. The second one is at A = —, and the
third one at A = Q,. In our setup the modulation frequency is at 13.3
MHz, much larger than the cavity linewidth x ~ 2 MHz. The modulation
frequency is generated on the probe beam with a resonant EOM, Fig. 2.1.
The modulation is also used to measure the cavity linewidth, the procedure
is explained in Sec. 2.1.1.

The error function is the dispersive component of the cavity response. It
has all the characteristics we were looking for: it is an odd function of the
detuning and it also has a linear trend in the proximity by the resonance.
This signal is used as an error signal for the cavity lock. Since the signal is
quite linear, it is also used beyond the locking band, above the maximum
correction frequency, in order to acquire the laser detuning fluctuations. The
detuning is due to laser frequency fluctuation and to length variations of the
cavity. We need, therefore, to consider the region close to the resonance,
where the laser is locked. For A < 1, we can write the reflection coefficient
in terms of the small deviations is JL the cavity length from resonance:

H"(6L) ~ i%F&L (2.72)

where F is the cavity finesse. The error function is:

€= —16\/PCPS§6L. (2.73)

We can write the error function as:

e _yPDH B (2.74)

where VPP;D H s the maximum peak-to-peak voltage measured while scanning
the cavity length. In the setup we use this technique to lock the filter and
the optomechanical cavity. The filter cavity lock uses the fast laser actuator,
as the fast correction and a PZT on the input mirror for the slow correction
of the thermal drift (Fig. 2.24a)). The lock to the OMC, exploits as fast ac-
tuator an AOM in double pass configuration with total gain 2 x 5.8 MHz/V.
When we work with unfiltered light, during the laser noise characterization
(see Sec. 2.4), the fast lock actuator is the laser fast control, the slow fluc-
tuation are correct by a PZT glued on the OMC input mirror, as shown in
Fig. 2.2.
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Thanks to the correction signal, we can calibrate the spectra in Hz2/Hz or in
m?/Hz. As a reference we use a sinusoidal modulation at fixed frequency f.q
sent to the fast control, placed inside the lock band. We typically acquire
simultaneously the homodyne or heterodyne with the simultaneous error sig-
nal. From the ratio between the peaks at the calibration frequency in the
two spectra, and from the laser response to fast control signal, we obtain the
conversion factor from the voltage to the frequency, or length, displacement.
From the frequency of the laser and the cavity length, we can finally obtain
the spectral density of cavity. The calibrated power spectral density (PSD)
of the cavity length is therefore:

Szz(f) = w |:Gfast

27TLcav ?
~ e | svvin (2.75)

where fcq is the calibration frequency, Gfqs¢ is the response to fast control,
Lcqy is the length of the cavity, w; is the frequency of the laser, Sy (f) is
the PSD of the PDH signal and S{/77(f) is the PSD of the error signal, both
in V2/Hz, while S,.(f) is the PSD expressed in m?/Hz.
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Figure 2.37: Homodyne stabilization example. Dark blue features the direct
subtraction of the individual detectors and the light blue shows the phase
homodyne stabilization, around the zero.
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During the acquisitions a crucial point of the homodyne (heterodyne)
detection is the phase stabilization. The used detectors split the slow DC
output and the fast AC channel. The fringes due to the interference between
probe and local oscillator beam are observed in the DC outputs of the two
photodiodes (Fig. 2.37). In the homodyne detection the local oscillator is
resonant with the probe beam. Meanwhile in the heterodyne detection the
local oscillator is shifted by App < Q,, from the cavity resonance. The
lock scheme uses the AOM located on the local oscillator path (Fig. 2.1).
At this propose we exploit the modulation function of the AOM’s generator.
As error signal we used the detectors DC difference signal, blue shape in Fig.
2.37, (for the heterodyne the DC signal is demodulated at Ao /27). To lock
in phase the homodyne and heterodyne detection, we select a proper depth
of modulation in the generator. The lock bandwidth is given by the product
between depth of modulation and the DC difference signal. The light blue
shape in Fig. 2.37 shows an example of the error signal when the detection
is locked.
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Chapter 3

Investigation of the
sidebands asymmetry

In this chapter we investigate the sideband asymmetry as an indicator of
quantum behavior and how to control systematic effects, such as those due
to a residual probe detuning. The optomechanical iteration generate spectral
peaks at distances equal to the mechanical oscillator frequency 2, around
the carrier frequency of the probe field. In the quantum theory, the sidebands
amplitudes are different, as is explained in the Sec. 1.3. While such asymme-
try can be explained in different ways [8,41,80], all interpretations recognize
as a non-classical signature of oscillator motion [8]. A particularly clear ex-
planation considered that the anti-Stokes (blue) sideband implies an energy
transfer from the oscillator to the field (frequency up-conversion of photons),
and vice versa for the Stokes (red) sideband. Since the quantum oscillator
cannot yield energy when it is in the ground state, the anti-Stokes process
is less favored (see also Sec. 1.3). The blue and red sideband strengths are
proportional respectively to 7 and 741 [81], where 7 is the mean occupation
number of the oscillator. Measurements of the asymmetry of sidebands in
optical experiments have bean realized by alternatively placing the probe
field at a detuning of +£2,, around the cavity resonance [67] or in a single
measurement from the spectral sidebands in the probe field [60,73,77]. The
former technique is particularly useful in the regime of resolved sidebands
(2, > K, where k is the cavity linewidth), since for each position of the
probe, the measured sideband is at the cavity resonance frequency and it is
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thus amplified. On the other hand the control of systematic effects can be an
issue: the probe intensity and the detection efficiency must be equal for the
two values of detuning, and the probe detuning itself must be very accurate,
i.e. the system should remain stable between two separate measurement ses-
sions. The latter technique, while extensively used in cavity optomechanics,
requires an accurate control of the probe detuning, above all in the case of a
narrow cavity resonance. The detuning is very important because the cavity
works indeed as frequency filter for the output field, with an effect that dif-
fers between the two sidebands and can thus spoil the measurement of their
ratio.

In the first Sec. 3.1, I will briefly recap some theoretical concept, following
in Sec. 3.2, I will describe the specific apparatus parameters used in this
work. Later (Sec. 3.3), I will describe the sidebands correction method, and
in the last 3.4, I will describe the experimental results.

3.1 Theoretical background

The displacement spectrum of a mechanical oscillator is characterized by
resonance peaks corresponding to the different normal modes. The area
underlying each peak provides a measurement of the variance of the dis-
placement to that mode and can be written as A, = 22%p (7 +1/2), where
Tzpr = \/hA/2mcs;Q, is the zero-point fluctuation (ZPF) amplitude and
Mess is the mechanical mode effective mass. The mechanical oscillator is
in equilibrium with a thermal bath at temperature Tpq:,; the mean thermal
occupation number is Tty = kpThath/Hm, where kp is the Boltzmann con-
stant. This expression is valid in the high temperature limit 7, > 1. The
mechanical peak linewidth is ', = Q,,,/Q, where @ is the intrinsic mechani-
cal quality factor. When placed in an optical cavity, the oscillator is thermal-
ized toward the photon bath at negligible occupation number (“back-action
cooling” [4,33]) by the optomechanical interaction, that changes the effective
linewidth of the spectral peak by a factor I',,; proportional to the intracavity
optical power (optical spring). The effective linewidth is T'cfp = Topt + ',
and the oscillator occupation number is thus reduced by a factor of T'e s /T',.
The back-action due to the optomechanical coupling introduce an additional
fluctuating force, that can be seen as the effect of the quantum noise in
the radiation pressure. Since such of quantum fluctuations are proportional
to the laser power, and thus to I'yy, the originated displacement noise of
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the optically damped oscillator has negligible dependence on the cooling
power, in the limit I',,e > I'y,. In general, the quantum radiation pres-
sure noise produced by an intracavity field at detuning A is proportional to
e LIA)L(A 4+ Q) + LA — Q)] where 2% is the average number of
intracavity photons in case of resonant field, that is proportional to the in-
put power. The readout of the oscillator motion is realized by an additional
beam, called probe, resonant with the cavity. The reason for that is related
to the strong shift from the cavity resonance of the cooling beam, to realize
a efficient cooling (Aoe). The drawback is its additional back-action, that
increases the oscillator noise. The probe back-action force does not depend
on the cooling power, and it has the same effect of an increased background
temperature. The contribution of the back-action to the displacement spec-
tra can be written in therms of an additional occupation number fig4(A)
given by the sum of two contributions due to the cooling and probe beams
ipa = 199 + 12 9%, The total effective occupation number is:

m

Legy

n =My + a9+ ke, (3.1)
A way to estimate the occupation number is the areaxwidth product AT'cs
of the spectral peak. In the classical limit, when the variance of the motion
is still dominated by thermal noise, such product should remain constant as
the cooling power is increased, given the value

A, X Feff ~ QxQZPFﬁtth = kBTbath/mefomQ- (32)

The quantum noise is instead at the origin of a linear increase of Al'csf
versus I'cr¢. The peak areaxwidth product in the frequency spectrum is:

robe _ coo 1\ T,
»Areff = 298Fm |:ﬁth + (’I_I%Ab + nBAl + 2) Fff:| (33)

where the vacuum optomechanical coupling strength is g9 = Grzppr. The
therm into square brackets, is the ratio between the slope and the intercept
in the Al'cs versus I'c¢s line. It is linked to the properties of the oscillator
quantum state. It is useful to verify the absence of unmodeled extra noise,
evaluate 7y, and the oscillator temperature Tpq:5. The heterodyne spectra of
the field reflected by the cavity is a more accurate method to measure of the
oscillator occupation number. It is possible to distinguish the two sidebands
produced by the Stokes and anti-Stokes processes in the optomechanical
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interaction. If a resonant beam is used to readout, the sidebands peaks
have areas proportional respectively to 7 (anti-Stokes) and 7 + 1 (Stokes),
therefore 7 is directly calculated from the Stokes to anti-Stokes sideband
areas ratio R as n = 1/(R — 1). This method does not require a calibration
of the measured spectra in terms of oscillator displacement or frequency
fluctuations, and also it is barely sensitive to spurious extra-noise. However,
the residual probe detuning respect to the cavity resonance (in the studied
system, the €2, < k, it is between the two regimes, resolved sidebands and
bad cavity) is a potential problem. The two motional sidebands are indeed
filtered by the cavity, L(Aprope £ Qp), and such filter effect modifies R as
soon as Ayqope # 0, thus spoiling the validity of the measurement. In the
following we describe a method to control the residual probe detuning and
to correct the measured R.

3.2 Experimental Setup

The experimental setup is similar the one in Ch. 2. A circular SiN membrane
with a thickness of 100 nm is placed in a Fabry-Perot cavity of length 4.38
mm at 2 mm from the cavity flat end mirror in a ” membrane-in-the-middle”
setup. The cavity finesse and linewidth are respectively 24500 and r/27 =
1.4 MHz, measured at cryogenic temperatures (~ 7 K). The physical reason
of the finesse value, higher than the empty cavity finesse, is explained in the
Sec. 2.1.1. As described in Sec. 2.1.1, the membrane has many resonance
frequency, finn = fo @mn. The cavity optical axis is displaced from the center
of the membrane by ~ 0.28 mm, with an angle § ~ 0. As a consequence, the
optomechanical coupling and readout are much more efficient for one of the
modes in each quasi-degenerate couple (with the shape o« cos(m@)), that we
identify as “light twin”, with respect to the other one (“heavy twin”). The
mechanical mode (1,1) at 370 kHz, having a quality factor of 8.5 x 10° at
cryogenic temperature, which leads to an intrinsic width Ty, /27 = 40 mHz.
The optomechanical cavity is cooled down to 7 K in a helium flux cryostat.
The optical path is composed of three beams, the frequencies of which are
controlled by means of AOMs, (see Ch. 2). The Probe beam is kept resonant
with the optomechanical cavity, its power is 20 pW. The cooling beam (Pump
beam in the Ch. 2), orthogonally polarized with respect to the Probe, is also
sent to the cavity and red detuned by roughly half linewidth (Agper/2m =
—700 kHz). The detuning A,y is fixed by the frequency difference of the
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AOMs placed in the Probe and Pump paths. The cooling beam power is
increased by steps up to 45 uW. The LO beam can be frequency shifted
respect to the probe beam by Apo/2m ~ 9 kHz, allowing a low-frequency
heterodyne detection or phase-locked to the probe for a homodyne detection
of its phase quadrature. The power on each photodiode of the balanced
detection is around 2 mW. The first scheme (heterodyne) is useful to separate
the motional sidebands generated around the optical frequency of the Probe
field, at frequency shifts corresponding to the mechanical modes frequencies.
More in detail, the two motional sidebands appear around the mechanical
frequencies shifted by the Apo: the Stokes at €, + Aro and the anti-
Stokes at Q,, — AL, respectively, with Q,, > Aro, (see App. C). The
spectra acquired with the homodyne scheme are calibrated in terms of cavity
frequency fluctuations using a calibration tone in the Probe field, and they
are used to measure the variance of the motion of the different membrane
normal modes.

3.3 Calibration Method

As mentioned before the two motional sidebands are indeed filtered by the
cavity according to
K2 /4

K2/4+ (Q+ Aprove)?
where the Q is the frequency, « is the cavity linewidth and Aprope = Wi —Weqo-
For a correct evaluation of 7 one must consider the filtering effect of the
cavity, and in particular evaluate the residual probe detuning. This filter-
ing effect indeed modifies the ratio between the two vibrational sidebands,
R = (A +1)/7, as soon as Aprope 7 0. In order to evaluate this effect we
exploit the motional sidebands of the “heavy twin” modes that, being weakly
coupled to the optical field, maintain a high occupation number so that their

(3.4)

asymmetry can be completely attributed to the cavity filtering. Operatively,
from the heterodyne measurement, we simultaneously measure the sideband
ratio Rygn: for both the ”light twin” mode, and the "heavy twin” mode,
Rpeavy (see App. B for details on the analysis). The ”light twin” mode is
the (1,1) around 370 kHz. The measured asymmetry on the "heavy twin”
modes is fitted with the equation:

H2/4 + (Qm + Ap'r-obe)2
52/4 + (Qm - A]m“obe)2 '

Ryight = (3.5)
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Figure 3.1: Cavity field distribution around the resonance (aquamarine). It
shows how the field in the cavity is attenuated far from the cavity resonance.
Where the gray Lorentzian shape shows the probe beam in the cavity detuned
by Aprove. The red and blue shapes show respectively, the Stokes and anti-
Stokes sidebands in the cavity, around the probe beam at £€,,.

From which we extract identify the probe detuning Aj,ope in each measure-
ment. The cavity linewidth x and ”heavy twin” mode frequency (2, are
fixed. We then study how the asymmetry changes as a function of the opti-
cal power of the cooling beam. For each power 10 consecutive, 10 s long time
intervals are acquired. From each interval the probe detuning is measured:
its trend during the acquisition is showed in the inset of Fig. 3.2. The evolu-
tion the detuning (orange close circles in the inset) is fitted by a polynomial
function to correct the asymmetry of the ”light twin” mode. The sidebands
ratio become: Ry = R”ght/Rhewy, from which the mean occupation number
7 is estimated. This procedure also allows us to monitor the stability of the
detuning during the measurement, as shown in the inset of Fig. 3.2. Typical
detuning values are |Ap,ope|/2m < 30 kHz (corresponding to 0.02x) and the
variations during a complete measurement are three times smaller. The con-



3.3 Calibration Method 93

sequent corrections to Ry;gn¢ arrive to nearly 10%. A preliminary evaluation
of the sideband ratio for the weakly coupled modes is indeed a good method
to adjust the probe detuning at the beginning of the measurement. The cor-
rections to Ryjgn: obtained with this procedure are in good agreement with
the method using directly the “heavy twin” mode. This correction method
is used on all the data shown in this work.
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Figure 3.2: Method for correcting the sideband asymmetry due to the resid-
ual probe detuning. The measured sideband ratio for several weakly coupled
modes is plotted as a function of the respective resonance frequencies 0,
(blue dots), and fitted with the Eq. 3.5 to infer the probe detuning A, ope
(solid line). This procedure is repeated for several consecutive, 10 s long
time intervals. The evolution of the inferred values of the detuning (shown
with orange close circles in the inset) is fitted with a first or second order
polynomial function (solid line in the inset).
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3.4 Homodyne and Heterodyne detection
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Figure 3.3: In the figure a), calibrated homodyne spectra around the fre-
quency of the (1,1) mechanical modes as the cooling power is increased up
to ~ 45 yW, maintaining a detuning of A.,o ~ x/2. A spurious electronic
peak is shown with light gray symbols. The figure b) shows the measured
peak width I'c ;s y /27 as a function of the cooling power, together with a linear
fit.

In this section we will compare the results of the two different detection
methods (heterodyne and homodyne). We focus on the membrane mode
(1,1) at 370 kHz. It is a quasi degenerate mode. The difference between the
nearly degenerative ”light twin” and the "heavy twin” adds lies in the posi-
tion of the cavity waist compared to the membrane center more detail about
it in the Sec. 2.1.1. The measurement are taken at different optical power
of the cooling beam, keeping constant the probe power. The cooling effect
is shown in the Fig. 3.3a). Due to so-called optical spring effect the mode
is characterized by an increasing of I'cyy and a simultaneous red-shift of the
mechanical resonance frequency with the power of the cooling beam. On the
other hand, the “heavy twin” mode is weakly coupled to the radiation, since
the optical spot is close to its nodal axis. Therefore the associated spectral
peak at 370 kHz shows negligible optomechanical effects. An indicator of
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Figure 3.4: Increment of the measured area and width product for the
strongly coupled (1,1) mode, as a function of its width I'cs;/27. The red
straight line reports the prediction of Eq. 3.3, where just an overall scaling
factor is fitted to the data. A solid green line shows the mean occupation
number 7 calculated according to Eq. 3.1.

the reduction of the phonon occupancy 7 in the ”light twin” mode is the
decreasing peak area. An independent measurement of the single photon
optomechanical coupling gg could be done from a quantitative evaluation
of 7 obtained from the area peak. On the other hand, the cooling factor
I'cf¢ /T can be accurately measured. It provides a good estimate of the os-
cillator effective temperature and its occupation number 7 ~ 7y, Iy /Ty
It is valid in the classical limit, when the back-action contribution is negli-
gible, and in absence of extra noise. The information of the area and the
effective linewidth can be usefully put together in the area and width prod-
uct (Alcss). The product is shown in the Fig. 3.4, as a function of I'csy.
The reported value of Al'¢¢ and I'c¢¢ are obtained form fits of the spectral
peaks with a Lorentzian function:

Lepr/2
(Lepr/2)? + (W — Qm)?

Hw) = A (3.6)
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where A is the peak area. From the theoretical prediction the Al'csf vs T'csy
should be linear where the slope-to-offset ratio is determined by the different
contributions to nn. The three contributions are calculated from indepen-
dent measurements, as follows. 74, is calculated from the bath temperature
measured by a silicon diode sensor fixed on the cavity, and the oscillator
frequency. The back-action occupancy, originating from the contributions of
the Probe and Pump beam, can be written as

At

where [6]:

A+ = ggnwt (’”’:L:::e ﬁ(Apy»ube)E(Ap'robe - Qm) + %E(Acoal)ﬁ(Acoal - Q’"L)) )
(3.8)

A = g(Q)ntot (incbe (Aproba)ﬁ(Aprobe + Qm) + %E(ACOGZ)E(ACOOZ + Qm) .

(3.9)
AT is the upward transitions in the mechanical oscillator (Stokes process),
and A~ is the downward transitions in the mechanical oscillator (anti-Stokes
process), where Nprobe,cool = Pprobe,coot/Fw; shows the photon number in-
jected in the cavity for, respectively, probe and cool beam, while the total
photon number is nyor = Pior/hwi, where Py = Pprobe + Peool, and the
Lorentzian function is £(w) = 1/[(k/2)? + (w)?]. The general back-action
occupancy for a single beam is calculated from the Eq. 3.7 [6,49]:

-1
e = [M - 1] . (3.10)
LA =Q)
The back-action of the probe beam (ﬁlgzbe) is calculated assuming a Apope =~
0. This assumption is confirmed by the linear dependence between Pco°!
and T'csy (see Fig. 3.3b)). 'y, is estimated from ring-down measurements as
shown in Sec. 2.2. The experimental measurements well follow the predicted
slope (solid line in Fig. 3.4), where just an overall vertical scaling factor is
fitted to the data. The error bars refers to the standard deviation of mea-
surements performed on 10 consecutive acquisitions. The scattering of data
shows that long-therm fluctuations in the system parameter dominate over
the statistical uncertainties, that are therefore not considered as meaningful
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in the following analysis. The solid green line in Fig. 3.4 shows the behavior
of n calculated from Eq. 3.1. The agreement between the prediction of Eq.
3.3 and the experimental data suggest that the system is well modeled and
in absence of additional noise. We achieve a minimum occupancy is 7 = 3.9
at the maximum power of the cooling beam. According with the Eq. 3.3
the fit gives a value of the vacuum optomechanical coupling strength equal
to go/2m =31 £ 1 Hz.

The qualitative agreement is not yet a safe guarantee of an accurate mea-
surement. The membrane oscillator can be heated due to laser absorption
yielding a linear increase of the Tpq¢n With Py, and thus a larger slope of
Al¢t¢ vs Ieps. In the fit of ALcrr vs I'esp the slope and offset are free pa-
rameters. We observe for the ratio between the slope and offset the value of
(8.04:2.5) x 10~% Hz~!. To be compared with the theoretical value calculated
from Eq. 3.3 of 4.9 x 107® Hz~!. This suggests that the sample temperature
could have increased by 1.8 + 1.5 K at our maximum cooling power. Fur-
thermore, additional amplitude or frequency noise in the laser field would
instead provide a quadratic term in Al'¢sy vs I'csy. Indeed we added such
term to the fit of the data, finding a maximum contribution of 13 + 10 %
to the measured A. In both fitting procedures the uncertainty is due to the
scattering of the experimental data, and the results are compatible with null
effects of heating and extra laser noise. The analysis of the homodyne spec-
tra gives a reliable estimate of 7 at increasing cooling power. However, the
measurement accuracy is reduced due to an uncertainties in additional noise.

Therefore a better procedure to estimate the phonon occupancy is the
motional sidebands ratio in the heterodyne spectra. Indeed, it gives di-
rectly access to the real average phonon occupation number for each value
of cooling power, including implicitly extra heating and noise, without the
necessity of further independent measurements of system parameters. Our
apparatus can easily switch from homodyne to heterodyne detection, adding
a frequency offset App in the phase locking of the local oscillator. Two ex-
amples of the heterodyne detection are shown in the Fig. 3.5 at two different
optical power of the cooling beam. Here App < 2, and the two sidebands
are close to the mechanical resonance of the mode (1,1). In the Fig. 3.5b),
at low power of the cooling beam, the sidebands are almost equal. When
the cooling beam power is higher (Fig.3.5a)), the asymmetry between the
two sidebands is clear, with the left sideband (anti-Stokes), is much lower



98 Investigation of the sidebands asymmetry

60
50
40
30

PSD (107 V2/Hz)

20,
10

O'0-15 -10 -5 0 5 10 15 q15 -10 -5 0 5 10 15

(Q-Q,)/2m (kHz) (Q-Q,)/2m (kHz)

Figure 3.5: Observation of the Stokes (right) and anti-Stokes (left) spectral
peaks of the (1,1) membrane mode for two different values of the cooling
power: a) at larger cooling power, the mean phonon occupancy is 3.87+0.21.
b) at low cooling power, the mean phonon occupancy is 17.1 +3.4. Symbols
show the experimental data, including the narrow peaks of the “heavy twin”
mode and spurious electronic peaks shown in light gray. Solid lines are the
fitting functions Eq. 3.11, the background is subtracted from the displayed
data for the sake of clarity. The fitted mean resonance frequency is taken as
origin of the displayed horizontal axis.

than the right one (Stokes). As described before, for a correct evaluation
of 7 is crucial to estimation well the filtering effect of the cavity due to
residual probe detuning. The data are analyzed with the following fitting
function composed of two Lorentzian peaks of equal width and shifted by
2A10/2m = 18 kHz:

2 Aas Te As Te
S(CU) — Fgff+4(w—ﬂmfjALo)2 + Fiff—|—4(w—Q7i:—ALo)2

(311)
where A s and Ag are respectively the area of the anti-Stokes and Stokes
sidebands. The ratio between the ”light twin” modes are calculated as
Riight = As/Aas. The corrected ratio value, Ry = Riight/Rheavy, gives
the correct value of . At low cooling power the spectral width I'cyy is still
relatively small and the sideband asymmetry is just Ry ~ 1.048, yielding an
inferred mean phonon occupancy of 17.1 + 3.4, Fig. 3.5b). At larger cool-
ing power, producing broader peaks, the asymmetry is more evident, with a
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measured value of Ry ~ 1.24 and a mean phonon occupancy of 3.87 £ 0.21
(Fig. 3.5a)). The error bars refer to the standard deviation relative to 10
consecutive 10 s-long acquisitions. Fig. 3.6 shows the occupation number
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Figure 3.6: Close symbols report the occupation number 7 calculated from
the corrected values R of the sideband ratio for the “light twin” mode, ac-
cording to i = 1/(R — 1). The red solid curve represents the occupation
number 7 calculated according to Eq. 3.1 using independently measured pa-
rameters. Red, green and blue areas represent respectively the contributions
of the thermal noise, the probe beam back-action, and the cooling beam
back-action.

n from the corrected sideband ratio as a function of I'cyy, obtained at in-
creasing values of cooling power. The filled curves reflect the expected n and
its different contributions. They are calculated from Eqgs. 3.7 and 3.1. The
cooling back-action contribution is constant with the power, and equal to
n%9l ~ 0.58 for the (1,1) modes. It follows from Eq. 3.10, where we used
its detuning A ,o;. The probe back-action occupancy is calculated from Eq.
3.7, where the contribution of cooling beam is not considered. We are here
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in weakly resolved sidebands regime and back-action cooling can in principle
bring these modes to an occupation number below unity, close to g4 in
the weak coupling regime. Here the theoretical curves have no free fitting
parameters: all the contributions to 7 are calculated on the basis of indepen-
dent measurements. The agreement between the theoretical description and
the experimental data is excellent, considering the experimental statistical
uncertainty, suggesting the absence of non-modeled extra noise. The data
can be used to extract the bath temperature Tyq:p. Leaving nyy, as a free pa-
rameter of the fit in Eq. 3.1. The extracted value is 6.7 + 0.6 K, compatible
with the 7.2 K measured by the sensor.



Chapter 4

Quantum Signature of a
Squeezed Mechanical
Oscillator

In this chapter we will discus experimental results concerning the propose
of motional sidebands in the presence of parametric squeezing. We will see
that the sidebands, measured in the heterodyne spectra, assume a peculiar
shape, related to the modified system dynamics, with asymmetric features
revealing and quantifying the quantum component of the squeezed oscillator
motion.

The chapter is divided into three sections. In the first one (Sec. 4.1), I
will introduce the theoretical model describing the system in the presence
of parametric modulation drive. I will them briefly discuss the experimental
setup for these measurements, Sec. 4.2 (more details can be found in Ch.
2). Finally (Sec. 4.3), the experimental results are discussed and compared
with the theoretical model.

4.1 Theoretical Background

The physical system is composed by a Fabry-Perot cavity with k = k;, +Kex,
where k;, is the input coupling rate, and k., includes the other losses, and
a mechanical oscillator placed in its center. The input field is composed by

101
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Figure 4.1: Conceptual scheme of the cavity of the field frequencies. Blue
area shows the cavity spectral peak with a frequency equal to weqy, and a
linewidth x. Left red area, around the red dash line at A, shows the shape of
the tone with the intensity a_, and in the right side the tone with intensity

Q4.

two tones, shifted by £, around the laser frequency w;, where €2, is the
effective mechanical resonance frequency, modified by the optomechanical
interaction. The mean value of the input filed has the form:

Qipy, = ai;rLe—i(wl—Qm)t + aTe—i(wl-Q—Qm)t (41)

and the intracavity mean field can be written in the rotating frame as

QT

a=o_e + e Kimt (4.2)

where
Rin
—i(A£ Q) +rK/2

and A = w; — Weqy is the detuning between the cavity resonance and the

ay =al (4.3)

laser frequency. In this new configuration, the phonon annihilation and cre-
ation operator changes due to the optomechanical interactions. The general
equations for b and b are:

b(w) ( —iw +iQ0, + F;) = igo (aaaT () + a*&&(w)> + /T ben(w), (4.4)

b (w) (—iw—iQ?,l+F2m> = —igo (a&&'T(w)—l—a*&i(w)) +V T b, (). (4.5)
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see Sec. 1.3 for more details. The Fourier transform of a*da and adal
become:

Fla*da] = F(a* e ¥t 4 oz*_i_em’"t)csa] =
= o’ da(w — Q) + aloa(w + Q) (4.6)
and
Fladal] = Fl(a_e ! + a e mt)sal] =
=a 0 (W+ Q) +arda (w—Q,). (4.7)
The photon creation and annihilation operators can be written in terms of
the field « that interact with the mechanical oscillator. In the Fourier space
the a(bf + b) can be written as:
Fla@! + )] = Flla_e®* + e @) 0f +b)] =
= X(w+ Q)+ X(w—Qm), (4.8)

Flo* (b +b)] = Fl(a* e ¥t 4 a"jrem”t)(lfr +b)] =
=a’ X(w—Qp) +al X(w+Qp), (4.9)
where X (w) = b(w) + bf(w). Using the equations of da(w) and da(w)f,
obtained in the Sec. 1.3, respectively Eq. 1.90 and 1.91, the fluctuations of
the intractivity field in the Fourier space are

Sii(w) = W{igo {aJFX(w—Qm)—&—a_X(w—&-Qm)} VR 551.”(0))}
(4.10)
and
saf(w) = M{—ige {aiX(w+Qm)+a*_X(w—Qm)} +VE 5ajn(w)}.

(4.11)
Eqgs. 4.6 and 4.7 thus become:

Fla*da) = igg{ [|oz_|2X(w)+a*_oz+X(wQQm)] +

1
Ti(w — Q) —iA 1+ R)2
1
Zi(w + Q) — A + R)2
a; —-Q a; Q
\/E[a* 8in (w — Q) . 8in (w + Q)

{|0¢+|2X(w) +ala X(w+ zgm)} }+

—i(w — Q) —IA + £/2 oy —i(w + Q) — iA + n/Q] (4.12)
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and

1
—i(w + Q) + 1A+ K/2

Fladal] = —igo{ [|a|2X(w)+a1aX(w+2Qm)] +

1 2 *
o) AT R {|a+ X(w)+aarX(w— QQm)} }Jr
0, (@ + Q) 0, (@ ~ Q)

\/E{O“ St ) AR T Sim =)+ A+ 5/2] - (413)

When Eq. 4.10 and its Hermitian conjugate are replaced into Eq. 4.4 in
the Fourier space, the mean-field factors a and a* in the optomechanical
coupling shift the da and da' operators by +€,,, giving terms proportional
to b(w), b(w £ 20y,), b (w) and bf (w £ 2Q,,). Eq. 4.4 can thus be written as

T\~ - - -
(—iw—i—iQ?n—Fz)b(w) = —go[C1b(w) + Cab(w — 292y, ) + Czb(w +2Q,, )+

+ Cybt (W) 4 Csbt (W — 20,) + Ceb (w + 20,0)] + bin(w)  (4.14)

where C; are c-numbers and the source term is

bin(w) = /T b8 (w)+

, L Sam(w— Q) L Sam(w + Q)
FigovVR| ol e A+ k)2 M i i, A 1 R)2
_ —t
+a_ 6ain(w + Qm) (sain(w Qm) (415)

i — i+ A+ )2 T i A 1 i, + R)2)

The total input noise source described by Eq. 4.15 includes thermal noise and
back-action noise, the latter given by the terms into square brackets. The
phonon creation and annihilation operators are centered in €2, and —£,,,
respectively. Therefore, the relevant terms in the optomechanical coupling,
on the right-hand side of Eq. 4.14, are those proportional to bf (w—2Q,)
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and E(w) Writing the explicit form of the C' coefficients, Eq. 4.14 becomes

( — 1w + Z'an + Fm/Q)g(w) = gin (w)+

= 8 |la-I? Ble) : - : -
Jo 1% “iw — A+ i + £)2 —iw + QDA — i + )2
~ 1 1
sl e )+

—iw — A — i Q + £)2 —iw + A+ iy + K2
- 1 1
*ay b (w—29Q, - .
aZas bi(w )(—iw—iA+iQm+n/2 —z‘w+mm+m+m/2ﬂ
(4.16)

In the right hand side of Eq. 4.16, we notice the usual optomechanical effects
of the two laser tones (first two terms inside square brackets), plus their
coherent common interaction, proportional to the fields product a* a4, that
originates the parametric squeezing. It can be directly calculated that this
parametric effect is null for A = 0, i.e. when the two tones are equally shifted
with respect to the cavity resonance. The total input noise source described
by Eq. 4.15 includes thermal noise and back-action noise, the latter given
by the terms into square brackets. The standard optomechanical interaction
is parameterized by the optical damping rate

1 1
Ty = 292 Rella_|? _
pt = 290 e['“' (—iw—iA—i—iQm—i—m/Q —iw+z’A—iQm+/{/2>+

1 1
2 — 4.1
o] (iwiAiQern/Q iw+iA+iQm+m/2)] (4.17)

and by a frequency shift that determines the effective resonance frequency
Q,, according to the equation

1 1
Q= Q0 42 Tm | |a_|? -
m 90 m[o‘ "\t 7ap Swrid—mn )t

1 1
9 _ . (4.18
|O‘+‘ <—iw—iA—iQm+’€/2 —Z'w+Z.A+Z.Qm+’Q/2>:| ( )

For an easier comparison with the experimental data, it is useful to define
the total optomechanical coupling strength ¢*> = g2 (Jay|? + |a—_|?) and
the ratio between intracavity powers e, = |a_|?/(|a—|* + |a4|?). Using the
quasiresonant frequency condition w ~ €1, the total damping rate I'cyy =
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Iy, + T'ope can be written as

Tepp =T +9°k e — e -
ST Im T A (127 (A = 29,)% + (1/2)2

1—e. 1—e€.

(A +20,)2 + (5/2)2 A%+ (x/2)?

+ . (4.19)
With the same condition, Eq. 4.16 simplifies to
j ; b Lpar ig 31 7
(—iw 4 i, + Tepp/2)b(w) = € b (w—2Q,) + bin(w)  (4.20)

where

_ 4g%|0&+”04_‘A _ 492 V 60(1 — EC)A (421)

parT A2 4 R2/4 0 A2 4 k2/4

and ¢ = 7/2+arg[a* ay]. Moving to the frame rotating at ,,, and defining
the frequency with respect to the mechanical resonance 2 = w — Q,,, Eq.
4.20 and its Hermitian conjugate can be written in the form of the system
of coupled linear equations

i Ly LTpar ,ig b b
12“9 +_'2 T2 61“ Z{R _ Efrn . (4.22)
e —iQ4 gL ) \b b,

The matrix determinant is:
T I_
D(i9+;)<iﬁ+2> (4.23)

Ty =Tefp % Cpar (4.24)

where

The creation and annihilation operator in the rotating frame are:

7 Fe 7 FCLT i 1
bR:[(—iQ+ ff)bm—gew bfn} (4.25)

~ 1 T\~ T o
b;:[(—z’mr eff)bjn— g‘”e*“ﬁ } (4.26)
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Figure 4.2: Parametric drive gain s for different mechanical modes as a
function of the detuning A. Blue solid line, mechanical mode (0,1) at 230
kHz. Yellow solid line, mechanical mode (1,1) at 370 kHz. Green solid line,
mechanical mode (0,2) at 530 kHz. Red solid line, mechanical mode (0, 3)
at 830 kHz.

The spectra of the Stokes and anti-Stokes sidebands S; 7 and S;i i are
ROR RYR

2755, = (- QDR(Q)) =

;2 KQQ Faf ! ) <bm(_9)53n(9)>_%e—i¢ (mf;f ! > <bm( Q)Zm(ﬂ)> +

_ F;‘”em( 0+ Fe2ff> <bjn( Q)Zjn(9)> + % <5}n(_Q)En(Q)>}

(4.27)

and
2m Sy 5 = <E;(—Q)'ER(Q)> -
;2 KQQ fo ) <Ejn(—9)5m(sz)> Fg"e—w( m+r;ff) <En(—Q)Em(Q)>+

_ Fgar zd)( QL e2ff) <g:rn<_Q)gjn(Q)> n F;i)lar <Em(_Q)E’n(Q)>}
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The correlation functions for the input noise source of Eq. 4.15 are obtained
from Eqs. 1.86 -1.89 by considering that (O(t)OT(#')) = ¢d(t — t) implies
(OQ)OH(QY)) = ¢d(Q — Q). In the following subsections we will discuss the
thermal and optical contributions.

Thermal contribution

The thermal contributions to the sideband spectra are calculated from the
correlation functions:

= (0B () = 5 (B~ (©)) = Tl +1), (4:20)

27

% <53n(_9)5m(9)>m = <51h(—9)5th(9)> =Ty it (4.30)

The spectra are given by

S ~ _Fm nth+1+3/2 nth+1_s/2 (431)
bRbR|, T 2 |97+ (T4/2)% Q2+ (T_/2)2) '
o[ nen+s/2 ng, — 8/2
S B 4.32
T [92 /22 T ) (432)

where we have introduced the squeezing parameter s = I'p,,/Tcs;. For a
thermal state where ny, > 1 and s, the two spectra become equal:

nthfm |: 1 1 :|

% R O R N (A PIE

brbR

~ Sg%g% ~ (433)

and therefore the asymmetry cannot be apprecieted at high occupation num-
bers (e, ~ g, + 1).

Optical Term

For the optical side, the contributions on the spectra consist of different
terms given by the four possible combinations of the operators da;, and 66%
in the expectation value:

1/~ ~ _ af oy
5 (Bin(~DBin()) = ~g8h z3 oy e (4.34)
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o (B, @) =izt = (o (B 2a@) )
(4.35)

71 7 _ lo—|? ot |? _
i <bm(*9)bin(9)>opt = gg"[(A—zgm)uﬁm + A2++f¢2/4:| =A™,

_ 2 loe—|? loet |
= 90’1[M+K2/4 + a0

= A77
(4.37)
where AT and A~ are respectively the Stokes and anti-Stokes rates [6]. From

such rate we can define the optical spring as I,y = A~ —A™, and the optical
contributions become:

o (Bin (-, ()

opt

Sepr| = <E —Q)t (0 > _afATosre | ATesn,
bTRbJ}r% opt 27 R( ) R( ) opt 2 Q2+(FT*) + Q2+(FT+)
(4.38)
and
— 1 NT T _ 1 A++£Fopt A+_£F0pt
raia| = o (PR(-BR(@)) = 3|24 $Top |
P ope 27r< (=20l opt 2 [92+(Fz)2 i Q2+(FJ)2}

(4.39)
For the Stokes and anti-Stokes rates, it is possible to define the back-action
occupation number (it defines a minimum occupation number achievable
through the optical cooling):

AT At
= = ; 4.40
MBAT AT AT T T (4.40)
A~ A~
1= = ) 4.41
npa+ A~ A+ T, ( )
From this two definitions, the optical contributions can be written as
Lot nga+1—2 nga+1+2
S| =2 [ At LD eat 22} (4.42)
opt P+(F) @+ (F)
Lopt [ mBA— 3 npa+ 3
S; ~ = - { 2 z ] (4.43)
il T2 L (T e ()
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Figure 4.3: Heterodyne spectra simulation, around the mechanical frequency
., showing the Stokes (left side) and the anti-Stokes (right side) vibrational
bands. The parametric gain is around s = 0.5, the mean phonon occupancy
is 5 and the mechanical linewidth of ~ 5 kHz. Red solid line: the Lorentzian
shape with a sharp linewidth equal to I'_, Anti-Squeezing quadrature. Blue
solid line: the Lorentzian shape with a broad linewidth equal to I', Squeez-
ing quadrature. Green solid line: shows the full contribution on the spec-
trum, S'Z;R'Z;R Q) + S’ng’l;fR (Q).

The total spectra for the Stokes and the anti-Stoke sidebands are thus
given by

T T
S5 () = Flef {Qz+ (;r ;2 QT;+ (F+§2]) (4.44)
+ (& + (5
_ L[ nt3 n—3
St () = 2 |:QQ+(F)2 +Qz+(L+)2 ’ (4.45)
2 2

where 7 is the oscillator effective phonon number in the absence of parametric
effect

gLy + nBAFopt
Less

For s > 0 the spectral shape of each sideband is composed by the sum of

two Lorentzian curves with the same center but different amplitudes and

(4.46)

n =
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widths (two for the Stokes and two for the anti-Stokes sideband) I'y, related
to the squeezing and anti-squeezing quadrature, respectively. The ratios
between the areas of the broad and narrow Lorentzian components in the
two sidebands are

n+14s/2

Ry =——-— 4.47

+ fL—S/Q ) ( )
n+1-—s/2

R.o=——7-"—. 4.48
n+s/2 (4.48)

For s = 0 Egs. 4.44 and 4.45 are Lorentzians corresponding to the Stokes
and anti-Stokes sidebands. From the ration of their areas we can extract the
occupation number
n+
Ry=——. (4.49)
n

Quadratures

A generic quadrature operator can be written as Xy = (e br+ e~ BTR)/Q
In the Fourier space the equations become:

= 1[0~ _ r. Cpar _;
Xo = 2D [619 bm< — i1+ % - %e (20+¢)>+

i0 7 1_‘e r ar 4
+e 0! ( —iQ+ % — ’;e“?‘“@)] (4.50)
where we used Eq. 4.25 and 4.26. The minimum and maximum fluctuations
characterize the quadratures defined respectively by 20 + ¢ = « and 26 +
¢ = 0. These quadratures are defined in the following as ¥ = X_g4 /5 and
X = X_4/24x/2, and given by

Y = ei¢ Zln + e_;(b Ejn
—i0+ L

: (4.51)

el Em + e~ ET
=1 - T n
=i+ &5

(4.52)
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and the associated spectra are

o (20 + 1
Syy — Lerr@Rt1) (4.53)

rz\’
4(Q2+4+>
Feff(Zﬁ—Fl)
2\
(e )

The two quadrature spectra scale in a different way with the parametric

Sxx = (4.54)

1.0

-20 -10 0 10 20
(Q - Q,)/27 (kHz)

Figure 4.4: Quadrature spectra simulation, around the mechanical frequency
Q. The parametric gain is just s = 0.5 and mean phonon occupancy of 5,
mechanical linewidth of &~ 5 kHz. Red solid line: Anti-squeezing quadrature
(Sxx). Blue solid line: squeezing quadrature (Syy ).

drive, s. For the X-quadrature the linewidth decreases as the parametric
drive increase, and vicevesa for the Y-quadrature. The integrals of the spec-
tra on {2 give the variances (ox = ffooo Sxx dQ)'

ﬁ .
2
2 99
= 4.55
Oy 1—|—8’ ( )
2
0% = 20 (4.56)
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where 02 = (2 + 1)/4 is the variance when the parametric gain is zero. The
quadrature variances normalize to the variance at s = 0 as a function of the
tones intensity ratio 1 — €., are shown in the Fig. 4.5. To summarize, in a

3.0
25¢

20+t

2,2
()3(/()—01.5 [

1.0

2 2
Iy en \

0.005  0.010 0050  0.100
1-¢

Figure 4.5: Variances simulation normalize at the variance at parametric
modulation null, s = 0, both are plotted as a function of the ratio between
the intensity of the parametric modulation drive and the total power (1—¢.).
That trend is calculated at mean phonon occupancy of 5. Red solid line:
normalized variance of anti-squeezing quadrature (¢ /03). Blue solid line:
normalized variance of squeezing quadrature (0% /0?).

classical description the motion of the oscillator is described by commuting
variables, and the spectra corresponding to the two motional sidebands must
be identical. On the other hand, in a quantum-mechanical description, even
if the oscillator is dominated by thermal noise (i.e., i > 1), the sideband
asymmetry is always present (Ry > 1), being originated by the noncom-
mutativity between its ladder operators. Of course, the effect is actually
measurable only for moderately low occupation numbers 7. In the presence
of parametric modulation, when the system is in a squeezed state, the side-
band ratios Ry and R_ differ not only from unity, but also from the ratio
Ry measured in a thermal state. Namely, the ratio is higher for the broad-
ened Lorentzian component, while for the narrowed component it approaches
unity as s — 1 (i.e., close to the parametric instability threshold). Therefore,
the quantum features of the oscillator motion can be brought out even for a
state having a variance exceeding that of the ground state in any quadrature
and, besides thermal noise, even for states that are not of minimal uncer-
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tainty (i.e., with (X?2)(Y2) > 1/16) as those created by parametric squeezing.
In the following, we describe an experimental study of this effect and pro-

vide evidence of the realization of a nonclassical state of the macroscopic
mechanical oscillator.

4.2 Experimental Apparatus

t
Q,mzm{ EQLO
Qcool
i Qpar} |
| il
| |l
' | | F
- E<
Lock-in
Aro

Figure 4.6: Experimental apparatus outline and the frequencies beam sketch,
it is described in the text.

A simplified scheme of the experimental setup and of the field frequencies
used in the experiment is sketched in Fig. 4.6 (further details can be found
in Ch. 2). The laser light (Nd:YAG) is filtered by a Fabry-Perot cavity with
a linewidth of 30 kHz. The transmitted beam is split into three different
beams, the frequencies of which are controlled by three different AOM and
sent to the optomechanical cavity (OMC) by optical fibers. The probe beam
is kept resonant with the OMC using the PDH technique with a servo loop
(AOM1 corrects the fast fluctuation, PZT for the long-term drifts of the cav-
ity length). The input probe power is 40 uW, where only 20 W are injected
in the cavity as half power is in the two sidebands at 13.3 MHz from the
carrier, used for the locking scheme. About ~ 2 W of the reflected probe
are used in the PDH detection and ~ 10 4W are combined with a local oscil-
lator beam (LO) ~ 2 mW and sent to a heterodyne balanced detection. The
losses in the reflected beam are ~ 8 pW. The local oscillator frequency, Qo
is blue-shifted with respect to the probe by Apo/2m = 11 kHz. The detec-
tion method is a heterodyne at low frequency [58]. The heterodyne balance
signal is acquired and sent into a lock-in amplifier and demodulated at €2,,.
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The two quadrature outputs of the lock-in are simultaneously acquired and
off-line processed. The third beam (pump beam), is sent to the cavity and it
is orthogonally polarized with respect to the probe. The beam is controlled
by the AOM2, it is driving by the sum of two radiofrequency signals. The
main radiofrequency is at o0, red-detuned from the cavity resonance, to
cool down the oscillator motion. A second frequency at 2,4, blue-shifted
from the main one by Qper — Qeoot = 22y, realizes the parametric modu-
lation. All the radiofrequency sinusoidal signals used in the experiment, for
driving the AOMs and as reference in the lock-in amplifier, are kept phase
coherent (all the frequency generator have only one clock as reference). This
is very important to realize a phase-sensitive heterodyne detection. We fo-
cus on the mechanical mode (0,2) at frequency 530 kHz. As described in
Ch. 2, the sample is placed in a Fabry-Perot cavity, 2 mm far from the flat
end mirror. The total cavity length, L = 3.92 mm. The optomechanical
cavity is placed in a helium flux cryostat, where is cooled down to a bath
temperature of ~ 7 K, corresponding to a thermal occupation number of
2.6 x 10° for the mechanical mode (0,2). At cryogenic temperatures the
measured cavity finesse and linewidth are 7 = 20000 and /27 = 1.9 MHz,
respectively. The single photon coupling rate for the considered mechanical
mode is go/2m « 30 Hz. All this parameters are measured independently.
The finesse is measured from the reflected beam, where the two sidebands at
13.3 MHz are used to calibrate the linewidth (more details are given in Sec.
2.1.1). The vacuum optomechanical coupling gy is measured from different
heterodyne acquisition at different power of the cooling beam, without any
parametric tone. More details about the evaluation of gy are reported in
Ch. 3. Part of the pump beam is detected with a fast photodiode (FP)
with a bandwidth of 200 MHz. A spectrum is acquired to measure the tones
intensity at their respective frequency (the two radio-frequencies are around
of 110 MHz, shifted by 2,,). In order to change the parametric gain s, we
act on the ration between two tones without change the cooling tone.

4.3 Experimental Results

We now analyze the oscillator motion in a mechanical squeezing state; real-
ized by parametric modulation of the oscillator spring constant. In partic-
ular, we focus on the sidebands spectra obtained in a balanced heterodyne
detection searching of quantum signatures of the squeezing motion certified
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by direct measurements on the quadratures spectra. The heterodyne and
quadratures time-traces are acquired simultaneously, while the frequency
between the two tones in the pump beam, is periodically switched from res-
onance, Qcoor —Edpar, to out of it by Agp;pe = 12 kHz every 5s. The frequency
shift is quality larger than the mechanical width (in this work it is small than
6 kHz), but it is much smaller than the cavity linewidth (~ 2 MHz) in this
way the coherent effect on the two tones is negligible, while maintaining
the cooling effect of the modulation tone almost constant. The heterodyne
time series are 10 seconds long. The two segments are used to calculate the
two different spectra with a frequency resolution of 0.2 Hz. They are aver-
aged over 10 consecutive time series for the subsequent analysis. The most
straightforward method to show squeezing is the direct measurement of the
variance in different quadratures that are usually chosen by tuning the local
oscillator phase in a homodyne detection. On the other hand, in a standard
heterodyne setup, the rapidly rotating phase difference between signal and
local oscillator prevents the access to selected quadratures. This drawback
can be overcome by controlling such phase difference [58]. In our setup, all
the oscillators are indeed phase locked, including the time base of a lock-in
amplifier that demodulated the heterodyne signal at €2,,,. The spectrum of
the lock-in output signal is a quadrature spectrum, centered at Aro. The
demodulation phase is chosen in order to maximize the squeezed effect on
the quadratures. The quadratures spectra are acquired and analyzed in-
dependently from the heterodyne signals, and the analyses agrees for both
the Lorentzian widths and the squeezing factor. We can accurately compare
the spectra with and without parametric modulation even in the presence
of slow variations in the system parameters. In order to avoid the effects of
possible long-term drifts during the measurements, all the radio-frequency
signals used to drive the AOMs are phase locked. A typical example of the
heterodyne spectra and corresponding quadratures are shown in the Fig. 4.7.

In the quadratures spectra (Fig. 4.7a) and 4.7b)), the mechanical peak
is visible at the frequency Q = Apo. The peak is originated by the superpo-
sition of the two motional sidebands. The two orthogonal quadrature peaks
are fitted by the sum of two equal Lorentzian shapes centered at +Ao:

r/2 r/2
T/22+ (0 —Dr0) | (T/22 + (w+ Aro)?

(4.57)
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When the parametric modulation is out of resonance (Fig. 4.7a)), the
Lorentzian curves fitting the two orthogonal quadratures coincide within
the statistical uncertainty and their widths match I'c¢s extracted from the
corresponding heterodyne spectra. When the parametric modulation is on
(Fig. 4.7b)), the spectra of one quadrature becomes narrower (anti-squeezed)
and simultaneously the orthogonal one becomes broader (squeezed), we use
the same fitting function 4.57, but with different areas (a‘%{’y) and different
widths (I'x y') for the two quadratures. The ratio between the variances and
widths with and without the parametric modulation gives the parametric
gain s:

2
Oy x 1
X , 4.58
og 1+s (4.58)
and r
YX —1+s (4.59)
Lepy

The heterodyne spectrum consist of two motional sidebands, separated by
2A10. The signal shapes are fitted by two Lorentzian curves having the
identical width, I'cf, and two different areas (Aas and Ag), proportional
to o (anti-Stokes) and 7 4+ 1 (Stokes):

Aas Lepr/2 n As Legyp/2

Fgff/4+(w_9m_ALO)2 szf/4+(W—Qm+ALO)2 '

(4.60)
The ratio Ry between the areas of the two curves is corrected for the resid-
ual probe detuning as described in Ch. 3 and Ref. [20]. Such ratio gives the
oscillator occupation number 72 according to Eq. 4.49. The theoretical spec-
tra of the Stokes and anti-Stokes sidebands with the parametric modulation,
are proportional, respectively, to Eq. 4.44 and 4.45 and thus define four
Lorentzian contributions with linewidths I't = Iepr £ Tpar = Depp(1 £ 5),

H(w)]s—0 =

where I' ;. corresponds to those obtained from the quadratures spectra, I'y, x .
The parametric gain is s = I'pqr/Tesr, where the parametric width is de-
scribed in the Eq. 4.21. An example of the heterodyne spectra in the pres-
ence of modulation is shown in Fig. 4.7d). The spectral peaks are fitted
using the function

A T2 g T2

H(w)lszo0 = [(F+/2)2 T (w—Qm + AL0)? + (T4+/2)2 4+ (w = Qm — ALo)?

Ag T_/2 Ang T_/2
* [(F—/Q)Z + (W= Qp + ALo)? * (T_/2)2 4+ (w— Qp — ALO)Q] (4.61)

J+
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Figure 4.7: a), b): Spectra of the fluctuations in two quadratures, obtained
by phase-sensitive demodulation of the heterodyne signal at Qp,4,/2, a) with-
out parametric drive and b) with parametric drive. In a) the two spec-
tra (dark and light green symbols) are not distinguishable, and one single
Lorentzian fit is shown (solid line). In b) the two spectra (red and blue sym-
bols) are fitted with different Lorentzian curves (red and blue solid lines). c),
d): Heterodyne spectra (without demodulation) around the (0,2) membrane
mode at €, /27 = 530 kHz, ¢) without parametric drive and d) with para-
metric drive (shown in log scale). In c) the spectrum is fitted by Lorentzian
curves (solid line). In d) the fitting function (dark green line) is the super-
position of a broad and a narrow Lorentzian shape, whose contributions are
shown with blue and red lines.
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where the apex n identifies the narrow Lorentzian and b the broader one.
In 4.61 I'cys is fixed to the value derived from the corresponding spectra
at s = 0 while the parametric gain s is left as a free fitting parameter.
The heterodyne and quadrature parametric gain s will be compared. The
Lorentzian area ratios, broad and narrow, will give the asymmetry Ry. The
system is studied varying different parameters: €., Ppymp and Apymp.

Asymmetry vs Parametric gain

We now consider the behavior of sidebands asymmetry as a function of the
parametric gain s, keeping constant the total pump power injected in the
cavity. The gain is varied by controlling the intensify of the parametric
tone Pp,,. We acquire data for two different pump power values, respec-
tively, 70 uW and 45 puW. For both powers the cooling detuning is fixed
at Acoot = —1.2 MHz, where the pump detuning is Apump = Acool + i
As mentioned before for each value of P,,, we acquire 5 spectra with and
without modulation, the results distribution gives the mean value and stan-
dard deviation. The data are shown in Fig. 4.8. Green dots and solid line,
show respectively the experimental results and the theoretical prediction of
the asymmetry when the parametric modulation is out of resonance. The
asymmetry for the modulation out of resonance is a function of the inten-
sity of the parametric drive, normalized to the total intensity, 1 — ¢.. When
the parametric tone is not resonant (i.e., the parametric effect is off), the
ratio Ry (green symbols) remains almost constant for both occupation num-
bers, although we observe a clear decreasing trend as the parametric tone is
increased. Such behavior is well reproduced by theoretical curves (see Eq.
4.19) calculated by using independently measured parameters, and it is due
to a change in the relative strength of the two pump tones, which results in a
slightly reduced cooling power. We note that the parametric tone is injected
into the cavity through the pump beam and the parametric effect is turned
off by shifting the driving frequency from 2Q,, to 2§, + Agpise. Although
this procedure allows us to reduce to a minimum the changes in the cooling
efficiency (as explained before), a residual effect is still present.

Fig. 4.8 also shows the sideband asymmetry for the Lorentzian compo-
nents related to the broad quadrature R (blue symbols) and narrow quadra-
ture R_ (red symbols), with resonant parametric effect. The parametric gain
s used to calibrate the horizontal axis in the figure is deduced from the width
of the Lorentzian curves, as above described. The corresponding theoreti-
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Figure 4.8: Green symbols: sideband asymmetry Ry with no parametric
drive (i.e., with detuned modulation tone), for increasing power in the mod-
ulation tone. Sideband ratios Ry (blue circles) and R_ (red circles) with
coherent parametric drive. The values of s in the abscissa are extracted from
the fitted widths I'y =Tepp(1+s) and ' =Tcfs(1 — s). Solid lines show
the corresponding theoretical behavior, with shadowed areas given by the
uncertainty in the system parameters (in particular, 5% in the cavity width
and 0.5 K in the temperature).
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cal ratios can be calculated from the theoretical spectra Sj;3; and S (Egs.
4.44 and 4.45) and are given by Eqgs. 4.47 and 4.48. Such theoretical curves
are also plotted in Fig. 4.8 without free fitting parameters, showing a good
quantitative agreement with the experimental data. The shadowed areas,
around the solid line, given by the uncertainty in the system parameters (in
particular, 5% in the cavity width and +0.5 K in the temperature measure-
ment).
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Figure 4.9: Variance in the X (orange square) and Y (cyan square) quadra-
tures, normalized to 02, as a function of the ratio between modulation and
cooling tones, for constant total pump power. Dashed lines show the theo-
retical behavior. Red and blue circles are the correspondent expected values,
calculated respectively as 1/(1 — s) and 1/(1 + s).

The gain measured in the heterodyne and quadrature detection are com-
pared for both pump powers. The parametric gain s obtained from the
fitted Lorentzian widths is in agreement with its estimate extracted from
the variances of the two quadratures. This is shown in Fig. 4.9, where the
circle points correspond to the values 1/(1 — s) and 1/(1 + s) obtained from
the widths of heterodyne spectra (red and blue circles). These data agree
with the measurements of the variance in the anti-squeezed (orange circle)
and squeezed (cyan circle) quadratures and with the theoretical predictions
(dashed lines).

For a pump power of 70 pW, and without any parametric modulation, the
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sideband ration is ~ 1.21, that corresponds to a phonon occupancy of ~ 4.8.
The variance in each quadrature is still ~ 10 times larger with respect to the
3.p(20 4+ 1). The maximum displayed squeezing
occurs for a parametric gain s = 0.4940.01, where 0% is reduced to the level
of 0.67 03. We notice that o3 is steel 6 times higher than the 2% . At the

pump power of 45 W, the mechanical occupation at s = 0 is 5.8 phonons, it

ground state value (z)? = x

means ~ 12 times far from the variance of the quantum ground state. In this
setup configuration, the maximum value of the parametric gain obtained is
0.53 & 0.01, the maximum reduction of the squeezed quadrature is 0.65 o3.

Asymmetry vs pump power

We now analyze the sideband asymmetry as a function of the pump power
injected in the optomechanical cavity. The pump detuning is fixed at —1.2
MHz and we also fix the ratio between the two tones (cooling and parametric
drive) in order to keep the gain s constant as the power is varied. The effec-
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Figure 4.10: a) blue dots: measured width as a function of the measured
pump power. Red lines: linear fit. b) phenomenologically dependence of
s on I'csyr, the experimental data (blue dots) are fitted with a polynomial
function (red line). The x? of the fit is around 0.1.

tive mechanical width, I'c¢¢ increase linearly with the pump power injected
in the optomechanical cavity, if no extra noise is present. This linear trend
was verified during the analysis procedure (see Fig. 4.10a). The red solid
line displays the result of linear fit, and the blue dots the experimental data
correspondent to the pump power measured in front of the optomechanical
cavity. For each power the mechanical width is extracted from the spec-
tra without the parametric modulation. At zero pump power the effective
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linewidth converges to the mechanical linewidth, I',, ~ 80 mHz. When the
probe detuning is not exactly zero, it adds a contribution on the optical
spring, that could explain the not perfect overlap between the fit and the
experimental points. The asymmetry as a function of the effective linewidth,
I'cts is displayed in Fig. 4.11, where we use the model in Fig. 4.11a) assum-
ing a constant parametric gain s, evaluated from independent measurements
as explained in the Sec. 4.2. The value used in the model is s ~ 0.29. Cir-
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Figure 4.11: Green symbols: sideband asymmetry Ry with no parametric
drive (i.e., with detuned modulation tone), for increasing power in the mod-
ulation tone. Sideband ratios Ry, (blue circles) and R_, (red circles) with
coherent parametric drive. Solid lines in panel a) show the corresponding
theoretical behavior at s constant, while in panel b) they take into account
the changes of s with I'c¢ obtained from the fit in Fig. 4.10b). The shad-
owed areas given by the uncertainty in the system parameters. More details
in the text.

cles are the experimental data with and without the parametric modulation.
Green symbols refer to the sideband asymmetry Ry (no parametric drive),
while the blue and red symbols show the rations Ry and R_ for the broad
and narrow Lorentzian contributions. The solid lines display the theoretical
prediction and shadowed areas represent uncertainties in the system param-
eters. All the error bars are as described in the previous subsections. The
data of Ry and R_ depart from the theoretical predictions, in particular at
high pump power. During the measurements, the parametric gain is main-
tained roughly constant by adjusting the strength of the parametric tone
each time the pump power is varied. However, we observe a variation of s
as shown in Fig. 4.10b). We remind that the parametric gain is described
from the equation: s = I'pe /Iy s, have a consequence we do not expect in
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principle a dependence of s on the pump power. These data are fitted with
a polynomial function. We attribute such deviations to small changes of the
locking point as the pump power increases, which induce changes in Apymp
and hence of the parametric effect. In the Fig. 4.11b) phenomenological
dependence of s on I'cys is included. The new theoretical lines for R_ and
R, show a better agreement at high pump powers.

The maximum measured asymmetry (at the maximum optical pump power
75 uW) is 1.20 & 0.01 the corresponding occupation is ~ 5 phonons. At
this occupation, the attenuation in the squeezed quadrature o% is ~ 0.72
(s =0.39£0.01). The variance is ~ 8 times higher then the variance at the
ground state.

Asymmetry vs pump detuning

We now study the dependence of the parametric gain as a function of the
detuning of the pump beam. For this measurement, the total power injected
in the cavity (pump 45 yW and probe 20 pW) and the intensity ratio be-
tween the two tones in the pump power are fixed. The parametric gain s
as a function of the pump detuning is shown in the Fig. 4.12a), and the
sidebands asymmetry is shown in the Fig. 4.12b). The detuning values used
in the figure take into account the cavity birefringence that is about 200
kHz. In Fig. 4.12a) the green symbols show the gain s measured from the
variance of two quadratures, through 4.58. The red symbols are the experi-
mental values obtained from the widths of the broad and narrow linewidth
of the heterodyne spectra, Eq. 4.59. The agreement between the two dif-
ferent measurement and the theoretical model (dashed black line) is very
good. The variation of the detuning has the further effect of affecting the
cooling efficiency. This is shown in Fig. 4.12b) where we plot the variation
of the sideband asymmetry without parametric modulation (green points).
The theoretical curve (green solid line) has a maximum close Ayymp = 0,
where the cooling beam is red-detuned by a mechanical frequency, i.e. very
close to the value where optimal cooling is expected. Accordingly, as the null
pump detuning is approached (Apymp = 0), the parametric gain is instead
zero (see Eq. 4.21), and therefore the asymmetry of the blue (R;) and red
(R-) Lorentzian curves converge to Ry (see Fig. 4.12b)).

In this configuration, the detuning at which the maximum asymmetry occurs
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Figure 4.12: Panel (a): parametric gain s as a function of the mean de-
tuning of the pump tones: green symbols are measured from the variance
of two quadratures, red symbols are the experimental values obtained from
the widths of the broad and narrow linewidth. Panel (b): Green symbols:
sideband asymmetry Ry with no parametric drive (i.e., with detuned modula-
tion tone), for increasing power in the modulation tone. Sideband ratios R,
(blue circles) and R_, (red circles) with coherent parametric drive. Dashed
lines show the corresponding theoretical behavior, with shadowed areas given
by the uncertainty in the system parameters. More details in the text.
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is not the same at which the maximum squeezing gain. In the first case, the
ratio between the two sidebands is 1.17 +0.01, the mechanical occupation is
~ 6 phonons, the parametric gain is 0.2340.06. The variance is ~ 12 1% 51,
with the parametric modulation on the variance is 10 times on the ZPF
variance. In the second case, s = 0.71 £ 0.09, the asymmetry here is only
1.057 £+ 0.006, the phonon occupation is ~ 20. The squeezed quadrature
variance is > 20 2% p. In both cases the variance is well above the variance
at the ground state.

Fit considerations
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Figure 4.13: a) Heterodyne spectra (parametric modulation is out of res-
onance) around the (0,2) mechanical resonance at /27 ~ 530 showing
the two motional sidebands separated by Apo/2m = 11 kHz. Gray symbols
are used for data points excluded from the fitted regions. This spectrum is
fitted with one couple of Lorentzian curves (gray solid line) with equal width
I.ss and different amplitudes (Eq. 4.60). For the same data we also show
the fit obtained using two couples of Lorentzian curves (violet dashed line)
according to the Eq. 4.61. The shaded (pink and light blue) regions show
the two Lorentzian contributions. Panel b) shows the statistical distribution
of s obtained with the same procedure on 6000 artificial, numerically gener-
ated spectra. Panel c¢) shows in this case the statistical distribution for the
parametric gain s, on 60 independent measurements.

In this last section, we verify that the fitting procedure used on the het-
erodyne spectra, at modulation on, is not biased. We apply two couples
of Lorentzian functions to a set of 60 independent spectra acquired in the
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absence of parametric drive, out of resonance, for different values of pump
detuning, pump power and €.. In Fig. 4.13a) is shown an example of the
fitted Lorentzian components (shaded pink and blue regions). The fit pro-
cedure is the same as described before. The statistical distribution of s,
shown in Fig. 4.13c), has a mean value of 0.038 with a standard deviation of
0.046, thus compatible with s = 0, as expected. The standard deviation on
s in the presence of parametric drive is similar. As a further check, we have
generated 6000 artificial spectra with s = 0 and the same parameters and
signal-to-noise ratio of the experiment and repeated the analysis. The sta-
tistical distribution of s is shown in the Fig. 4.13b), from which we extract
a mean value of 0.014 and a standard deviation of 0.019. That results are
similar to the experimental ones. It can be noticed that both the experimen-
tal and the artificial distributions are slightly asymmetric, with comparable
skewness, respectively 1.12 and 0.7. This structure could thus be related to
the fitting procedure. Nevertheless our analysis seems to be reliable at the
level of a few hundredths on s. In addition the s values obtained from the
heterodyne spectra, in the presence of parametric modulation as compared
with to those obtained from the quadrature ones, are in good agreement
within the statistical error. The physical evidence of the parametric gain
in the quadrature gives a real good reason to use our model, using four
Lorentzian, to fit the two sidebands at the modulation on. In conclusion
that checks prove the validity of our fit procedure.

Future perspectives

As we have seen, the sidebands spectra provide a powerful quantum indicator
of a squeezed state: the narrow and broad Lorentzian components of each
motional sideband give a signature of the imbalance between the fluctuations
in the two quadratures, while the sidebands asymmetry quantifies their non-
classical nature. Similarly to thermal states, even for the squeezed state the
transition between classical and quantum behavior is smooth and some level
of quantum squeezing is present even in macroscopic oscillators dominated by
thermal noise. We remark indeed that the sideband asymmetry is in itself
a fully quantum feature. On the other hand, it is interesting to examine
the case in which the residual fluctuations in the squeezed quadrature are
reduced below the zero-point level. It occurs when (272 +1)/(1+s) < 1, i.e.
for s > 2n. In this case Eq. 4.45 the broad Lorentzian of the anti-Stokes
sideband becomes negative, as although the overall spectral density remains
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Figure 4.14: Green line: theoretical spectra of the anti-Stokes and Stokes
sidebands from the Eq. 4.45 and 4.44. Calculated for n = 0.12 and s = 0.4.
The blue and red lines show respectively the broad and narrow Lorentzian
components.

always positive due to the compensation of the narrow component, this is
shown in Fig. 4.14. The negativity of the broad component provides a clear
indication of a bona fide quantum squeezing without the necessity of absolute
calibrations. In order to be observable in the stable regime of parametric
modulation (s < 1), the condition s > 27 would require an initial occupation
number i < 0.5. This level has been reached even in optomechanical setups
based on SiN membranes [31,54].



Conclusion and Remarks

In this thesis I show how it is possible to confine and control a macroscopic
oscillator in a quantum state. I also show the manipulation of the oscillator
quantum state, and in particular the generation of a squeezing state. These
results are described in the last two chapters.

In Ch. 2, I have described in detail the used experimental apparatus. I have
described our optomechanical system, including cavity and membrane, and I
have shown the quality factor measurement realized for different mechanical
modes at room and cryogenic temperature. In addition, I have described the
laser frequency noise characterization and the filter cavity implemented in
the apparatus.

In Ch. 3, I have compared two indicators of the oscillator occupation num-
ber, namely the peak areaxwidth product of the spectrum acquired in a
homodyne setup, and the motional sideband asymmetry, measured by het-
erodyne detection. Neither case requires additional calibrations, even if the
actual oscillator base temperature can be an issue for the homodyne method.
Both indicators are particularly sensitive at low occupation numbers (i.e., in
the transition from classical to quantum regime). In optomechanical systems
where the quantum back-action can be increase until it strongly dominates
the thermal noise, the evaluation of n from homodyne spectra is facilitated
by accessing the region where 1 ~ n%9' [65]. In the shown case the two kinds
of estimate are in agreement, showing that a minimal occupation number of
3.9 is achieved in our experiment. However, the heterodyne indicator is su-
perior because it is less sensitive to additional technical noise, and it gives a
result with a single measurement while the former procedure requires a set
of measurements as a function of, e.g., the cooling power. To reliably exploit
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the latter indicator one should keep in mind that a crucial requirement for
an accurate measurement of the sidebands ratio is the control of the probe
detuning. I have shown a method to perform it, based on the observation
of the spectral features of weakly coupled mechanical modes. The calibra-
tion of the detuning is thus performed using phase signals generated inside
the optomechanical cavity. This method is more trustworthy than exploiting
frequency modulation of the probe field since a commonly occurring simulta-
neous phase and amplitude modulation, as well as spurious reflections along
the path of the probe beam, generates asymmetric sidebands that spoils ac-
curate measurements of the cavity detuning.

In Ch. 4, I have described a cavity optomechanics experiment where a
macroscopic mechanical oscillator is parametrically driven by a suitable com-
bination of optical fields [20]. We have shown that the generated mechanical
squeezed state exhibits a quantum dynamics that is evidenced by the shape
of the motional sidebands. In the Sec. 4.1, I have described the theoret-
ical model behind this phenomenon and presented a detailed characteriza-
tion of the experimental achievements, in good agreement with the model.
I suggest that the analysis of the motional sidebands can provide a clear
signature of the noise reduction below the zero-point fluctuations that oc-
curs in one quadrature, without requiring any absolute calibration of the
displacement spectra or even a direct measurement of the quadrature fluc-
tuations. These results widen the range of macroscopic nonclassical states
that can be explored in optomechanical experiments. For instance, interest-
ing developments can involve nonstationary squeezed states and multimode
squeezing [46,53,57].

A widespread use of reliable quantum optomechanical indicators, toward
which this work is contributing, is expected to play in important role in
the study of basic physics phenomena and in the development of quantum
technologies [3].



Appendix A

Rotating Frame

Many times along the theoretical description we changed the reference sys-
tem in a rotating one. This new description is useful to delete the free
evolution from the expectation value of the used operators. In our work
the common frequencies are €2, or w;. Here, we report an example of this
rotation around the laser frequency w;. The creation and annihilation oper-
ators and the Hamiltonian operator are moved in the new system by using
a unitary operator U(t), defined as:

U(t) = eienta'a, (A1)

It is possible demonstrate that the annihilation and creation operators in the
new system are respectively:

ar(t) = a(t)e™!, (A.2)

ab(t) = af(t)e~™. (A.3)

The new Hamiltonian in the rotating system is obtained following the evo-
lution obtained by using a unitary transformation [6]:
i — 00t — im0 %

The optomechanical Hamiltonian is described in the Eq. 1.77, where in the

(A4)

rotating frame it become:

I‘AI — HR - hwl&TRdR (A5)
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where
Hp = hweavihar + 12,010 — higoaltar (bt + b). (A.6)

From this equation we obtain the Eq. 1.79 the operator in the rotating frame
are rewritten without the notation R for simplicity. The rotating frame can
be applied also at the Langevin equations, where the system rotates around
the mechanical frequency Q.
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Heavy modes area
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Figure B.1: In these six panels are displayed the two sidebands for six heavy
”twin” mechanical modes used in our study. Starting from the upper left
panel we have the modes: (1,1), (2,3), (2,4), (4,1), (4,3), (4,2).

In this short section we describe the method used to measure the area
of the "heavy twin” mechanical mode with a high effective mass. These
mechanical modes are studied to investigate the effective detuning of the
probe beam, to correct the asymmetry due to the cavity cut-off, in Ch. 3.
The membrane modes interested to this characterization are only those with
very low coupling to the cavity field (due to the overlap between the modes
and the cavity field). For this reason these mechanical modes are not affected
by the optomechanical effects due to the detuned cooling beam. Indeed, the
only sideband asymmetry is generated by the cavity cut-off. Some examples
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Figure B.2: Areas for the two sidebands, Stokes and anti-Stokes, for a ”heavy
twin” mode.

of heavy modes are shown in Fig. B.1, where the two bands, Stokes and
anti-Stokes, are shown with red and blue colour. The areas are measured by
using the follow procedure: first, we integrate the spectrum around the two
sidebands (Q,, = Aro), furthermore we fit the initial and the last integrated
sectors with a linear shape. The two linear fits are performed simultaneously,
using for both a single slope and two distinct constant terms. The difference
between two constant terms gives the area under the mechanical modes.
With this technique we delete directly the contribution of the back-ground.
An example of it can be observed in the Fig. B.2, where in the left and right
panel is shown respectively the area of the anti-Stokes and Stokes bands.
From the areas ratio we can measure the asymmetry between the two bands.
These areas are used to characterize the detuning of the probe beam as is
described in Ch. 3.
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Heterodyne
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Figure C.1: Four different cases, following the previews enumerations. Blu
Lorentzian: anti-Stokes vibrational bands. Red Lorentzian: Stokes vibra-
tional bands.

In this section we will describe the heterodyne detection in a classical
view. We can consider two electromagnetic fields. The first one is called
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local oscillator (LO), it is the reference beam at the frequency wro. The
second beam is called signal, it is in resonance to the cavity at the frequency
Wean- The beams are overlapped on a beam splitter, then the interference
beam is detected on a photodiode. The photocurrent is proportional to the
intensity of the field that impinges on the detector. The fields are:

Ero = E([),O etlwrot+oro) (C.1)

Eg = EY eiwst+ep) (C.2)

where EY and E?,, are the fields amplitudes, ws = weqn & Oy, is the fre-
quency of the signal beam, ¢o and ¢g are the additional two phases of the
respective electromagnetic fields. The frequency of the signal beam has the
information about the Stokes (—,,,) and the anti-Stokes (2,,) bands. The
intensity of the interference between the two beams is:

|ELo + Es|® = |Erol? + | Es*+
ELoEs (ei(MS*wLo)t+i(¢S*¢Lo) + ei(UJLO*WS)t“FZ‘((i’LO*QﬁS)). (C.3)

The interference term is the last one. All the information on the two vibra-
tional bands are on it. The frequency shift between the to fields is defined as
ArLo = WrLo — Weaw, Where we can consider a negligible phases shift during
the measure ¢r.0 =~ ¢g. The total fields become:

|ELo + ES|2 x H(E2m—Aro)t + et (ALo—(£m))t (C.4)
we can identify four different cases:
1. Ao >0 and Q,,, < Aro:

(a) anti-Stokes (2,,): @ — Ao <0 and Apo — Qy, > 05
(b) Stokes (—Q): = — Ao <0 and Apo + Q,, > 0.

2. Ao >0and Q,,, > Aro;

(a) anti-Stokes (2,,): @ — Ao >0 and Apo — Qp, < 05
(b) Stokes (—=Qn): —Qm — Ao <0 and Apo + Q,, > 0.

3. Aro <0and Q,, < Aro:

(a) anti-Stokes (2,,): Qm — Ao > 0and Apo — Qp, < 05
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(b) Stokes (—Qn): —Qm — Ao >0 and Apo + Qp, < 0.
4. Ao <0and Q,, > Aro:

(a) anti-Stokes (Q,): Qm — Aro >0 and Ao — Q,y, < 0;
(b) Stokes (=) = — Ao <0 and Apo + Q,, > 0.

In the spectra we can observe only the positive frequency, indeed only the
positive terms are observable in the detection, as is shown in Fig. C.1.

In this work we use the heterodyne detection in the configuration two,
where Ao > 0 and Q,,, > Aro. The usual shift between the probe and the
reference beam (ApLp) is around ~ 10 kHz and the mechanical frequency is
higher than 300 kHz. In this configuration the Stokes sideband will be on
the right side of the spectra and the anti-Stokes will be in the left side.

In the homodyne detection the shift in frequency between the two beams
(ALo) is zero. In it we have a single Lorentzian for each mechanical reso-
nance. It is an average between the two physics process, Stokes and Anti-
stokes. In this configuration the probe beam is phase locked with the refer-
ence one. Indeed the only phase fluctuations are due to the interaction of
the probe beam and the mechanical oscillator in the cavity.
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